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1 Ý\�Ñ�.
¤'%��¬¤�¤��n [�½ü :�,ë,...]:

x“
`

xp1q, xp2q, . . . , xpdq
˘

.

�	�c²L�n«êâ

�c�Ý\: x0“
`

x
p1q
0 , x

p2q
0 , . . . , x

pdq
0

˘

8c��Ñ: x1“
`

x
p1q
1 , x

p2q
1 , . . . , x

pdq
1

˘

(��
 (�ÑXê�
): A“paijq (b½�

à). z)���ü � i a�¬, I�Ñ aij

�ü � j a�¬. x0“x1A Ý\�Ñ{

xn´1“xnA, x0“xnA
n; xn“x0A

´n, ně1.
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�K!Ø��Ý
�n�A�
A“paijq. >: i Ñ j, aij ą 0. ëÏã“Ø��.

½n (Perron-Frobenius 1907, 1912)

z��K!Ø��Ý
Ñkn�A�:

��A�� ρpAq ´��ü­A��.
���A��þ u (1�þ)��.
��mA��þ v (��þ)��.

�!m�A��þ u (1)� v (�): ρ “ ρpAq

uA“ρu, Av“ρv.

@λ : |λ|ďρpAq,eA¹���é���,K=kăăă.
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uÛ�Ä�½n. ��A��þ{
Ã�¤�/: ρpAq“λmaxpAq, � u!m v

�Ð�Ý\ x0 “ ���A��þ u.

d�k�ZuÐ�Ý1{ρpAq.`z 1: x0“u

ÄK§7,r��ï½�$§=

�ï� Tx0“ inftn : xn�,�©þď0uă888.

�$� T `x0“ inftn : xn�,�©þă0uă888.

c¤�k��z´`z 2: T `x0“888 ùñ x0“u.
kc²ï)
uØÄ:½n, unØ�O�
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u¼Ä�½n. u��#. Aê II,��
��¤¢^�.[1985/87Ö].�¤'~γ Pp0, 1q.

x0“xnA
n
γ , ně1, u©8 9ò, 2010. � §7 (2)

Aγ“
A ` γI

1 ` γ
. �#: £��K


ρpAγq “
ρpAq ` γ

1 ` γ
ρ “ 0.6, 0.4

1.6
“

1
4

————————————————————
ρ :“ρpAqă1 (b�). ²LO��Ý: γ Ò 888?

1

ρpAγq
´ 1 “

1 ´ ρ

γ ` ρ

§

đ

1 ´ ρ

1 ` ρ
ą 0, γ Ò1
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u¼Ä�½n. ?��2�#

��¤¢^�.[#].�¤�êγ :“ α
1´α

, αPp0, 1q.
x0 “ xnA

n
α, n ě 1,

Aα“p1 ´ αqA ` αI. £��K
. A0 :“A.

[Ã�¤�f A �ÃO��f I �à|Ü]

ρpAαq“p1´αqρpAq`α. Aαpαă 1qÓu, v

�ê : γ“
α

1 ´ α
. O�é��I�êé�[²ï].

Î�f #�f

p1 ´ αqA´1 ` αI p1 ´ αqA ` αI
¢Ý
, ��Ì �KÝ
, ��A�é
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'�C�(p?: ?¿�� w)

Dw : ±�þ w “ pwpkq : kPEq ��é��

���é�Ý
.

Ã

ρpÃq
“ D´1

w

A

ρpAq
Dw, w ą 0.

ñ

ˆ

Ã

ρpÃq

˙n

“D´1
w

ˆ

A

ρpAq

˙n

Dw, ně1.

A Ñ Aα, α ă 1.
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'�C�(Ð?) u d v A Ñ P

Aw “ D
´1
w

A

ρpAq
Dw, w ą 0.

½n (� 1989/1992)

Aw ¤�=£VÇ P ��=� w “ v.

P ��A��þ� µ :“ u d v, 8�z�
π :“u d v{puvq.²­©Ùπ“πP “πP n.

y² Ã�� ρpAq“1. @o 1:©þð� 1 ���þ

Aw1 “ D´1
w ADw1 “ D´1

w Aw
?
“ 1

1��äó¤á��=� Aw “ Dw1 “ w.
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'�C�(Ð?)

1��äó: u d vP “ u d v

u d vP“u d vDv´1ADv“u d v d v
´1ADv

“uADv“uDv“u d v.

30 ccÚ? P ´�n)“�$”ù� Û�::

ê¼ó²­©Ù�3��:

lim
nÑ888

P n
“1π (z1þ� π ��
),

kÅ:, ,���(ÏÝ
k�).
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Aα “ p1 ´ αqA ` αI Ñ Pα
ρpAαq “ p1 ´ αqρpAq ` α,

Pα“ Dv´1

Aα

ρpAαq
Dv (Aα � A k�Ó� v)

“ ρpAαq
´1“
p1 ´ αqDv´1ADv ` αI

‰

“ρpAαq
´1

„

p1´αqρpAqDv´1

A

ρpAq
Dv`αI



“ p1´βαqP`βαI, βα :“α{ρpAαq.

Ún (� 2022)

�Au Aα, ·�k Pα Xþ. ?
 Pα pαă1q
k�Ó��!mA��þ u d v � 1.
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2.�¬(��)�?(üS)�­½5©Û
V)/ù, ¦^ P �ü�`::

µ nÜ
A �n�A�, 
 u =^Ù¥ü�.

¦^ P ½ A �­½5��­Ü, �cö�
�Ì��u�ö.

A^uA��þ�O�.
——————————————————

ò µ �©þl���­#üS, �Ñ�I
p1, ¨ ¨ ¨ , dq ���­ü τ . ?
��#� P̃ . ü
ök�Ó�­½5. ^u�DÕ
A�éO�
C. & R.R. Chen. Top Eigenpairs of Large Scale
Matrices. CSIAMTrans. Appl.Math. 2022, 3(1).
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­½5©Û.u�gW.Leontief, 1965

A“
1

100

„

25 14
40 12



, à�!�E�

ρpAq“
1

200

`

37`
?
2409

˘

« 0.430408,

u“

ˆ

5

7

`

13 `
?
2409

˘

, 20

˙

, �

v“

ˆ

1

80

`

13`
?
2409

˘

, 1

˙˚

. m

P “
1

ρpAq
Dv´1ADv.
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L-u�.

P “

»

—

—

—

–

5

104

`

´ 37 `
?
2409

˘ 1

104

`

289 ´ 5
?
2409

˘

1

130

`

241 ´ 3
?
2409

˘ 3

130

`

´ 37 `
?
2409

˘

fi

ffi

ffi

ffi

fl

.

u ˆ 20 « p44.34397483, 20q.

µ ˆ 20 “

ˆ

1289 ` 13
?
2409

56
, 20

˙

« p34.41179182, 20q.

u d v ˆ 20 « p34.41179182, 20q.
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xn “ x0A
´n � µn “ µ0P

´n �'�.
x0“p44.344, 20q. Tx0“8. 1{ρpAq«2.3 �Ó�­½5x0“p44.344, 20q. Tx0“8. 1{ρpAq«2.3 �Ó�­½5x0“p44.344, 20q. Tx0“8. 1{ρpAq«2.3 �Ó�­½5

n 1 2 3
xn (103.028, 46.4677) (239.375, 107.96) (556.111, 250.868)
n 4 5 6
xn (1292.85, 582.247) (2990.66, 1362.96) (7165.52, 2998.2)
n 7 8
xn (13054.5, 9754.73) (89821.2, -23501.9) 2©

n 1 2 3
xn (103.028, 46.4677) (239.375, 107.96) (556.111, 250.868)
n 4 5 6
xn (1292.85, 582.247) (2990.66, 1362.96) (7165.52, 2998.2)
n 7 8
xn (13054.5, 9754.73) (89821.2, -23501.9) 2©

n 1 2 3
xn (103.028, 46.4677) (239.375, 107.96) (556.111, 250.868)
n 4 5 6
xn (1292.85, 582.247) (2990.66, 1362.96) (7165.52, 2998.2)
n 7 8
xn (13054.5, 9754.73) (89821.2, -23501.9) 2©
µ0“p34.4118, 20q. Tµ0“8. ρpP q“1 �Ó��$�mÚ�¬µ0“p34.4118, 20q. Tµ0“8. ρpP q“1 �Ó��$�mÚ�¬µ0“p34.4118, 20q. Tµ0“8. ρpP q“1 �Ó��$�mÚ�¬

n 1 2 3
µn (34.4118, 20.0001) (34.4122, 19.9996) (34.4092, 20.0026)
n 4 5 6
µn (34.4303, 19.9815) (34.28, 20.1318) (35.351, 19.0608)
n 7 8
µn (27.7201, 26.6917) (82.0905, -27.6787) 2©

n 1 2 3
µn (34.4118, 20.0001) (34.4122, 19.9996) (34.4092, 20.0026)
n 4 5 6
µn (34.4303, 19.9815) (34.28, 20.1318) (35.351, 19.0608)
n 7 8
µn (27.7201, 26.6917) (82.0905, -27.6787) 2©

n 1 2 3
µn (34.4118, 20.0001) (34.4122, 19.9996) (34.4092, 20.0026)
n 4 5 6
µn (34.4303, 19.9815) (34.28, 20.1318) (35.351, 19.0608)
n 7 8
µn (27.7201, 26.6917) (82.0905, -27.6787) 2©
�O 89821.2

82.0905
“1094. �´ 2 ˆ 2 �
.
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L-u�.­½5.¦^Pα: µn“µ0P
´n
α

µ0

Tµ0 α
0

2

7

3

8

1

2

5

6

µ
p1q
0 3 7 10 14 62

µ
p2q
0 8 17 23 36 157

µ
p3q
0 13 28 38 58 256

Tµ0“T
`
µ0

2©

L¥µ0kn«ÀJ:
 

µ
pjq
0 “

`

x
pjq
0 v

p1q, 20
˘(3

j“1
,

Ù¥x
pjq
0 ©O��44, 44.344, 44.34397483,

vp1q“
1

80
p13`

?
2409q « 0.77602. vp2q“1
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3.ýÿ�N�9²L(��`z.
íØ (ýÿ�N� (� 2022))

�O��Ý� δ P p0, mintρpAq´1 ´ 1, 1uq,
- α “ p1 ´ ρpAqq´1rp1 ` δq´1 ´ ρpAqs 9
xn �4í�§ xn“xn`1rp1 ´ αqA`αIs �
), Ù¥ x0 �ý½Ð�. K1 n ` 1 c��^
�¤þ�

ξn “
1 ´ p1 ` δqρpAq

δ
pxn`1 ´ xnq.

��, d1 n ` 1 c��¤Ø�L ξn �(½�
�O��Ý δ.
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'�C�(¥?): ²L(��`z
¯K: ávu�cA,�E± ũ �8I�n� Ã.

�A^'�C�, kr� ũ U�m ṽ. �Ñü�

=£VÇ ,�� P̃ṽ “ P

P̃ṽ :“ Dṽ´1

Ã

ρpÃq
Dṽ, P :“ Dv´1

A

ρpAq
Dv.

Ã

ρpÃq
“DṽPDṽ´1 “ DṽDv´1

A

ρpAq
DvDṽ´1

“Dṽdv´1

A

ρpAq
Dvdṽ´1“Dṽdv´1

A

ρpAq
D´1
ṽdv´1.
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'�C�(¥?): ²L(��`z
Ã

ρpÃq
“Dṽdv´1

A

ρpAq
D´1
ṽdv´1.

A^u A˚. d�, A ��A�é pρpAq, uq C
¤� A˚ �mA�é pρpAq, u˚q, ù�C�òc
¡� ṽ �¤·��8I ũ. dþª��

Ã˚

ρpÃq
“ Dũdu´1

A˚

ρpAq
D´1
ũdu´1.

ü>��Ý, �Ñ
Ã

ρpÃq
“ D´1

ũdu´1

A

ρpAq
Dũdu´1.
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'�C�(¥?): ²L(��`z

½n (`zÝ
)

äk���A�é pρpAq, uq �Ý\�Ñ(�
Ý
 A 'u8I�n ũ �`zÝ
 Ã �À�

Ã

ρpÃq
“ Dw´1

A

ρpAq
Dw,

Ù¥ w “ ũ d u´1.

e¡·�y², ù���� Ã � A k��
���­½5, =¦éu����� w.
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'�C�(p?): ���/
=�½n/���n.

?¿�½��þ w, ½Â Ã Xþ. @o'u Ã

�S�) tx̃nuně0: x̃0 “ x̃nÃ
n �'u A �

S�) txnuně0: x0 “ xnA
n �ÏLð�ª

ρpÃqnx̃n “ ρpAq
nxn d w, n ě 0.

�p=�. AO/, éuz�� n Ú k, x̃n �1

k �©þ���(�A/, K)��=� xn Xd.

�Ó­½5: �ï/�$��mÚ�¬Ñ�Ó.
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y² � txnuně0 ÷v x0“xnA
n, ně0. K

x0Dw “ xnA
nDw

“

ˆ

ρpAqnxnDw

˙

Dw´1

ˆ

A

ρpAq

˙n

Dw

“
`

ρpAqnxnDw

˘

ˆ

Ã

ρpÃq

˙n

“

„ˆ

ρpAq

ρpÃq

˙n

xnDw



Ãn

“

„ˆ

ρpAq

ρpÃq

˙n

xn d w



Ãn n ě 0.
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du
x0Dw “

ˆ

ρpAq

ρpÃq

˙0

x0 d w,

ùL²

x̃n :“

ˆ

ρpAq

ρpÃq

˙n

xn d w, n ě 0

´S��§ x̃0 “ x̃nÃ
n �). �Ñ�dL«:

ρpÃqnx̃n “ ρpAq
nxn d w, n ě 0.

��, Ï� ρpAq, ρpÃq Ú w þ��, ½n"�
äów,. Æ¬��g�
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http://math0.bnu.edu.cn/˜chenmf

The end!

���[!
24
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