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Background

@ Suppose we are given a probability distribution z on R defined via
p(dx) = Z Vexp (—V(x)) dx,

where V : R? — R is the potential, and Z := [, exp (—V/(x)) dx is the
normalizing constant.

Jian Wang (FJNU) stochastic algorithms around symmetric a-stab September 24 3/24



Background

@ Suppose we are given a probability distribution z on R defined via
p(dx) = Z Vexp (—V(x)) dx,

where V : R? — R is the potential, and Z := [, exp (—V/(x)) dx is the
normalizing constant.

@ A commonly used example of such process is the solution (X;),>¢ to the
(overdamped) Langevin SDE

dX, = —VV(X,)dt + V2 dB,

where (B;);>0 is the standard Brownian motion in R¢, and the potential
V is assumed to be sufficiently regular. It can be easily shown that p
given above is a stationary distribution of (X;);>o.
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Langevin Monte Carlo methods

@ The (overdamped) Langevin SDE
dX, = —VV(X,) dt + V2 dB,.
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Langevin Monte Carlo methods

@ The (overdamped) Langevin SDE
dX, = —VV(X,) dt + V2 dB,.

@ Sampling algorithms based on Euler discretizations:

Xir1 = Xi — VV(Xi)h + V2h&y1, k20,
Xo ~ o,

where (§;)x>1 are i.i.d. with the standard normal distribution. (Langevin
Monte Carlo, large-scale Bayesian machine learning, ...)
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Langevin Monte Carlo methods

@ The (overdamped) Langevin SDE
dX, = —VV(X,) dt + V2 dB,.

@ Sampling algorithms based on Euler discretizations:

Xir1 = Xi — VV(Xi)h + V2h&y1, k20,
Xo ~ o,

where (§;)x>1 are i.i.d. with the standard normal distribution. (Langevin
Monte Carlo, large-scale Bayesian machine learning, ...)

@ Hence the analysis of convergence result for the SDE is an important
first step towards evaluating performance of such algorithms, and it is
difficult to expect fast convergence of the algorithm without fast
convergence of the associated SDE, see Roberts-Tweedie ('96),
Roberts-Stramer (*02).
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Langevin SDE

@ The (overdamped) Langevin SDE

dX, = —VV(X,) dt + V2 dB,.

@ Standard approaches for exponential ergodicity: Lyapunov-type drift
condition by Meyn and Tweedie; functional inequalities; coupling
methods, and so on; see Chen (05’) and Wang (05°). In particular, the
operator L = A — V'V, which is symmetric on L?>(R?; 11). Poincaré
inequalities (equivalent to exponential ergodicity) essentially implies
exponential tails of yi(dx) = Z~ eV () dx.

@ A very natural question is how to approximate the heavy-tailed y; for

example,
C(d,0)

p(dx) = 0+ W0 dx

for some 6 > 0.
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@ Motivating example: Ornstein-Uhlenbeck type processes
dX[ - _Xl‘ dt + dZt,

where (Z;):>0 is a symmetric (rotationally invariant) a-stable process in
RY with d > 1 and a € (0,2). The associated invariant probability
measure /(dx) is given by

p(dx) 1
dx T (1 [x])dre

See Sato-Yamazato (84°).
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@ Motivating example: Ornstein-Uhlenbeck type processes
dX[ - _Xl‘ dt + dZt,

where (Z;):>0 is a symmetric (rotationally invariant) a-stable process in
RY with d > 1 and a € (0,2). The associated invariant probability
measure /(dx) is given by

p(dx) 1
dx T (1 [x])dre

See Sato-Yamazato (84°).

@ Question For the heavy-tailed 1, how to find the drift term b such that
1 can be shown to be a stationary distribution of
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© Main results
e Fractional Langevin Monte Carlo
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Special drift terms: d > 2 — a.

(]
dXt = b(Xt) d[ + dZt 5

where (Z;),>0 is a symmetric a-stable process on R? with d > 1 and
a € (0,2).

p(dx) = 27 eV dx.
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Special drift terms: d > 2 — a.

(]
dXt = b(Xt) d[ + dZt 5

where (Z;),>0 is a symmetric a-stable process on R? with d > 1 and
a € (0,2).

p(dx) = 27 eV dx.

@ Whend > 2 — «,

TOVV()
J |X _ y|d7(27cy)

I

b(x) = —Cd,gaev("‘)/
R

where V € C!'(R?) such that e~ V|VV| € L'(RY; dx) N B,(R?), and
Ca,2—« 1s the positive normalizing constant associated with
(_A)—(z—a)/;
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Special drift term: d > 2 — a.

e "OIVV(y)
Re Jx — y|4=(2=a)

e_v(y)
/R" e @)

=YY ((—a) (1D ) ()

b(x) =— Cd72_aev(x)

:cd,z,aev(ﬂv
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Special drift term: d > 2 — a.

e_V(y)VV(y)
Re |x — y|d—(C=a)

e_v(y)
/R" EETacr i i

=YY ((—a) (1D ) ()

b(x) =— Cd72_aev(x)

:Cd,z,aev(x)v

@ Letting o — 2, b(x) — —VV(x) and Z, — /2B;. Then,

becomes
dX, = —VV(X,) dt + V/2dB,.
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Special drift term: d > 2 — a.

e_V(y)VV(y)
Re |x — y|d—(C=a)

e_v(y)
/R" EETacr i i

=YY ((—a) (1D ) ()

b(x) =— Cd72_aev(x)

:Cd,z,aev(x)v

@ Letting o — 2, b(x) — —VV(x) and Z, — /2B;. Then,

becomes
dX, = —VV(X,) dt + V/2dB,.

@ Ford > 1 and v € (1,2), Simsekli ("17); Nguyen-Simsekli-Richard
(’19). (Fractional Langevin Monte Carlo.)
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Special drift term: d > 2 — a.

o

b(a) = "IV ((=8) (D) (),
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Special drift term: d > 2 — a.

o

b(x) = "IV ((=A)~072/2) =V (x).

@ Heuristic proof Lévy-stable-Fokker-Planck equation (Duan-Sun, *12):
O = —(—A)*?u — div(bu).
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Special drift term: d > 2 — a.

o

b(x) = "IV ((=A)~072/2) =V (x).

@ Heuristic proof Lévy-stable-Fokker-Planck equation (Duan-Sun, *12):
O = —(—A)*?u — div(bu).
Assume that 1. (x) = e~V is the steady state. Then,
(=A)2e7V = —div(be™").
That is,
—div(be ") =(=A)[(=A)" 17D
= — divV[(—A) 172727V,
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Special drift term: d < 2 — a.

b(x) = "IV ((=A)~ 1722~V (x).
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Special drift term: d < 2 — a.

]
("}

b(x) = "IV ((=A)~ 1722~V (x).
]

b(x) = "IV (=A) 7 ((=A) ) ().

@ Whend <2 — «,

b(x) = ev(x)/ —(=A)¥2e7VE g,
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Assumptions: d > 2 — a.
V)
b(x) = —Cd,Z—aev(x)/ VYD)
R

Assumption (A) V is a radial function on RY, i.e., V(x) = V(|x|) such that
(A1) ro:=sup{r>0:V'(r) <0} < oc;
(A2)
[ee]
/ eV V' (r)r dr > 0;
0

(A3) limsup, . [e~V")r4t] < oo,
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Assumptions: d > 2 — a.

=V{)
b(x) = —Cy 2—a€v(x)/ ﬂd},
' Re Jx — y|d=(C=a)

Assumption (A) V is a radial function on RY, i.e., V(x) = V(|x|) such that
(A1) ro:=sup{r>0:V'(r) <0} < oc;
(A2)
[ee]
/ eV V' (r)r dr > 0;
0

(A3) limsup, . [e~V")r4t] < oo,

@ The radial property implies that

OVl

b(x) = —Cd72_aev(x)/ =
) R [y[jx — y[d=(C=)
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Main result

(]

Theorem

Under Assumption (A), the SDE above has a unique non-explosive strong
solution X := (X;)r>0, and the process X is exponentially ergodic with the
unique probability measure j1(dx) = Z e VW dx, such that, for any
B € [0, «) there exists a constant X\ > 0 so that for any probability measure
o on R? with finite 3-moment and t > 0, if Xo ~ po with finite first moment
then we have

1£X:) = pllvo,var < Clpo)e™,

where Vo(x) = (1 + |x|)5.

@ limsup, , [e”V")rdte] < 0.
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Main result

(]

Theorem

Under Assumption (A), the SDE above has a unique non-explosive strong
solution X := (X;)r>0, and the process X is exponentially ergodic with the
unique probability measure j1(dx) = Z e VW dx, such that, for any
B € [0, «) there exists a constant X\ > 0 so that for any probability measure
o on R? with finite 3-moment and t > 0, if Xo ~ po with finite first moment
then we have

1£X:) = pllvo,var < Clpo)e™,

where Vo(x) = (1 + |x|)5.

@ limsup, , [e”V")rdte] < 0.

@ Estimate for the rate \.
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Assumption (A) V is a radial function on RY, i.e., V(x) = V(|x|) such that
(A1) ro:=sup{r>0:V'(r) <0} < oc;

(A2)
/ VOV () dr > 0.
0
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Assumption (A) V is a radial function on RY, i.e., V(x) = V(|x|) such that
(A1) ro:=sup{r>0:V'(r) <0} < oc;

(A2)
/ VOV () dr > 0.
0

Cao

e &

©® i(dx) =
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Assumption (A) V is a radial function on RY, i.e., V(x) = V(|x|) such that
(A1) ro:=sup{r>0:V'(r) <0} < oc;

(A2)
/ VOV () dr > 0.
0

Cao

) dx = Z e VW gx.

©® i(dx) =
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Assumption (A) V is a radial function on RY, i.e., V(x) = V(|x|) such that

(A1) ro:=sup{r>0:V'(r) <0} < o0;

(A2)
/ e VOV (r i dr > 0.
0
C —1,—-V(x
@ u(dx) = dezz eV dy.
°

(x,b(x)) <0 for |x| > 1.
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Assumption (A) V is a radial function on RY, i.e., V(x) = V(|x|) such that

(A1) ro:=sup{r>0:V'(r) <0} < o0;

(A2)
/ e VOV (r i dr > 0.
0
C —1,-V(x
@ u(dx) = dezz eV dy.
°
(x,b(x)) <0 for |x| > 1.
(]

(x,b(x)) < —colx|* for |x| > 1.
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Multidimensional case

SDE driven by a symmetric a-stable process (Z;);>0 on R:

dXt == b(Xt) dt + O'(th) dZt

Theorem (Zhang-Zhang,’22)

The process (X,)>0 is exponentially ergodic, if there are co > 0 large enough
and cy,cy > 0 such that

(b(x), %) + collo(®)||*|x>~* < —e1fx* + 2.
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One-dimensional case
one-dimensional SDE driven by a symmetric a-stable process (Z;);>0 on R
with a € (0,2]

dX, = b(X;) dt + o(X;—) dZ,.

Theorem

If one of the following conditions holds:

(1) a=1and
1 _
liminf inf Cia( og2)(2+log2)az(x) b(x)(log |x|) sgn(x) - 0;
r—00 |x|>r |x|(log |x])*(log log |x|)

(i) a € (0,2) and

liminf i —ChaT cot(am/2)o%(x)/(2ar) = b(x)|x|* " 'sgn(x)

r—0o |x|>r x|

> 0,

then the process X is exponentially ergodic.
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© Main results

e Strict Kantorovich contractions for Euler
discretizations
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Background: Euler discretizations

@ Euler discretizations of the following SDE
de = b(Xt) dt + dZt,

where b : RY — R is Lipschitz continuous, and (Z;),> is a stochastic
process on R?.

@ When (Z;),>0 is a rotationally invariant symmetric a-stable process with
a = (0,2] (when a = 2, (Z;),>0 is a Brownian motion), the transitions
of the Markov chain for the Euler schemes corresponding to the SDE
above with step size & > 0 are given by

X+ x+ hb(x) + h'/°¢, x e RY,

where £ is a random variable with a-stable law (when @ = 2, £ is a
random variable with normal distribution).
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Let & > 0, g be a continuous and strictly increasing function on [0, co) with
g(0) = 0, and & be a random variable whose distribution is given by . We
will consider the Markov chain X on R whose transitions are of the
following form:

x> x + hb(x) + g(h)¢, x€RY
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Let & > 0, g be a continuous and strictly increasing function on [0, co) with
g(0) = 0, and & be a random variable whose distribution is given by . We
will consider the Markov chain X on R whose transitions are of the
following form:

x> x + hb(x) + g(h)¢, x€RY

We always assume that the coefficient b(x) satisfies the following assumption.
Assumption (C):

(cl) There is a constant L > 0 such that |b(x) — b(y)| < L|x — y| for
x,y € RY

(c2) There are constants K > 0 and R > 0 such that
(x = y,b(x) = b(y)) < —K|x — y|* for x,y € R with [x —y| > R.

Jian Wang (FJNU) stochastic algorithms around symmetric a-stab September 24 19/24



Strict Kantorovich contractivity

A Markov chain with the transition kernel p(x, dz) is called strictly
Kantorovich contractive with respect to the metric d(x, y), if there exists a
constant ¢ € (0, 1) such that

Wa(p(x,),p(y,-)) < (1 —c)d(x,y), x,y R
The strict Kantorovich contractivity goes back to the famous work by
Dobrushin, and is also known as the “Dobrushin uniqueness condition”.
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Strict Kantorovich contractivity

A Markov chain with the transition kernel p(x, dz) is called strictly
Kantorovich contractive with respect to the metric d(x, y), if there exists a
constant ¢ € (0, 1) such that

Wa(p(x,),p(y,-)) < (1 —c)d(x,y), x,y R
The strict Kantorovich contractivity goes back to the famous work by

Dobrushin, and is also known as the “Dobrushin uniqueness condition”.
For any fixed x,y € S and [ > 0, define

W(xvy) = Px,y(d(Xv Y) = O)a B(Xv y) = Em_v[d(X: Y) - d(x,y)],

1
7EX~,,V[(d(Xa Y) - d(x7 y))z1{d(X,Y)<d(x,y)+l}]'

al(x‘/y> = 2
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Strict Kantorovich contractivity

A Markov chain with the transition kernel p(x, dz) is called strictly
Kantorovich contractive with respect to the metric d(x, y), if there exists a
constant ¢ € (0, 1) such that

Wa(p(x,),p(y,)) < (1 = c)d(x,y), xyeR
The strict Kantorovich contractivity goes back to the famous work by

Dobrushin, and is also known as the “Dobrushin uniqueness condition”.
For any fixed x,y € S and [ > 0, define

W(xvy) = Px,y(d(Xv Y) = O)a B(Xv y) = Em_v[d(X: Y) - d(x,y)],

1
7EX~,,V[(d(Xa Y) - d(x7 y))z1{d(X,Y)<d(x,y)+l}]'

al(x‘/y> = 2

1
—alg—oy +fo(R) = fo(r) < —alg—oy +fo(r)(R—71) + 3 (66[5\1%%]%'(5))

1
< —al(geg) +f(r)(R = 1) + ()R = 1)1 irery

where the last inequality follows from fo(3) > 0andfy <O0.
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General cases

(c3) There is a constant kg > 0 such that
Ju == inf (A (0, % 1)) (R?) > 0.

2| <Ko
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General cases

(c3) There is a constant kg > 0 such that
Ju == inf (A (0, % 1)) (R?) > 0.

Let x > 0 be a constant, and

(X)g = (1 A %)x, pr(dz) := (A (6 ) (dz),

@ Write x = X;, := x + hb(x). We will adopt the following Markov
coupling (refined basic coupling (Luo-W., 19")) ((X,Y),Py,) of the

chain X:
X = x+g(h)z, p(dz);
e+ E=9n), -1, (d2),
Y = {?+g(h)(z+g(h)l(ﬁfc)n)a SHg(n)-1(x-3), (d2),
+ g(h)

Z, wu(dz) — -+ .

Jian Wang (FJNU) stochastic algorithms around symmetric a-stab September 24



General cases

(c3) There is a constant kg > 0 such that
Ju == inf (A (0, % 1)) (R?) > 0.

Let x > 0 be a constant, and
K
()= (1A W)x’ (dz) = (1A (60 % ) (d2),

@ Write x = X;, := x + hb(x). We will adopt the following Markov
coupling (refined basic coupling (Luo-W., 19")) ((X,Y),Py,) of the
chain X:

X = x+g(h)z, p(dz);
F+em)(z+ e G =9)k),  Sgm-1 -, (d2),

Y=09+em)+8h) ' 0—0n)  Shem-1 i) (d2),
y+gh)z, pldz) —--- .

@ Total variation distance
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Special cases: 1 is rotationally invariant

(c4) The density function m(x) = m(|x|) of the distribution u satisfies that
m(r) is non-increasing in (0, 00), and has the finite first moment, i.e.,
Jra |2lm(|z]) dz < oc.

@ For this special case, we use the following Markov coupling (W., 16’;
Majka, 17°) ((X, Y1), P, ) of the chain X:

X =gl i
y() — {9 +g(m)(z+gm) T G =)y Hgny1 -9, (d2),
¥+ &(h)Ry3(2), p(dz) — pg(n)—1 (5—3), (d2)-
Here,
Riy(z) := {Z R 2|<;C:5I72Z> (x =), XF Y,
Z x=y.

@ Total variation distance and W;-distance
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@ In particular, we observe that for isotropic noise distributions p (for
which both couplings discussed above are applicable), the result based
on the reflection coupling can lead to a slightly better contractivity
constant than the result based on the refined basic coupling.

@ We show that chains driven by an «-stable noise can have better
contraction rates than corresponding chains driven by a Gaussian noise,
due to the heavy tails of the a-stable distribution.
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Thank you for your attention!
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