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Abstract Based on a new explicit representation of the solution to the Poisson
equation with respect to single birth processes, the unified treatment for vari-
ous criteria on classical problems (including uniqueness, recurrence, ergodicity,
exponential ergodicity, strong ergodicity, as well as extinction probability etc.)
for the processes are presented.
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1 Introduction

Consider a continuous-time homogeneous Markov chains {X (¢) : t = 0}, on a
probability space (£2,.#,P), with transition probability matrix P(t) = (p;;(t))
on a countable state space Z; = {0,1,2,...}. We call {X(¢) : t = 0} a single
birth process if its transition rate (density) matrix Q = (¢;; : 4,7 € Zy) is
irreducible and satisfies that ¢; ;41 > 0, ¢; i+; = O for all¢ € Z and j > 2. Such
a matrix @ = (gi;) with 3; ¢;; = 0 for every i (conservativity) is called a single
birth @-matrix. Refer to [15]. In the literature, the single birth process is also
called upwardly skip-free process, or birth and death process with catastrophes
(cf. [1, 2, 3] for instance).

The single birth process, as a natural extension of birth and death process
which is a simplest Q-process (Markov chain), has its own origins in practice,
refer to the earlier papers [2, 13, 15], for instance. The exit boundary of the pro-
cess consists at most one single extremal point and so the single birth process is
nearly the largest class for which the explicit criteria on classical problems can
be expected. Actually, the study on the object is quite fruited and relatively
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completed (cf. [4, 5, 6, 15, 16, 17]). Based on this advantage, the single birth
process becomes a fundamental comparison tool in studying more complex pro-
cesses, such as infinite-dimensional reaction-diffusion processes. Refer to [4;
Chapters 3 and 4, Part 1| and [15]. Usually, the single birth process is non-
symmetric and hence it is regarded as a representative one of the non-symmetric
processes. For non-symmetric processes, comparing with the symmetric ones,
our knowledge is much limited, except for single birth processes to which much
results are known as just mentioned. Up to now, the known results are all
presented in some recursive forms. This paper introduces a single unified rep-
resentation, as well as a unified treatment, of various formulas for single birth

processes.
Throughout the paper, we consider only the single birth Q-matrix @ = (g;5).
Set q; = —q;; for each i € Z,. For a given function ¢ (to be fixed in this and

the next sections, and then to be specified case by case), define an operator 2
as follows

Qg = Qg +cg, where (Qg)i = > aij(gj — 9)-
J

Clearly, if ¢ < 0, then Q is an operator corresponding to a single birth process
with killing rates (—c¢;).
The following sequences are used throughout this paper.

. o 1 n—1 .
FV =1, B = iWWED, n>izo, (1.1)
dn,n+1 k—i
k
~T(Lk) _ qﬁf) — = Z Gnj — Cn, 0<k<n. (1.2)
=0

Note that if ¢ < 0, then (jT(lk) > 0 and then E(Lk) > 0 for every n > k > 0. In
what follows, we omit the superscript ~ everywhere in F' and ¢ once ¢; = 0, and
often use the convention that 3} = 0.

Here is the first of our main results.

Theorem 1.1 Given a single-birth Q-matriz Q) = (gi;) and functions ¢ and f,
the solution g to the Poisson equation

Qg — f (1.3)
has the following representation:
ED(f; — ei90
=90+ Y, D, —’“(?A %) s (1.4)
O<k<n—10<j<k 9jj+1
In particular, the harmonic function g of Q (i.e., Qg = 0) can be represented as

R0,
gn=go<1— > ZF’CJC”> n = 0.

O<ken—10<j<k L5+l
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Conversely, for each boundary/initial value gy € R, the function (g,) defined
by (1.4) is a solution to (1.3).

For single birth processes, almost all problems we concerned with are re-
lated to the solutions to some specific Poisson equation. Here, we unify these
equations as (1.3) with different functions ¢ and f which are listed as follow.

Problem ¢ R fieR
Harmonic function ¢ R fi=0
Uniqueness G=-2<0 fi=0
Recurrence ¢ =0 fi = qio(1 = dio)
Extinction/return probability c¢i=0 fi = qio(1 — di0)(go — 1)
Ergodicity ¢ =0 fi = qio(1 — din)go — 1
Strong ergodicity ¢ =0 fi = qio(1 — din)go — 1
Polynomial moment ¢i=0 J Z-(E)
Exponential moment/ergodicity | ¢; =A>0 | fi = gio(1 — di0)(g0o — 1)
Laplace transform of return time | ¢; = —A <0 | f; = gio(1 — di0)(go — 1)

where fl-(z) = Giio (1 = 81y ) 9io — (Eio; .

We remark that in the two cases for ergodicity and strong ergodicity, even
though the Poisson equation and the functions ¢ and f are the same, but their
solutions are required to be finite and bounded, respectively.

The paper is organized as follows. The proof of Theorem 1.1 is given in
the next section, using a lemma on the representation of solution to a class of
linear equations. Then, Sections 3-7 are devoted, respectively, to the criteria
on the problems listed in the table above, and related problems to be specific
subsequently. Roughly speaking, the unified treatment presented in the paper
consists of the following three steps.

(a) Find out the Poisson equation corresponding to the problem we are in-
terested in.

(b) Apply Theorem 1.1 to get the solution to the Poisson equation.

(c) Work out a criterion for the problem using the solution obtained in (b).

Step (a) is more or less known from the previous study; step (b) is now auto-
matic; hence, our main work is spent on step (c).

For the reader’s convenience, several key formulas used often in the proofs
are collected into an Appendix in a single page which consists the last page of
the paper (so that it can be printed out separately).
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2 The Poisson equation

In this section, we consider the solutions of the Poisson equation (1.3) for single
birth processes. Let us begin with a simple result for the solution to a class of
linear equations.

Lemma 2.1 For given real numbers (cuui)n—1>k>0 and (fn)n=0, the solution
(gn)n=0 to the recursive inhomogeneous equations

gn = Z Onkgk + fna n=0 (21)
0<k<n—1
can be represented as
gn =D, mkfr, n=0, (2.2)
0<k<n

where for fired k = 0, (Ynk)n=k with yie = 1 is the solution to the recursive
equations

Yok = D, OnjYik,  n> k. (2.3)

k<j<n—1

Proof Use induction. For n = 0, we have

g0 = fo="00fo =D, Yorfr

0<k<0

Assume that (2.2) holds for all n < m. When n = m + 1, from (2.1), we see
that

Gmi1 = Y, QmitkGk+ fmi1= D, Qmitk D, Yeefo+ fmin

0<k<m 0<k<m o<t<k

= ] ( > Oém+1,mke> fot fmir =), Ymarefo+
0<t<m \ (<k<m 0<t<m

= Z TYm+1,6 fe‘
O<l<m+1

Hence, (2.2) holds for n = m + 1. By induction, the representation (2.2) holds
for all n = 0. o

Note that the coefficients (a,j) are often fixed and so are (y,x). Then
Lemma 2.1 says that once replacing (ay,x) by (7ak), the solution to (2.1) has a
complete representation (2.2), mainly in terms of the inhomogeneous term (f,,)
in (2.1).
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Without condition vy, = 1, equation (2.3) is clearly homogeneous. However,
it becomes inhomogeneous under condition 7y # 0 (then one may assume that
Yk = 1):

Tnk = Z QnjYik + Ok Yk, n=k+1
k+1<j<n—1

provided aj41 # 0. Otherwise, once g1 = 0, by induction, we actually
have v, = 0 for all n > k + 1. Thus, under condition ~;; = 1, by Lemma 2.1
(for fixed k), we have the following alternative representation of (7, ):

Tnk = Z Tnj ik, n=k+1

k+1<j<n

In what follows, we will use the following variant of Lemma 2.1. Replacing
the initial 0 by ¢ and the coefficient (a,x) by (a,k0k), respectively, for some
non-zero sequence (3,), and set h, = g,/B, (n = i), we obtain the following
result.

Corollary 2.2 The solution (hy)n>i to the recursive equations
1 .
hy = < Z apghi + fn)a nz=i (2'4)
P i<k<n—1

can be represented as

Tnk .
hy, = — 1, n =i, (2.5)
iS;Sn Br

where for each fized i, (Yni)n=i with v; = 1 is the solution to the equations

1 ,
Tni Z QnkVki n>1.

B i<k<n—1

FEquivalently,

i+1<k<n

op . ~(k
Specifying 3, = qn,n+1 and oy = Q7(1 )

cessive formula of Eﬁk) defined in (1.1), we obtain the following result.

in Corollary 2.2 and using the suc-

Corollary 2.3 For given f, the sequence (hy) defined successively by

o = — (fn+ > dé“hk), n>i

dn.n+1 i<k<n—1
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has an unified expression as follows

Z n=u1.
e lq k+1

In particular, the sequence (E(f)) defined in (1.1) has the following expression

iy R OO
FO_q, EW = L (2.7)
keir1 Tkk+1

Before moving further, let us mention a comparison result for different -,,;,
which may be useful elsewhere but not in this paper.

Proposition 2.4 For each triple n =i > j, the following assertion holds:

Ynk
Vnj = 5 D kv (2.8)
i<k<n k J<e<i—1

Furthermore, if anp = 0 and B, > 0 for all n > k, then vnivij < Ynj for all
n=iz=j.

Proof The first assertion is simply a consequence of Corollary 2.2. In fact,
for fixed ¢ > j, take

fn: Z AneYej, nz=i.

j<l<i—1
Then
1 .
Z Qg Vo5 + Z Qg Vej ,6 Z anf’Y@j"'fn ;N
i<l<n—1 j<e<i—1 " igi<n—1
Hence, by Corollary 2.2, we get
Tnk Tnk .
Ynj = Z Bn Z > Z ke Vejs nzu.
i<k<n Ik isks<n "F j<t<i—1
If apr, = 0 and 3, > 0 for all n and k, then from (2.8), it follows that for

alln > i > j,

Ynk >
Tnj = Tni%ij + Z B, Z QReYey 2 niYig-
itl<k<n "F j<i<i—1

In the cases of n = i or i = j, the conclusion is trivial. o

Now we turn to prove our first result.
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Proof of Theorem 1.1 For each ¢ = 0, we have

i—1

(Q9)i = Giari(givr —gi) — > @i Y, (Gra1 — gr) + Cigi
0<j<i—1  k=j

= Giir1(giv1—9) — D>, D @i (Gre1 — k) + Cigi
0<k<i—1;=0

= qii+1(gi+1 — i) — Z (Z Qij — ) Gk+1 — 9k) + Cigo
0<k<i—1 \ j=0

= Giir1(giv1i—9) — D, 4 N(gks1 — gr) + cigo. (2.9)

0<k<i—1

Denote g1 — g by wg for k£ = 0. Then

~(k .
(Q9)i = qriniwi— 0w + cigo, =0,
0<k<i—1

Now we rewrite the Poisson equation (1.3) as

1 ~

qii+1 o<k<i—1

where f; = f; — ¢igo for i = 0. By Corollary 2.3, we obtain

i F0)

w3

b

S

1= 0.

So the solution of the Poisson equation (1.3) satisfies

zlkF(j

—90+Zwk_90+22

k=0j=0 q]7J+1

t =1

The first assertion is proven. The second assertion is simply a consequence of
the first one.
To prove the last assertion of the theorem, noting that by (1.4), we have

n_ 73(4)
Fa ' (fi — ¢ig90
gt —gn =Y Fn (1 = ¢i90)
=0 qj,5+1

\%
o

Thus, from (2.9), it follows for each ¢ > 0 that

) )
cC . fi—cig
Q9); —qmlz—fg“— T gy AUz e

qj.j+1 O<k<i—1  j=0 Tjj+1
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Because (by exchanging the order of sums and using (1.1))

~

3 i Zk: E(f5 = cigo) _ D fi ‘—’cjgo iiqi(k)ﬁ]gj)

o<k<i—1 qM“ o<j<i—1  Ditl o
7(7)
—gi Y F(f = ¢jgo)
0<j<i—1 9j.j+1
we obtain (g = f as required. o

Remark 2.5 (1) One may obtain (q,g ), Fy Fk )) from (qgk), Fék)) easily replacing
the original Q = (gi;) by @ = (d):

qi0 = 4i0

dij = ¢ij,» J#0,i€E.
In other words, only the first column of @ = (g;;) is modified. Then the original
Poisson equation 2g = f can be rewritten as @g = f with f, fi — cigo.

(2) Alternatively, one may enlarge the space £ by adding a point, say —1 for
instance. Then introduce suitable G_1;, ¢;,—1, g—1, and f—1, so that Q|E = Q,
gle = g, and f|g = f. In this way, one may rewrite Qg = f on E as Qg = f
on E v {-1}.

(3) To solve the Poisson equation, in view of (2.9), even for the simplest
birth—death type, once ¢ appears, it is necessary to go out to the larger class of
single birth one, one can not just stay within the class of birth—death processes.

Actually, this observation is crucial to solve the Open Problem 9.13 in [7]. Refer
to [8; Theorem 2.6].

For the remainder of this section, we consider only the processes on a finite
state space {0,1,...,N}. Note that here the rate gy ny41 is not defined (or

setting to be zero), but we allow ¢y # 0. Hence EE’“) is defined upton = N —1
only. The next result is a localized version of Theorem 1.1

Proposition 2.6 Given a single-birth Q-matriz (g;;) and a function ¢ on the
finite state space {0,1,...,N} (N = 1), the following assertions hold.
(1) The solution of the Poisson equation Qg = f has the following form:

— C
gm=go+ >, > —JgO), 0<n<N, (2.10)
0<k<n—10<j<k Qjj+1

with boundary condition

N—1 k (k) (4)
(k) fi—cjgo fN+Zk 0 qN Z oF fi/aj5+1
CNgo=), e Z—( S )+fN or go= 20 =
k=0 =0 Qjj+1 CN+Z Z] =0 k CJ/qJJH
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(17) Let ¢ < 0. Then the harmonic equation lg = 0 has only the trivial
solution g; = 0 iff there exists some ¢; < 0.
(4ii) The unique solution g to the equation gl 1, n—1y = 0 (locally harmonic)
with go = 1 is as follows:
()
ij Cj

gn=1- 0<n<N (2.11)

)
O<hen—10<;<k i+l
which is increasing once ¢ < 0.

Proof (a) The proof is nearly the same as the one of Theorem 1.1, except we
have to take care for the boundary at N. By (2.9), for 0 < i < N — 1, we have

_(k
(9)i = gi,i+1(9i+1 — 9i) — Z q§ N(grs1 — gr) + cigo-

0<k<i—1

Denote g1 — g by wg for all 0 < k < N. Then

~(k .
(Q9)i = qiir1wi — Z 3wk + cigo, 0<i<N;

0<k<i—1
N-—1 .
Qo)nv=— G wr, + engo.
k=0

Rewrite the Poisson equation as

1 -
w; = (f,- + ) d§’“)wk>, 0<i<A, (2.12)
Bii+1 O<k<i—1
where fz = fi —c;go for all 0 < i < N. By Corollary 2.3, we get
ioplg
w = Y = f], 0<i<AN. (2.13)
=0 4j,5+1

So the solution of the Poisson equation satisfies

i—1 i—1 ~(j)];.
gi=go+zwk=go+22 B I<i<N.
k=0 k=0 ;=0 dj,5+1

Combining this with the boundary condition (2g)y = fy and (2.13), we obtain
the first assertion.
(b) We have just seen that the harmonic solution g satisfies

n—1 k ﬁ‘(j)C‘
9n = 90 1—227’?J , 1<n

N

N. (2.14)
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and

N1k RO
go<CN+ Z CL(V) Z —k 2 J) = 0.
k=0 j=0 D+t
When ¢ < 0, by irreducibility, we have not only Q'J(VNfl) > 0 but also F ](\?)_1 >0
for every j : 0 < j < N — 1. Hence, if there exists some ¢; < 0, then we must
have gg = 0 by the last equation. Furthermore, by (2.14), we indeed have g = 0.
Conversely, if ¢; = 0, then every constant function g # 0 is a solution to the
equation 2g = 0. Hence the harmonic function g can be non-trivial.
(c) To prove the third assertion, based on the second one, we have to use a
smaller space {0,1,..., N — 1} instead of the original {0, 1,..., N} to avoid the
trivial solution. The assertion now follows from (2.14). o

The next result is exceptional of the paper. Instead of single birth, we
consider single death processes on a finite state space. The result may be
regarded as a dual of Proposition 2.6. It indicates that a large parts of the
study in the paper is meaningful for the single death processes, but we will not
go to the details here.

A matrix @ = (g;;) is called of single death if ¢;;—; > 0 iff j = 1 for ¢ > 1.

Proposition 2.7 Given a single death Q-matriz Q = (¢;;) and a function (c;)
on the finite state space {0,1,..., N}, define Q}(Lk) = Z;V:k Gnj —Cn for k > n and

s o 1 ¢ s
FO— 1, == N GPEY, 1<n<i
dn,n—1 k=n+1
Then
(1) the solution g to the Poisson equation g = f has the following repre-
sentation:

BOVp
Gn=gN+ ), > k“fJWX 0
n+l<k<N k<j<N djj—1

N
S
N
=

with boundary condition

(k) % F9(f; — cign) .

=l j—k Tj.j—1
1) The unique solution with g, = 1 to equation Qglg o Ny = 0 is as follows:
N { < I }

FO..
gn=1- i} 0<n<N)

ntl<k<N k<j<N 1i—1

which is decreasing in n once ¢ < 0.
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Proof For 1 <i< N, we have

J
Q)i = qia1lgir—g)+ >, @ Y, (9 —gk-1) + cigi
itI<G<N k=il

N
=Giic1(gici—g)+ > > aij(gk — gr-1) + cigi
i 1<k<N j—k

~(k
= Giic1(gimt — ) — >, @ (gk-1 — gr) + Cign.
i+1<k<N

Denote gr_1 — g by wg, for all 1 < k < N. Then

~(k .
(Qg)z = (i,i—1W; — Z qz-( )wk + Cign, 1<i<N;
i+1<j<N
(Q29)o Z qO wk + CogN-
k=1

Now we rewrite the Poisson equation as

1 _
- (fz-+ D qi(k)wk>, 1<i<N,
1,0—1

i+1<j<N

w; =

where fZ fi —cign for all 0 < ¢ < N. As an analogue of Corollary 2.3, by
induction, we can verify that

j~
1<i<N.

Mz
3

)_l

:'L 7]
From the argument above, it follows immediately that
N ﬁ(j)f,
gi=gnt Y we=gn+ . Y A 0<i<N-1
k=i+1 i+1<j<N k<j<N 15i-1

Combining this with the boundary condition (2g)g = fo, we finish the proof of
the first assertion. The second assertion is derived from the first one immedi-
ately. o

3 Uniqueness

Starting from this section, we handle with the problems for single birth pro-
cesses, listed at the beginning of the paper. First, we study the uniqueness
problem. To do so, we need a sequence (my,)(to be used often subsequently) :

Mo = g — ( 2 ) n> 1. (3.1)

qo1 gn.n+1
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By Corollary 2.3, we have

n (k)
Fip = Y, ——,  n>=0. (3.2)
o dk.k+1

Again, we omit the superscript ~ everywhere in m, F , and ¢ once ¢; = 0. The
following criterion is taken from [4, 15, 16].

Proposition 3.1 Corresponding to a given single birth Q-matriz Q = (qi;)
(conservative), the process is unique (non-explosive) iff > g my = 0.

Proof By [4; Theorems 2.47 and 2.40], the single birth process is unique iff the
solution (u;) to the equation

(A + qi)u; Z qijuy, i=0; ug =1 (3.3)
i

is unbounded for some (equivalently for all) A > 0. Rewrite (3.3) as
Qu = Qu — Au = 0; ug = 1.
Applying Theorem 1.1 to ¢; = —A and f; = 0, we obtain the unique solution:

n=1l+X ) 2 —1+X > A, n=0

o<k<n—1j= OqNJrl o<k<n—1

Clearly, u, is increasing in n and then is unbounded iff }} m, = co. Thus, it
remains to show that ). m, = o iff >, m, = o. Combining m,, with m,, it
is clear that

R n F(j n
My, = 2 My, as A | 0,
§=0 qj,5+1 k=0 qQk,k+1

since

iF = q® x| ¢ as A | 0.

n

This already shows that the condition ), m, = oo is sufficient. It is nearly

necessary since the conclusion does not depend on A > 0, except there is a

jump from A > 0 to A = 0. Hopefully, we have thus seen some advantage of

Theorem 1.1, even though there is still a distance to prove the necessity.
Actually, there are several ways to prove the equivalence

Zﬁ@nzooforaﬁxed)\>0<=>2mn=oo.

n

From now on, for simplicity, assume that A = 1.
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(a) Observing that corresponding to the sequence (m,,), the operator is
Q = @ — I which may be regarded as a bounded perturbation of the original
operator (). Since these two operators are zero-exit or not simultaneously, the
equivalence above holds.

(b) In the original proof (cf. [4; Proof of Theorem 3.16]), it was proved that
up, is unbounded iff ), m, = o. Combining this with what proved above, we
obtain the required equivalence.

(c) Here is a more direct proof. The idea comes from [20].

Assume that > ;7 iy = o0. If >)7 jmy < oo, then there exists Ny large
enough such that for all n > Ny,

n o]
My:= > fp>1 and K:=2 > myp<l.
k=0 k=No+1
We now prove that for each n > Ny,

e < 2mpM,_1,  0<k<n. (3.4)

Since Mg = mo and M,_1 > 1 (due to the fact that n —1 > Np), (3.4) holds in
the case of kK = 0. Assume that (3.4) holds up to k = ¢ — 1 < n. Then,

/—1 /—1

~ 1 ~ ~ .

my=——|1+ Z qgﬁ)mk + Z my (since A = 1)
qee+1 jr} jrt

N

{—1
1 ~ ~
L+ Z Qék)2manf1 + My_q (by assumption)
qe,0+1 =0

-1

1 ~
< (1 + Z qék)mk> 2M,—1

dee+1 =0

= QWgMn_l.

So (3.4) holds when k& = ¢. By induction, we know that (3.4) holds for every
k:0 <k <n. Now, for each n > Ny, we have

n n
My =My, + Y, g <My, + Y, 2mpMy1 < My, + KM,_1.
k=Nop+1 k=Nop+1

Furthermore, we have

~

M, < My, (1+ K + -+ K"~No=l) 4 gn=Nojp

My, (1 — Koy
N 1-K

+ Kn_NOMNO.

Thus, as n — 00, we would have co < My, /(1 — K) which is a contradiction.
Hence, once Y /7, My = 00, we should also have > ;7 my = 0.
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We have therefore completed the proof of the equivalence mentioned above.
a

To conclude this section, we mention that the uniqueness problem for the
single birth @-matrix with absorbing set H = {0,1,..., N} (N < o0) can be
dealt with by the same approach. Refer to [4; Theorem 3.16] and [14].

4 Recurrence and extinction/return probability

For the recurrence, the following criterion is taken from [4; Theorem 4.52 (1)]
and [15].

Proposition 4.1 Assume the single birth Q-matriz QQ = (gi;) is non-explosive

and irreducible. Then the process is recurrent iff Z?LO:O F}go) = o0, where (F,S’))
was defined in (1.1) by setting ¢; = 0.

Proof By [4; Lemma 4.51], we know that the single birth process is recurrent
iff the equation

xT; = Z Hikl‘k, 0< T < 1, t=0 (4~1)
k#0

has only zero solution, where II;; = (1—0d;1)qik/¢. It is easily seen that equation
(4.1) has a non-trivial solution iff the equation

T; = Z 1L 2, 1= 0; o =1
k#0

has a nonnegative bounded solution. The following fact will be used several
times below:
dik Vi

G )\xk + - \ — (Ql‘)z + Az; = qiio(l — (5“'0)1'1'0 — Y, (4.2)

xTr; =
k+#i,i0

where A € R satisfying some suitable condition. Certainly, here we preassume
that z; € R for every i € E. By using this fact with A = 0 and ig = 0, we can
rewrite the previous equation as

(Qx)o = 0, (Qx); = gio, i>1; xo = 1.

Applying Theorem 1.1 to ¢; = 0 and f; = gio(1 — d;0), we obtain the unique
solution as follows
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By (2.7), it follows that
n—1 n—1
=1+ Y FY=SF" ax>l
k=1 k=0

Clearly, (z,,) is bounded iff ;% , F, Igo)

only a trivial solution iff Zfzo F ,50) = 0. The assertion is now proven. o

< . In other words, equation (4.1) has

Extinction/return probability

For the remainder of this section, we study the extinction probability. Here
the extinction time 79 is the first hitting time of the state 0. Thus, this topic
is actually a refinement of what studied in the last proposition, in which we
pay attention only on the result either P,[79 < o0] = 1 or < 1 rather than its
distribution. We will come back this point after the proof of the next proposi-
tion. For the extinction problem, the rates go; (j # 0) play no rule, so one may
assume the state 0 to be an absorbing state. In other words, we may reduce
the state space from E to E; := {1,2,...}, and regard the rate gjo (i # 0) as

a killing from i. Then we need to redefine the sequences (~,(1k)) and (E(Lk))
starting from 1 but not 0. However, for our convenience, we prefer to keep the
notation F, ((jék)), (F;S’“)) and so on. For this, it is better to use the return
time o¢ instead of the hitting time 7y5. In the case that the state 0 is really
an absorbing one, we can add a positive rate gg; and assume that the enlarged
process becomes irreducible. Then, the solution of P,[cg < o] restricted on
E; gives us the answer of P,,[7p < o] on E; (as a trivial application of the
localization theorem [9; Theorem 3.4.1] or [4; Theorem 2.13]), so we can return
to our original problem.

We remark that in the context of denumerable Markov processes, the topic
of this section and much more problems were well studied in [9; Chapter IX]. In
the present special case, for the single birth processes, the problem was studied
in [1; Chapter 9] or [2], using a different technique.

Proposition 4.2 Let the single birth Q-matriz QQ = (¢;;) be non-explosive and
irreducible. Then the return/extinction probability is as follows:

OO_ F(O) 00_ F(O)
Pooo < o0) = =15k By (o < o0) = Shmn Fi
D=0y D=0 Fy
Furthermore, P, (09 < 00) =1 for all n = 0 iff Pyp(og < ) = 1, equivalently iff
o FO — o,

Proof By [4; Lemma 4.46] with H = {0}, (P;(c9 < o) : i € E) is the minimal
nonnegative solution to the equation

T; = %xk+@(1—5io), i€ FE.
Je20,i q; q;
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The study on recurrence usually starts from here, the lemma [4; Lemma 4.51]
used in the last proof simplifies our study on the recurrence problem, as we
have just seen above. By (4.2), the last equation is equivalent to

(Qx)i = qio(1 — di0)(z0 — 1), i=0.

Applying Theorem 1.1 to ¢; = 0 and f; = ¢o(1 — d;0)(zo — 1), we obtain the
solution to the last equation:

n = o + Z

O<ke<n—10<j<k L+l

(4) ©)
xo{u DI S

I<hen—11<<k 1i+1 I<hen—11<<k 1i+1

z0<1+ D F,§0>>— SO EY nzo0 (by 27).

1<k<n—1 1<k<n—1

)

gjo(1 — djo)(zo — 1)

Because x,, > 0, it follows that

D VD Y v S SUPRIE

To = su =sup———-"+——=1
eSS w1 S Y S

From here, we obtain the minimal nonnegative solution:

1 ~(0)
£ _ 1 _ 1 £ _1_ Yo Fy .
"o » pO S o "
Do Fr Zk:O k
We have thus proved the first assertion. The second one is obvious. o
Rewrite the solution just obtained as follows.

1 n lF(O)

k=0"*k Zk:O By

Renormalize them so that the initial value becomes 1:
xo =1, fcn:ZF,E,O), n>=1

which is what we obtained in the last proof. We have thus seen the relation
between the last two propositions.

The study on the Laplace transform of extinction/return time is delayed to
Section 7 (Proposition 7.3 which is based on Lemma 7.1).
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5 Ergodicity, strong ergodicity, and the first moment of return time

Let E = Zy and H ¢ E, H # &, E. Define oy = inf{t > n : X(t) € H},
where 7 is the first jump of the process. When H is a singleton, H = {0}, for
instance, denote o(g by o¢ for simplicity. We now consider the first moment of

the return time op. To do so, we introduce the following lemma (cf. [9; Lemma
9.4.1)).

Lemma 5.1 Let (¢;;) be irreducible and assume that its Q-process is recurrent.
Then (zf := Ejop : i € E) is the minimal nonnegative solution (may be infinite)
to the equatzon

Z qlkwk—i-q— 1€ F,

q’ k¢ HU{i}

where 1-00 = o0 and 0-00 =0 by convention.

Proof Let (y; : i€ E) be the minimal nonnegative solution to the equation

Z qlky;ﬁr— 1€ B

qz k¢ Ho{i}

By assumption and [4; Lemma 4.46], the quantity f;z defined there is equal to
1 for every i € E. Then, (yZ i € E) coincides with (e;r(0) : i € E) used in [4;
Lemma 4.48]. Note that e;z( SO i(cg > t)dt = E;opy. The assertion now
follows immediately. o

In what follows, we use often another sequence (dn) similar to (T?Ln) having
different initial value:

n—1

- - 1 -

dy=0, d,= 1+ Y @Pde |, n>1, (5.1)
dn,n+1 k=0

where q}(Lk) is defined in (1.2). By Corollary 2.3, we have

) 70)

d, = . n=0 (5.2)
1<j<n i+l

which is very much the same as (3.2). Again, we omit the superscript ~ every-
where in (d,,) once ¢; = 0. Note that if we rewrite

3 1 .

In,n+1 1<k<n—1

ﬁ§0>:1<~,20>+ 5 qgk>ﬁ,§0>), sl

dn.n+1 1<k<n—1
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then it is clear that the sequences (cin) and (E&O))
each other.
The main result in this section is as follows. Refer to [4; Theorem 4.52 (2)],

[1; Proposition 2.4], and [15, 17, 18].

are also quite close

n=1 n=1

Proposition 5.2 Assume that the single birth Q-matriz Q@ = (qi;) is irre-
ducible and corresponding process is recurrent. Then

1
Eoop = — +d, Enao—z Fd — dy) n>1,
qo1

where
k

d= lim M lim
k—o0 ZZ:O F7(10) n—>00 F(O)

if the limit exists.

Furthermore, the process is ergodic (i.e. positive recurrent) iff d < o0; and it

is strongly ergodic iff supyep Zszo (FT(ZO)d — dn) < . Actually, for the last
conclusion, the recurrence assumption can be replaced by the uniqueness one.

Proof Let H = {0}. By Lemma 5.1, (E;00 : i € E) is the minimal nonnegative
solution (z) to the equation

Z QinZl + q— i€ E. (5.3)

X7 k#{0,1}

Suppose for a moment that x} < oo first for some ¢ € F and then for all ¢ by
irreducibility. Next, let (z;) be a (finite) solution to (5.3). Then, by (4.2), we
have

Q)i =qowo—1, =1  (Qu)o=—

Applying Theorem 1.1 to ¢ = 0 and f; = ¢jo(1 — dj0)zo0 — 1 (i = 0), we obtain
the solution to the last equation:

n—1 k F(j)f n—1 k j q 0 n—1 k j
Tn = To+ 1+ k J , n>1
" kZ—O]ZO qj,j+1 ( kzljzl qj,5+1 kz()jzo dj,5+1
By (2.7) and (5.2), we obtain
n—1 F(O) n—1 1
= S O S () =S [0 (ro- L) ] s
pary o \ 401 =0 do1

Since x,, > 0, it follows that
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This gives us

_ 0 _
Ty = sup Z:é(FkE )/QOl i dk) = ! 722:5 i
T a1 Zz;é F]EO) o1 n>1 ZZ;(I) F}go)

Now, the minimal property implies that

1 " od
x5 = — +sup k=0 (]B)
o1 n>1 Zz;é F,

and then

gives us the solution (E;o¢ : i € E). We claim that the supremum in the last
line has to achieved at infinity. Otherwise, if it is achieved at some finite ng:

220" dj X0 ds
no—1 g0 — 2 o=t )
ZJ:O Fg Z F

Then
1 ZTLO 1d
— +

go1 Z;ﬁol Fj(o)

x§ =
and furthermore, x;, = 0 which is a contradiction with x} = E;oq > 0. There-

fore,
i&ﬁ’zn 1F T
j=0"j

as required. The next limit in the expression of d is an application of Stolz’s
Theorem. Now d < o0 since x§ < o0 by assumption. To remove the finiteness
assumption of (zF), we claim that the expressions in the first assertion for
E,o0(= z}) still hold even z} = oo, since then we must have d = oco. If
otherwise, d < oo, then by the last assertion of Theorem 1.1 and (4.2), we
would obtain a finite solution to (5.3), which deduces a contradiction to the
assumption z} = o0 by the comparison theorem for the nonnegative solutions
(cf. [4; Theorem 2.6]). We have thus proved the first assertion.

Let us remark that the trick used above replacing sup,,~; by lim,, .o, was
missed in the previous publications. This trick and the one assuming the finite-
ness of (), will be used several times below but we may not mention it time
by time.

Finally, by [4; Theorem 4.44], the single process is ergodic iff Egoy < o
which is now equivalent to d < co. By the same cited theorem, the process is
strongly ergodic iff sup,cp Ejo0 < 00, equivalently, sup,cp > r_g (F éo)d — dk) <
oo which follows from the first assertion. As mentioned in the proof of the
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cited book, for ergodicity, the uniqueness assumption is enough instead of the
recurrence one. The proof is now finished. o

6 Polynomial moments of hitting time and life time
Polynomial moments of hitting time

We have just studied the first moment of the time of first hitting/return 0 in
the last section. Now we study the higher-order moments of the first hitting
time.

Fix 79 = 0. Recall that oy, is the time of first return to i after the first
jump. For its higher-moments, we have the following result (cf. [19, 21]).

Proposition 6.1 Assume that the single birth Q-matriz Q@ = (gi;) is irre-
ducible and the corresponding process is (€ —1)-ergodic (¢ = 1), i.e. Eiafo_l <
for every i = 0. When £ = 1, assume additionally that the process is unique.
Then we have

) ) .
E,of = €2 n<heio—1 U (;)r [1— X cheiot ] Eigoyy, 0<n <o
n>¥ 1o 4 ;.

—¢ ZioSRSnfl vt [1 + ZioskSn—l uk]Eioaim n > 10;

where
k — j .
Dijmio—1 Bjj+1 VED 410 (1 — 63, k = i,
up = 4 1, k=1iy—1,
0, 0<k<ip—2
k (4)
F
o) =N TE Eiolt ko0,
j=0 qj,j+1
® -
V4 T
ot (3 ) 3
io<k<n io<k<n

(0)

=/ lim —— if the limit exists.
n—a0 un

Proof By [9; Theorem 9.3.3] (cf. [4; Proposition 4.56], or [10; Theorem 3.1]),
(yf = Emfo : i € E) is the the minimal nonnegative solution to the following
equation:
1 14 _ .
vi= Y, —qirye + —Eiol i€ E.
keti,io i

As remarked in the last section, we may assume that y < oo for every i € E.
Then, by (4.2), we obtain the Poisson equation:

(Qu)i = iio (1 — Biig)yig — (Eiol, ", ie k.
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Applying Theorem 1.1 to ¢ = 0 and f; = @i, (1 — iy ) Yip — ﬁEiafo_l, it follows
that the solution to the last equation is as follows:
k()
s ¢
Yn = Yo + Z Z#:yO‘Fyio Z ug — 4 Z U;(C), n=0
O<han—1j=0 L+l o<k<n—1 o<k<n—1

Here in the summation of uj, we have used the character of single birth: ¢;;,(1—
djio) > 0 only if either j = ig — 1 or j = ip + 1. In particular, by setting n = i,
it follows that

yo =4 Z U](f) + Yio <1 — Z uk>

0<k<ip—1 0<k<ip—1

Return to the original y,, we get

yn:g[ Uy U,gﬂwm{l_ Y out Y uk]

0<k<io—1 o<k<n—1 0<k<ig—1 0<k<n—1
0 :
_ — Ziogkén—l(gk + Yig [1 + Ziogkgn_1 uk]; n =i+ 1 (6.1)
0 nsk<io—1 Yk T Yio [1- Yin<k<io-1 ug], n < o

When n < o, since >, ; ; ux < 1 by definition of (uy), it is clear that y,, > 0.
When n > ig + 1, for y, > 0, one requires the condition
(0)
€Y ig<han—1 Uk
1+ X <han—1 Uk

Yig =

and then

(0
Yyio > sup €2 ig<hn—1 Uk
ig = .
n>ig+1 1+ Djochan—1 Uk

By a reason explained in the last section, this leads to

0)
- . v

which gives us [E;, Jfo. Combining it with (6.1), we obtain the required assertion.
The limit in Eiono is again an application of Stolz’s Theorem since ), uj = 00
by the recurrence of the process. To see the last assertion, define a single birth
process on {ig,ip+ 1,...} (regarding the set {0,1,...,4p} as a single state) with
rates

g — { % ifj>ip+1
Y Din<io Gk if § = o, 1= 1g.
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Then (g;;) is irreducible and recurrent because so is (g;;). Next, as in (1.1), we
can define a sequence (Fk(j)) on {ig,i9+1,...}. By induction, it is easy to check

that F,gj ) ﬁ’,g] ) for every k = j = ig. Hence we have
Zﬁ}gio) _ Zﬁw]gio) N
k k

by Proposition 4.1. It should be now easy to see that »;, uy = o0 as claimed. o
Polynomial moments of life time

Recall that 7, is the time of first hitting the state n. If we start from i < n—1,
then 7,, coincides with the time of fist hitting the set {n,n + 1,...}. For the
remainder of this section, we are going to study the time 7o := lim, o 7.
Next, because 74 is actually equal to the life time n := lim,_,4 7, almost
everywhere, where {n,} are the successive jumping times:

no =0, N = inf{t = np_1: X(t) # X (1)}, n =1,

therefore, 7, = o a.e. if the single birth @)-matrix is non-explosive. Thus,
the study on the moments of 7, is meaningful only for explosive single birth
()-matrix. The next result is taken from [21].

Proposition 6.2 Let the single birth Q-matriz @ = (gi;) be irreducible and
explosive (i.e. Y, my, < o0 by Proposition 3.1). Assume that the minimal
process has finite ({—1)-th moments of 7o for some integer £ > 1 (i.e. E;mli1 <
oo for alli = 0). Then

}Eano =/ Z m,(f), n = 0,

k=n

1 n F(j)E‘Teil

() _ E -1 (k)(é)} I i

my’ = T, + q,’m = , n = 0.
" Qn7n+1|: ne 2 alm E) jj+1

Proof The last equality of mﬁf ) comes from Corollary 2.3. By [4; Proposition

4.56] or [11], we know that (E;7% : i € E) is the the minimal nonnegative

solution (y; : i € F) to the following equation:

1 l _ .
yi= Y, —Ginyk + —Biry ', i€ E.
ki Lo di

That is,
(Qy)z = —ZEZ‘TO%_I, 1e b.
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Applying Theorem 1.1 to ¢ = 0 and f; = —(E;7%1 (i = 0), it follows that the
solution to the last equation can be expressed as
n—1 k /—1
E iToo
= 1Yo — l Z Z y n = 1.

Hence

n=y0—£2ﬁll(f), n = 1.

By the nonnegative and minimal properties, it follows that

o0 o0
=sup |l ) m =/ m“), = m“), n = 1.
i (5 00) < DAl el
= =n
Hence, we obtain
nToo = 2 mé , n=0
k=n
which is the required assertion. o

7 Exponential ergodicity and Laplace transform of return time
Exponential moments of return time and exponential ergodicity

In this section, we consider the exponential moments of return time. At first,
we introduce the following lemma for general Q-matrices.

Lemma 7.1 Let (g;;) be irreducible and assume that its Q-process is recurrent.
Next, let A € R, A < q; for every i € E. Then for fited H c E, H # J, F
(E;exp(Aop) : i € E) is the minimal solution to the equation

Z GikTk + Z Gik, €L (7.1)

A it %=X e

q@

Proof Let (y; : i€ E) be the minimal nonnegative solution to the equation

1 .
Z qikYk —l— v 1e b,
kéHu{z}

By the recurrent assumption and [4; Lemma 4.46], the quantity f;y defined
there is equal to 1 for every i € E. Then, (v} : i € E) coincides with (e;z () :
i € F) used in [4; Lemma 4.48]. Moreover, by the proof given on [4; page
148], we have E;exp(Aoy) = 1 + Ay for every i € E. Besides, it can be
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checked that (1 + Ay} : ¢ € E) is a nonnegative solution to equation (7.1).
Hence E;exp(Aog) = 1 + Ay > zf for every i € E, where (z] : i € E) is the
minimal nonnegative solution to equation (7.1). We are now going to prove
that E; exp(Aoy) = «f for all i € E. The proof is split into two parts: either
A=0or A\ <0.

First, let A > 0. It is easily seen that (zf — 1 : 4 € E) is a nonnegative
solution to the equation

1 .
Yi = D vk + i€ k.

A

¢ = A k¢ H {1} ¢ = A
Hence, z7 —1 > Ay since (A\y}) is the minimal nonnegative solution to the
equation above, by the linear combination theorem [4; Theorem 2.12 (1)]. That
is, 7 = 1+ Ay;. Combining what we have proved in the last paragraph, it
follows that x} = E;exp(Aoy) for all i e E.

Next, let A < 0. Denote by (g; : i € F) the minimal nonnegative solution to
the equation

1 1 .
Yi = 3 > Qikyk+{1 — > Qik:|a i€ k. (7.2)

= A e o) T kgHOL)

Clearly, we have y; < 1 since y; = 1 is a solution to the equation. We claim
that g; = 1. To see this, note that (1 — g; : i € F) is the maximal solution to
the equation

1 .
Yi = > akyk,  0<yi<1, icE. (7.3)
g — A kg Ho{i}

By a comparison lemma [4; Lemma 3.14], it suffices to show that the equation

1 .
yi=— Y, Gk, O<y<l, ieE
i k¢ Hu{i}

has only trivial (i.e. zero-) solution. Then this follows by the recurrence as-
sumption and [4; Lemma 4.46]. We remark that there is an alternative way to
prove that 7; = 1, using the uniqueness rather than the recurrence assumption.
Actually, equation (7.3) is an exit equation for a modified Q-matrix (any local
modification of a @-matrix does not interfere the uniqueness). The exit solution
to (7.3) should be zero by uniqueness assumption.

We now return to our main proof. By the linear combination theorem [4;
Theorem 2.12 (1)], (zf — Ay : i € E) is the minimal nonnegative solution to
equation (7.2). Hence z¥ — A\y¥ = 7; = 1 as we have just proved in the last
paragraph. Therefore we conclude that z} = 1 + Ay* = E; exp(Aog) for all
1 € E. We have thus completed the proof of the lemma. o

Now we present our results about the exponential moments of the return
time og, which can be referred in [18].
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Proposition 7.2 Let the single birth Q-matriz (¢;j) be irreducible. Assume
that its process is ergodic. Define (ﬁ’}gz)) and (Jk) by setting ¢c; = A > 0. Then
for small X,

1+ XM .
Egotoo — 1L+ 2d) andIEe)“’O—l—s—/\Z( FOd—d) <o, nz1
qo1 — A =
iff
7 T Zk odk:
d_nh—{%o]l{z F()>0}Z F )<OO
and
~'n—l N n—1 5 n—1 N
d FIEO) > Z dr,  whenever Z Flgo) <0 forn=2. (7.4)
k=0 k=0 k=0

Furthermore, once ESO) > 0 for large enough n and ), ﬁ'T(LO) = 00, we have

d= lim 2" if the limit exists.
n—a0 FT(LO)
Finally, the process is exponentially ergodic iff both d < o and (7.4) holds.
Proof Let A € (0,q;) for every i € E and set H = {0}. Then by Lemma 7.1,

(Bier 2 i e E) is the minimal solution (z}) of the following equation

(1—0;
Z qikT qzo_)\ZO), xI; = ]_7 1€ F.
k¢{02}

Qz

Assume that z] < o for every i € E for a moment, and let (z;) be a finite
nonnegative solution to the last equation. Then, by (4.2), we have

(Qx); + Axg = gio(wo — 1), i>1; (Qx)o + Axg = 0. (7.5)

Applying Theorem 1.1 to ¢; = X and f; = qio(1 — di0)(zo — 1) for all i = 0, we
obtain

~ .

n—1 k 1’;"(]) n—1 k q0
arn—x()(l—)\ZZ ) (xo — ZZ k J
=1j5=1
-1 k
BT g

Nj)(()+/\)

qj,5+1

1)
je—=0 j—=0 Lii+1 qj,5+1
1)

_mo(l—Anzlzk] Nm) (w0 — Z

n = 1.

(k)

Due to the explicit representation of Fj
(5.2) respectively, we have not only

, My and d,, given in (2.7), (3.2) and

B N
iy = - —FO4d,, n=0 (7.6)
o<j<n Li+1 401
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but also that

n—1
xn—x()(l—)\Eﬁlk

k=0

”0(1‘%1)2

Since z, > 1, we get

y.q \_/
=
=)
|
;_n
M L
+
>
Q.
??‘

n—1 n—1
x0<1_> S EY S Y (FO 4 ad), a1
1/ =0 k=0
That is ) .
11 'S =0 _ O 5
{0<>\ qm) /\],;) g kzzo * )

Note that on the one hand, if xf = z{(A\o) < o0, then z§ = z§(\) < oo for every
A € (0, \0), by the comparison theorem (cf. [4; Theorem 2.6]). On the other
hand, when A\ = 0, we have

ZF(O) ZF >0 and idk:idpo, n>1.

k=0 k=0

For each fixed n, Y};_, 15,50) and »'_, dj, are analytic in A, and so should be
positive for sufficient small A\, say A < A\; for some A; < 9. Then by (7.8), w

should have
1 1 1

——— | =—=>0 Ae (0,
900<)\ QO1> /\>, 6(,1)

independent of n. Therefore, by the minimal property, we have
1 1 1 L no n ~(0) -1 B
l~——)—~=1im1 ~ d F =d
*o ()\ QO1> N e {Zh, FO>0} LZ_:O k] LZ_O g ] 7

go1 (1 + Ad)
Qo1 —A
Since zj; satisfies (7.8), we obtain condition (7.4). Then

l.e.

Ao *
Epe™® =z =

Ee’\"o—1+)\2< ) — dk> n>1.

Conversely, if d < o and (7.4) holds. Then starting from x = z given in
(7.9) and defining z,, by (7.7), we obtain a solution (x; > 1 :i € E) to (7.5).
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By (4.2), we obtain a finite nonnegative solution to the original equation for
(]Eie/\UU RS E), and hence the minimal solution (:13;k =Fie?0 e E) should
be finite.

Finally, by [4; Theorem 4.44], the process is exponentially ergodic iff Ege

Aog

< 0, equivalently, d < o0 and (7.4) holds. The last assertion of the proposition
then follows. =

In contract to the ergodic case, one may study the exponential decay (in
the transient case) for which the Poisson equation becomes*

Qg+ Ag =0, g > 0.
With ¢; = A, by Theorem 1.1, the solution is

O
gn=go[1—)\ Z Z k ]=90[1—>\ Z mk], n = 0.

O<k=n—10<j<k L+l 0<k<n—1

This is somehow simpler than the previous one. However, these two exponential
cases are actually much harder than the others, for instance we do not know
at the moment how to remove condition (7.4). That is showing for some A >0,

small enough, >, F ,50) >0 for all n (or equivalently, lim, ., >/, F lgo) >0).

This seems necessary for the exponential ergodicity since 2120:0 ﬁ’,ﬁo) = o0 when
A = 0 by the recurrence (which is much weaker than exponential ergodicity)
and A is allowed to be very small. Actually, to figure out a criterion, one needs
much more work using different approaches, refer to [4; Chapter 9] and [7] for
some details.

Laplace transform of the return/extinction time

Note that for negative \, E;e*?° is the Laplace transform of ¢y. The proof of
Proposition 7.2 is still available. So we get the following result.

Proposition 7.3 Define (FN’;)) and (czk) by (1.1) and (5.1), respectively, with
¢ = —X < 0. Let the single birth process be recurrent. Then the Laplace
transform of og is given by

1-\d (RO
Eoe—AUO — M7 Ene_)‘ao =1-A Z (F]EO)d - dk)7 n
k=0

WV
—

go1 + A

where L -
d = lim 721":0 i =

— — if the limit exists.
n—0o0 ZZ;(l) FlgO) n—0o0 F(O)

*See the footnote on page 775
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Proof Following the proof of Proposition 7.2, replacing A by —A, we arrive at

By the minimal nonnegative property, 2§ = sup,~ 3,/ax, and then we indeed
have
zy = lim &
n—00 QO
We now show that we can replace lim,_ by lim,_,. Noting that on the one
hand, since z,, € (0,1], we have

Bu _ Bt

o X s n
(679 (679

\
=

On the other hand, following the proof for

Zrﬁkzw(:)z:mk:oo
k

k
given in Section 3, we can prove that »;, 1’;,]50) = oo since ), F,EO) = o by the
recurrent assumption (i.e. 7; = 1). Hence we can rewrite lim,— oo B/ as
lim,, o, Bp/ay,. Therefore, we have

=[G e[ SR AL

k=0 qo1
n—1
| [1_ So di }
qo1 + A n—o St EO)
= 1—Xd
qo1 + /\[ dl
Furthermore,
— — n—1
1—)\d2 Z — Ady) +1—1—>\Z(F(Od dk) n> 1.
k=0 k=0 k=0
The last limit in d is an application of Stolz’s Theorem. o

Exponential moments and Laplace transform of the life time

Now we return to 7.
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Proposition 7.4 Assume that the single birth Q-matriz Q = (g;5) is explosive
and irreducible. Define (my) by (3.1) with ¢; = A. For the corresponding
minimal process,

(i) if there ewists a A\ > 0 such that \Y0_) fy, < 1 for every n > 1, then

n—1 n—1
E, ™ =1+Alc(1—Aka) — ka], n =0,
k=0 k=0

n ~
— m
¢ = lim —Zk:on k~ .
Furthermore, the process decays exponentially fast provided ¢ < c0.
(13) For A > 0, the Laplace transform of 1, is given by

1+ )\Z My
E,e M = Osksn—1 & n = 0.

where

Proof Define
Q0
cim(\) = f MPy(1, > 1) dt
0
with A < ¢; for all 7 = 0. Note that the process is explosive and
E;eM* =1 + Aeio(A).

Because Py, (7,, < 1) = 1 for every pair m < n, we have P, (7, < o0) = 1 and
furthermore P, (75, < o) = 1 for every m, as n goes to c0. Then by [4; Lemma
4.48], (€ion(N)) is the minimal solution to the equation

gi 1 .
Lz + ——, 1= 0.

g — A Zk: ' ¢ — A

By (4.2), we can rewrite the equation as

(Qx); + Ay = —1, 1= 0.

T; =

Applying Theorem 1.1 to ¢; = A and f; = —1, the solution of the equation has
the form:

~ (s

n—1 k ITQ) n—1 k ()
R I B
k=03

k=0 j=0 qj,5+1 =0 qj,5+1

n—1 n—1
=$0<1)\Zﬁlk>2ﬂ~lk, n
k=0 k=0
Note that A < g = o1 and Amg < 1. If there exists a positive A small enough
so that )\ZZ;S my < 1 for every n > 1, then by the argument above and the
minimal property of the solution, one gets
Zz;é my, T ZZ:O My, L=
€oa () Sup 1 AL e [lim AT ¥

A\

1.
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and

n—1 n—1
enoo(A)ZC(l—)\ZT?Lk)—Zﬁlk, n = 1.
k=0 k=0

Then the first assertion follows.

For the Laplace transform of 7, the argument above still works because
now we deal with the case of —A < 0. By the explosive property, we know that
YoMy < oo. Hence we have

ZZO:O iy,

N ==  “k=0"TTk
eOoo( ) ¢ 1+ /\ZZO:O M

and
n—1

n—1 Zoc mk
() = e[ 1A D) g | = S = — k=, sy
k k=0

o0 ~ )

Finally, we have

E e*AToo =1 AZZOZH T?Lk _ 1+ )\Zogkén—l ﬁ’bk n>0
" 1+)\ZZO:077lk 1+)\2k>0ﬁlk -
The proof for the second assertion is now finished. o

A more careful study on part (i) of Proposition 7.4, refer to Proposition 7.2.

8 Examples

In the special case of birth—death processes, the problems studied here have
rather complete solutions, see for instance [4; Theorem 4.55]. As mentioned in
the introduction of the paper, much more models have been studied in the past
years. Here we make a little addition. The next example is taken from [3].

Example 8.1 (uniform catastrophes) Let
Gii+1 = bi, i=0; ¢j = a, j=0,1,...,i—1;

and g;; = 0 for other j > i + 1, where a and b are positive constants. Then the
extinction of the process has an exponential distribution

a

E,e 0 = ——
" a+ N\

A>0,n>=1.

It is surprising that the distribution is independent of b and the starting point
n. Redefine qg; = 1. Then the irreducible process is indeed strongly ergodic.
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Proof We need to consider the case that g1 > 0 only. With ¢; = —X € R and
then @(Lk) = (k+1)a+ A for k <n—1, by using (1.1), (5.1), and induction, one
may check that

~0) @t A (k+1)a+ A B
E( — I (1-+ld) , E} =1,

1<k<n—1
- 1 (k+1)a+ A
dy = — Ao SEA > 1.
~ 1 <1+ 5 ) n=1
1<k<n-—1

Since for each fixed X € R,

1
log(1+m)ba—|_)\>—>log<1+z>>0 as n — oo,

n

we have lim,,_, ﬁéo) = o0 and so ), ﬁ}(f]) = o0. As an application of this fact
with A = 0, it follows that the process is recurrent (Proposition 4.1) and then
should be non-explosive ((7.6) and Proposition 3.1).

Next, because

n

Zﬁ,&o) = o, FO — (a4 Nd,, n>1,

it follows that

Hence, we have
From here, when A = 0 in particular, we obtain
k
sup Z (Féo)d —dp) =d= a” ! < .
k n=o0

Hence the process is strongly ergodic by Proposition 5.2.
By using Proposition 7.3, we obtain

_ aqo1
Foe 70 = ,
" (a+ A)(qo1 +A)
E,e 2% =1—\d = =E,e 0, n>=1

a+ A

Therefore, we have proved the first assertion.
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Even though it is now automatic that the process is exponentially ergodic,
implied by the strongly ergodicity, we would like to check the effectiveness of
Proposition 7.2 for this model. To do so, reset ¢; = A > 0. Then

N(O):CL—)\ (k‘+1)a—)\
Fa el | <1+ kb ’

1<k<n-—1
~ 1 (k+1)a— A
R ez Al > 1.
di= 11 ( RE > ) "
1<k<n—1

Clearly, ﬁ,ﬁo) > 0 and so does d,, for every A € (0,a). As we have proved above

~ ~ 1
SEO e dem O L
— ooF() a— M\

and hence the process is exponentially ergodic by Proposition 7.2. Actually, we
have

]E e/\o'o _ aqo1 ’
° (@ —N)(qo1 — A)

a
_ =1, Xe (0, .
a—\ n (0,a A qo1) o

E,e'0 =

Example 8.2 Consider the single birth Q-matrix (¢;;) with
gi0o >0, ¢iiv1>0, ¢ =0 for all other j # i.
Let ¢; e R. Then

(1) we have

ﬁ;(l) _ 1’ ﬁ;(lz) _ dno — Cn + qro — Ck:|’ (81)

1
dn.n+1 itl<k<n—1 [ qk,k+1

[1= n>i>0,

%)
and then (m,) and (d ) are given by (3.2) and (5.2), respectively.

(2) In particular, if g,0 — ¢, = qi0 — 1 for every n > 1, then

n—1
ﬁi(z):L ﬁéi):u H [1+Q10 01]’ H:-1 n>i=0,
qn,n+1 keitl qk,k+1

o o]

qo1 qn n+1 qk,k+1

~ ~ 1 —c
do =0, d, — H { Q10 1]
dn.n+1 1<k<n—1 Ak k+1
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Furthermore, the process is explosive if

/ . n(qn+1,n+2 —Qnn+l — q10)
Kk = lim
n—00 Inn+1 T q10

>1

(qnn+1 = (n+1)7 for v > 1 for example). Otherwise, if &' <1 (¢nn+1 =
(n + 1)7 for some v < 1 for instance), then the process is unique. If so,
the process is indeed strongly ergodic.

(k)

Proof (a) By assumption, we have Gy, ' = ¢no — ¢y, for every k < n. Hence, by
(1.1), we obtain
o ~(0) n—1 .
FO = A N O, (8.2)
qn,n+1 h—i

Thus, to prove (8.1), it suffices to show that

n—1 . (I(O)
)= 1] [1+ k ] n>izo0.
k=i itl<k<n—1 Tk k+1

This clearly holds when n = ¢ + 1. Suppose that it holds when n = £, then

|
—_
+

~(0)
H [1 + i ] (by inductive assumption).
i+1<k<t Uk k+1

Therefore, the required assertion holds for n = £ and it then holds for all n > i
by induction. We have thus proved the first assertion.
(b) By assumption, we have (jflk) = q10 — ¢ for every k < n. Hence, by (3.1)

and (5.1), we obtain

1 n—1
Py = (1+c’1‘§°)2ﬁzk), n>1,

dn,n+1 k=0

. 1 n-l

dy = (1+q‘§°)2 k) n>1.
dn,n+1 k=0

As in the last proof, by using induction, we obtain the explicit expressions of
(M) and (dy,).
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To study the divergence of »; m,, we adopt the
Kummer Test Let (u,) and (v,) be two sequences of positive numbers. Sup-
pose that 280 1/v, = 00 and the limit & := lim,_,, &y, exists, where

Unp,

Kn = Up, - — Upatl-

Un+1

Then, the series Y u, converges or diverges according to k > 0 or Kk < 0
respectively.
Set v, =n and u, = my;:

1
My = H {1—#6]10}, n = 0.

dn,n+1 0<k<n—1 gk, k+1
Then
Un n(Qn+1,n+2 —qnn+1 — Q10)
Up, — Untl = —1.
Un+1 Gnn+1 T q10

Hence Y, u, < 00 if & > 1 (resp. >, u, = o0 once £’ < 1). Clearly, Y, my =

o0 implies ), FY = o0, Hence

Furthermore,
k
sup Z (F,So)d — dn) = Fo(o)d =d < 0.
kel n=0

This gives us the strong ergodicity by Proposition 5.2.
We mention that Proposition 7.2 (with 0 < ¢; = A < qq9) is also available
for this model. o

Remark 8.3 For exponential ergodicity, the following sufficient condition

n—1 0
1
M := sup [ 3 F;P)] 3 5| < (8.3)
n=l L5 j=n j+1F;

introduced in [12], is sufficient for Example 8.1 but is not for Example 8.2.

Proof 1t is obvious that M < oo iff

n—1
m (0)

(0)

For Example 8.1, because qj7j+1Fj0 is growing exponentially fast and so it is
easy to check that M < oo. For Example 8.2, it suffices to consider g, n41 =
b(n + 1) for some b > 0. By Kummer test, one may show that

& 1

2

< . (8.4)
j=n qg‘,j+1Fj(0)

& 1

5L

0
j=n QJ,]-i-le
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for suitable b > 0 and then M = 0. o
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Appendix. Key formulas used in the proofs

(A) Solution to the Poisson equation Qg = Qg + cg:

meme Yy WUGiam o,

=
0<k<n—10<j<k Tj.j+1
(B) Three sequences.
(a) F-sequence:
. o 1 n—1 .
FO -1,  FO = NAPEY, nsizo0 (1.1)
dn.n+1 oy
where
@(Lk) (k) —Cp = Z Inj — Cns 0<k<n. (1.2)
(b) m-sequence
o= ——, ( 2 ) 1 (3.1)
my=—, m n=1. .
0 qo1 " QH n+1 jry
(c¢) d-sequence
. . 1 n-l .
do=0, dy= 1+ > ¢Pdy ], n>L (5.1)
Anmn+1 k=0

Representation of the three sequences:

» o n F(k) ()
Fl.(z) =1, E — Z 7, n=i+1; (2.7)
p—ip1 Tkk+1
(k) n o (k)
- Fy, ~ Ey
dy= )] . (5.2) iy = ) n=0. (32
Lopen Tkk+1 o 9%, k1

Relation of the three sequences:

iy = —FO + d,, n = 0. (7.6)
do1
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Abstract

For a large class of integral operators or second order differential
operators, their isospectral (or cospectral) operators are constructed ex-
plicitly in terms of h-transform (duality). This provides us a simple way
to extend the known knowledge on the spectrum (or the estimation of the
principal eigenvalue) from a smaller class of operators to a much larger
one. In particular, an open problem about the positivity of the principal
eigenvalue for birth—death processes is solved in the paper.
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1 Introduction

Let us consider the elliptic operators
L= ai()05+ > bi(x)d; + c(x),
i, %
@] %

on L?(u) and L2(ji) (real) respectively, where fi = h?yu for a given measure p
and some h # 0. Their main difference is that c(z) # 0. We are interested in
when the operators L and L are L?-isospectral in the following sense

(Lf, f)u=(Lf.f)..,  forevery f:=f/h, f€ P(L).

=

Here is one of our typical results in the note (cf. Theorems 3.1 and 3.6 in
Section 3).
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Theorem 1.1 (1) Given L on L*(u) having domain Z(L), let h # 0, p-a.e.
be L-harmonic: Lh =0, p-a.e., then L is L2—isospectra| to L:

L=Lo+2h YaVh,V),  2(L)={f:fhe2(L)}.
where Lo = L — c.
(2) Given L on L2(/~1,) having domain @(E) then for each h # 0, p-a.e., Lis

L?-isospectral to L:

L=1L- 3(&% V) + 3(&% Vh) — Lin

h ’ h? ’ h ’

2L)y={f:f/he2(L)},

where (-, -) denotes the Euclidean inner product.

As a typical application of Theorem 1.1, we obtain the next result. To
state it, we need to explain the meaning of eigenvalue in different sense. We
say that )\ is an eigenvalue of L in the ordinary sense if Lg = A\g for some
g # 0. It is called a L?-cigenvalue if additionally, g € L?(p).

Corollary 1.2 For each h € €?(R), h # 0, a.e., the operator

O S U A W S A S
~ 2da? h ) dx h h 2h

has L?-eigenvalues \, (Lh) = —n with eigenfunctions

n
e d

2
dzn (e )’ "

gn(x) = (=1)"h(x)e

WV
o

respectively. A particular class of L" is the following

=12 oL e o - el bew®
2 dz? 2 ’ '

Proof. Noting that the Ornstein-Uhlenbeck operator

~ 142 d ~
L=-——2— L) D %;° (R
2dz2  “da’ 7(L) 2 G (R)
has ordinary eigenvalues A, (E) = —n with eigenfunctions

n
e d

2
mle) = (1" (), iz,
respectively (cf. [3; Example 5.1]). Clearly, the polynomial function g, €

L%(j1) for every n > 0, where ji(dz) = exp(—2?)dz. Hence, the eigenvalues
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are all L?-ones. Now, the first assertion follows from part (2) of Theorem 1.1.
The last assertion then follows by setting h = exp ) with ¢/ = b — x:

N 2 / "
(Z) +x% - % :w/2+x¢/_%(¢//+¢/2) :¢/<$+;'¢/> _%Qb”- 0

Corollary 1.2 says that a large class of operators are all isospectral to the
rather simple Ornstein-Uhlenbeck operator. This indicates the value of the
study on isospectral operators. It should be pointed out that the technique is
still valuable even if you know only some estimates of the principal eigenvalue
of L but have no knowledge on the other part of the spectrum of E, since our
knowledge on the principal eigenvalue of L is still rather limited.

Actually, Theorem 1.1 comes from a very simple observation. For com-
pleteness, here we write its complex version, even though we will use only its
real version later on.

Lemma 1.3 Let (E,&, ) be a measure space and let h be Lebesgue measur-
able: £ — C, h #0, u-a.s. Then

(1) f (h0).f /b is an isometry from L?(E, ) to L?(E, i) (complex), where
i

1
1?4

(2) Let L be an operator on L*(E, 1) with domain Z(L). Define an operator
L as follows:

Lj— Il[h?go]%L(fh), 9()={feé:fream). ()
Then the operators (L, Z(L)) on L?*(E, ;) and (E,@(Z)) on L?(E, fr)

are isospectral (say L and L are L*-isospectral, for short) (in the following
sense):

(Lf Pu=(Lf )y fe2(D).

(3) If additionally, h € Z(L), then L1 = 0, ji-a.e. iff h is L-harmonic: Lh =0,
u-a.s.*

Proof. Recall the inner product in a complex L2-space:

(f,g)MZ/Efgdu-

The first assertion is obvious:

[isean= [ |fPmPan= [ |7
E E [hs£0] E

*See also Remark 1.4 below.
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By definition, for f € @(E), we have fh € 2(L) C L*(E, 1). Then we have
not only f € L2 (E,[L) but also L(fh) € L?(E,p). This means that Lf €

L? (E, ﬂ) Hence, as an operator on L? (E, /1), L is well defined. Furthermore,
we have

(Lf D= (L) 3),= [ Fh(inan= [ 7 L(R)an=(LF.9),

We have thus proved the second assertion. Clearly, if h € Z(L), then 1h = h €
L*(E, p) and hence 1 € L?(E, i) which implies that fi(E) < co. Furthermore,

1 €2 (E) by definition of 2 (E) Therefore, the last assertion follows by
definition of L. O

For non-symmetric operators, their spectrum can be complex. Hence, it
is natural to use the complex L2-theory. However, in this note, we use the
real L2-spaces only. Thus, the L?-isospectral (real) here means the spectrum
of their symmetrized operators. The last assertion of the lemma suggests
us, as we will do often later, to choose h as an L-harmonic function in a
weak (pointwise) sense (in other words, h is in a weak domain of L) without
assuming h € Z(L). Then L1 = 0 is meaningful in the weak sense. In this
way, we can construct the operator L explicitly, which is the main goal of this
note. Furthermore, part (3) of the lemma has the following extension.

Remark 1.4 For fixed B € & L1 =0, ji-a.e. on B iff Lh =0, p-a.s. on B.

We will illustrate later an application of this assertion in the context of
Markov chains. Clearly, the L-harmonic function is an eigenfunction corre-
sponding to the eigenvalue A\ = 0. However, A = 0 is not necessarily an
eigenvalue in the L2-sense unless h € L2(E, ).

One may write L = h™'L(he) (u-a.e.) for short. Because of this, L is
called a h-transform of L. Alternatively, define an operator H:

Hf =hf, P(H) ={f € L*(E,u) : hf € 2(L)}.

Then, we indeed have L=H'LH. In view of this, L and L are similar and
so are L2-isospectral. More generally (without assuming the invertibility of
H),

HL = LH.

Because of this, L and L are called dual with respect to H. Therefore, the
h-transform is indeed a special duality. For a different dual, refer to [2; §5 and
§10]. Note that In the latter case, we were interested in the principal eigenvalue
only, but the transform used there is still isospectral. The reason is that the
isospectral transform is easier to handle even though it looks rather strong. We
remark that when F has boundary 0F, one may deduce a boundary condition
for L from that of L, based on the transform f = Lip20)f /P
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Having figured out the dual operators, in the study of their spectrum for
Markov processes, it is more convenient in practice to use their extension to
the Dirichlet forms, especially for the operator (E, 9 (Z)) Generally speaking,
Lemma 1.3 says that for a given Dirichlet form (D, Z(D)) on L?(p), its dual
form (5, .@(f))) on L?(fi) is given by

D(f) =D(fh, fr), 2(D)={feé&:fhe2(D)}.

Certainly, one may go to the inverse way, defining (D, Z(D)) in terms of
(D, 9 (D)) In particular, for the O.-U. operator used in the proof of Corollary

1.2, corresponding to (E, .@(Z)), the Dirichlet form (ﬁ(f), @(D)) is
b(f) = [ 1% a
R
@(ﬁ) :{f e L3 () : 13(f)<oo}: {f : / [f2 + f/2]6$2d$<00}.
R
In the case that the potential term ¢ (the last term) in L" is non-positive,

then L corresponds to the operator of a diffusion having killing rate —c”, to
which we certainly have a Dirichlet form (D", 2(D")) on L?*(u"):

hp) = 2(2) — ) 2 (x e—ﬂf2d7x
D) = [ 1@ = @)

.@(Dh)—{f:/R[f2+(f’h—fh’)2]ex2da:<oo},

Nz) = [(2)2 + mi]’; _ gh] (), p(dz) = e h?:;Q'

Here 2(D") is deduced from _@(5), based on Lemma 1.3. For general ¢ (z) €
R, this symmetric form may not be a Dirichlet one even though it does have
nonnegative spectrum in view of our isospectral property. Actually, Lemma
1.3 is meaningful in a very general setup rather than Markov processes.

The h-transform, or the Doob’s h-transform is a well-known topic in proba-
bility /potential theory. Here we mention only two related papers [9, 10] where
the tool is used to study the principal eigenvalue. In [9], the following model

1d d 1/
dex“dx‘2<a+b>’
~ 1d d d

L — iaaa + ba,

) =exo | [ 2w)an]

is carefully handled and applied to multi-dimensional diffusion operators. In
[10], a class of symmetric Markov processes having killings are studied and
some upper and lower estimates for the first eigenvalue are presented.
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The remainder of this note is organized as follows. In the next two sec-
tions, we apply Lemma 1.3, respectively, to two special classes of operators:
either integral operators for Markov pure jump processes or the operators for
diffusions.

2 Integral operators

Theorem 2.1 Let (¢(z),q(x,dy)) be a totally stable and conservative g-pair
on (E,&,u) (cf. [1; Definition 1.9]). For a given function ¢ € & with ¢ < g,
define an operator {2

Qf () = [E oo, ) [f() — F(@)] + c@)f(z), w€E

with domain 2(Q2) C L?(E,u). Next, let h(> 0,u-a.e.) be Q-harmonic (if
exists): Qh = 0, p-a.e. on E. Define a new totally stable and conservative
g-pair ((j(x),cj(:r,dy)) as follows.

i 1
q(z,A) = ﬂ[h(z)¢o1}mAQ(x,dy)h(y), Aeé,
j(x) =q(z,FE), pae xzek.

Set
6/() = [ dw (i)~ 1@)].  wae a b
2(Q)={feé&:fhe ).

Then Q and Q are L?-isospectral.

Proof. Noting that h (> 0, p-a.e.) is Q-harmonic by assumption, we have

[4(x) — c(2)] h(z) = /E oz dy)h(y) > 0.

Hence h is q(z,-)-integrable for a.e.-z € E and moreover g > c. Therefore,
the new ¢-pair ((j(m), q(z, dy)) is totally stable. It is clearly conservative. By

definition of €, we have on the set [h > 0],
() () = /E 3z, dy) [f(v) — 1()]
— 5 [ awan ([ - ()] + 7@ [bie) ~ bl }]

@
— h(l:):) /Eq(w,dy) [(fh)(y) = (fh)(x)] —f(l’)/Eq(gj7dy) [h(y)—h()]
= e ) ) SN ()]
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Now, by harmonic property of h, the right-hand side is equal to
1

i Um@  onfh>0)

The assertion then follows from Lemma 1.3. 0O

We mention that the positive condition of h used in the theorem is to keep
(d(x),(j(x,dy)) to be a g¢-pair. This is certainly not necessary in a general
context: considering general integral kernel instead of the nonnegative one.

The inverse of the last theorem goes as follows.

Theorem 2.2 Given a totally stable and conservative g¢-pair ((j(x),cj(az,dy))
and a positive &-measurable function h such that h=! is G(z, -)-integrable for
each x € E, the operator (ﬁ,_@(ﬁ)) on L%(E, i) corresponding to the g-pair
((j(ac), q(x, dy)) is L2-isospectral to the following operator 2 on L?(E, 1) (,u =

h~ ,u):
SU@%iéﬂ%MMﬂw—f®ﬂ+d@ﬂ®,
2Q) ={fe&: f/he2(Q)} c L*(E,p),

where

c(x):/Ecj(m,dy)[ZEB—l}, z€E.

Proof. It is simply a use of the duality Q2 = H OH ~1 noting the property
that Qh = 0 is now automatic since 21 = 0. The remainder of the proof is
mainly a careful computation. [

It is the place to discuss the existence of a positive (2-harmonic function.
Let ¢(x) < g(z), = € E. Choose and fix a reference point § € E. By [1;
Theorem 2.2|, there exists uniquely the minimal solution (h*(x) : x € E) with
h*(#) =1 to the following nonnegative equation

2 — q(z,dy) q(z, {0}) .
M= [ e et PR O
Moreover, the solution can be obtained in the following way: let
(1) () — q(,dy) o q(z, {0}) - n
Ko@) = [T ey ey 7703

Then for each = # 0, K™ () + h*(z) € [0,00] as n — co.
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Proposition 2.3 Let ¢(z) < ¢q(z) for every x € E and assume that ¢(x, {0}) >
0 for some x # #. Then the equation Qh = 0 has a non-trivial (finite) solution
iff the minimal solution (h*(x) : x € E) to (2) is finite. Equivalently, there is a
finite f satisfying the inequality

q(z,dy) ) q(z,{0})

f("”’?/E\{e} (@ —c@) V@ ey “TY

Then we actually have f(x) > h*(x) for every z € E.f

Proof. For a given finite non-trivial Q-harmonic function h, choosing h(6) =
1, one may write down immediately equation (2).

Conversely, a finite solution h* to (2) is clearly a Q-harmonic function.
From the construction given above, it is also clear that h*(x) > 0 once
q(z,{0}) > 0. The last assertion of the proposition is essentially a comparison
theorem [1; Theorem 2.6]. [

It is clear from the proof above, to obtain a positive harmonic h, some
irreducible condition is necessary. Noting that it is often practical to find an
explicit comparison function f, and (™ for each n is already explicit, we have
explicit estimates of h* which may not be easy to obtain explicitly.

Before moving further, we discuss an alternative way to describe the -
harmonic function. Suppose that sup, ¢(z) < co. Then by a shift if necessary,
we may and will assume for a moment that sup, c¢(z) < 0. Define

2O0(z) =1, rekl,

2D () = _d(z.dy) AL x n
(z) /Eq(a?)_c(x) (v), cE n>l1.

Then 2™ (z) | Z(z) as n — oo for each € E. This is an analog of the
maximal exit solution in the study of g-processes, cf. [1; Lemma 2.39]. The
proof for the conclusion is easy, simply use the property

q(z, E)

Mél, x € FE.

Remark 2.4 Let sup, c¢(z) < 0. Then a bounded Q-harmonic function is non-
zero iff so is the maximal solution Z constructed above.

To apply the previous results, Theorem 2.1 for instance, to finite state

spaces, say £ = {0,1,..., N} for some N > 3, one meets a problem about
the existence of positive {2-harmonic h. For which, there N 4+ 1 homogeneous
equations with N 4 1 variables hg, h1,...,hy. Because of the homogeneous

fCorrection. Here the uniqueness of the solution h to the equation Qh = 0 with h() =1
up to a positive constant is needed. Otherwise, (h*(z) : € E) is only a lower bound of h.
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property in h, one may assume that hg = 1 once a non-trivial solution h
exists with hg # 0 for instance. Thus, we have only NN free variables in
N + 1 equations. Then a finite non-trivial solution often does not exist (or
equivalently, the minimal solution given in Proposition 2.3 may be infinite).
To overcome this difficulty, one has to decrease the number of equations. This
is the reason we will adopt a local harmonic condition below. Then, one needs
non-trivial ¢; in the corresponding operator Q.

Theorem 2.5 Let E = {0,1,..., N} for some N > 3 and let @ = (g;;) be a
conservative Q-matrix on E. For given (¢; : 1 =0,1,...,N) with ¢; < ¢; := —qi;
fori=0,1,...,N —1, set Q = Q + diag(c;). Next, let h > 0 be Q-harmonic on
{0,1,...,N — 1}, ie.,

Qh=0 on {0,1,...,N —1}.
Define G (i,j € E) as in Theorem 2.1:
Gij = b ‘aihy,  LGEE £ Gu=—Y G i€E.
ki
Next, define ¢; =0 on {0,1,...,N — 1} and

hj
CN—CN+ Z QN]<hN ].>

j<SN-—-1

Denote by € the operator corresponding to the matrix (Gij) + diag(¢;). Then Q
and Q are L?-isospectral. Besides, we have §;; + & = gi; + ¢; for each i € E.

Proof. Following the proof of Theorem 2.1, restricted to {0,1,..., N — 1}, we
see that

Qf (i) = ;Q(fh)(z') on {0,1,...,N —1}.

We now show that this equality also holds for ¢ = N.

=Y an;(fj = fn) +enfn

]<N
= > a0 — ()] - ZN S a (s — ) + xS
NN N j<n
= EQ(fh)( ) — TCNthN - = Z;VQN] —hN) +Eenfn
J<
Eﬁ(fh)( ).

From Remark 1.4, it follows that ¢; = 0 on {0,1,..., N — 1}. The required
main assertion now follows from Lemma 1.3. The last assertion is then easy
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to check using the harmonic property on {0,1,..., N — 1} and the expression
of ¢ N

N 1 1 . )
Gii = =7~ Z%’jhj =5 [Qh(i) = (qii + ci)hi] = gii +ciy i <N —1;
" '
. h; . .
CN = CN+ Z qN; [hj—l] =cN+ Z qnN;j— Z qNj = CN—INN+YNN-
J<N-1 N jSN-1  j<N-1

O

A typical application of Theorem 2.1 to the single birth processes is p-
resented in [12]. In this case, the Q-harmonic function has a very simple
expression (cf. [5; Theorem 1.1]). In particular, for the killing case, the func-
tion is not only positive but also non-decreasing. It is interesting to note that
for single birth processes, the function h-dual is again the same type, but the
measure p-dual

_ Niji’ ijicE

q =
i 11;

maps the single birth type to the single death type. Next, for birth—death
processes with birth and death rates b; and a;, respectively, and with killing
rates —¢; > 0, we have

hi—1 = hiv1

ai = a; (€a),i=2Lh=1 b= (= bi), i>0
hi hi
Then
o bo..bisy bo..bii1y o . 1 1. .
C — h? = h?u; = =0 > 0.
Ha at...a; ai...a; ! i Vi ﬂzbz hz‘hi-f—lyZ7 '

For finite state space, we have
hy_
6N:CN+QN< N=1 —1>
hyn

Clearly, ¢ < 0 since so does cy. However, the story is still meaningful for
general ¢; € R satisfying ¢; < a; + b; for all ¢ > 0.

To conclude this section, we answer an open question for birth—death pro-
cesses with state space {0,1,2,...}. For this, we need some notation. Giv-
en birth rates b; > 0(i > 0), death rates a; > 0(¢ > 1) and killing rates
—¢; 2 0(i = 0), define

- —Cn, 0<k<n—-2
a k=n
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V
o

Z Z Fka) Ca n

0<k<n—10< <k

Next, define the principal eigenvalue Ag as follows.

Ao = inf { Z,uk [bk(fkﬂ—fk)Q—ckf,f] : Z,ukfl? =1, f has finite support}.

k>0 k>0
Here is a solution to the Open Problem 9.13 in [2].

Theorem 2.6 For birth—death processes as above, we have § < \j' < 49,

where
1
Zwa ‘Sipzﬂf Zhhﬂb

k>n

In particular, Ao > 0 iff § < oc.

Proof. The harmonic function h we need for applying Theorem 2.1 is given
by [5; Theorem 1.1]. Then the result follows by applying [2; Theorem 3.1] to
the process with rates (bl, a;) and using fi; and vy just computed above. [

3 Differential operators
We now turn to study the second-order differential operators.

Theorem 3.1 Consider the elliptic operator
L= ZCLU 8U+Zb )0; + c(x

with a domain Z(L), and let h # 0 a.e. (with respect to Lebesgue measure) be
L-harmonic. Here

ZGU (%—FZZ)

with domain @(z) defined in Lemma 1.3, where

Define

aij(z) = aij(z), bi(x) = bi(z) + h(2m) Zaij(x)a h(x)
J

for all 4,5 and a.e.-z. Then L and L are L?-isospectral.
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Proof. Noting that by the symmetry of the matrix (a;;), we have
Zaw (fh) +Zb6 fh) +cfh
—Zaw 2 )b+ 20, fO;h
+ f( 2h)] + Zb [(8if)h + f:h] + f(ch)
=hLf+ fLh— cth +2) aydshoif  ae.

.3

Because h is L-harmonic, we obtain
1
SL(fh) = (Lf —cf) + 5 Z (Z%a h)af a.e.

From which, one reads out the coefficients a;;(x) and b;(z) of L. O

For short, if we set Ly = L — ¢, then we have

- 2
L=1Lo+ E(th, V)
= Lo+ 2(aVlogh,V) if h > 0.

Remark 3.2 In one-dimensional case, denoting by (a(z),b(x), c(z)) the coeffi-
cients of L, we can represent L as

d d

[ = —

where

eC(2) o b
du(x) = dz, do(z) =e “@dz, C(x) :/ a(z)dz,
0

and 6 is a reference point. Then the (dual) operator L can be written as

jodd _d
~dpdy d(h?p)d(h20)

Here are simple examples of L-harmonic functions.
Example 3.3 Let £ =R or (0,00).
(1) The function h(z) = x is L-harmonic (a.e.) on E for
L =(2) (05 + V(2)0s = V(2)/2),

where the functions V' and + are arbitrary.
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(2) The function h(x) = 22 is L-harmonic (a.e.) on E for
L = y(z)(202, + 0, — 4/x),
where the function ~ is again arbitrary.

In dimension one, the existence and uniqueness of L-harmonic function,
as well as an approximating (constructing) procedure, can be found from [11;
Theorems 1.2.1 and 2.2.1]. To see the positivity of h in general dimensions,
suppose that L is self-adjoint and sup, ¢(z) < 0. Then the spectrum of —L
should be nonnegative. If the principal eigenvalue Ay of L (i.e. the minimal
eigenvalue of —L) is zero, then, the L-harmonic function is just a non-trivial
eigenfunction corresponding to the eigenvalue A\g = 0 and hence should be
nonnegative. The function h should be positive inside the domain based on
the maximum principal. Next, if A\g > 0, then replacing L by a shift L + Ag,
its principal eigenvalue becomes zero, we can continue the study as above, and
finally shifting back to the original operator.

In higher dimensional case, the harmonic function may not be unique.
We remark that the positive solution of L-harmonic functions for Schrodinger
operator L = A + ¢(z) was examined in [7] in detail, and for elliptic operators
in [8] with probabilistic representation.

Example 3.4 ([7; (1.2)]) The L-harmonic function h for L = A — 1 can be
represented as

)= [ el
Sn—1
where 11 is a nonnegative measure on the unique sphere S™~ 1.

The next example is a particular case of Corollary 1.2. Its duality relation
was mentioned in [6; §6. Example of O.U.-process and harmonic oscillator],
without mention the L-harmonic property of h.

Example 3.5 On R, the function h(z) = exp[—2?/2] is L-harmonic:

1/ d? 9

Its dual is the O.U.-operator:

~ 1 42
L—d d

=—-——z—.
2 dx? dz
Furthermore, L has L?-eigenvalues \,, = n (n > 0) with eigenfunctions

d'fL
gn(w) = (—1)”6“2/2@(6*2), n >0,

respectively.
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We have just seen an example of the application of known results having
¢(x) = 0 to the one having ¢(z) # 0. This indicates a general result as follows.

Theorem 3.6 Given an elliptic operator

L= ;@)% + 3 bi(@)a,  2(L) c L*(p),
i3 (

for each h € €2, h # 0 a.e., L is L2-isospectral to L:

L:Zaij( +Zb )0; + c(x 2(L)={fe&:f/he (L)},
1,J

bi(r) = bi(w) — 3" igg (2)0;h(x) on [h £ 0],
J

h(z)
2 - 1 ~
c(x) = ABE a;j(x)0;h(x)0jh(x) — %Lh(az) on [h #0].
1,
Briefly,
L=L- %<aw, V) + [hQ (aVh,Vh) — ifh]

= L—2(aVlogh, V) + {2(aV logh, Vlogh) — h™'(aV, V)

+(b,Vlogh)} ifh>0.

Proof. In parallel to the pure jump case, this is simply a use of the duality
L = HLH™', noting the property that Lh = 0 is now automatic since L1 = 0.
The remainder of the proof is mainly a careful computation. Actually,

D)t o))
hf(i) _ify 2h<dV<i),Vf> + fhf(}t).

From this, it is ready to write down the coefficients of L. [

Hence

Corollary 3.7 For given L and h = exp 1, the dual operator L takes the
following form

L=L-2avy,v)+{(ave, ve) - Ly }.
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We remark that Corollary 3.7 provides us an alternative way to construct
the isospectral operator in dimension one. Suppose that we are given an
operator

— a2 - d
L =a(x)—— + b(x)— +c(x).
()55 + ba) = + ()
We want to construct L in terms of the operator L given in Corollary 3.7.
First, instead of solving the second order harmonic equation Lh = 0, we need
to solve the first order Riccati equation for ¢:

a¢ +a¢® +bp+c=0

to which there is a standard iterative procedure in ODE. Next, let 1 satisfy
¢ = ¢ and define b = 2a¢ + b. Then we have L = L. With this b and a := a,
we obtain the operator L as required.

As an application of the last theorem, one can obtain a lot of examples
from [3, 4]. We remark that each L corresponds to a large class of L since h
is quite arbitrary.

The natural higher-dimensional extension of Example 3.5 is as follows.

Example 3.8 The dual of L =35, (82 +1—a?)is L= 13, (92 — 22,9;).
The function h takes the form h(z) = exp[—|z|*/2] rather than >_, exp [—27/2].
The operator L has eigenvalue n (n > 0) with multiplicity #{(k1, k2, ..., kq) :
ki + ks + ...+ kg =n}, here # means the cardinality of the set following.

Proof. For the higher-dimensional O.U.-operator E, we have eigenvalues
{Z?Zl ki : ki =0,1,...}. Corresponding to each Zgzl k;, the eigenfunction is

g(x) = Hl 1 gli)(xl) (where each g( D
Corollary 1.2):

is the function g, given in the proof of

Zkzgk ) [T ot () <§;ki)g($)

JF#i

Therefore, L has eigenvalue n (n > 0) with multiplicity #{(k1, ks, ..., kq)
ki + ko +...+kq =n}. From here, it is easy to write down the eigenvalues of
L and their corresponding eigenfunctions. [
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Abstract

For discrete spectrum of 1D second-order differential/difference op-
erators (with or without potential (killing), with the maximal/minimal
domain), a pair of unified dual criteria are presented in terms of two
explicit measures and the harmonic function of the operators. Interes-
tingly, these criteria can be read out from the ones for the exponential
convergence of four types of stability studied earlier, simply replacing the
‘finite supremum’ by ‘vanishing at infinity’. Except a dual technique, the
main tool used here is a transform in terms of the harmonic function, to
which two new practical algorithms are introduced in the discrete context
and two successive approximation schemes are reviewed in the continu-
ous context. All of them are illustrated by examples. The main body of
the paper is devoted to the hard part of the story, the easier part but
powerful one is delayed to the end of the paper.
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1 Introduction

The spectral theory is an active research subject, not only in mathematics but
also in physics. The discrete spectrum has an especial meaning in quantum
physics, it represents the discrete levels of energy. From the Internet, one may
find a large number of publications in the field (more than 50,000 webpages
in the scholar search for “discrete spectrum”). From the search, we learnt
that the theory was begun in early 1900s, mainly from the interaction of
mathematics and physics, by F. Riesz, D. Hilbert, H. Weyl, J. von Neumann,
and many others. In particular, the concept of “essential spectrum” used
below was first introduced by H. Weyl in 1910. Surprisingly, in such a long
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time-developed field, the known complete results are still rather limited, even
in dimension one. We will review some of the related results case by case
subsequently.

This paper deals with one-dimensional case only. Mainly, the results come
from three resources: (i) Mao’s criteria [10] in the ergodic case; (ii) the Karlin—
McGregor’s dual technique (cf. [3]); and (iii) an isospectral transform intro-
duced recently by the author and X. Zhang (2014). The last point is essential
different from the known approach (comparing with [12, 7]). If the harmonic
function is replaced by the ground state (i.e., the eigenfunction corresponding
to the principal eigenvalue), then the transform in (iii) is just the H-transform
often used in the study of spectral gap for Schrédinger operators. Certainly, in
practice, it is important to estimate the harmonic function. For this, we intro-
duce some easier algorithms in the discrete context and review two successive
approximation schemes in the continuous context.

A large part of the paper (5 sections: §2-86) deals with the discrete space.
A typical result of the paper is presented in the next section (Theorem 2.1), its
proof is given in §3. Some illustrating examples are also presented in the next
section, their proofs are delayed to §6. The new algorithms are presented in §4
and §5. The continuous analog of the results in the discrete case is presented
in the last section (§7) of the paper. Additionally, a powerful application of
our approach is illustrated by Corollary 7.9 and Examples 7.10 and 7.11.

2 Main results in discrete case

Given a tridiagonal matrix Q¢ = {g;;} on £ := {0,1,2,...}: gj 41 = b; > 0(i >
0), gii—1 =a; >0 =1), ¢i; = —(a; + b; + ¢), where ¢; = 0(i = 0), and
gi,j = 0 for other j # i. From probabilistic language, this matrix corresponds
to a birth—death process with birth rates b;, death rates a; and killing rates
¢;. Corresponding to the matrix ¢, we have an operator

Q°f (k) = bi(frv1 — fu) + au(fo—1 — fr) —cefr, ke E, ap:=0.
In what follows, we need two measures p and 7 on E:

bo- by
po =1, pn=———"""1  pn>1; D, =
ai---an ,U*nbn

Corresponding to the operator Q¢ on L?(u), there are two quadratic (Dirich-
let) forms

D(f) = > ikl ferr — f1)* + e 7]

k=0

either with the maximal domain

Dnax (D) = {f € L*(n) : D°(f) < 0}
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or with the minimal one Zp,;,(D¢) which is the smallest closure of
{f € L*() : f has a finite support}

with respect to the norm | - [p: [f]3 = [fI52 )+ D<(f). The spectrum
we are going to study is with respect to these Dlrlchlet forms. We say that
(DC, Dmin (D )) has discrete spectrum (equlvalently, the essential spectrum of
(DC, @min(DC)), denoted by Oess (an-m), is empty) if its spectrum consists only
isolated eigenvalues of finite multiplicity. For an operator L, we have

spectrum of L = discrete part + essential part.

Hence the statement “L has discrete spectrum” is exactly the same as “oegs(L)
= ”. To state our first main result, we need some notation. Define

’LLZ'Z%, UZ':&, & =14 u; + v, 1= 0;
bi bi
1 1 1 51
ro= , Tp= = n=1;
0 1+ " Up, g — UnpTn—-1
gn - u
-1
gnfl - = W
. 2
& — ”
1
1= 1+ vg
n—1 -1
h0:1, hn—<H7‘k> R n = 1.
k=0
For simplicity, we write
Spec (€, )=The L?(p)-spectrum of (D Zin(D°)).
Similarly, we have Spec(€2,.)-
Theorem 2.1 (1) Let Y% (hxhys1pibr) ™' < 0. Then Spec(Q€,.) is dis-

crete iff

1 h? —_— .
ng{}OZM J Z hkhk+1,ukbk =0

(2) Let ij:() ,ujh? < 0. Then Spec(9%,,,) is discrete iff

lim = 0.
o ;H Z hkhk+1ukbk

(3) Let X337 o (hkhpg1pby) ™t = 00 = 2;020 ,ujh?. Then Spec () = Spec(Q6,.)
is not discrete.
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Corollary 2.2 If ge (Qﬁnn) = 7, then A\ (Qﬁnn

) > 0, where

Mo(n) = inf {D(f) : £ € Zuin(D°), |20 = 1}-

Proof. Once 0gg (Q ) = ¢4, by Theorem 2.1 (1), it is obvious that

C
min

n Q0 1
2
sup b5 — < .
n ]Zf)ﬂj jkz_nhkhk+1ﬂkbk
Then the conclusion follows from [5; Theorem 2.6]. [

Remark 2.3 If ¢; = 0. Then v; = 0 and &, = 1 + u,. Since rg = 1 and
Ty = (& — unrn_l)*l, by induction, it is obvious to see that r, = 1 and then
h, = 1.

When ¢; = 0, we drop the superscript ¢ from Q¢ and D¢ for simplicity.
In this case, part (2) of the theorem is due to [10; Theorem 1.2]. Under the
same condition, a parallel spectral property of the birth—death processes has
recently obtained by [13]. The criteria in the present general setup seem to be
new. Let us mention that different sums > and Zfﬂ are used respectively
in the first two parts of Theorem 2.1.

Before moving further, let us explain the reasons for the partition of three
parts given in the theorem.

Remark 2.4 Consider ¢; = 0 only for simplicity.

(a) First, let >, u, < oo. If furthermore . (unb,)™! = oo, then the
corresponding unique birth—death process is ergodic. It becomes exponen-
tially ergodic iff the first non-trivial “eigenvalue” A; (or the spectral gap
inf{Spec(Q)\{0}}) is positive. Equivalently,

n

-1 1 [e]
SupZ—bZ,uj<oo

(cf. [2; Theorem 9.25]). One may compare this condition with part (2) of

Theorem 2.1 having h,, = 1. Clearly, this is a necessary condition for Spec(Q)
to be discrete. The exponential ergodicity means that the process will return

to the origin exponentially fast. Hence with probability one, it will never go
to infinity.

(b) Conversely, if > (nbn)™' < o0. Then the process is transient. It
decays (or “goes to infinity”) exponentially fast iff
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Refer to [3; Theorem 3.1] for more details. One may compare this condition
with part (1) of Theorem 2.1 having h, = 1. This conclusion holds even
without the uniqueness assumption:

o]

|k
— = o0.

1k
(cf. [2; Corollary 3.18] or [3; (1.2)]).

(c) Let >, pn < 00 and Zmin(D) # Zmax(D). From [3; Proposition 1.3]),
it is known that Znin(D) = Pmax(D) iff

o (1
Z (— + ,uk> = 0.
=0 \ b

Hence we have also >/~ (uxbg) ™t < c0. In this case, we should study their
spectrum separately. For the maximal one (D, .@max(D)), the solution is given
by part (2) of the theorem. For the minimal one, the solution is given in
part (1). In this case, both Spec(Qmin) and Spec(Qmax) are discrete. In [5;
Theorem 2.6], the principal eigenvalue is studied only in a case for Q¢ . The
other three cases (cf. [3]) should be in parallel. For instance, €, .. corresponds
to an extended Hardy inequality:

|72 < ADS(f),  fe L),

where A is a constant. However, for Q¢ . the condition “f € L?(x)” in the
last line should be replaced by “f has finite support”.

(d) As for part (3) of the theorem, since part (1) remains true even if
3 (pnbn) ™t = oo, Dually, part (2) remains true even if Y u, = 00. Alterna-
tively, in case (3), the birth-death is zero recurrent and so the spectrum can

not be discrete. Actually, it can not have exponential decay. Otherwise,
ee} ee}
w0 = J pii(t)dt < CJ e Mt < op.
0 0

Besides, Ziin(D) = Zmax(D). The assertion is now clear.

The next four simple examples show that the three parts in Theorem 2.1 are
independent. Note that in what follows, we do not care about by and ag since
a change of finite number of the coefficients does not effect our conclusion
(in general, the essential spectrum is invariant under compact perturbations).

Example 2.5 Let b,=n*and p,=n"2 Then both Spec(Qumin) and Spec(Qpax)
are disCrete.

. A~ _ 72 A~ .
Proof. Since 7, = n™*, we have ), p, < o0 and ), 7, < . The assertion

follows from the first two parts of Theorem 2.1.  []
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Example 2.6 Let ¢, = 0, b, = ap+1 = n?(y = 0). Then Spec(Quin) is
discrete iff v > 2. In particular, if v € [0,1], then Spec(Qmin) = Spec(Qmax) is
not discrete.

Proof. Because p, ~ 1, o, ~n~7. Hence », 0, < o0 iff v > 1,

n o0

~ 2—
D ICREES
0 n

The main assertion follows from the last two parts of Theorem 2.1. In the
particular case that v € [0,1], we have ) p, = o and ), #, = 0. The
assertion follows from part (3) of Theorem 2.1.  []

Dually, we have the following example.

Example 2.7 Let ¢, =0, ap = b, = n? (y = 0). Then Spec (€, ) is discrete
iff v > 2. In particular, when ~ € [0, 1], then Spec(Qmin) = Spec(Qmax) is not

discrete.

Since a local modification of the rates does not make influence to our
conclusion, we obtain the next result.

Example 2.8 If ¢; # 0 only on a finite set, then the conclusions of the last
three examples remain the same.

The next three examples are much more technical since their (¢,) are not
local. This is what we have to pay by our approach. The proofs are delayed
to Section 6.

Example 2.9 Leta, =b, =1and ¢, | 0. Then Spec(QC

min) is not discrete or
equivalently Oegg (anin) # .

Example 2.10 Let a,=b,=(n+1)/4, ¢, =9(n+1)/16. Then oess (1) = -
Example 2.11 Let a, =b, = (n+1)2, ¢, =5+10/(5n—12). Then oess (Qﬁnn)sﬁ .

3 Proof of Theorem 2.1

(a) The computation of the Q°harmonic function i (i.e., Q°h = 0) used in the
theorem is delayed to Section 5.

(b) By using h, one can reduce the case of ¢; # 0 to the one that ¢; = 0.
Roughly speaking, the idea goes as follows. Let h # 0, p-a.e. Then the
mapping f — f: f = Lipr0)f/h is an isometry from L?(p) to L?(f1), where
fi = h%u. Next, for given operator (Qc, .@(QC)), one may introduce an operator
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Q on L2(f1) (without killing) with deduced domain Z (ﬁ) from 2(Q°) under
the mapping f — f such that

(@ ), = @F 1), fe2(29).

This implies that the corresponding quadratic form (DC,@ (DC)) on L?(u)
coincides with (5, .@(f))) on L?(fi) under the same mapping, and hence

Specy, (QC) = Spec; (SNI) .

Refer to [5; Lemma 1.3 and §2]. Actually, as studied in the cited paper, this
idea works in a rather general setup.

From now on in this section, we assume that ¢; = 0.

(c) Consider first Spec(QmaX). Without loss of generality, assume that
w(E) < 00. Otherwise, 0ess(Qmax) # . (Actually, in this case, the spectral
gap vanishes and so the spectrum can not be discrete.) By [10; Theorem 1.2],
Uoss(Q) = iff

[y

ne
lim_p[n, o0) Z u% = lim 2[0,n] u[n +1,0) =0,
j=0 777
where (i) and (2,) are defined at the beginning of the paper. This is the
condition given in Theorem 2.1(2) with hy = 1. Here we remark that in
the original [10; Theorem 1.2], the non-explosive (uniqueness) assumption was
made. However, as mentioned in [3; §6], one can use the maximal process
instead of the uniqueness condition. This remains true in the present setup,
since the basic estimates for the principal eigenvalue used in [10; Theorem
2.4] do not change if the uniqueness condition is replaced by the use of the
maximal process, as proved in [3; §4].
(d) Define a dual birth-death process on {0,1,2,...} by

b;k = Q4+1, CL;k = bi, 1 = 0.
Similar to (i) and (7), we have
bE ... h* 1
* * 0 n—1 . A~
po =1 pp=——3> n=1L n = g n=0.
ap -y Oy
Then . . .
at---a a
) n—1 0 kA
Fn = 9 px b = GgVp_1; n =1
0 n—1  Hp—1Yp-1
* * *
P I 1 ~ Hpabn o opn n>1
" b, aE0* a*  ara*  a¥’ -
HnOn 0“n—1%n 0%n 0

The last equality holds also at n = 0, and then

A L m
Hnbp ag ’




1266 Mu-Fa CHEN

Therefore,

1
ﬁ[O,n] :u[n + 1, OO) = Eu*[()?n] ‘13 19*[77,, OO) = N*[()?n] ﬁ*[nv OO)
0

Clearly, we have 0*(E) < oo iff pu(E) < oo.

Next, define
— 1 1 —
— —— 0 0
- 1 Ho 0
Mo M1 M2 M3 ... 0 i 1 0
0 w1 p2 p3 .. I o
M=|0 0 p p .| M'=|) 0 11
0O 0 0 us ... M2 f@
SR ' 0o 0 0 —
- - M3

Then we have Q* = MQM ! or equivalently, Q* = MQM~'. In other words,
Q and Q* are similar and so have the same spectrum (one may worry the
domain problem of the operators, but they can be approximated by finite
ones, as used often in the literature, see for instance [3]). Now, we can read
from proof (c) above for a criterion for Spec(£2%; ) to have discrete spectrum:
UeSS(ann) = iff

hm p*[0,n] 0*[n,0) = 0.

Ignoring the superscript =, this is the condition given in Theorem 2.1 (1) with
h = 1.

4 An algorithm for (%;) in the “lower-triangle” case.

To get a representation of the harmonic function h, as mentioned in [6; Remark
2.5 (3)], even in the special case of birth-death processes, we originally still
had to go to a more general setup: the “lower-triangle” matrix (or single birth
process). For those reader who is interested in the tridiagonal case only, one
may jump from here to the next section. The matrix we are working in this
section is as follows: ¢;;4+1 > 0 for each ¢ > 0 but ¢;; > 0 can be arbitrary for
every j < i. For each (¢; € R), the operator Q¢ becomes

ch Z qU fz + q; z+1(fz+1 fz) - Cifia 1= 0.

J<i

To be consistence to what used in the last section, we replace ¢; used in [6] by
—c¢; here. Following [6; Theorem 1.1], we adopt the notation:

k
~k):Z]qnj-i-cn (here ¢, € R!), 0<k<n,
=0
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1 n—1

BO 1, FO - NAREY,  nsixo,
Gnn+1 1,
N T S R
O<k<n—10<j<k Ga+1 7

The theorem just cited says that (g,) is the solution to the Poisson equation
Q% =f on E={0,1,---}.

In particular, when f = 0, this g gives us the unified formula of 2°-harmonic
function h. '

We now introduce an alternative algorithm for {ﬁél)}nzizo (and then for
{gn}n=0). This is meaningful since it is the most important sequence used in
[6]. The advantage of the new algorithm given in (1) below is that at the kth
step in computing G.(flz, we use G(le_l only but not G(ZS) all st i <s<k—2,

)

as in the original computation for ﬁr(f) where the whole family {ljﬂs(l)};;1 is
required.
Proposition 4.1 Let
. g
uf) = T 0,01
Qi+1,i4+0+1
Fix ¢« = 0, define {G% > k}kzl' recursively in k, by
. . e 1) (i
Géll)c = Gg)kq + uél—+k+1 )Gl(clzl,k—h (t=)k =2 (1)

with initial condition ' '
G% = uéz), {=1.

)

Then, with G(()% = 1, we have the following alternative representation.

(1) For each m >0 and i > 0,

Y -a

W q)
+m m,m-*

(2) For each n >0,
n—j—1 ]
gn = go + Z Uj Z Gl(f]}c’

0<j<n—1 k=0

where
_ fit+¢cig
v = =
qj,5+1

\%
o
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6; (2.7)], we have

' o n ~(7)
FO—1, EO= N B L pzig
h—it1 gk, k+1
Rewrite
n—i ~(1)
- peoro__Gixe o4
=1 Qi+0,i+0+1
For simplicity, let
~(7)
. ' Qite
m=n—i, f9= , uy) = —H
m+2 ¢ Qi+, i+041
Then we have
() L NC 40, (0) ;
=1 =S, w1z ®
=

The goal of the construction of {G( ) is for each k: 1 < k <

as m
=k

Clearly, fl(i) = ugi). Next, by (2), we have

m, express fm

fé‘i’} _ Z (2+1+s (2+1 Z (z+z gz+11 , m> 2
Hence by (2) again, it follows that
z+é i z+1 i < z+ i+1) (i
7= 3 Z wy! g,
(=2 =2
Comparing this and (2), it is clear that for replacing the set {1,2,...,m} by
{2,3,...,m} in the summation, we should replace the term
uél) =: Gﬁ, (m>=)¢>1 (at the first step)
by ' '
ul +uf " Vu? = G+ VG = G, (mz) =2,
Then, we have
Z i+ Gglz, m =2 (at the second step) (3)

(=2
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Similarly, by (2), we have

m—2
i+2 i+2+5) i+s) (i+2)
£ —2) = fr(n—2 Julit?) = Z £t g 2 m = 3.

T(ri) — Z f(H?G%, m >3 (at the third step)

m— ’
(=3
with
Gy =Gl +u PGl (m=)e=3
One may continue the construction of G( ,i recursively in k. In particular, with

[ S ler

f=m—1
_ féerm)G(z) . +fz+m71)G(i)

m—1,m—1

G(i),m—l + ungrm I)Gi?—l,m—l (at (m — 1) th Step)

m

and ' ' ' '
15 = 16 Gl = Gl (by (),

m,m

at last, we obtain

F = G(l = Ggr?’ m_1 T ugHm*l)G(i) (at the mth step)

m—1,m—1

for m > 2 and ¢ > 0. We have thus proved not only (1) but also the first
assertion of the proposition.
(b) To prove part (2) of the proposition, we rewrite g, as

Gn=g0+ v]ZF(J, n=0.

o<j<n—1

Then the second assertion follows from the first one of the proposition. []

Remark 4.2 From (1), it follows that

i+k—1 %
Gz uf VG

Successively, we get

% i+k—1) (i+k—2 )
Gy = oD e,

> u§i+k—1)u§i+k—2) o U§Z+1)G§Z
k—1

_ 1_[ u§i+s)'

s=0
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We have thus obtained a lower bound of G%),m (and then lower bound of g,,):

' m—1 (j(iJrs)
GO, > its+1

s—0 dits+1,its+2

When ¢; = 0, we return to the original F,Si)):

m—1
FO _qO T et

m,m
5=0 bs+1

5 An algorithm for (h;) in the tridiagonal case.
We now come back to the birth—death processes and look for a simpler algo-
rithm for the 2°-harmonic function h.

Lemma 5.1 For a birth—death process with killing, the 2°-harmonic function
h:
bi(hit1 — hi) + ai(hi—1 — h;) — ¢;h; = 0, i =0

can be expressed by the following recursive formula

ho =1,
h1 =1+ v,
hi = (1 + w1 +vi—1)hi—1 — uj—1hi_2, i =2,
where a; o .
U; = b—i, v = b—l, 120

From Lemma 5.1, it is clear that the sequence (h,,) is completely deter-
mined by the sequences (u,) and (vy,).

Next, we introduce a first-order difference equation instead the second-
order one used in the last lemma. To do so, set

h; 1
/>0, - .
’ "o 14 v

T =
“ R

By induction, we have h; > (1 + v;_1)h;_1 and hence r; < (1 + v;)~!. From

hn+1 = (1 + Up + Un)hn - unhn—la n = 17

we get

\%
—

1=(14up+vp)rn —uprn_1rn = (1 + up + vy — UpTp—1)Tn, n
Clearly, we have
L4y +vy —uprp-1 =14+v, +up(1 —rp_q1) =1+0v, > 1

The next result says that we can describe (h,,) by (r,) which has a simpler
expression.
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Proposition 5.2 Let (u,) and (v,) be given in the last lemma, set &, = 1 +
Up + Vp. Then

1 1

rp=
1+ 'UO, " §n — UnTn—1

UnUn—1
1+ v,-1

~1
Ty = <[1~|—vn~|— ] , nx=1

Furthermore, the sequences {r,} and {h,} are presented in Theorem 2.1.

In what follows, we are going to work out some more explicit bounds of
(rn) and a more practical corollary of our main criterion (Theorem 2.1). We
will pay a particular attention to the case that u,, = 1 which is more attractive
since then the principal eigenvalue A\g(Q%;) = 0 (= 0ess () # &) once

min
v, = 0. Thus, one may get some impression about the role played by (c;,).

Lemma 5.3 If

Up <§n_1 — /& | — 4un_1) < Un—1(&n — VE — duy)

for large n, then by a local modification of the rates (a;, ¢;) if necessary, we have

&n — \/6%_4un n 1 (4)

2y, ’

- k+\/£k_4uk
1—|—’U0 H

Besides, for r,,_; < r,, condition (4) is necessary.

\%

Ty <

and then

\%
—_

s n

Proof. Let us start the proof of an informal description of the idea of the
lemma. Suppose that r, ~ x as n — 0. From the second equation given in
Proposition 5.2, we obtain an approximating equation

1
r=—
§n — UnT
Since x < 1, we have only one solution
= §n — §r2L — duy,
2y, '

This suggests us the upper bound

<§n_\/§%_4un

2Up,

Tn

for large m. This leads to the conclusion of the lemma.
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(a) Assume that condition in the lemma holds starting from ng, and sup-
pose that (4) holds for n — 1 (n > ng). Then we have

1
r, = ———
" Sn — UnpTn-1
1
<
Sn - un(2un—1)_1 (gn—l A/ 7%_1 - 4un—1 >
_ 2Uup_1
2un—1§n — Up <§n—1 - %_1 - 4un—1 )

We now show that the right-hand side is upper bounded by

gn_\/§%_4un_ 2

2un &t /E —duy
Or equivalently,
Up—1 _ 1
2up—1&n — up (fn_l — A€ | — Ay > T 6+ 2 — A,

This clearly holds by the condition of the lemma. We have thus obtained (4)
for n and then completed the second step of the induction argument.

(b) The proof for the last assertion of the lemma is similar: from r,,_1 < ry,,
one obtains

1 1
<

Ty = .
" gn — UpTn—1 N gn — UpTn—1

Solving this inequality and noting that r,, < 1, we obtain again condition (4).

(¢) It remains to show that (4) holds for every n < ng — 1 by a suitable
modification of the rates, and then complete the induction argument. To see
this, we may modify the rates (a;,c;) step by step. Let us start at n = 1.
First, let ¢; = 0. Then v; = 0. Moreover,

fl—m_lJrul—\l—uﬂ_{l ifu; <1

2uy 2uy upt ifug > 1.

Hence we can simply choose a; < by which implies that u; < 1. At the same
time,
B 1 B 1

61 —U1ro 1 +U1(1 —7’0)

Therefore, for the modified rates, the assertion holds at n = 1. Note that
this modification does not change anything of r,, for n > 3 and (ay,, by, ¢,) for
n = 2. Besides, for smaller 71, we have smaller ro. Continuing the modification
step by step, we can arrived at the required conclusion. []

< L

1
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In particular, if u, = 1, the condition of the lemma becomes
Un—1(4 + vp—1) — Un—1 = \V/op(4d +v,) — vy

which holds once v, is decreasing in n since the function \/z(x +4) — = is
increasing in x.

Lemma 5.4 Given two sequences {p,} and {q,}, suppose that ¢, 11 o as
(ng <)n 1 0.

(1) If
Pn+1 — Pn >
Gn+1 — dn
then

(2) Dually, if
Pn+1 — DPn <
dn+1 — Q4n
then

lim — < e.
L)

Proof. Here we prove part (1) of the lemma only. Since ¢, 11, by assumption
and the proportional property, we have

Pn+1 — Pno (anrl _pn) +oee (pn0+1 _pno) <
- =1, n
dn+1 — qng (Qn+1 - Qn) +oeee 4+ (Qno+1 - Qno)

V

ng.

Because g,, 1 o0, we have

Pn

lim 2~ :h_mpn+1/Qn+1 _png/Qn+1 — sup inf Pn+1 — Png >

n Qn n 1- Qno/QnJrl m>ng "M Qp+1 — Qng

as required. [

With some obvious change, one may prove the following result.
Lemma 5.5 Suppose that ¢, || 0 as (ng <)n 1 .

(1) If

then
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(2) If
Pn — Pn+1 <e, n = no,
dn — dn+1

then
hm@ <e€
n (gp

Corollary 5.6 Let

n
1
Aw=Y b2, By=Y ———.
v "2 hhis b

If B,, = o0 and lim,, A,, = 00, then e (92

rmin)
min

# f. Next, assume that B,, < o0.

(1) If inf,51 an, > 0 and limy, h2 j,n/an By, = 0, then lim, A, B,, = 0 and so

Oess (Uin) = -

(2) If either lim,, h?“uan > 0 or lim, h2 jir/an By, > 0 plus inf, 517, > 0,

n

then lim,, A, B, > 0 and $0 0ess (Q5,) # &

Proof. The trivial case that B,, = o is easy by our criterion. Now, assume

that B, < 00. Note that B, ! 11 00 as n 1 0. We have

An+1 - An _ Mn+1hi+1Ban+1
Bil - Brtl 1/(hnhn+1,unbn)

n+1
1
= hnhiJrl,un,unJrlannJrl By + —————
hnh

n+1ﬂnbn
2
= (hgz+lﬂn+1\/an+1Bn+1) o+ h2 1 fins1 Byt
By part (2) of Lemma 5.4, it follows that

lim A, B, =0 once lim hi,um/an B, =0.
n n

We have proved part (1) of the corollary. The proof of part (2) is similar.

Lemma 5.7 Assume that

b 1/4
rn<< - ) , n>»1

UnQn+1

and lim,, h%,un a, = 0.
(1) If lim,, [bn/q/an — r%ﬁ/anﬂ] = o0, then lim,, h2 pi,\/an By, = 0.

(2) If inf, 51 7, >0 and lim,, [bn/«/an -r2, /anH] <00, then
lim,, h2 iy +/@n, B > 0.

O
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Proof. Note that h2i,./a, is strictly increasing iff

1/4
bn b\
™ < = .
A/ AnQn+1 UnQn+1

If lim,, h2 jt,+/an, = 00, then by Lemma 5.5, the study of the limit

B
h%,un an By = ——
Von Bn = 2 )

can be reduced to examine the limit of

1/(h hn+1,unbn) _ Tn
1/(h%l‘n\/a—n) 1/(h n+1:un+1\/ ant1) bn/@ - T%\/ an+1

The next result shows that once we know the precise leading order of the
summands, the computation used in Theorem 2.1 becomes much easier.

Lemma 5.8 (1) If both 1,2 and p,b,h, by 1 have algebraic tail (i.e., ~n
for some a > 0), then

- 9 & 1 n?
hs —_— ~ —7 as n — 0.
ZM I Z Pl pebe b "
7=0 k=n
0 n 2
1
Z ,ujh? Z n as n — 0.

hkhk+1ukbk Ap+1Tn

(2) If both p,h? and pnbyhnhay1 have exponential tail (i.e., ~ e for some

a > 0), then
Zn: pih? i ; 'n as n —
A PITD L hy by by, by, '
7=0 k=n
[ee} n
1 1
2
wihs as n — 0.

j—;ﬂ " Z:: hihisipibe  neirn

Proof. Let ,unhfl ~n® and upbyhphner ~ n?. Then

n h2 0 1 n

+1Nkbk hnhn-i-l,unbn.

Hence we obtain the first assertion in part (1). The other assertion can be
proved similarly. [



1276 Mu-Fa CHEN

6 Proofs of Examples 2.9-2.11

Proof of Example 2.9 The conclusion that oegs (an-m) # (J is actually
known since the principal eigenvalue Ag (anin) = 0 by [3; Example 9.16] which
implies the required assertion.

We now prove the assertion by our new criterion. First, noting that A, 1,
if he := limy, h,, < 00, then B, = o0 and so the conclusion follows by Corollary

5.6. Next, let ho, = 0. Then lim,, h%,um/an = 0. Because ¢, | 0,

b 1/4

rn<1:< - ) , n=1, limr, =1,
UnQn+1 n

we have lim,, [bn/q fan, — 7‘%, /an+1] = 0 and so the assertion that oeg (an-m) #

& follows by using part (2) of Lemma 5.7 and part (2) of Corollary 5.6. []

Proof of Example 2.10 The model is modified from [3; Example 9.19]
where it was proved that Ag(€2;.) > 0. The key for this example is that
u, =1 and v, = 9/4. Hence 7, ~ 1/4 and then h,, ~ 4". Because p, ~ n" !,
we have ) ,unh% = oo and lim,, h%,un\/@ = o0. It is obvious that

< bn )1/4 <n+ 1>1/4
T < = , n = 1.
Up Ay +1 n+2

Besides, we have

15
bn/\/Gn — T2\ fans1 ~ 1—6\/5 as n — oo.

The assertion that geg (anin) = ¢ now follows from part (1) of Lemma 5.7
and part (1) of Corollary 5.6.

Lemma 5.8 is applicable to this example. Because 7, ~ 1/4 and then
h, ~ 4™, we are in the case of exponential tail. By the first assertion in part
(2) of Lemma 5.8, we have

D e 1 rno 1
Z /,L]h] Z W NNNNN 0 as n — 0.
7=0 k=n

The required assertion then follows from part (1) of Theorem 2.1.  []
Proof of Example 2.11  The model is modified from [3; Example 9.20]
where it was proved that Ao (€2S,;,,) > 0. We have u, = 1 and

" (n+1)2 5n — 12

which is decreasing in n > 3. Because we are studying a property at infinity,
without loss of generality, we may apply Lemma 5.3 to derive

24+ v, — 4 + v,)v n+1 1/2
Tn S - 2< n)n<<n+2> ' "

> 3, (5)
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From (5), we get
n—1 -1 n—1 1/2\ —1
E+1 1
- T = 1H)l2.
" (,Ef’“) ><H<k+2> ) +1)

Hence pph? = n~! and so Y. u,h2 = .
To estimate lim,, [bn //Cn — 7",214 /an+1], we need a lower bound of r,. An
easier way to do so is modifying the rather precise upper bound of ry:

<§"_ Vg%_4u"_£_” 1— 1_4&
n = 2y,  u, &

Clearly, we need only to look for a lower bound of —4/1 —4u,/§2 as n —
c0. For this example, u, = 1, &, = 2 + v,. Since v, — 0, it is clear that
—/1—4u, /2 ~ 0 as n — . Thus, it is natural to approximate this by
second-order polynomials of 1/n:

— 1=

4u,, 2.23615 1.81327
e n n2

This leads us to choose the following lower bound:

[ 32
g ntw
Then

n 3 2 . .
rn > | 1+ Sy (1-24+ 2 (by a numerical check) =: 7, (Fig. 1).
2 n  n?

0.995

0.990

0.985 -
0.980 -

0.975 -
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Furthermore,
im [by/v/an — r2y/ans1] <Iim[n+1—n2(n+2)] =5 < .

We mention that there is enough freedom in choosing the lower bound. For
instance, replacing 2/n% by 5/n? in the lower bound above, the result is the
same. By using part (2) of Lemma 5.7 and part (2) of Corollary 5.6, we obtain
Jess( mln) #J.

Alternatively, we can also use Lemma 5.8 to prove this example. We have
seen that r, ~ 1 — a/n for some a > 0. This means that h, ~ n® and hence
we are in the case of algebraic tail. By the first assertion in part (1) of Lemma
5.8, we have

n 0 )
2,1t 2 3 ! 0

~ —Tp ~ Ty~ as n — 0.
= = hkthrl,Ukbk bn,

Then the required assertion follows from part (1) of Theorem 2.1. []

7 Elliptic differential operators (Diffusions)

Consider the elliptic differential (diffusion) operator

. d? d
L= a(m)@ + b(z )a —c(x), a(z) >0, ¢(x) =0
on E := (0,00) or R. Define two measures
C(z)
- — (C@)
w(dz) () dz, v(de) = e¥Wdz,
where C(z) = {;(b/a)(y)dy and 6 is a reference point. Define also a measure

deduced from v
p(dz) = e @z

Corresponding to the operator, we have the following Dirichlet form

2
~ | r@vian) + | cwr@2at
E E
with domains: either the maximal one
Dmax(D°) = {f € L?(p) : f is absolutely continuous and D¢(f) < o},
or the minimal one %, (D¢) which is the smallest closure of the set
{f € ‘52(E) : f has a compact support}

with respect to the norm | - |p, as in the discrete case (§2).
In parallel to Theorem 2.1, we have the following result.
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Theorem 7.1 Let E = (0,00) and h # 0-a.e. be an L°-harmonic function (to
be constructed in Theorem 7.4 below): L°h =0, a.e.

(1) 1f #(h™2) < 0, then ges(LE,;,) = & iff

X Q0
lim i(h*1(94)) 7 (h *1(400)) = lim hzduf %dﬁ = 0.

r—00 r—00 0 T

(2) If u(hz) < 00, then oo (LS, ) = O iff
3 2 —2 . © 2 z 1
mlgréo,u(h ]l(x,oo))l/(h ]1(0@)) = mlgréo ) h d,ufo ﬁdy = 0.

(3) 1f &(h™2) = o0 = u(h?), then oees(LEsy) = Oess(Lornx) # .

When ¢(xz) = 0 and b(x) = 0, the first two parts of the theorem may go
back to [9]. When ¢(z) = 0, part (1) was presented in [1; Theorem 4.1] and
[7; Example 6.1]; under the same condition ¢(z) = 0, part (2) of the theorem
is due to [10; Theorem 1.1], again replacing the uniqueness condition by a use
of the maximal process. In the general setup, a different criterion for part
(1) was presented in [12] and [7; Corollary 5.3|, assuming some weak smooth
conditions on the coefficients of the operator. Unfortunately, we are unable
to state here their results in a short way. In particular, in [7; Corollary 5.3],
the family of intervals {I(z) : z € E} is assumed to be existence but is not
explicitly constructed. When b(x) = 0 in L€, a compact criterion for part (1)
was presented in [12]. For general b in part(1), it was also handled in [9, 12] by
a standard change of variables (called time-change in probabilistic language).
Unfortunately, as far as we know, the conditions of these general results are
usually not easy to verify in practice and so a different approach should be
meaningful. Here is a key difference between the approaches, the time-change
technique eliminates the first-order differential term b and our H-transform
eliminates the killing (or potential) term c.

Corollary 7.2 If ges(L = &, then \o(L > 0.

in) min)
min min

To study a construction (existence and uniqueness) of an a.e. L°harmonic
function, we need the following hypothesis.

Hypotheses 7.3 Let J — R. Suppose that
(1) a>0on J;
(2) b/a and c/a are locally integrable with respect to the Lebesgue measure.

In an earlier version, we assumed that e /a is locally integrable. Actually,
this is equivalent to the local integrability of b/a since C' and then e® are
locally bounded due to the assumption that b/a is locally integrable.
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Theorem 7.4 Under Hypothesis 7.3, for every (0 4(0) e R, an Lt-a.e. har-
monic function f always exists. More precisely, a function f can be chosen
from the first component of F'* obtained uniquely by the following successive
approximation scheme.

(1) The first successive approzimation scheme. Define

(0) T
FW(x)=F(0)= (%) , PO (2)=F(6) +L GF™, el n>1,
(6)

0 e ¢
where G(z) = «Cla 0 ) Then
F® - (ecff’) =: F* asn — 0 (7)

uniformly on each compact subinterval of J. In other words, F'™* is the
unique solution to the equation

F(m)zF(9)+LxGF, xeld (8)

and so it is absolutely continuous on each compact subinterval of J.

(2) The second successive approximation scheme. Define
FO(z)=F@O), F ()= j GF™, zeJ n=1, (9)
0

then F* = Y* | F™ (which is the so-called Peano-Baker series).

Proof. (a) Part (1) is taken from [14; Theorem 1.2.1 and its proof plus The-
orem 2.2.1].

(b) By induction, it is easy to check that F(") = 37, F®)_ Then part (2)
follows from part (1). [J

A simple way to understand Theorem 7.4 is to look at its differential form
of (8):
F' = GF, a.e. (10)

From (9), one sees that the sequence {ﬁ (")}n>1 is given by a one-step algo-
rithm, as the one for {r,},>1 used in the discrete case. Then F* is given by
the summation of {13 (")}, which is different from the discrete situation where
h is defined by a product of {r,!}.

Theorem 7.5 Let ¢,7(?), 4(Y) > 0. Then under Hypothesis 7.3,

(1) the solution F'* constructed in Theorem 7.4 is actually the (finite) minimal
nonnegative solution to (8). Furthermore, F(™) 1 F* (pointwise) as n —
0.
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(2) Let F be a solution to the inequality
F(z) > F(6) +f GF, zeJ (11)
0

or more simplicity, to the inequality
F' > GF, with F(0) = F(0). (12)
Then F > F*.

Proof. Apply [2; Theorems 2.2, 2.9, and 2.6]). [

Example 7.6 Let

d? 1oy n a—1 .,
Le = Tz c(x), cx):= 2% i+ 5 e a>1
Then 0ess(LE;,) = F if > 1 and 0ess(LE;,) # & if a = 1.

Proof. By Theorem 7.4, we have F'* = <ec}‘l h’) . Hence, it is natural to choose

F(9) = <(1)> . Because of this, we may denote the first component of F(™ by

h(m). Similarly, we have h(™ from the second successive approximation scheme.
First, by using Mathematica, we have h(2") = 0,

W (z) = 1,
« 2c
Py =
P = 3t Saa 1)
~ — 2 _ 3a da
70 () = (a—1)x (bar — 3)x N x ’
8a?(2a—1)  48a2(2a —1)(3a—1)  1280a2(2a — 1)(4ax — 1)

WD () = (@ — 1)223 (a —1)(Ta — 3)z
YT 4803 (602 —ba + 1) | 19203(2a — 1)(3a — 1)(da — 1)
(8902 — 80 + 15) a5

* 3840a3 (1200t — 15403 + 71a? — 14a + 1)
6

T
T 307208 (4803 — 4402 + 12a — 1)

Their leading orders are as follows:

;1) 7(3) IVEA 7 (5) 1 /z*\* = (7) 1 29\ 6
W) =1, W) ~ 350 ) B~ 5l5a ) @~ 5ar (50 )

More simply, one may use 2272 /4 instead of the original c(x), one gets the
same leading order of A(2"*1)_ From this, we guess that h = Zle h(™ looks
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. « . .
like exp 5. This becomes more clear when we use the first successive approx-
imation scheme.

A (z) = b (z) = 1,
3) (1) ° i
h (ZE)Zh ($)=1+%+m,
—

a 2c 3« 4o
Sa — 3)x x
B () = hO ) =14 2 2
(z) @) = S S B2 (6a? —Ba s 1) T 1802 (302 —Ga + 1)’
—_—

R 230” — 23a + 6) 21
RO = h® () =142+ &2~ (
(@) (@) =1+ 5+ 32 T B3 38103 (Ba — 1) (302 —6a 1 1)

"

N (8902 — 80 + 15) 2
384003 (3ac — 1)(ha — 1) (8a? — 6cx + 1)
xﬁa

30720 (6 — 1) (822 — 6 + 1)

Obviously, h(™ is approximating to

x° 12\
e - e — R
P {2@} Z n!<2a>
n=0
step by step. Since a > 1, we have seen that
(6%

n 1 /z k
pn+2) > N (2 —0,1,2,3.
I;Q k! 2a ) n ) ) )

This leads to the lower estimate of h: h(x) > exp % We are now going to

show that the equality sign here holds.
In general, in order to check that F* = ecl} Wl it is easier to check (10).
With h = exp, from equation (10), it follows that

a(y’ +¢%) + by =,
or equivalently,
c

1/}//+¢/2+ éw/ _
a

In the present case, it is simply

a

— 2
@) 00 = Jot e S (D) 1) Mt )

From this, we obtain ¢/(z) = 2% !/2 and then v¥(z) = 2%/(2a). Having h
at hand, the assertion of the lemma follows from Theorem 7.1. Since h is
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increasing, u(h?) = 0, we need only parts (1) and (3) of Theorem 7.1. The
details are delayed since this one is actually a particular case of Example
7.10 (2) with b = 0.

We remark that the precise leading order of h at infinity is required for
our purpose, the natural lower estimate h > h(™ for fixed n is usually not
enough. Nevertheless, the successive approximation schemes are still effective
to provide practical lower bound of h. An upper bound of h is often easier to
obtain by using (12). We also remark that the simplest way to prove Example
7.6 is using the following Molchanov’s criterion ([11], see also [8; page 90,
Theorem 6]): if b =0, a = 1, and c is lower bounded, then ces(LS ;) = & iff

z+0
for each 6 > 0, f c— 00 asx — 0.
xr

From this remark, it should be clear that there is quite a distance from the
last special case to our general setup.

With a little modification of the proof for the last example in the case of
a = 2, it follows that h(z) := exp[22/2] is harmonic of the following operator

L° = d—2 —c(z), c(z):=2"+1
= 4 ’ o '

Then, by using a shift, we obtain the following result.

Example 7.7 The one-dimensional harmonic oscillator

d? 2
Le = Frie c(x), clz):=x

has discrete spectrum.

Actually, it is known that the eigenvalues of the last operator —L¢ are

simple: A\, =2n + 1, n =0,1,... with eigenfunction
n_x?/2 d" —x?
gn(z) = (—1)"e FroL n=0,1,...,

respectively. By symmetry, the conclusion holds not only on the half-line but
also on the whole line.

Example 7.8 Let £ = (0,%), v > 10/9, and

¢ * 4y ., d 7(9y — 10) i
L°=(1 +:E)7@ + ?(1 + )7 P —c(z), c(x):= T(l + )77

Then 0ess(LE;,) = & if v > 2 and oegs(LE;,) # & if v € [10/9,2].
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Proof. We remark that condition v > 10/9 is for ¢(x) = 0.
First, we look for the L°-harmonic function h having the form h = exp
for some 1. Then, by (13), we have

Y I N2 , (97 —10)
1+ 2)°(W" + ¢ )+?(1+:17)1,Z) =00

This equation suggests us first that /' = 3(1 + z)~! for some constant 3, and

then 3 = v/10. Hence, we obtain h(x) = (1 + z)".
Next, we have

C(z) —f b_ 4—Vlog(l + ), €@ — (1 4 2)M/5,

0 a 5
p(dz) = (1 +2)7Pdz, o(dz) = (1 +2)" 1/ da,
2 (1 —2 T
lu’(h 1(0,1‘)) =, V(h 1(1‘,@)) = (1 —|—;U)'Y

Therefore, u(h2]l(0,x))19(h_2]l(w,oo)) ~ 2277 as  — 00. The result now follows
from Theorem 7.1 (1). [

Actually, this example is a special case of Example 7.11 (2).

Up to now, we have studied in one direction: reducing the case that c(x) #
0 to the one ¢(x) = 0. Certainly, we can go to the opposite direction: extending
the result from c(z) = 0 to ¢(x) # 0. This is actually much easier but is very
powerful. For simplicity, we restrict ourselves to the special case that h > 0.
Then one may write h = exp 1 for some . This leads to the next result which
is a special case of [5; Corollary 3.7].

Corollary 7.9 Given

2

- - d -
L= d(w)@ + b(m)a with domain Z(L), a(z) > 0

and ¢ € €%(F) (E < R), define

~ _ d 2 ~
L-L-2ay'—+ [w —L¢]
2 ~ -
_ a% + [b— 2a] % + |ay? —ay" - by,
(L) = {fexp[—y] € L*(@) : fexp[—¢] € 2(L)}. (14)

~

Then (L, 2(L)) and (E, @(Z)) are isospectral (in particular, oess(L) = 0ess(L)).
Furthermore, if we replace ¢/ by
b—b

Y = =T for varying b (15)
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(assuming G, b,b € €''(E)), then the operator L becomes

Lb—ad_2+bi+lw_di Z;_b
Code?2 dx 2| 2a de\ a /|
Corresponding to Zmax (E), we have Ziax (L) defined by (14) in terms of 4.

Then, we have Ly, Furthermore, we have L% in terms of (15). Similarly,
corresponding to Zmin (L)7 we have Zwin(L), Lmin, and L. | respectively.

min’

Example 7.10 Let £ = (0,0), @ > 0 and be € (F).

(1) Define
P e d
da? dz
d? d 1[1 1
b _ = el e 2 / N - a—2
L —dx2+b(aj)dx+2{2b(x) + () <2a: a—i—l)a: ]
Then for each b, L? . and Ly are isospectral, ess (L) = D ifa>1
and oess (LY, ) # & if a € (0,1].
(2) Define
~  d? d
[ =— a—1
dx? T dz’
d? d 1[1 1
b _ Y el ~| = 2 / | - a—2
L —dx2+b(w)dx+2{2b(x) + ' (x) <2w +a 1>w ]

Then for each b, LY. and Emin are isospectral, 0qgs (Lb =gifa>1

min min)

and oess(LY),) # & if a € (0,1].

Proof. Note that 7(E) = oo. By [10; Example 4.1], for the operator
a2 ., d
= @ — T a on (0, OO)

with the maximal domain, we have oess(Lo) = & if @ > 1 and oes(Lo) # I
if a« € (0,1]. Actually,

Ly

X 0 X
C(x)= —Lazo‘lw —z% p(x,0) =j @ gl (0, 2) =joec(x)~ ztme”
x

as x — 0. Hence #(0, z)u(x, 0) ~ 22079 as & — o0. The required conclusion

now follows from Theorem 7.1 (2) with h = 1. Then, by Corollary 7.9, we
obtain part (1).
To prove part (2), recall that for the differential operator

d? d

L= a(w)@ + b(m)a,
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as an analog of the duality for birth-death processes used in Section 3 (part
(d)), its dual operator L takes the following form:

- d? d d
L= a(x)@ + <£a(ac) - b(ac)) e
(cf. [3; (10.6)] or [4; §3.2]). Hence, the operator

~ a2 . d
with the minimal domain is a dual of Ly with the maximal domain (cf. [3;
(10.6)]) and so they have the same spectrum. Thus, part (2) follows again

from Corollary 7.9. []

Example 7.11 Let £ = (0,00), v > 1 and be ¢ (E).

(1) Define
~ d2
L=(1 T
( ‘I'II:) d$2,
d? d 1] bx)? vb(z)
b _ vy - / _
L’ =(1+2) o2 +b(w)da: + 2{2(1+x)7 + 0'(z) 1+x].

Then for each b, L. and Ly are isospectral, oegs (Lboy) = D ify > 2
and oess (LY,0y) # & if v € (1,2].

(2) Define
~ d? d
L= (1 v 1 1=
(L +a) o +y(L+a) ™
d? d
b ¥
L’ =(1+2) w2t b(a:)dx

. E[Q(b(x)2 _ b)) | W(x) — 7(1 - 1) 1+ x)72].

2121 +x) 1+=x 2

Then for each b, L2 . and Ly, are isospectral, oess (L) = D if v > 2

min

and oess (LE,) # & if v e (1,2].

Proof. As in the proof of Example 7.10, it suffices to study the spectrum of

the operator
2

d
L() = (1 + Z')’y@

with the maximal domain. Clearly,
p(dz) = (1+2) "de, o(dz) =dz, ©(0,00) =0, wp(E)<wify>1.

We are in the case of Lemma 5.8(1): #(0,z)u(x,0) ~ %77 as * — .
Hence, by Theorem 7.1 (2) with h = 1, L has discrete spectrum if v > 2 and
otherwise, if v € (1,2]. O
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Remark 7.12 The condition ¢(x) > 0 used in the paper has some proba-
bilistic meaning (killing rate), but it is not necessary, as we have seen from
Example 7.10 (2) with b(x) = 0 and « € (0,1). Everything should be the same
if ¢ is lower bounded which can be reduced to the nonnegative case by using
a shift. The last ‘bounded below’ condition is still not necessary, refer to [5].

Up to now, we have studied the half-space only. The case of whole line is in
parallel. To see this, fix the reference point § = 0 and use the measures y and
U defined at the beginning of this section. For simplicity, here we write down
only the symmetric case (which means that p are finite or not simultaneously
on (—00,0) and (0,00), and similarly for 7). The other cases may be handled
in parallel.

Theorem 7.13 Let £ = R and h # 0-a.e. be an L®harmonic function con-
structed in Theorem 7.4.

(1) If o(h™%) < o0, then oess(LE,y,) = & iff

lim, | (0210,0)) 7 (h 20 )) + 1 (B 0)) 2 (B2 op, ) | = 0.

r—00

(2) If u(h?) < o0, then Cess(Leyn) = & iff

it (108000 09) + 1L ) 2 (072 ) | =01
(3) I (P71 (cn)) = 2(hT(0) = @ = n(h*L(-n0) = 1(A*L(0.0)),
then O'ess(Llcnin) = Uess(Lfnax) # .

Proof. (a) As in the proof of Theorem 2.1, by [5; Theorem 3.1], it suffices to
consider only the case that ¢(x) = 0.

(b) Part (2) of the theorem follows from [10; Theorem 2.5 (2)].

(c) Part (1) of the theorem is a dual of part (2). Refer to [3; (10.6)] or [4;
§3.2].

(d) In the present symmetric case, part (3) is obvious in view of Theorem

71(3). O

The approach used in this paper is meaningful in a quite general setup.
For instance, one may refer to [5] for some isospectral operators in higher
dimensions.
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paper. Research supported in part by the National Natural Science Foundation of
China (No. 11131003), the “985” project from the Ministry of Education in China,
and the Project Funded by the Priority Academic Program Development of Jiangsu
Higher Education Institutions.
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Abstract

The note begins with a short story on seeking for a practical sufficiency theorem for the
uniqueness of time-continuous Markov jump processes, starting around 1977. The general result
was obtained in 1985 for the processes with general state spaces. To see the sufficient conditions
are sharp, a dual criterion for non-uniqueness was obtained in 1991. This note is restricted however
to the discrete state space (then the processes are called Q-processes or Markov chains), for which
the sufficient conditions just mentioned are showing at the end of the note to be necessary. Some
examples are included to illustrate that the sufficient conditions either for uniqueness or for non-
uniqueness are not only powerful but also sharp.
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Let E be a countable set with elements 4,5,k,.... A matrix Q@ = (g;; : 4,5 € E) is

called a Q-matrix if its non-diagonals are nonnegative and Z gij < 0 for every ¢ € E.
Throughout this note, we restrict ourselves to the special casej iﬁat the Q-matrix is totally
stable ¢; := —¢;; < 00 and conservative ¢; = E g;; for every i € E. 1t is called bounded if
supg; < oo. For a given Q-matrix Q = (qij)ﬁi;n E, a sub-Markovian semigroup {P(t) =
E}eai(t) 14, € E)}4>0 is called a Q-process if

d -
EP(t) —o = Q (pointwise).
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The Q-processes may not be unique in general, but there always exists the mlmmal one,
due to Feller (1940, Theorem 1), denoted by P™in(¢) = (p2™(t) : 1,5 € E). For more than

half-century ago, some criteria for the uniqueness were known.

Theorem 1  The Q-process is unique (equivalently, the minimal process P™in(t)
is not explosive) iff one of the following equivalent conditions holds:

(C1) Z P?;i“(t) =1 for every i € E and £ > 0.

(C2) Z g5 Xmm (ra) = O Pi-a.s., where 7, is the nth jump time of the minimal process
{Xmin(gy . t 2 0} corresponding to P™in(t).
(C3) The equation
M —-Q)u=0, 0<u<l, (1)

has only zero solution for some (equivalently, for all) A > 0.

Criterion (C1) goes back to Feller (1940). Criteriori_ (C2) is due to Dobrushin (1952).
Criterion (C3) is due to Feller (1957) and Reuter (1957). Refer also to Chung (1967; Part
11, §19, Theorem 1), or Gikhman and Skorokhod (1975; Chap. 3, §2, Theorems 3 and 4).

The earlier Criterion (C1) often requires a further effort in practice, rather than a
direct application. In particular, the proof of the powerful sufﬁc1ency theorem (Theorem
2 below) is based on it. ' v

Criterion (C2) is effective in some cases. For instance in the simplest case that M :=
sup g; < 00, since
icE

= a1
ZqumT)ZZM = .00,
n=1

we obtain the uniqueness of the processes. For puré birth prbcess (i.e., qi,i;l > 0 and
¢ij = 0 for all j 5 4, 4, j > 0), Criterion (C2) says that the process is unique iff

x 1

= . | (2)
n=1 9n,n+1 «
Besides, if the minimal process is recurrent, then the term qk“1 will appears infinitely often
in the summation, hence the process should be unique according to the criterion.

Criterion (C3) is more effective once equation (1) is solvable. More precisely, it is
the case if the exit boundary consists at most a smgle point, for instance the pure birth
processes, the birth-death processes or more general the single birth processes (i. e., for
J>120,q; >0iff j=i+1;for 0 < j <3, ¢ij is nonnegative but free). We will come
back this story soon.
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However, the next model stopped our study for several years at the beginning of
the study (1977-1978) on non-equilibrium particle systems. To state our model, we use
operator € instead of the matrix @Q:

= > qii(f; — fi), ic E.
JEE

Of course, in this case, Qf = Qf. For a Markov chain on a countable set E, by a transform,
one often assumes that E is simply the set Z; = {0,1,...}. However, such a transform
ignores the original geometry of E and may not be convenient in multidimensional case.
To state our model, we need some notation. Let i = (4, : u € S) and define its updates

% and i%? as follows:

1y — 1 w = Uu;
, iy 1 w=u;
cud ’ U, .
ly = by’ = iy +1 w = v; we S.
(" w # u,
T w # u,v,

Example 1 (Schlogl’s second model) Let S be a finite set and E = Z3. Define a

Markov chain on E with operator
=2 {0(i) [ () = f(O)] + aliu) [f(*7) - F()]}
+ Eiup(u, ) [fF(E*Y) - f3)], i=(i,:u€S)EE,
where (p(u,v) : u,v € §) is a “simple” random walk on S, and

b(k) =B+ ﬁZk(k - l)v Bo, B2 > 0,
a(k) =&k+ (53k(k — 1)(k — 2), (51, é3 > 0.

Here in the first sum of £, in each vessel u, there is a birth-death process with birth
rate b(k) and death rate a(k), respectively. This is called the reaction part of the model.
The reactions in different vessels are independent. In the second sum of 2, a particle
from vessel u moves to vessel v. This is called the diffusion part of the model. Thus, it
is actually a finite-dimensional reaction-diffusion processes. Replacing the finite S with
S = Z%, we obtain formally an operator of infinite-dimensional reaction-diffusion process
which is a typical model from the non-equilibrium statistical physics. Even though the
large systems are quite popular today, in that period, it was rather unusual to study such
a non-equilibrium system. Our original program is to rebuild the mathematical ground
of non-equilibrium statistical physics (cf. Chen (2004; Part IV). An earlier paper on this
topic appeared in 1985 (see Chen, 1985)). For this, the model is meaningful only if it
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is ergodic in every finite dimension. Thus, the finite dimensional model consists the first
doorsill of our program.

In 1983, the author and Yan (see Yan and Chen, 1986), using a comparison technique,
overcame this doorsill, based on a systemic study on the single birth processes. To which,
we obtained explicit criteria not only for uniqueness but also for ergodicity and so on.
This goes back to Yan and Chen (1986), Chen (1986a). Refer to Chen (2004) for updates
and to Chen and Zhang (2014) for a unified treatment. After two more years, using an

approximating approach, we obtained a powerful sufficiency theorem as stated below.

Theorem 2 (Uniqueness criterion) Let @ = (gi;) be a Q-matrix on a countable

set E. Then the corresponding Q-process is unique iff the following two conditions hold
simultaneously.

(U1) There exist E,, t E as n 1 0o and a nonnegative function ¢ such that sup ¢; < oo
; i€F,
and lim inf ¢; = oo.
n—»00 1¢ En

(U2) There exists a constant ¢ € R such that Qy < cp.

Certainly, for Schlogl’s model for instance, in condition (U2), it is more convenient
to use Qy instead of Q. Besides, an important fact should be very helpful in practice: if
¢ satisfies the conditions with ¢ > 0, then so does M + ¢ for every constant M > 0. In
particular, a local modification of @ does not interfere the conclusion.

From Chen (2004; Parts I and II), it is now clear that a large part of the theory of
Q-processes can be generalized to the so-called Markov jump processes on general state
space. To save the space, we will not really go to the last subject but it is worth to
mention the extension. We now use the codes “GS” and “DS” to distinguish the “general
state space” and the “discrete state space”, respectively. The sufficient part of the last
theorem first appeared in Chen (1986a; Theorem 2.37 (GS)) and Chen (1986b; Theorem
(16) (GS)). Because it is regarded as one of the author’s favourite contributions to the
theory of Markov jump processes, this result was then introduced several times in the
author’s publications: Chen (1991; Theorem 1.11 (DS)), Chen and Yan (1991; Theorem
3.9 (GS)), Chen (2004; Theorem 2.25 (GS)), Chen (1997; Theorem 2.1 (DS)), Chen (2005;
Theorem 9.4 (DS)), and Chen and Mao (2007; Theorem 2.9 (DS)).

Theorem 2 is often accompanied in the publications just listed by the next simpler
result.

Corollary 1  Suppose that there exist a function ¢ > g and a constant ¢ € R such
that Qp < cp on E. Then the Q-process is unique.

Proof Set E, ={i€ E:q <n}. If M :=supg; < oo, then for large enough n,
i€l
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we have E, = E and so inbf grx = oo by standard convention i%f @ = oo. In this case,

condition (U2) is trivial with ¢ =1+ M. If M = oo, then kigfnﬁf gy > 71— 00 as n — oo.

Combining this with (U2), the conclusion follows from Theorem 2. d

Corollary 1 is almost explicit since one can simply specify ¢ = 1+ ¢q. This enables us
to use it easier in practice. However, such a specification makes the assumption becomes
a little stronger. We will come back this point later.

Let us make some remarks about the conditions in Theorem 2. Condition (U2) is
a relax of the equation in (1): finding a solution to an inequality is easier than finding
a solution to the corresponding equality. Criterion (C3) says that there is only trivial
bounded solution to the equation (1). Conversely, if a solution of the equation is fixed at
some point, say 8, such that @g = 1, then the solution ¢ should be unbounded. This leads

to the condition le kigéné ¢k = oo in (U1). Using this idea, we prove that the assumptions
n—0oQ n

in Theorem 2 are necessary for single birth processes (see Chen, 2004; Remark 3.20). The
reason we allow some subset of E,, to be infinite is to rule out some region of E, on which
sup ¢; < 00. The key in the proof of this result is an economic approximation by bounded
S%rocesses. Certainly, the necessity shows that the assumptions of the theorem are sharp,
and is valuable as illustrated by Chen (1986b; Theorem (25)). However, it does not mean
that the inverse of the conditions can be used in practice to show the non-uniqueness of
the processes. Hence, we went to an opposite way proving the following criterion (see

Chen, 2004; Theorem 2.27 (GS), its proof in 274 edition uses Lemma 5.18 rather than
(GB), its p <=

Lemma 5.15).

Theorem 3 (Non-uniqueness criterion) For a given @Q-matrix Q on a countable
set E, the Q-processes are not unique if for some (equivalently, for all) ¢ > 0, there is a

bounded function ¢ with sup ¢ > 0 such that Q¢ > cp. Conversely, these conditions
keE
plus ¢ > 0 are also necessary.

We remark that three results (Theorems 2, 3 and Corollary 1), we have talked so
far are specialized from their original case in GS to the one in DS. Theorems 2 and 3
are somehow the extensions of Criterion (C3) in two opposite directions. As we will see
soon that the extended theorems are much effective than the original Criterion (C3).
Using two opposite sufficiency results instead of a single criterion is often meaningful. For
instance, for recurrence, we have a criterion (see Chen, 2004; Proposition 4.21) which is
accompanied with more practical criteria (see Chen, 2004; Theorems 4.24 and 4.25) for
the recurrence and transiency, respectively. As a companion to Chen (2004; Theorem
4.25), refer to Meyn and Tweedie (2009; Theorem 8.0.2) and Hairer (2010; Proposition

1.3) or more recent criteria. Next, for ergodicity and nonergodicity, refer to Chen (2004;
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Theorem 4.45 (1)) and Kim and Lee (2008; Theorem 1), respectively. For various stability
speeds/principal eigenvalues, in Chen (2005), we have not only the classical variational
formula, but also dual variational formulas to describe their lower and upper bounds,
respectively.

It is interesting that there is now a direct way to prove the necessity of Theorem 2 in
the context of DS based on a recent result by Spieksma (2014). ’

Theorem 4 Everything is the same as in Theorem 2 except (U1) is replaced by

(U1) In the original (U1), assume in addition that each E, is finite and ignore

“sup g; < 00”.
1€En

Tt is now the position to illustrate by examples the power of our results and compare
conditions (U1) and (U1)". '

The next two examples show that in Theorem 2, the condition “ lim ¢, = 00” is not
necessary, which is however necessary in a criterion for recurrence 3;;0&) in the proof of
Theorem 4 (see its proof below).

Example 2 Let E be a countable set and @ = (¢ij) be a bounded conservative
Q-matrix on E. Then assumptions of Theorem 2 hold but its test function ¢ can be
bounded.

Proof (a) Simply set E, = E (may be infinite) for every n > 1 and ¢; = 1.
Then it is obvious that 0 = Q¢ < ¢ and liTIln zg}Efn p; = 0o since iréf ¢ = 0o by the standard
convention. Hence by Theorem 2, the process is unique. As we have seen before, Corollary
1 is also applicable in such a trivial case.

(b) Knowing that the process is unique, then by Theorem 4, there should exist a ¢
satisfying (U1), as well as (U2). The problem is that the resulting ¢ is not explicitly
known when E is infinite. In this sense, Theorem 4 is theoretic correct but not practical

in such simplest case. O

Example 3 Let £ = Z and QW be a bounded conservative @Q-matrix on E.
Denote its test function by ¢(!) = 1 as in the last example. Next, let Q@ be a conservative
Q-matrix on E satisfying the assumptions of Theorem 2 with a sequence of finite subsets
{En}n>1 and a test function ©® . Finally, we construct a new @ as follows: on the odd
numbers in E, we use the transition mechanism of QW and on the even numbers in E,
we adopt the one of Q®@. Define p = ©(1) on the odd numbers and ¢ = ©® on the even
numbers. Then the assumptions of Theorem 2 hold but its test function ¢, has no limit

as n — oo: lim ¢, = o0 and lim ¢n, = 1.
n-—+o0 n—00

Proof First, note that for the original Q® on E, because each E, is a finite subset
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2 (2)

of E, the condition lim inf ¢ = oo is equivalent to hm ¢n’ = oo. Therefore, we have

n—00 k¢t By,
lim On = hm 30(2) = 00, lim ¢, = hm <p(1) = 1.
n—ro0 n—o0

To show the assumptions in Theorem 2 hold, simply let Ey = {odd integers}, and let
E, (n > 1) be the union of Ey and the natural modification of the original E, used for
Q. Then the resulting E, T E as n — oo, sup g < oo for each n > 0, and

ke€E,
— (2 _ (2) =
3B i, P = S B, P = i e

Finally, because of the independence of QY and Q®), ) and ¢, the condition Qp <

max{cz, 1}¢ on the set of odd numbers follows from
and the same condition on the set of even numbers follows from
QDu® < 0@ on E.

We have thus obtained the required conclusion.
As mentioned in the last proof, in the present situation, we do not know how to use
Theorem 4. O

Note that the last matrix @ is reducible. However, we can add a connection between
0 and 1 to produce an irreducible version of the example. This is not essential since a local
modification does not interfere the uniqueness problem. Furthermore, one may replace the
set {odd integers} or {even integers} by any infinite subset of E, but not E itself, the set
of primer numbers for instance. The conclusion of Example 3 remains the same by an
obvious modification.

The point is that some E, is allowed to be infinite in (U1) but not in (U1)’.

Example 4 The pure birth process is unique iff (2) holds. In particular, set
gnn+1 = the nth primer, then Theorem 2 is suitable but Corollary 1 fails.

Proof Note that gy = gx 1 for £ > 0.
(a) Iquk_l = oo, set B, ={0,1,...,n} and
k

1
er=1+ > ——o00 ask— oo
1<j<k—1 95

Then Q¢ < ¢ and so Theorem 2 gives us the uniqueness of the processes. In the particular

case that g, n4+1 = n + 1, the above ¢ has order logn. However, we can also choose

¢n = 14 n and apply Theorem 2. This shows that there are some freedom in choosing .
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(b) If M =) q;! < oo, set E, as above and
k

1 1 1 1
. ——Me[——M,—].
T 131%—1%' 2 2

Then suppr, = 1/2 > 0, Qp > ¢, and so by Theorem 3, the processes are not unique.
k

We remark that it would be awful to use the necessity in Theorems 2 or 4 to prove this

non-uniqueness property.

(c) The last assertion is due to J.L. Zheng (cf. Chen, 1986a; Example 2.3.12; or Chen,
2004; Example 2.26). d

Proof of the uniqueness for Example 1 Fori € E = Zf_, define its level by

li| = 3 4y and set B, = {i € E : |i| < n} for n > 1.
uesS
(a) Next, define ¢(é) = 1+ i|. Then it is clear that lim inf (k) = co. Because the
n

—00 k¢ E,
diffusions do not change the levels, we have

Qp(ldl) = X [b(iu) — a(in)] = X [a0 — a1iu + azil, — agid]
u€esS u€eS

for some positive {a;}3_,. Next, since

1 il\3
ES ia < i?, G Siz > (%) (Jensen’s inequality),
ue ue

where |S]| is the cardinality of S (finite but arbitrary), we have
Qop(Jil) < o — il + aalif? - a3l

for some positive {a}c}zﬂ). Now, because the right-hand side becomes negative for large
enough |i[, it is clear that Qu([i]) < cy(|i|) for every i € E and large enough c. The
assertion now follows from Theorem 2. Hopefully, we have seen the role played by the
geometry of E. The proof shows the power of our result. A good sufficiency result may
be more effective than a criterion.

(b) It is also possible to use Corollary 1 to prove the required assertion, simply choose
(i) = fy(l + > 7,3) First, choose 7y large enough so that ¢ > ¢. Next, choose ¢ large

u€Ss
enough so that Q¢ < cp. a

It is worthy to mention that in accompany to Theorem 2, we also have a similar,
practical sufficiency result for (exponential) ergodicity. Refer to Chen (1989; Theorem 3

(GS)), Chen (1991; Theorem 1.18 (DS)), Chen (2004; Corollary 4.49 (DS) and Theorem
14.1 (GS)).
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In the past nearly 30 years, Theorem 2 and Corollary 1 have very successful appli-
cations. A list of the literature was collected in Chen (2005; §9.2). Certainly, the results
used a lot by the author (in Chen (2004) for instance). In particular, it was used at
the first step to construct a large class of infinite-dimensional processes (see Chen, 2004;
§13.2), 15 models are included in Chen (2004; §13.4). Corollary 1 with some extension
was used by Song (1988) in a quite earlier stage for Markov decision processes moving from
bounded to unbounded situation. It is now quite often to see the influence of the study
on Markov jump processes to the theory of Markov decision processes. Based on Chen
(1986b), Theorem 2 was collected into Anderson (1991; Corollary 2.2.16), its originality
was unfortunately ignored, even though the original paper (see Chen; 1986b) is included
in the references of the book. For some corrections and comments on the last book, refer
to Chen (1996). Very recently, Theorem 2 (GS) is applied by Chen and Ma (2014) to
genetic study having continuous state space. Finélly, we mention that the results have
already extended to the time-inhomogeneous case by Zheng and Zheng (1987) and Zheng
(1993) using the martingale approach.

Before going to the proofs, note that equation (1) is equivalent to
OA)u = u, 0<u<1on E, A >0, (3)

where

1—dij)qsy; . .
H(A):(g)\—_*_%l).—q—J:z,_yeE).

Here the matrix II()) is sub-stochastic. We introduce a fictitious state A and define on
the enlarged state space Fo = F' U {A} a new transition probability matrix

Hij(/\) ifi,j € E;
A
fic B i=A:
Ta ifte E, j ;
Dj ifi=A,jeE,

5\ =

where (p; : j € E) is a positive probability measure on E. The enlarged transition
probability matrix is irreducible even the original one may be not.

Lemma 1 The equation (1) has zero solution only iff so does the equation
MA(\)(ulg)=u, O0<u<1on Ex, A>O0. (4)

Thus, the original Q-process is unique iff the II4(\)-chain is recurrent.

Proof Noting that ua = ) pyug, it is clear that upa = 0 iff uy =0 forallk € E
kEE
since pr > 0 for all k € E. Equation (4) restricted to E coincides with (3) and then (1).

This proves the first assertion.
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To prove the second assertion, it suffices to note that IT*(\)-chain is recurrent iff
equation (4) has only trivial solution. The last result comes from Yan and Chen (1986),
Chen (1986a; Lemma 12.1.27), or Chen (2004; Lemma 4.51). We remark here that the
regularity assumption used in the cited references can be replaced by the minimal process,
due to the equivalence of recurrence of the minimal process and its embedded chain. Refer
to Chen (1986a; Lemma 12.3.1), or Chen (2004; Theorem 4.34). d

Proof of Theorem 4 When |E| < oo, the conclusion is trivial and the assumptions
hold for the specific E, = E and ¢; = 1 as seen from proof (a) of Example 2. Hence we

may assume that E = Z. Since each E, is finite, the condition lim kignEf pr = 00 becomes
n n

nl_l_)rgo ¢n = 0o. In this case, conditions (U1)’ and (U2) consist a criterion for the recurrence
of the Markov chain IT?()), refer to Chen (2004; Theorem 4.24) and its references within.

We remark that it is at this point, the finiteness of E,, is required and so the present
sufficiency proof is not suitable for Theorem 2. At the moment, we do not know how to
extend the necessity result of Theorem 4 from DS to GS.

Here is a part of an alternative proof given in Spieksma (2014). Let P™®()) be the
Laplace transform of P™®(¢). Using the second successive approximation scheme for the
backward Kolmogorov equation (goes back to Feller (1940; Theorem 1)), we obtain

min = n g L
P™R()) = ngo II(\) dlag(m>

(cf. Chen, 2004, page 75, line -6). Hence

. 0 A
AP™R(X) col 1) = II(A\)™ col .
(M) column (1) nz::O N coumn()\+q)

The process is unique iff the left-hand side equals 1 at some/every ¢ € E, the right-hand
side is the probabilistic decomposition of the time that the Markov chain IT?()) starts
from some i € FE, first visits A at some step n > 1, which equals 1 iff the irreducible

Markov chain IT?()) is recurrent. We have thus come back to the last lemma. O

Proof of Theorem 2  Here we adopt a circle argument.

(U1)’ + (U2) == (U1) + (U2). This is easy since (U1) is weaker that (U1)".

(U1)+(U2) = uniqueness. This is the sufficiency part of Theorem 2 and was proved
long time ago, even for GS.

Uniqueness = (U1)’ + (U2). This is the necessity part of Theorem 4. O

We remark that a similar phenomena is appeared in Theorem 3, the conditions for
sufficiency are weaker than the ones for necessity. As we have seen from Example 4, this is
very helpful in practice. However, these conditions are actually equivalent: conditions for

necessity == conditions for sufficiency == non-uniqueness => conditions for necessity.
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In view of these discussions, one may combine Theorems 2 and 4 into one having the
style of Theorem 3.

In conclusion, this note as well as the practice during the past 30 years confirm that
the sufficient part of Theorem 2 and Theorem (Criterion) 3 are not only powerful but
also sharp, even though at the moment we are still unable to prove the necessity part of

Theorem 2 for general state spaces.

Acknowledgments  The author thanks Yong-Hua Mao for bringing Spieksma
(2014) to the attention.
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The main topic of this talk is the speed estimation of stability /instability.
The word “various” comes with no surprising since there are a lot of different
types of stability /instability and each of them has its own natural distance to
measure. However, the adjective “unified” is very much unexpected. The talk
surveys our recent progress on the topic, made in the past five years or so.

In the next section, we introduce our first unified result: Theorem 1. Then,
several extensions or generalizations of Theorem 1 are collected briefly in Sec-
tion 2.

1 Basic estimates of the first non-trivial eigenvalue

Here is our first stability, the exponential stability in the ergodic case. Given
a Markov chain on a countable £ with transition probability P(t) = (pi;(¢) :
i,j7 € E) (t > 0), in the irreducible ergodic case, we have a stationary distri-
bution 7: wP(t) =« for all t > 0. Then, we have

pij(t) > as t—oo foralli,j.
We are now looking for the exponential convergence speed (rate) e:
lpij(t) —mj| < Cie™,  t>0,4,j€E.

Define the Q-matrix by

d
Q=(qj:1,jeFE)= &P(t) (pointwise).

=0
In the reversible case, we have epax = A1, where A; is the smallest (the first
nontrivial) eigenvalue of —Q: Qg = —\g for some g # constant.
Let us now consider a simpler birth—death @-matrix on F = {0,1,2,...}:
—bo bo 0 0
a1 —(a1 + bl) by 0

Q= 0 a2 —(a2+b2) by ... |>
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where ag, br > 0. Since the sum of each row equals 0, we have Q1 =0 =0-1,
where 1 is the vector having elements 1 everywhere and 0 is the zero vector.
This means that the Q-matrix has a trivial eigenvalue A\g = 0 with eigenvector
1. Our question is what is the next eigenvalue A\; of —Q7?

Actually, the story is much harder than it looks like, as shown in [3; pages
1-3], even for E = {0,1,2,3}. The reader is urged strongly to have some
personal computation or have a look at the pages just mentioned.

We now show that the story is even much more complicated. Let E =
{0,1,..., N} with N < oo for a moment. Consider the eigenvalue problem:

Qg=-Xg, g#0

with Dirichlet boundary at 0: gg = 0 and Neumann boundary at N: gy =
gn+1- Using codes ‘D’ and ‘N’; we may denote this minimal eigenvalue A by
APN - Actually, the DN case is well studied in the history. Obviously, except
the DN case, we should have three more cases: ND, DD, and NN. The last
one, ANN_ denotes the ergodic rate \; just mentioned above, for which the
constraint is not at the endpoints but is having mean zero.

In the non-ergodic case, the symmetric measure p can not be finite. Hence,
the exponential convergence rate is changed to be the exponential decay rate:

ergodic case : |p;j(t) — mj| < Cie ™ >0, emax = AV,

non-ergodic case : p;;(t) < Cie ", t >0, emax = A, i,jek,
where # =DN, ND, or DD.
Altogether, there are four cases: NN, DD, DN, and ND.

To state our main result, we need a standard notion. Return to our general
state space E = {0,1,--- , N}, N < oo. Define

boby - - - by
IU’O:]‘) /’LRZM7 1<n<N~

For general N < oo, the principal eigenvalue A# defined above has to be
extended to the largest A satisfying

VA fllwz < l0f

v,2 (1)

with one of the four boundary conditions, where ||-|| .., denotes the L?(x)-norm
and
v =pia; i <0
V; =
v = b 0<i< N+1;
0, f = Of)"=fii—fi i<¥0
Z (O )T = fir1— fi f<i<N+1

and 0 € F is a reference point.
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The author started to study AN in 1988 (cf. [2, 3]), but the following
result (the first unified exponential rate estimation) was obtained in 2010 [5]
only.

Theorem 1 For the first non-trivial eigenvalue A\ defined above, we have the
following unified basic estimates:

(4n#) T <N < (v#) 7

where
T m -1 N —1 n—1 1 —1
W= () () [(E2)
e i=0 i=n j=m "I
DDy -1 o1\ 1! - o
(H ) - n,melgfmén |:<ZO ,Uz'ai> * <Z :ulb2> :| < - 'uj>
= n 1 -1 }\7” -1 e
DN _ )
o (300) (Xm)
ﬁND—sup {(i ’>_1(i1)_1
nekr i—0 Hi j=n N]bj

In particular, A\# > 0 iff K7 < oo.

Note that if we define 7, = (ugbr)™!, and in the DD and DN cases, un-
der the sum > L, we modify 2 to be (ugaxr)™! (noting that when k € E,
wrbr = pp+1ak+1), then the basic estimates given in the theorem can be de-
scribed completely by two measures p and 2. The upper and lower bounds
are the same up to a universal constant 4 only. It is easy to see that the two
endpoints 0 and N are symmetric in the constants ™Y and xPP.

Finally, we mention that the DN and ND cases are known around 1970
in harmonic analysis, our main contribution is for the cases of DD and N-
N, especially the two isoperimetric constants £ and kPP (come from [5;
Corollaries 7.8 and 7.9]). In the proof of the DD and NN cases, three advanced
mathematical tools are used and its proof given in [5] consists of five steps.
Later, a direct elementary proof was found in [6]. It then leads to the study
in the next section.

2 Generalizations

2.1 Bilateral case

Clearly, the birth-death process studied in the last section can be extended
to the bilateral one with state space E = {i : —M — 1 < i < N + 1}, where
M,N < oo, and with evolution rates: g;;+1 = b;, ¢ii—1 = a;, and ¢;; = 0 for
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other j #£ 4, i,j € E. In this case, the symmetric measure u is defined as
follows.

ag—1a9—2 " * AGh+4n+1

[1g4n = . S M-1-0<n<-2
o bgbo—1 - boin
1 1 1
0—1 — ) 0= 7 > 0+1 — )
. bgbg 1 0= agbe 1o+ agag+1

b 1bpr - Doin
flgon = —AOF2 0L ) < N+ 1— 6.

agag+1 -+ Ao4n

where 6 € F is a reference point. In this bilateral case, Theorem 1 remains
the same. Refer to [5].

2.2 Bilateral Hardy-type inequalities

Obviously, the Poincaré inequalities (1) can be generalized to the following

[ £llq < A#Hafuv,pa feLlip) (2)

for p,q € [1,00]. This and the parallel inequalities with different boundary
condition consist of the bilateral Hardy-type inequalities. When ¢ > p, a
generalization of Theorem 1 is given in [7] in the continuous context and in
[14] in the discrete one.

2.3 Normed linear space (B, | - ||p, 1)

In many applications (Sobolev inequalities, logarithmic Sobolev inequalities,
Nash inequalities, and so on), the L?-norm in (2) is not enough. This leads
to the extension to a normed linear space B which is a linear subset of Borel
measurable functions on (F, ) with a specific norm || - [|g. In other words,
instead of (2), we study the following Hardy-type inequalities

1
A9 < AE\0f )y,  fEB

with different boundary conditions as before. Our result is presented in [1, 7].
For the last two topics, some popular reports are presented in [7—12].

2.4 Birth—death processes with killing

For the remainder of this section, we consider the birth—death processes with
killing on F ={0,1,2,..., N}, N < co. Its @-matrix becomes

—(bo + co) bo 0 0
. ai —(a1 4+ b1+ 1) b1 0
Q = 0 a2 *(CLQ + by + 02) by
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with a; > 0, b; > 0, and ¢; > 0 for every ¢ € E. Clearly, this is a special type
of tridiagonal or Jacobi’s matrix. Assume that ¢; # 0 on (0, V), otherwise, we
would return to Section 1. Even though the spectral problem becomes much
harder than before, since a new sequence of parameter (¢;) is added, we are
lucky to obtain a result in parallel to Theorem 1. Refer to [13, 9].

2.5 Discrete spectrum

We say that the matrix Q¢ (or its quadratic form) on L?(u) has discrete
spectrum if its spectrum consists of only eigenvalues with finite multiplicity.
Since an operator on a finite space is compact and hence must have discrete
spectrum, we need only consider an infinite state space. Next, since the whole
line can be split into two half lines, without loss of generality, we assume
that F'={0,1,...}. In this subsection, we allow ¢;|p y—1) = 0. This problem
is solved completely by [9; Theorem 2.1], based on [13]. From the last cited
paper, one finds an interesting story on isospectral operators.

Acknowledgments. This paper is an extended abstract of a plenary lecture
presented at “24th International Workshop on Matrices and Statistics,” the author
acknowledges a kind invitation by the Scientific Program Committee, especially Pro-
fessor Jeffrey J. Hunter.

The references given below are only those the talk is based on. It is regretted that
a large number of publications in the active research area is omitted here, otherwise,
the list would be too long. For more references on the related sub-topics, the reader
is urged to look at the related papers below.
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Abstract: To study some infinite-dimensional subject (the phase transitions in statistical
physics, for instance), several mathematical tools are developed. One of them is the speed estima-
tion of various stabilities/instabilities. This paper collects some unexpected, unified, nearly sharp
basic estimates of various types of stability/instability for the simplest class of Markov processes,
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The main topic of this talk is the speed estimation of stability/instability. The
word “various” comes with no surprising since there are a lot of different types of sta-
bility /instability and each of them has its own natural distance to measure. However, the
adjective “unified” is very much unexpected. The talk surveys our recent progress on the
topic, made in the past five years or so. The restriction on our recent work is due to the
fact it seems now not practical to have a comprehensive review in a paper for the rapidly
developing subject.

In the next section, we begin with two models to show the importance of the topic.
Then the difficulty of the problem is illustrated. The first unified result is Theorem 3
presented in Section 2. If one is in hurry to know a representative result, who may
jump from here to Section 2. The subsequent sections of the paper is devoted to various

extension or generalization of Theorem 3.

*The research was supported in part by the National Natural Science Foundation of China (No. 11131003), the
“985” project from the Ministry of Education in China, and the Project Funded by the Priority Academic Program
Development of Jiangsu Higher Education Institutions.
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8§1. Motivation

We show the importance of speed estimation by two concrete models.

Economic Model

For a given Markov chain with countable state space E and transition matrix P =
(pij : i,j € E), very often, we have a stationary distribution # = (m; : ¢ € E) such that
7 = 7P and furthermore

T =7nP", n>1.

In the probabilistic language, the last formula says that if the chain starts at m, then its
distribution at every time n is the same m. This is the meaning of the invariance measure
and is a very useful stability in practice. We are now going to show a different meaning
of this property.

Recall that for a finite E, the last property is a special case of the Perron—Frobenius
theorem. Let A = (a; : i,j € E) be a nonnegative irreducible (prime) matrix and denote
by p(A) and u (must be positive, up to a constant), respectively, the maximal eigenvalue

of A and its left-eigenvector (row). Then uA = p(A)u and furthermore
uA" = p(A)"u, n > 1.
When A is invertible, this is equivalent to
uA™" = p(A) "u, n > 1.
Regarding u as the initial input xg, then
Ty = Tog A", n>1

is the output at the nth year of the economic model with structure matrix A. This is the

well-known input—output method in economy. Clearly, we have the equilibrium:
ro =u = x, = p(A) "u, n > 1.

This means that starting from xy = u, the economy has an optimal growing speed p(A)™"
in some sense. This stability result comes with no surprising. The surprising point, due
to Loo-Keng Hua (1984), is the following (cf. [25] or [3; Chapter 10]): if we start from

o # u up to a constant, then the economy will be collapsed, that is, the collapse time

T = inf{n : z,, ¥ 0 (some of the components of z,, is < 0)}
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is finite. After Hua proved his result, he wrote a letter to Zhen-Ting Hou and Kai-Lai
Chung, separately, saying that “every Markov chain should have a natural starting point”.
The starting point (distribution) is (assuming to be irreducible for simplicity) clearly the
specific entrance law, i.e., the stationary distribution 7 : 7P~ = 7. Otherwise, if y # 7,
then uP~" has only a finite life-time.

Let us now return to Hua’s conclusion. In the case that T%0 is very large, ten thousand
years for instance, then we do not need to take care of it. However, it is not the case in

practice. Here is a simple example.

25 14
A= L .
100 \40 12

Then the left-eigenvector corresponding to the maximal eigenvalue is

Example 1 Let

u = (5(v/2409 + 13)/7,20) ~ (44.34397483, 20).

With respect to different xg, the collapse time is given in Table 1.

Table 1 The collapse time with respect to zg

To T*o
(44, 20) 3
(44.344, 20) 8
(44.34397483, 20) 13

This shows that the economy is very sensitive!
For input xgp = (44.344,20), the collapse time 7% = 8. This is okay since the
economic plan in our country lasts for 5 years. Now, if we make +0.01 perturbation of A

with probability 1/6, respectively, then
P [T%0 < 3] = 0.74.

Hence, a modulation of the input zq is needed at the end of the second year. How can
we imagine such a fast collapse in advance? The textbook [18] begins with this attractive
model.

The importance of the speed (the collapse rate) estimation should be clear now.
Generally speaking, a subject is still incomplete if knowing qualitative theory only without
quantitative estimation. Unfortunately, the analytic estimation for the collapse rate of this
model is still largely open (cf. [3; Chapter 10] for instance). However, there is a recent

interesting progress on computing the maximal eigenpair (p(A),u), refer to [17]. The
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efficient initials used in [17] are based on Theorems 3, 7 and Corollary 8 in this paper.
Thus, one may regard [17] as a remarkable application of the theory introduced here.
The next model is taken from statistical physics, which is an infinite-dimensional

model.

Phase Transition: ¢* Euclidean Quantum Field on the Lattice

Consider the following operator L for the ¢*-model with state space RZ";
i€z
where
u(z) =i = faf,  H(e)=-2] Y zwj, [20,J20,
(ig)
and the pair (ij) is the nearest neighbors in Z¢. For A € Z¢ (finite subset), let
UR(zp) = D wl(zy) —J > mzi—J >  mwj, w e RZ,

ieA (i):i,jE€N (ij): i€, jEA

Define the conditional Gibbs distribution W/U\’w(d(L‘A) with boundary w and the Dirichlet
form Dg’w( f) (more precisely, the diagonal elements of a Dirichlet form) on the L2-space
L? (W(/}’w) as follows.

mp(day) = e VRN [z DY(f) = /RA VfPdmy”,  AeZd weR?,

where Z% is a normalizing constant. In general, knowing D(f) on L?(u) with a general
measure i, it is standard to write down the quadratic form D(f,g) on L?(u) by the

quadrilateral rule:
D(f,9) =

In particular, here we have

[D(f +9) = D(f - 9)].

=

w w d
Dy“(f,9) = /RAWf, V9>L2(RA7ﬂ3,w)d7r[Af ., Aezt weR”.

Having these quantities at hand, we can define the local first non-trivial eigenvalue
)\f ’J(A, w) which describes the exponential stability rate and the local logarithmic Sobolev
constant o/ (A,w) which describes the exponential stability rate in entropy, as will be
defined below.

Again, in general, for a given probability measure 7 and a Dirichlet form D(f) on the
L2-space L?(m) with norm || - ||, we can define the largest A\; and o satisfying the following

inequalities, respectively:
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e Poincaré inequality [H. Poincaré, 1890]:
MIf=m(OIP<D),  fel@), |-1:=1" e
e Logarithmic Sobolev inequality [L. Gross, 1976]:
270 Ent(f*) < D(f),  fe€Ln),

where Ent(f) = [ (flog(f/|/f|l1))dr and log = log,, || - || is the L" (7 )-norm.

The last inequality [23,24] is now quite popular since it was used by G. Perelman (2002)
in the study of Poincaré conjecture.
Next, let (P;)i>0 be the symmetric Markov semigroup determined by the Dirichlet

form. Then
e the Poincaré inequality is equivalent to the L?-exponential stability
|Pef =m(HI < Iflle™,  feLP(n), t>0,

with the maximal rate epax = 1.

e The logarithmic Sobolev inequality implies the exponential stability in entropy
Ent(P,f) < Ent(f)e >,  feL:(m), t>0.
Refer to [3] for more details.
Theorem 2 ([5]) For the ¢*-model, we have

inf inf )\f’J(A,w) ~ inf inf o7 (A w)~exp [— B2 /4 — clog 8] — 4dJ.

AEZ4 ,cRrz? AEZ4 ,cRrz?

4' )\‘f‘r, o7~ exp [—/32/4—clog/3} —2r
c=c(P) €[1,2]
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In the shadow region, inf inf )\f "(A,w) > 0. This means that the system is expo-
Aezd wERZd

nentially ergodic for smaller 8 (higher temperature) and smaller r (weaker interaction),
uniformly in finite subset A and in boundary w. We mention that here the leading term
32/4 is sharp. In the region which is a little away from the shadow one, )\g (A, w) becomes
zero and so the system cannot be (exponentially) ergodic. For more details, refer to [5].
Clearly, the quantitative estimation of )\f "(A,w) plays a key role in Theorem 2.

The author learnt this approach in 1988. For this, we were very glad since we can use
the well-developed spectral theory to study the new topic — phase transitions to which the
known techniques are rather limited, due to the fact it is an infinite-dimensional object.
Now, the question is: how to find the leading eigenvalue for some typical Markov processes?

Certainly, the first class of processes we should choose is the one-dimensional ones.

Birth-Death Processes

Let us now borrow some materials from [3; pages 1-3]. Consider a birth-death Q-
matrix on £ ={0,1,2,...}:

—bg bo 0 0
a1 —(a1 + bl) by 0
=(qij:1,] € F)= ,

where ag, by > 0. Since the sum of each row equals 0, we have Q1 = 0 = 0 - 1, where
1 is the vector having elements 1 everywhere and O is the zero vector. This means that
the @-matrix has a trivial eigenvalue \y = 0 with eigenvector 1. Our question is what the
next eigenvalue A\; of —Q) is?

To get a concrete feeling about the difficulties of the topic, let us look at the following

—bo  bo
o- ( ) |
al —ai

it is trivial that Ay = a1 + bg. Everyone is happy to see this result, since if either a; or b

simple examples.

When E = {0,1},

increases, so does A;. If we go one more step, E = {0, 1,2},

—bg bo 0
Q=1 a —(a1+b) b |,

0 a9 —ag
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then we have four parameters, by, b1 and a1, as. In this case,

)\1:2*1[a1+a2+b0+b1—\/(al—ag+bo—b1)2+4a1b1].

It is disappointing to see this result, since how the parameters effect on A; is not clear at
all. When E = {0,1,2,3},

—bg bo 0 0
aq —(a1 + b1) by 0
Q= :
0 ao —(CLQ + bg) b2
0 0 as —as

we have six parameters: bg, b1, b2, a1, a2, a3. The solution is expressed by the three quan-
tities B, C, and D:

D C 21/3(3 B — D?)

3 328 3C ’

where the quantities D, B, and C are not too complicated:

A=

D = ay +az + a3z + by + b1 + bo,
B = asbyg + az(az + bo) + asby + bob1 + boba + bi1ba + a1(ag + a3 + ba),
C = (A+/43B - D%+ A2)"/°.

However, in the last expression, another quantity, A, is involved. What, then, is A?

A= —2a} — 243 — 2a3 + 3a3by + 3azbg — 2b3 + 3a2by — 12a3boby + 3b3by

+ 3azb? + 3bgb? — 203 — 6a3by + 6azbobs + 3b3ba + 6azbiby — 12b9b1by

+ 3b2by — Gasb3 + 3bob3 + 3b1b% — 263 + 3a%(as + az — 2by — 2b1 + by)

+ 3a3[az + by — 2(by + b)]

+ 3az [a3 + b — 2b7 — biby — 203 — az(4bg — 2b1 + ba) + 2bo(b1 + bo)]

+3a1 [a3 + a3 — 20§ — bobr — 2b7 — as(4az — 2bg + by — 2b2)

+ 2bobz + 2b1bg + b3 + 2a3(bo + b1 + ba)],

computed using Mathematica. One should be shocked, at least I was, to see this result,
since the roles of the parameters are completely hidden! Of course, everyone understands
that it is impossible to compute \; explicitly when the size of the matrix is greater than
five!

Now, how about the estimation of A1? To see this, let us consider the perturbation of

the eigenvalues and eigenfunctions. We consider the infinite state space £ = {0,1,2,...}.
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Denote by g and Degree(g), respectively, the eigenfunction of A; and the degree of g when
g is polynomial. Three examples of the perturbation of A\; and Degree(g) are listed in
Table 2.

Table 2 Perturbation of A\; and Degree(g)

b (i > 0) a; (i > 1) A1 Degree(g)
i+c(c>0) 21 1 1
1+ 1 2¢+3 2 2
i+1 2i+ (4+V2) 3 3

The first line is the well-known linear model, for which A1 = 1, independent of the constant
¢ > 0, and g is linear. Next, keeping the same birth rate, b; = ¢ + 1, the perturbation of
the death rate a; from 27 to 27 + 3 and then to 27 + 4 + /2 leads to the change of A\;
from one to two and then to three. More surprisingly, the eigenfunction g is changed from
linear to quadratic and then to cubic. As seen from these examples, the first non-trivial

eigenvalue is very sensitive. Hence, in general, it is very hard to estimate A;.

§2. Basic Estimates of the First Non-Trivial Eigenvalue

Actually, the story is much more complicated. Let E = {0,1,...,N} with N < co

for a moment. Consider the eigenvalue problem:

—Qg = Mg, g#0

with Dirichlet boundary at 0: gy = 0 and Neumann boundary at N: gy = gn+1. Using
codes ‘D’ and ‘N’, we may denote the minimal eigenvalue A by APN. Actually, the DN case
is well studied in the context of Hardy-type inequalities (we will come back to this topic
later). Under its inspiration, we obtained a criterion for A\; > 0 in 2000 (cf. [3; Theorem
5.7]). Next, except the DN case, we should have three more cases: ND, DD, and NN.
The last one, ANN, denotes the ergodic rate \; discussed in the last section, for which the
constraint is not at the endpoints but is having mean zero.

In the non-ergodic case, the symmetric measure p cannot be finite. The Poincaré
inequality becomes

NI <D(f),  fe L)

which is equivalent to the L?-exponential stability

1Pl < I flle™ e LP(u), t=0,
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the maximal rate emax = A¥, where # = DN, ND, or DD. Furthermore, if we replace
the L?-norm by pointwise convergence, for Markov chains at least, we also have the same

exponential stability rate, even in the ergodic case (cf. [3,6]):

ergodic case : |p;;(t) — mj| < Cie ™, t =0, emax = AN

non-ergodic case : p;;(t) < Cie™ ", t >0, emax = PN 1,] €F,
where # = DN, ND, or DD.

To make a more precise definition of \#, we follow [13]. Let B = {i: —-M — 1 <i <
N + 1}, M, N < co. That is, we are now considering the bilateral case. The birth-death
Q-matrix becomes: for i,j € E, ¢jiy1 = b; > 0, ¢ii—1 = a; > 0, ¢;i = —(a; + b;), and
¢ij = 0 provided |i — j| > 1. Choose a reference point § € E and define

fgn = ag—-10a9—2 - "a0+n+1’ _M—-1-6<n<-2
bgbo—1 - - by in
1 1 1
0—1 =— ) 0= 5 0+1 — )
a bobo—1 a agbg Hot agag1
bgr1bgro - bgin—
(102m = 0-+1b0+2 0+n 17 9<n<N+1—0.

agag+1 - Af+n
Note that for k > 6, (ax, br) plays the role as so does (by, ax) for k < . When 6 varies, the
measure (1) keeps the same up to a constant depending on 6 only. Thus, when M < oo
for instance, one can simply set § = —M and define

bobg41 -+ - boyn—1

, 1<n<N+ M.
Ap++10042 * * * Ag+n

po=1,  Hoin=

Similarly, when N < oo, we can define a sequence (ug—, : 0 < n < N+ M) with § = N.
However, when M = co = N, a reference point 6 in the open interval (—M, N) is necessary.
Corresponding to the matrix @, the Dirichlet form (diagonal elements) on L?(y) is defined
by

D(fy= > ai(fi— fic)>+ X pabi(fir — fi)%

—M—1<i<6 O<i<N+1
Since p;r1a;41 = pib; once ¢ € E, this expression does not depend on the choice of 6 € E.
In the ND case, simply set § = —M — 1; conversely, in the DN case, set § = N + 1. Next,

we have the following boundary condition:

_m—-1 =0, Dirichlet boundar
if M < oo, then f-a Y

J-m-1=f-m, Neumann boundary,

fve1 =0, Dirichlet boundary

if N < oo, then
fne1 = f, Neumann boundary.
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Noting that here when N < oo, we assume by > 0. Similarly, when M < oo, we assume
a_ps > 0. This is helpful to describe the boundary conditions. However, for Neumann
boundary at N for instance, usually we assume by = 0 and omit “fyi1 = fn”. Since we

now allow infinite intervals, the quantities A* defined above need to be extended. To do

so, write u(f) = Y. purfr- Then we have pla, f] = p(1p,5). Clearly, ula, N = pla, N)
keE
once N = oco. First, define

APD — inf {D(f) : f has finite support and ,u(f2) = 1}.
Next, when 6, N] < oo, define
APN = inf {D(f) : 3m,n € E, m < n such that f = 1j,, ) fern and p(f?) =1},

where oo A f = min{«, 5} and similarly, a V = max{«, 8}. In words, here f vanishes on

[—~M,m — 1] and is a constant on [n, N]. Dually, when p[—M, 6] < co, define
AP — inf {D(f) :3dm,n € B, m <n such that f = 1_ps,) fevm and u(fQ) = 1}.
Finally, when pu[—M, N] < oo, define
AN =inf {D(f) : p(f) = 0, u(f?) =1}
= inf{D(f) :dm,n € E, m < n such that f = fovern, u(f) =0& ,u(fQ) = 1}.

The author started to study ANY in 1988, but the following result (the first unified expo-
nential rate estimation) was obtained in 2010 only.

Theorem 3 For the first non-trivial eigenvalue \# defined above, we have the fol-
lowing unified basic estimates:

(4r) 7 <N < (v#) 7 (1)

where

—_
/N

(RNN)_I: inf {( % ,ui>_ +

nmeE,m<n L\ ;) i=n j=m Hj0j
-1 N -1 n -1
DD\ —1 . m 1
e () ) N
(=) nmeE, m<n -Z,:M i z; Hib; jgn'u] ®)
DN n 1 —1
WY —sup (3 S5 ) (4)
nel Ni=—M Hil; J=n

&P = sup ( Z Mz) 1< % lbj)l (5)

nek

In particular, A\* > 0 iff K7 < oo.
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We remark that if we define 7 = (uibs) ™!, and in the DD and DN cases, under the

m
sum Y. we modify Dy to be (ugax) ! (noting that when k € E, pupby = piry1ax41), then
k=—M
the basic estimates given in the theorem can be described completely by two measures p

and 7. The upper and lower bounds are the same up to a universal constant 4 only. It is
easy to see that the two endpoints —M and N are symmetric in these two constants: kNN
and PP,

Since this is the central result of the paper, it maybe helpful for our reader to write

down k% step by step. Let us begin with £NN.

e Since we are in the bilateral case (having the same boundaries at the two endpoints),
in the ergodic case especially, the process starting from different endpoints may have
different rates to go to the middle part of the interval. Based on this, we need two
parameters, say m and n with m < n. The state space [—M, N] is then divided by
m and n into three parts: the left-hand part [—M,m], the right-hand part [n, V],

and the middle one [m,n — 1].

12 12
@ L 4 L 4 @
—M m n N

>

e Measure the left-hand and the right-hand subintervals by p and the middle one by

U, respectively:

K=k wl—M,m) wn, NJ v[m,n — 1].

e Make inverse everywhere:

kL p[—M,m]™ pfn, N1t olm,n — 171,

e Finally, multiplying the last term with the sum of the first two terms and making

infimum with respect to m < n, we get the expression of (/iNN)_l given in (2).

Every step is quite natural except the second one: why we use p but not 7 in the first two
terms? This is because we are in the ergodic case, p is a finite measure. If y is replaced by
v, since V(—o0, m| and V[n, 0c0) are infinite when M, N = oo, one would get zero for these
terms and so the quantity is trivial. A sensitive point here is that we use plus, rather than
maximum in the last step. Otherwise, even though the resulting bounds are equivalent to
ours but it then would produce a factor 8 rather than 4 as we expected. We have thus

completed the description of the first, the most important quantity xN™.
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e To get kPP, simply apply the rule: the exchange of the codes D and N simultaneously

in k% leads to the exchange of the measures y and 7 in their representation.

e For kPN let us examine (3) more carefully. When N = oo and ¥[n, 00) = oo, the
second term in the sum of (3) disappeared. In other words, the boundary condition
D on the right endpoint is replaced by N. Then the variable n is free and so can be
removed. Therefore we obtain formula (4). We remark however that the relation

between APN and xPN remains the same even if ¥[n, 00) < oc.

e For kNP, (5) follows from (4) simply using again our rule. Here we mention that
(5) can be formally obtained from (2) by removing the second term in the sum.

Actually, (5) is formally a reverse of (4), and so is somehow an easy consequence of

(4).

For the last two constants in (4) and (5) respectively, we write down only the case
that M = 0 in [6]. If M = oo, then we can first use finite M instead of 0, and then go to
the limit M — oo to arrive the required result. When M < oo and the left endpoint is
the Dirichlet boundary, the constant here is different from that in [6]: here we adopt —M,
but in [6] we use —M + 1. The reason for this point is to guarantee the first non-trivial
eigenvalue in the NN case coincides with the principal eigenvalue in the DD case. Thus,
when M, N < oo, the cardinality of the state space in DD case is one less than that in the
NN case.

Finally, we mention that the DN and ND cases are known around 1970 in harmonic
analysis, our main contribution is for the cases of DD and NN, especially the two isoperi-
metric constants £\ and kPP (come from [6; Corollaries 7.8 and 7.9]). In computing
kNN and kPP for fixed m < n, we simply choose the reference point in defining ()
and D(f) to be the same: § = m. In the proof of the DD and NN cases, three advanced
mathematical tools (the coupling method, the dual technique, and the capacitary method)
are used and its proof given in [6] consists of five steps. Later, a direct elementary proof

was found in [9]. It then leads to the study in the next section.

§3. Bilateral Hardy-Type Inequalities and Extension

Bilateral Hardy-Type Inequalities

Recall that in the definition of D(f), the reference point 6 € E is free, hence it can

be rewritten as

D(f) =Y vi(0if)> =:||of

ieE

3,27 fEL2<,u)7
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where || - ||, 4 denotes the L4(u)-norm and

v, = l;ia; —-M—-1<i<¥6

7

V;r:,uibi 0<i<N+1;

v, =

(0if)” = fic1 — fi —-M—-1<i<®é
(aif)+:fi+1—fi 0<i<N+1.

o f =

Thus, the Poincaré inequalities, in the DD case for instance, can be rewritten as

VAPD [ £l 2 < [|0f]]v,2, fer?(w), f-m1=0=fni1.

This leads to the following generalization

[ £l q < ADDHasz/,p» feli(p), f-mu—1=0=fnn

for p,q € [1,00]. This and the parallel inequalities with different boundary condition
consist of the bilateral Hardy-type inequalities. For a large number of references and
results on the Hardy inequalities, refer to [26,29].

Except the typical L?-case, a motivation of the last class of inequalities is studying

the algebraic stability (ergodic case):

1P f = m(HI < ClflL/t% >0

for some a > 0, here || - ||, is the L"(p)-norm. This is equivalent to the Nash inequality

If = =N < ANDOIAR”,  f e L¥(n), v > 2.

Which then is equivalent to the Sobolev-type inequality

”f_ﬂ(f)Hg'y/('yfm <‘451)(f)7 f€L2(7T), 7>2'

Clearly, the last one is a Hardy-type inequality with ¢ = 2v/(v —2) and p = 2.
In the continuous context, the next result is due to [10]. In the present discrete

context, it is due to [27].

*

Theorem 4 Let ¢ > p > 1 and 7, = u,ifp , p* = p/(p—1). Then we have
Bf < A# < kqﬁpB#*, where

— 1/p—1/q
= a—p } if g>p

Fa.p |:p B(p/(q—p), plg—1)/(g — p))

=p!/Pprt P if g =p,
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and B(«, 3) is the Beta function, and in the DD case especially,

1/q
. ulm,n
BDD = SuP ~ [* 1\ * 1/‘]7
m<n {y[—M, m]—q/p + y[n7N]_Q/ID }
1/q
BED — sup plm, n]

m<n {D[—M,m]'=P + Dln, N|1-»} /7

When # = DD or NN, we also have BPP < BPDP* < 21/p=1/apDD  Besides, 21/P~1/ak, , < 2
for g > p.

In short, we have the unified estimates: Bf < A* < 2Bf£.

To save space, here and in what follows, we omit the quantities BNN* BNN = DN —
BPN and BNP* = pND,

Extension to Normed Linear Space (B, || - ||z, 1)

Noting that « < zlogz < z'T¢ for large « and then

£l < Ent(f) < || fl152

for every € > 0, it is clear that an interpolation of LP-spaces is needed in order to study
the logarithmic Sobolev inequality. This leads to the setup of the normed linear space B
introduced below.

Let B be a linear subset of Borel measurable functions on (X, 2", 1) with norm || - ||

having the following properties.
Hypotheses 5 (Hypotheses (H))
(H1) If u(X) = oo, then 1 € B for each compact K.
(H2) If h € B and |f| < h, then f € B.

(H3) 1]l = sup [x |flgdu, where 4 € 27 /R,
g€

*

A typical example is 4 = LP for some p > 1, then B = LP . In the study of
logarithmic Sobolev inequality, we use ¥ = {g >0: [ v eddu < e? + 1}, where p is a
probability measure.

We can now study the following Hardy-type inequality

11F1715/¢ < A% |of

vpr JEB

with different boundary conditions as before. For instance, in the DD case: f_j;_1 =0 =

IN+1-
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Theorem 6 ([1,10]) Let ¢ Then under (H), the optimal Af;£ in the

=z p>1
Hardy-type inequalities satisfies BE: < Ag < qupBg*, where in the DD case especially,

*

1/q
1
BIB]?D* = sup — || [:’lvn]ﬂB —
m<n {y[_M7 m]_Q/p —+ y[n’ N]_Q/P }
1/q
1
BB]?P — sup H [m,n}HE

Shortly, we have the unified estimates: B;;* < Aﬁg < 2B§*.

We mention that in the NN case, in the last two results, we adopt either a stronger
constraint that ¢ = 2 > p > 1 in [10] or a different constraint replacing 7 (f) = 0 by
another condition in [27].

The Hardy-type inequalities are an active research topic in harmonic analysis. For
more information on it and for a popular report on the results in this section, refer to
[10,11,15].

84. The Case with Killing

We now turn to consider the birth-death processes with killing (¢; > 0 : ¢ € E).
Assume that ¢; Z 0 on (—M, N), otherwise, we would return to Section 2. Its @Q-matrix is
the same as above except the diagonal elements —(a; + b;) are replaced by —(a; + b; + ¢;),
1 € E. When N < oo, since we can replace ¢y by cy + by if necessary, we may assume
that by = 0 once N < oco. Throughout this section, we will do so, as well as for a_j; for

simplicity. Denote by Q¢ this extended ()-matrix. The Dirichlet form now becomes

D(f) = 3 vi(0if)? + 3 micif?, fe ().

i€B i€k
@°-Harmonic Function

The harmonic function h we are going to construct is non-zero everywhere on [—M, N],
and is local in the sense that Q°h = 0 on (—M, N) rather than on [—M, N|, which are
different at the endpoints if M or N is finite. To do so, again, let § € E to be a reference
point. Set

hoti
b
ho i1

ag+i Co+:
Ui = K—&-'j Vo+i = Dosi
(2 1

v Sori =1+ ugyi +vgpi, Topi =

0<i<N+1-0.
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When 1 <n < N +1 -0, from the harmonic equation, it follows that

1= £0+n7"9+n — UG+nTO0+n—1T04+n = T04+n (£0+n - u0+nr9+n—1)-
From this, we obtain a recursive equation on the right-hand side (i.e. n > 1):

1 1
T9+n = 3 —u r = )
0+n 0+nT0+n—1 Uhtn

§9+n -

Uh+n—1

§0+n71 -
" €p41 — UG1To

1<n<N+1-6.

In parallel, set

bo-+i Coti hotiv1
Uoti = s Vg = s G4 = LbUgyi F Vogiy o =

041 041 h9+i

I

-M-1-60<i<—1.
When —M — 6 < n < —1, applying once again the harmonic equation, we obtain

1= §9+n7“9+n—1 — UG+nTO+n—1T04+n = r€+n—1(£€+n - u€+nr9+n)-
Hence we obtain a recursive equation on the left-hand side (i.e. n < —1):

1 1
T0+n = 3 —u r = )
04+n+1 0+n+176+n+1 UG tnil

§0+nt1 —
UG+n+2

§o4nt2 —
o €g—1 — Ug—1To—1

- M—-1-60<n< -1

Now, define the initial values

co

rg_-1=1r9=1— —"F—.
o-1 0 ag + bg + ¢y

This comes from the harmonic equation at 6 (by convention hg = 1). Actually, these two
numbers rg_1 and ry satisfying the equation are not necessarily equal, there is a freedom
here. From this, it follows that the solution r,, even allowing up to a constant, may still

not be unique. Hence the function h defined below may also not be unique. Finally, a
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required positive harmonic function (h, : n € E) is given by

1, n=>0
n—1 1
hotn =< 11 790 I1<n<N+1-06
k=0
—n
I ro—x, -M—-1-0<n<-1.
\ k=1

Here we fix such a specific h, the subsequent discussions do not depend on the choice of
h. Even though the construction looks lengthy, it is still quite easy to show by induction
that

G=0=—=h; = 1.

Thus, every result with ¢; = 0 can be obtained from the one containing h by setting h; = 1.
Remark that when M < oo, we may set § = —M, reducing the problem to the one with
half space on the right. Similarly, there may be only the half space on the left.

Isospectral Operators

Having h at hand, we can now define a dual birth-death @-matrix @ as follows:

hi— ~ h .
’di:aih—il, b; = b; h:l’ i€ F,
On {—M +1,...,N — 1}, we have ¢; = 0; but
~ hn—1 .
cN—cN—i-aN(l— >, if N < oo,
hy
h_
E,M:c,M+b,M(1— M“), if M < oo.
hn

In other words, the dual birth-death matrix is conservative everywhere, except at the finite

boundaries, at which it is non-conservative. Next, let
o= h%p: ;= hiu, i€k,

where the measure p is the same as what we have used before. When M = co = N,

there are four boundary conditions as in §2 according to > fx and > g being finite
k>0 k<6
or infinite, respectively. Certainly, it can be simpler in some special case, M < oo for

instance. Then one may fix # = —M and ignore the DD case. When N < o0, it is the ND
case by the definition of h. When N = oo, there are either the ND or NN case according

to > fx = 0o or < oo, respectively.
k>0
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Under the mapping f — f:: f/h, using the quadratic form D¢ with a given domain
2(D*), one deduces on L2(fi) a dual quadratic form D with domain 9(5) as follows:

2(D) = {f € L*(fi) : fh € 2(D°)}.

The next result is taken from [22; Section 2].

Theorem 7 The quadratic form (D¢, 2(D¢)) on L?(11) and the one (5,9(5)) on
L?(11) have the same spectrum. In details, the mapping f — fi= f/h from L?(u) to L?(1)
possesses the following properties:

(i) one-to-one and isometric.

(i) f € 2(D)iff f € 2(D) and D(f) = D°(f).

As a corollary of the theorem, we see that (D¢, Z(D¢)) and (ZN?,Q(E)) have the
same principal (or the first non-trivial) eigenvalues Af = A\ Applying Theorem 3 to
(l~?, 9 (ﬁ)), we have the basic estimates for A\# in terms of ## which is then the same as

Ef used for the basic estimates of /\f . We have thus obtained the following result.

Corollary 8 ([12,22]) The basic estimates hold:

(4rE) <N < (RE)

c

where Téfé are obtained from k¥ given in Theorem 3 plus the remark after the theorem,

replacing p and 7 by

~ ) 2'_ Vj
MJ—Njhja U]_h‘h. )
glej+1

JjeE,

respectively.

We remark that in different from the other three cases, in the NN case, the minimal
eigenvalue Amin of (E, 9 (5)) is zero, our ANN g the first non-trivial eigenvalue (also called
spectral gap) of (lND, @(f))) This leads to the same conclusion about A™" (= 0) and AN
of (D¢, 2(D%)).

Discrete Spectrum

The last result of this section below exhibits the power of Theorem 7. We say that
the quadratic form (D¢, 2(D¢)) on L?(u) has discrete spectrum if its spectrum consists
of only eigenvalues with finite multiplicity. Since an operator on a finite space is compact
and hence must have discrete spectrum, we need only consider an infinite state space.
Next, since the whole line can be split into two half lines, without loss of generality, we
assume that F = {0,1,...}.
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To state our result, we specify two domains for D€. The first one is simply
Dunax (D) = {f € L*(n) : D°(f) < o0}
The second one Py (D€) is the minimal closure of the set
{f € L*(p) : f has finite support}

with respect to the norm || - ||p: || f]|%, = HfH%Q(H) + De(f).
The result below is taken from [12; Theorem 2.1].

Theorem 9 Set £ = {0,1,...}.
[e.e]
(i) Let > (hghpyipebr)™! < 0o. Then (D¢ Pin(DC)) has discrete spectrum iff
k=0

. n 2 [e.°] 1
Jim go wihy 2

— =0.
i=n hihi by

o0
(i) Let > ujh? < 00. Then (D€ Pmax(D¢)) has discrete spectrum iff
j=0

. o0 9 n 1
lim > pihy ) 0.

n—o0 ;S jo=0 M hic1 11kbk

oo o0
(ii) Let > (hxhpyippbr) =00 =3 Mjhg- Then the spectrum of each of (D¢, Zin (D))
k=0 §=0
and (D¢, Zmax(D°)) is not discrete.

When ¢; = 0, Theorem 9 (ii) comes from [28; Theorem 1.2]. Starting from which and
using Theorem 7, one can prove Theorem 9.

To conclude this section, we mentioned that even though up to now, we have studied
in one direction only: reducing the case that c;|(o ) # 0 to the one c¢;|(o ) = 0. Certainly,
we can go to the opposite direction: extending the result from c¢;|(o x) = 0 to ;| n) Z 0.

This is actually much easier but is very powerful (cf. [12,22]).

85. Further Reading

The Optimal Factor

The optimal universal factor 4 in Theorem 3 or more general one k, , (< 2) in Theorem
4 can be improved further. For instance, the latter one can be improved up to v/2 as in
many practical models. Quite often, we can even produce new upper and lower bounds
which are nearly the same. Refer to [7,11] for the application to the Riemannian geometry

and to [14] for more recent progress.
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Dual Variational Formulas

Our main contribution to the topic is a class of dual variational formulas, from which
we deduce the corresponding approximating procedures for the upper/lower bounds of the
optimal constants \* or A in the inequalities. What we mentioned in the last paragraph
about the \/2-estimates come from the first step (explicit) of our approximating proce-
dures, which then deduces the basic estimates given in Theorem 3. This shows that our
approach is essentially different from those used in harmonic analysis. For this approach,
one of the key observations is a mimic of the eigenfunction corresponding to the principal
eigenvalue as explained in [3; the paragraph including (3.13)]. This story has lasted for
a long period, for the results up to 2004, refer to [3]. For the later developments, refer
to [6,8,9,14,19-21]. Surprisingly, much precise results can be obtained by a numerical
algorithm, refer to [17].

Even though we have almost not touched the diffusions in this paper, the story is
parallel for one-dimensional diffusions (included in the references just listed), sometimes,
may be easier. For instance, in the diffusion context, the logarithmic Sobolev inequality
is equivalent to the exponential stability of the semigroup in the entropy. However, it is
not so in the discrete context. For birth-death processes, a criterion for the exponential

stability in entropy has been opened for quite a long time, refer to [4] for more information.

Higher Dimension

The one-dimensional results are often essential in the study of higher dimensional
one, as we used many times before, refer to [2; Theorem 14.10] or [3; Chapter 9], as well
as [5,7,17]. However, in the higher dimensions, the topic is still largely open.

As mentioned before, because of a challenge of phase transitions which belong to
the infinite-dimensional mathematics, we re-examined the finite-dimensional mathematical
tools, and came back to dimension one. In contract to the finite-dimensional situation,
the infinite-dimensional mathematics (needed not only in physics, but also in biology, big
data, networks, et al.) is still an undeveloped area: there is a sea of open problems, the

known results consist of a few of islands only.
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Abstract This paper introduces some efficient initials for a well-known
algorithm (an inverse iteration) for computing the maximal eigenpair of a class
of real matrices. The initials not only avoid the collapse of the algorithm but
are also unexpectedly efficient. The initials presented here are based on our
analytic estimates of the maximal eigenvalue and a mimic of its eigenvector
for many years of accumulation in the study of stochastic stability speed. In
parallel, the same problem for computing the next to the maximal eigenpair is
also studied.

Keywords Perron-Frobenius theorem, power iteration, Rayleigh quotient
iteration, efficient initial, tridiagonal matrix, ()-matrix
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1 Introduction. Two algorithms and a typical example

Consider a nonnegative irreducible matrix A = (a;;) on E := {0,1,...,N},
N < o0. By the well-known Perron-Frobenius theorem, the matrix has uniquely
a positive eigenvalue p(A) having positive left-eigenvector and positive right-
eigenvector. Moreover, both the left-eigenspace and the right-eigenspace of
p(A) have dimension one. This eigenvalue is maximal in the sense that for
every other eigenvalue A\, we have p(A) > |\g|. The last equality sign appears
only if A has a period p > 1. For instance, for

0
A=10
1

— o O
O ==

we have p = 2 and the eigenvalues of A are ++/2 and 0. However, we may
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assume that p(A) > |\i| for every other eigenvalue \y. Actually, if A = pe'® with
0 # kr /2 for every odd k € Z, then for every £ > 0, we have p + ¢ > [pel? +¢|.
This means that the required assertion holds for the shifted pair p 4+ ¢ and
A+ e. In other words, an analog of the Perron-Frobenius theorem is meaningful
for the matrices having nonnegative off-diagonal elements only, their diagonal
elements can be arbitrary but real. By a shift if necessary, such a matrix can be
transformed into a nonnegative one: the maximal eigenvector is kept but their
maximal eigenvalues are shifted from one to the other. In this paper, we are
interested in computing p(A) and its corresponding eigenvector. This is a very
important problem, we will come back to its motivation in the next section.
There are mainly two popular algorithms for this problem. Unless otherwise
stated, the eigenvector below means the right-eigenvector. Then, the maximal
eigenpair (the maximal eigenvalue and its eigenvector) is denoted by (p(A), g).

Power iteration Given an initial vector vg € RNTY having a nonzero

component in the direction of g with ||vg|| = 1, define
Avg_q
v = ————, 2, = ||Av k>1 1
k ||Avk_1||’ k H k‘H? = ( )
where || - || is an arbitrary but fized vector norm. Then vy converges to the

eigenvector g of p(A) and z converges to p(A) as k — oo.

Even it is not necessary, in the next algorithm, we fix the vector norm to be
the Euclidean one (or equivalently, the 2-norm). Actually, a refined choice is
using the inner product and the norm in the space L?(u) for a suitable measure
1 to be specified case by case, as illustrated by the improved algorithm given
at the end of Sections 3 and 4. See also Section 6.

Rayleigh quotient iteration (a variation of inverse iteration) Choose a pair
(20,v0) as an approzimation of (p(A), g) with vivy = 1, where v* is the transpose
of v. In particular, one may set zg = vjAvy for a given vy. At the kth (k > 1)
step, solve the linear equation in wy:

(A = 2k 1wk = Vg1, (2)

where I is the identity matriz on E, and define
Wi

\ /w,’;wk’

If the pair (29, vo) is close enough to (p(A), g), then (z,v) converges to (p(A), g)
as k — oo.

Vv = 2 = v Avg.

In what follows, unless otherwise stated, we fix zy to be the particular choice
just defined. We now use a typical example (which will be studied time by time
in the paper) to illustrate the effectiveness and their difference of the above two
algorithms.
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Example 1 Let £ ={0,1,...,7} and

-11 0 0 0
-5 22 0 0
22 13 32 0
32 —25 42
0 42 —41 5% 0
0 0 5 —61 62
0 0 0 62 -85
o 0 0 0 7 —113

O
|
cCoooo o~
coc oo
oo oo
Voocooocoo

0
0
0
0
0

Then we have p(Q) ~ —0.525268 with eigenvector
~~ (55.878, 26.5271, 15.7059, 9.97983, 6.43129, 4.0251, 2.2954, 1.0)".
Starting from vy which is the normalized vector of
(1, 0.587624, 0.426178, 0.329975, 0.260701, 0.204394, 0.153593, 0.101142)*,

the power iteration (applied to the nonnegative A := 1131 + Q) arrives at
—0.525268 ~ p(Q) after 990 iterations. Here, we adopt the ¢'-norm:

ol = > lokl.

keE

We now give a little more details about the computations for this example.

Table 1 gives us partial outputs of (k, —z). The corresponding figure below
shows that —z;, decreases quickly for small k, but the convergence goes very
slow for large k.

Table 1 Partial outputs of (k, —zx)

k —Zk I k —Z2k I k —Zk
0 211280 | 14 0.877012 | 100 0.589332
1 1.42407 15 0.86311 120 0.574136
2 1.37537 16 0.850338 140 0.56279
3 1.22712 17 0.838548 160 0.554157
4 1.1711 18 0.827619 180 0.547529
5 1.10933 19 0.817449 200 0.542423
6 1.06711 20 0.807953 300 0.529909
7 1.02949 30 0.738257 400 0.526517
8 0.998685 40 0.694746 500 0.525603
9 0.971749 50 0.664453 600 0.525358
10 0.948331 60 0.641946 700 0.525292
11 0.927544 70 0.624473 800 0.525274
12 0.908975 80 0.610468 900 0.52527
13 0.892223 90 0.598963 = 990 0.525268
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2.0

1.0

200 400 600 800 1000

Fig. 1 Figure of —z; for £k =0,1,...,1000

The advantage of the first algorithm is that it allows us to use a quite
arbitrary positive initial vector vg. The reason why the convergence of the
example at the beginning steps goes quite fast is because we have used a very
good initial vy, as will be studied in Section 3. However, for larger k, the
convergence becomes very slow, that is the limitation of this algorithm. From
Fig. 1, it is clear that one may stop the computation at 300 iterations since
then the results are almost the same. However, we keep going on until the six
precisely significant digits as limited by a computer using Mathematica 9. The
reason for doing so is for the comparison with other algorithms to be studied
later.

Certainly, we expect the second algorithm to be more efficient. Now, what
can we expect? Since this problem is often used in practice, we would be very
happy if a new algorithm can reduce the number of iterations seriously, say, 500
for instance. Certainly, we would be very surprising if it can be reduced to 250.
Let us think this question more carefully. Suppose that we are now interested
in the maximal eigenvalue only, and suppose that we know it is located on
(0,1) (actually, as we will see by Proposition 11 below, the maximal eigenvalue
of A := 1131 4+ @Q is located in (0,113)). We may use the Golden Section
Search (a famous method in optimization theory), its speed is about 0.6187!.
Then, to obtain the six precisely significant digits as in the last example, one
needs at least 24 iterations since 1079 ~ 0.618%%. Suppose that we can adopt
a faster algorithm, the Bisection Method. Then it requires about 20 iterations
since 1079 ~ 2720, Hence, it is reasonable if an algorithm uses more than 20
iterations to arrive at the same precise level. Having this analysis in mind, we
were shocked when the next result came to us.

Example 2 The matrix ) and the initial vector vy are the same as in the
last example but we now adopt the ¢?-norm. The Rayleigh quotient iteration
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(applied to Q) starts at
20 = vyQuo = —0.78458
and then arrives at the same result as in the last example at the second step:
z1 = —0.528215, 29 =~ —0.525268.

Example 2 is the main illustrating example (which will be further improved
by Example 7 below) of this paper. It shows that the second algorithm can be
extremely powerful. The key to this result is that we have chosen an efficient
initial vector vy and then the resulting zg is also close to p(@). It may be the
position to compare the use of £'-norm and f?-one. Let everything be the
same as in the last example but replacing the ¢?-norm by the ¢!-one. Then the
iteration starts at zy &~ —0.367937 and arrives at the same result at the third
step:

z1 &~ —0.509272, 29 =~ —0.52509, z3~ —0.525268.

The result comes with no surprising: it is easier to use the ¢!-norm in the
computation but it is a little less efficient than using the £>-norm.

We have seen the power of the second algorithm. However, “too good” is
dangerous. Each eigenvalue A\, # p(A) can be a pitfall of the algorithm provided
either zg is close enough to A or vg is close enough to the eigenvector g of
Ak. The next example illustrates the latter situation. For which a simpler v
deduces its corresponding zy to be more close to Ay rather than As.

Here and in what follows, we often use the so-called Q-matrix

Q = (qZ] ,Lv] € E)>

which means that ¢;; > 0 for every pair i # j and ) jepdij <0 for every i € E.
This implies the intrinsic use of probabilistic idea. For convenience, we often
write by

0< X < [M] <A <000y

where {);} is the sequence of the eigenvalues of —Q. Then A\g = —p(Q).

Example 3 The matrix ) is the same as the last example and we use again
the /2norm. Replace Q by —@Q (then the corresponding z; > 0). Choose the
initial vector vy to be the normalized uniform vector:

= 1{11111111}
\/g?’?’?’?'

Then with the particular choice given in the algorithm
20 = vp(—Q)vg = 8,

we obtain the following output at the first 4 steps of the iterations:

Vo

21 /=~ 4.78557, 29 = 5.67061, 23 =~ 5.91766, 24 ~ 5.91867 = As.
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The first two eigenvalues of —(@) are
Ao ~ 0.525268, A} = 2.00758, A3 =~ 13.7009,

respectively. Hence, the limit A\ is quite away from what we are interested in.

By the way, let us mention that in practice, we can stop our computation
once the components of the first output vy have different signs, and try to choose
a new initial pair (vg, 29). This is due to the fact that the maximal vector should
be positive/negative up to a constant. Here, in the last example,

v; = (—0.26762, 0.242432, —0.522646, —0.579319,
—0.423469, —0.253452, —0.124365, —0.0425044)*.

Each of the components is negative except the second one.
The next example shows that we can still arrive at the expected result for
a good initial zg even if vy is quite rough.

Example 4 Everything is the same as in the last example except
20 = 2.05768 ! 2 0.485985.
Then {z;} approaches to g at the second step:
z1 = 0.525998, 29 ~ 0.525268.

This paper is organized as follows. In the next section, we first review
the five sources of the motivation for our problem. Then we recall the known
convergence of these algorithms. From the above examples, we have seen that
the second algorithm is much more attractive. To which, we need a careful
design in choosing the initial pair (vg, z9). Clearly, an efficient initial pair is just
a good estimate of the pair in advance. This itself is a hard topic in the study
of eigenvalue problem and so it is understandable that the initial problem is
still largely open in the eigenvalue computation theory. A complete, analytic
(explicit) solution to this problem is presented in Section 3 first for tridiagonal
matrices (after a suitable relabeling if necessary), and then for a class of more
general matrices in terms of the so-called Lanczos tridiagonalization procedure.
The main extension to the general situation is presented in Section 4
which consists of two subsections. In the first one, we concentrated on the
construction of zy for a fixed simplest vg. The second one in even more
technical, in which we are mainly working on the construction of vg. A number
of examples are illustrated, case by case, for the results in the paper. It is
remarkable that only the one-step iteration scheme, as illustrated by the two
algorithms used above, is used in the paper. In Section 5, we make either
additional proofs of some results in the main context, or additional remarks
on related problems. In particular, we prove a convergence result of our
approximating procedure for the principal eigenvalue of birth—death processes
which have been studied for a long period up to now. A summary for the use
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of the algorithms up to Section 4 is given at the end of Section 5. The study
on the next eigenpair is delayed to Section 6.

2 Motivation of problem and convergence of algorithms

In this section, for the reader’s convenience, we recall briefly the motivation of
our problem and the well-known convergence of the two algorithms introduced
in the first section.

2.1 Motivation

It seems not necessary to mention the value of the study on the problem since
the matrix eigenvalue computation is used almost everywhere. The next five
sources reflect more or less the road where we started and finally arrive here.

Google’s PageRank

When we search an expression from the network, a large number of webpages are
collected. The question is how to output them on the screen of our computer.
For this, we need to rank the pages. The procedure goes as follows. According
to the connections of the websites, we get a nonnegative matrix A. To which we
have the largest eigenvalue p(A) and its corresponding positive left-eigenvalue.
The normalized left-eigenvector gives us an order of the webpages, that is the
PageRank as we required. Nowadays, there are a large number of publications
on Google’s PageRank, see for instance [12], in which the power iteration is
studied but not the inverse iteration.

Global optimization of planned economy

Regarding the matrix A as a structure matrix in economy, Hua [11] proved
that the optimal input of the planned economy is the left-eigenvector u of p(A).
Surprisingly, Hua [11] also proved that if one uses a different input rather than
u, then the economy will go to collapse (i.e., some components of the product
in the economic system will become less or equal to zero). Mathematically, this
situation is very much the same as the last one, but in a completely different
context. As far as I know, the practical algorithms for (u, p(A)) were not studied
carefully during that period, except a formula was mentioned in [11]:

p(A) = lim

{—00

(re)”

Stationary distribution of time-discrete Markov chain

If A itself is a transition probability matrix, then the left-eigenvector
corresponding to the largest eigenvalue one is nothing but the stationary
distribution of the corresponding Markov chain. This explains the stability
meaning in the two situations just discussed above. Based on this idea, we
obtained a probabilistic proof of Hua’s collapse theorem. Refer also to [4,
Chapter 10| for additional story and related references.

Computing the stationary distribution of a given Markov chain is very
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important in practice and so has been studied quite a lot in the past years,
including the so-called Markov Chain Monte Carlo (MCMC), perfect/backward
coupling, and so on.

Exponential decay of time-continuous Markov chain

The maximal eigenvalue p(@Q) in Example 1 describes the exponential decay
rate of the Markov chain with semigroup (P, = et > 0). The present paper
is based on our study on this topic, as will be seen from the subsequent sections.

Phase transitions

The last topic and the investigation on related stability speed are actually
motivated from the study on phase transitions in statistical mechanics (cf. [3,4]
for more references within). This is a challenge topic in mathematics since
it is mainly in infinite-dimensional setting. To which, the mathematical tools
are rather limited. Therefore, we have to look for new tools or develop some
known traditional tools. To this end, we have already visited several branches
of mathematics, including the computation theory. We are now glad to be able
to say something on the last field after a long trip of the study.

In the second part of this section, we review some well-known facts on the
convergence of the algorithms.

2.2 Convergence of algorithms

Here is the convergence of the power iteration. In this subsection, we suppose
that the given matrix A (not necessarily nonnegative) has the dominant
eigenvalue Ao (i.e., [A\g| > |A;| for all other eigenvalues \;) which is simple.
The extension to the periodic situation is also possible, but is omitted here, one
simply replaces the convergence of the original sequence by a subsequence.

Lemma 5 Suppose that the initial vector vy has a nonzero component in the
direction of the dominant eigenvector g. Then

Akvo
= —
[AFul] — 9

Vg, v Avg — Ao, k — oo.

Moreover,

. A”vo
lim

=A
n—o0 A"_l'uo 0

where for given vectors u and v, the ratio u/v is understood as the quotient
function of the functions u and v.

Proof Suppose that the eigenvalues are all different for simplicity. Otherwise,
one simply uses the Jordan representation of matrices. Write

N

Vo = Z ngj

J=0
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for some constants (c¢;) with gg = ¢g. Then ¢y # 0 by assumption and

N N ok
Aoy =3 esNogy = ol [g F309 () g]} .
j=0 j=10 70
Since |Aj/Ao| < 1 for each j > 1 and |[|g|| = 1, we have

Ak'l)o Co

— —¢q, k—
1A% vl leol ™ ’

and then
vpAvg — g Ag = g* Aog = Ao, k — oc.

We have thus proved the main assertion of the lemma. The proof of the last
assertion is similar. O

Clearly, the convergence speed in the lemma is

A1

Ao

k
. A1 == max{|\;]: j > 0}.

The next result is the convergence for the inverse iteration.

Lemma 6 Under the assumption of the last lemma, for each z close to Ao,
we have
(A — 2I) ",
-9
I(A = 2I)~Fuo|

v = vpAvg — Ao, k — oo.

Moreover,
) (A —zI)"™y 1
lim = .
n—oo (A —2I)™"tlyy Ao — 2
Proof Note that for z close to Ag, the dominant eigenvalue of the matrix
(A —2I)7tis (A — 2)~! with the same dominant eigenvector g as the one for
A. The proof is very much the same as the previous one. U

The iteration given in Lemma 6 is called the inverse iteration. It is
remarkable that the convergence speed in this lemma is
)\0 —Z ‘k )\0 —Zz ‘k
A1 — Ao

)\1—2’

when z is sufficiently close to Ag. At the kth step, replacing z by the Rayleigh
quotient approximation z; = v Avy, we obtain the Rayleigh quotient iteration
as described in the first section. Clearly, the last algorithm is an acceleration of
the inverse iteration. The price is that the initial zy has to be chosen close to Ag
which is usually not explicitly known. Otherwise, if zy is chosen close to some
Aj # Ao, then a similar proof of Lemma 6 shows that v; Avi, converges to the
pitfall \; # Ag. In practice, once z = z is chosen in a suitable neighborhood of
Ao, the sequence z = 2, converges to Ag rapidly, as illustrated by Examples 2
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and 4. More precisely, Example 1 applies the power iteration to A := 1131 + @),
its convergence speed is

(113 — Al)k N ( 113 — 2.00758 )k

113 - X/ ~ \113 —0.525268/ ’

Examples 2 and 4 wuse the Rayleight quotient iteration which has
the convergence speed

— OQ.

H“‘Zﬂ
~ —>OO.
)\1—2]

Since zp — Ag, the last convergence is much fast than the previous one.
Honestly, this still does not answer the reason why the inverse algorithm in
Example 2 can achieve the six significant digits at the second iteration.

3 Efficient initials. Tridiagonal case

Again, assume that A = (a;;) on E = {0,1,...,N}, N < oo, is irreducible
and having non-negative off-diagonal elements. Assume also that the matrix is
tridiagonal (after a suitable relabeling if necessary): a;; = 0 unless |i — j| < 1.
By a shift @ := A — m[ if necessary, where [ is the identity matrix on E and

JjeER
one may assume that
—(bo + Co) bo 0 0
ap —(a1 4+ b1 + 1) b1 0
Q= 0 as —(ag +bg 4+ c2) by ’
0 0 0 an —(an +cn)

where a;,b; > 0, ¢; = 0 but ¢; # 0. Define

b,,— boby -+ - by —
po=1, pin=jipg——t =21 1< <N
Ay, a1ag - - - Qp

We now split our discussion into two cases.
Case 1 Let
Co = C1 :"':CN_l:O.
Then we may assume that ¢y > 0. Otherwise, () has the trivial maximal

eigenvalue 0 with eigenvector with components being one everywhere. In this
case, we rewrite ¢y as by, ignoring the sequence (¢;), and define

N

1
— ——, 0<n<N. 3
Pn ;ukbk’ n (3)
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Case 2 Let some of ¢; (i =0,1,..., N — 1) be positive. Then, we need more
work. Define

C a, + ¢ a
0 Tn:1+ n n n

pu— 1 _— —
"0 * bO’ bn bnrn—l

, 1<n<N,
n—1

ho=1, hy=hoarar=[]r 1<n<N,
k=0

and additionally,
hnt1 = enhn +an(hn-1 — hn).
Finally, define

N
1
-y 0<n<N, 4
o = hihra pby @

with a convention that by = 1 to save our notation.
We remark that in the special case that ¢g = ¢; = -+ = ¢y_1 = 0, by
induction, it is easy to check that

ro=r1=-"=rN-1=1,
and hence,
hg=h1=---=hy=1.

Furthermore, hy4+1 = cy. Thus, once replacing ¢y by by, we return to (3) from

(4)-

To state our algorithm, we need one more quantity:

n N

1 3/2
1 = max [«/SDnZMkh%\/‘Pk"‘ Z Mjh?%'/ ]
k=0

Osn<N VPn S

Rayleigh quotient iteration in tridiagonal case For given tridiagonal
matriz A, define m, (a;,b;,¢;), (h;), (i), and 61 as above. Set

~ . . U 1
To(i) = hiy/@i, 0<i<N, w=—mee, 2=~
N o1
At the kth step (k > 1), solve the linear equation in wy:
(=Q — zk—1D)wy, = vp_1, (5)

and define
wy,

—F— 2k = UZ(_Q)%-
\/wkwk

Then vy, converges to g and m — zj, converges to p(A) as k — oc.

Vi —

It is an essential point that the choice of zy avoids the collapse since we have
known that \o(Q) = Amin(—Q) (the minimal eigenvalue of —Q) > &' by [5,
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Corollary 3.3]. As an application of this result to Example 1, we have ¢; = 0 but
by = 64 and then h; = 1. We can define ¢ by (3) and then vy =,/ which is the
one, up to a free factor /g, used in Example 1. This is the meaning of “very
good” claimed in the first section. We now compute the minimal eigenvalue of
—( using not only vy but also 9.

Example 7 The matrix Q and the vector vy are the same as in Example 1:
(1, 0.587624, 0.426178, 0.329975, 0.260701, 0.204394, 0.153593, 0.101142)*.

We have §; = 2.05768. Then, with the new zg := 5;1 ~ 0.485985, the Rayleigh
quotient iteration arrives at the expected estimate at the second step:

z1 =~ 0.525313, 22 ~ 0.525268.

Comparing the approximation value of z; here and that in Example 2, it is
clear that this result is sharper than Example 2 (see also the comment below
Corollary 12).

Now, let us discuss the effectiveness of our algorithm with respect to the size
N of the matrix. In computational mathematics, one often expects the number
of iterations M grows up no more than N® for some « > 0. It is unusual if
M = log N for large N. To this question, considering the basic Example 1 with
varying IV, the answer given below is worked out by Yue-Shuang Li using the
algorithm introduced in this section and the software MatLab on a notebook.
In the first line of Table 2, the reason we use N + 1 rather than N is that the
space is labeled starting at 0 but not 1.

Table 2 For different IV, eigenvalue Ag, its lower bound d; L and 21, 2

N+1 20:5;1 21 20 = Ao
100 0.348549 0.376437 0.376383
500 0.310195 0.338402 0.338329

1000 0.299089 0.32732 0.32724
5000 0.281156 0.308623 0.308529
7500 0.277865 0.305016 0.304918

10000 0.275762 0.30266 0.302561

Is it believable? Yes, we have justified the outputs in two different ways: in
each case, first, the outputs starting from z, become the same (which actually
coincides with the output of \g). Second, by using ve, we can find upper/lower
estimates £/& of \g such that zo € (£, &), and moreover,

~1+107°.

|m|m|

The next example is due to Hua [11] in the study of economic optimization
(cf. [4, Chapter 10]). Note that here we are studying the right-eigenvector, the
matrix A used below is the transpose of the original one.
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1 (25 40
A‘ﬁ(m 12)'

37412409
a 200

Example 8 Let

Then
p(A) ~ 0.430408.
With the initials:
vo ~ (0.429166, 0.220573)%, 2o := 0, ' ~ 0.212077,
the iteration arrives at the expected result at the second step (n = 2):

0.65 — 29 =~ 0.437923; 0.65 — z1 ~ 0.430603; 0.65 — 25 ~ 0.430408.

Proof First, we have m = 65/100 and then

2 2
_ 5 5
@= 7 93
50 100

In this case, we ignore (¢;) but let by > 0. Actually, we have

b 2 b 39 7 1 20 265 35
= — = — al = —. = = — = — = —.
0= 7% 1= 50 1= 5y Ho » M1 7 %0 7] 1 39
Therefore,
53 /14 1 5(2809 + 40v/742)
vy = — = zg B = .
o= \VerVer ) 4134

The conclusion now follows by our algorithm. g

An additional example for the algorithm presented in this section is delayed
to Example 22.

Before moving further, let us introduce an algorithm for (and then
a representation of) the solution to equation (5). This is mainly used in
theoretic analysis rather than numerical computation. The idea is meaningful
in a more general setup and comes from [9, Theorem 1.1, Proposition 2.6] plus
a modification [6, Proposition 4.1]. Given a number z € R and a vector v,
consider the equation for the vector w:

Qu+ zw = —v. (6)

To do so, we need some notation. Fix 7: 0 <7 < N — 1, and set

NONS 1 {Ciw — 2+ Qite,

1
bive | cive — 2, 2 <
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Next, define the vector G(’Zl) by Géli = agi) for £ =1,2,...,N —i and define
recursively in k = 2,3,..., N — ¢, the vector G(ZL by

7 7 i+k—1 7 .
G% - ag)k_l +alth >G;1Lk_1, (=kk+1,...,N—i (7)

Note that here for computing G%, we use only G(ii_l but not the others G

) '7j
with j < k — 2.
Proposition 9 Let N > 1 and Gg,)o = 1. Then the solution w = (wy: k € E)
to equation (6) has the following representation:
oN + My _1(v)
ey — 2+ My_1(c. — 2)

Wy, = 14+ Np_1(c. —2)] = Np—1(v), 0<n <N,

where for each vector h, N_1(h) =0 and

N1 o)
i AU
My_1(h) = cn Z E GN_jN—j
7=0
nop Tl
Na(h) =SNG0, 0o<n<N
=0 J k=0

The proof of this result is delayed to Section 5.

From now on, we are going to treat general real matrices. This is a hard task
and will be the main goal of the next section. Here, we study a special case only.
In computational mathematics, there is a well-known Lanczos tridiagonalization
procedure making a matrix to be tridiagonal one. That is, for a given A,
constructing a nonsingular B such that B~'AB =: T becomes a tridiagonal
matrix. We will come back to the procedure soon. Here is an example (the
details are omitted).

Example 10 Let

123 I 0 0
A=1|121|, B=|01/V10 3/V13
321 0 3/v/10 —2/V/13
Then
1 11/V/10 0
T=B'AB= (V10 25/11 20v/130/143
0 130/11 8/11
We have

p(A) = p(T) = 3+ /5 ~ 5.23607.

Our algorithm arrives at the same result at the second step of the iterations
(n=2):

(n=0) 5.43937; (n=1) 5.23996; (n =2) 5.23607.
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It is the position to recommend an improved algorithm as follows. The
point is to use the inner product (-, ), and norm || -||,, in the space L?(u) since
(1x) may not be a constant as in Example 1.

Improved algorithm Given vy and 0, as above, redefine vy = vy/||vg ||, and

20 = 551_1 + (1 - é)(/U07 _QUO)M7 é € [07 1]
For k > 1, define wy, as before but redefine
Wy,

Vg = 777
Hwk”u

2k = (vka _ka)u'

With ¢ = 7/8, Example 7 and Table 2 are improved as Table 2'.

Table 2 Example 7 and Table 2 are improved using new zo with £ = 7/8

N+1 20 21 Z2 = Ao upper /lower
8 0.523309 0.525268 0.525268 141071
100 0.387333 0.376393 0.376383 141078
500 0.349147 0.338342 0.338329 141077
1000 0.338027 0.327254 0.32724 141077
5000 0.319895 0.30855 0.308529 141077
7500 0.316529 0.304942 0.304918 141077
10000 0.31437 0.302586 0.302561 141077

The last column is the order of the ratio of the upper and lower bounds of Ay
in terms of vy, as will be explained below, above Example 13.
Table 3 gives two more examples.

Table 3 Outputs using improved zg with £ = 7/8

Example 20 21 22 = Ao
8 0.436733 0.430407 0.430408
10 5.36161 5.23578 5.23607

Appendix of Section 3 Algorithm for Lanczos tridiagonalization

For a given A, the aim is choosing a nonsingular ¢ such that

cp by oo e 0
ap €2 :
QlAQ=T=
B bnfl
0 ...... an-l cn

Note that the notation here is somehow different from the other part of the
paper. To do so, we use the following column partitionings:

Q=lnlael la, @Y =Q=@la]| |
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Let
qo:oa ZIVO:Oa b0:07 CLo:O.

Choose unit vectors ¢; and ¢; such that ¢jg; = 1. Define
Cr = CAIZA%, k P la

e = (A —cpl)qp — ar—1qp—1, k=1,
k>

Tk = (A — )" qp — bp—1qr—1, 1,
F*Tk
b = [Irkll2,  ar = 2—7 k>1,
by
0 = Tk—1 ~ Tk k> 2.

= 4k = s
bk—1 k-1
For Example 10, we simply choose
q: (1’070)*’ a: (1’070)*'

Generally speaking, there is a question in choosing initial ¢y and gy. More
generally, it should be meaningful to know for what A, the resulting matrix
have positive a and by for every k.

4 Efficient initials. General case

A general algorithm for the efficient initials will be introduced later in the
second subsection. The algorithm introduced in the next subsection is easier
and quite general, but may be less efficient.

4.1 Fix uniformly distributed initial vector vg
In this subsection, we fix the uniformly distributed initial vector
(1,1,...,1)

N+1 °
This is the easiest choice of vy since it does not use any information from the
eigenvector g of p(A) except its positivity property. On the other hand, this
means that the choice is less efficient and it can be even broken as shown by

Example 3. The effectiveness of this vy depends heavily on the choice of zy. For
which, here we introduce three effective choices.

Vo =

Choice I Let A = (aj;: 4,5 € E) be nonnegative and set zg = sup;cp A,
where A; = 3.y a;;. This universal choice comes from the fact that sup;cp 4
is an upper bound of p(A), which can be seen by setting x; = 1 in the next
result.

Proposition 11 For a nonnegative irreducible matriz A with mazimal
eigenvalue p(A), the Collatz—Wielandt formula holds:

Azx); Azx);
sup min (Az), = p(A) = inf max ( $)Z.
>0 t€E Ty >0 i€l Ty
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For the present (v, zg), even though it is not necessary, one may replace (2)
by
(zp—11 — A)wy, = vg—_1. (8)

This choice of zg avoids the collapse of the algorithm since
0<zo—p(A) < lz0— A

for every eigenvalue \ # p(A) of A.

Let us now introduce an important application of Proposition 11. First, if
we replace A and p(A) with —@Q and Ay, respectively, the same conclusion holds,
as shown in the next corollary (the proof is delayed to Section 5). Actually, the
corollary holds in a much more general setup. Refer to [3, Theorem 9.5].

Corollary 12 For Q-matriz, the Collatz—Wielandt formula becomes
(—Qx)i (—Qx);

Sup min = X\o(Q) = inf max .
>0 €L X ( ) >0 i€F X

Thus, instead of the mean estimate given in these algorithm, we can produce
pointwise estimates. To do so, we need only to compute the ratio (—Q)v/vg.
For instance, in Example 2, the ratio (—Q)vy/v9 is as follows:

0.525197, 0.5254, 0.52553, 0.525623, 0.525693, 0.525747, 0.525787, 0.525816.

Therefore, we obtain
0.525197 < Ag < 0.525816

and the ratio of the upper/lower bounds is ~ 1.00118. Next, for Example 7, the
ratio (—Q)ve/vs is as follows:

0.525268, 0.525268, 0.525267,0.525267,0.525267,0.525267,0.525267,0.525267.

Hence, we have
0.525267 < Ag < 0.525268

and the ratio of the upper/lower bounds is ~ 1 + 1075. Actually, if we apply
the estimates given in [5, Theorem 2.4 (3)] (with supp (f) = E)

zz/\supﬁ > Ao = inf ﬁ,
i€E Ji €E gi
i N
9= Y mfepive =i Y mfe+ Y kP
keE k=0 k=i+1
A
i = Z — (for this example, j, = 1, b; = (i + 1)),
— by

to the test function f = vy with a more precise output, the upper/lower bounds
can be improved as ~ 1 + 10~7. Hence, the estimate Ay ~ 0.525268 is indeed
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sharp up to the six precisely significant digits. This shows that the estimates
in the latter example are much better than the former one.

Example 13 Let A be the same as in Example 10. Then p(A) = 5.23607 and
zo = 6. The Rayleigh quotient iteration gives us

z1 /= 5.27273, 29 = 5.23639, 23~ 5.23607.

Example 14 Let
1 2 3 4
5 6 7 8
9 10 11 12
13 14 15 16

Then p(A) ~ 36.2094 and 2y = 58. The Rayleigh quotient iteration gives us

A:

21~ 37.3442, 2o ~ 36.2674, 23 ~ 36.2095, 24 ~ 36.2094.

Example 15 Let
12 00
314 110
9 10 11 1
56 7 8

A:

This matrix has complex eigenvalues:
24.0293, 7.72254, 1.1241 + 2.405221, 1.1241 — 2.405221.
Hence, p(A) =~ 24.0293 and zp = 31. The Rayleigh quotient iteration gives us
z1 A 24.4393, 29 & 24.0385, 23 &~ 24.0293.
Example 16 Let @ be the same as in Example 1 and let
A=1131+ Q.

Then zy = 113. Recall that A\pin(—Q) =~ 0.525268. For k = 1,2, 3, the Rayleigh
quotient iteration gives us 113 — z as follows:

113 — 21 = 0.602312, 113 — 23 =~ 0.525463, 113 — z3 ~ 0.525268.

Alternatively, one may apply the algorithm directly to —Q with zg = 0.

We remark that the algorithm is meaningful for any

For instance, if we choose zy = 200 rather than zy = 6 used in Example 13,
then the successive results of the iterations are as follows:

21 /2 5.33546, 29 = 5.24182, 23 =~ 5.23608, 24 ~ 5.23607.
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The convergence becomes slower as we can imagine. In other words, a larger
initial zq is less efficient. In view of Proposition 11, we have

0 < p(A) < 113

It seems that there is a large room for us to choose zy. Yes or no? It is yes,
since the last estimates are rather rough, each choice zp € [111.7,113] is also
available. The answer is also no, since if we choose zg = 111.6, then we will go
to the pitfall A\; (> A\g). Hence, it is rather sensitive to find a useful zy except
Choice I. Noting that

p(A) =~ 113 — 0.525268,

the reason why the rough Choice I is still efficient for this model should be
clear.

We have thus studied the model introduced in Example 1 six times with
different initials. The results are collected in Table 4. Among them, the worst
one is Example 3 and the best one is Example 7 which uses the whole power of
the algorithm introduced in Section 3. The “Uniform” is the present Choice I

and the “Auto” means automatic one given by the algorithm, as we will come
back in Choice II below.

Table 4 Comparison of examples with different initials

same Vo 20 # of iterations
Example 1 0 power 10°
Example 2 o auto 2
Example 3 uniform auto collapse
Example 4 uniform o7t 2
Example 7 ) 5t 2
Example 16 uniform 113 3

In conclusion, even though the present choice (vg,zg) may not be very
efficient, but it works in a very general setup. This algorithm works even for
a more general class of matrices, without assuming the nonnegative property,
once you have an upper estimate of the largest eigenvalue of A. Clearly, for
large-scale matrix, Choice I is meaningful only for the sparse ones.

Choice IT Simply use the particular choice given in the Rayleigh quotient
iteration: zg = vjAvg. This simple choice is quite natural and so is often used
in practice. However, there is a dangerous here since vg is chosen roughly, the
algorithm may lead to an incorrect limit, as illustrated by Example 3.

With the present zy, the computation results for Examples 13-15 are listed
in Table 5.

Table 5 Output (21, 22, 23) of Examples 13-15

Example 21 22 23 = Ao
13 5.24183 5.23608 5.23607
14 35.8428 36.2127 36.2094

15 23.7316 24.0317 24.0293
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Combining (z1, z2) here with those given in the last part, it is clear that the
present choice of zy, once works, is better than Choice I.

Choice IIT This is based on a comparison technique. For given A = (ajj;)
having the property a;;+1 + ai+1; > 0 for every ¢, we introduce the
symmetrized matrix (A 4+ A*)/2. (This symmetrizing procedure may be
omitted if both a; ;41 > 0 and a;41, > 0 for every i.) Denote by («;, 3;,7;) the
tridiagonal part (where ~; are the diagonal elements) taken from the
symmetrized matrix. By assumption, we have a; > 0 and §; > 0. We can
then follow the last section to choose a zq first for the tridiagonal matrix and
then regarding it as an approximation of zy for the original A. One may worry
that we have lost too much in the last step. Yes, it may be so. However, the
key is to avoid the collapse. The smaller estimate zg of Apin(—@Q) is not really
serious since the algorithm can repair it rapidly, as shown by the next example.

Example 17 Let A be the same as in Example 15. Then

1 5/2 9/2 5/2
5/2 14 21/2 3
9/2 21/2 11 4
5/2 3 4 8

1
(A4 An) =
2

From this, we obtain a tridiagonal matrix

1 5/2 0 0
5/2 14 21/2 0

=10 212 11 4|
0 0 4 8
and then
26 5/2 0 0
Q=T o~ |52 ~1321/2 0

0 21/2 —16 4
0 0 4 -19

According to what we did in Section 3, we have zy ~ 1/0.321526 for —@Q. Then,

we have
1

0.321526

for T. This is regarded as an approximation of zy for A. Starting from here and
using the Rayleigh quotient iteration, we obtain the successive approximation
of p(A) as follows:

20%27—

z1 = 24.0125, 29 =~ 24.0293,

as we expected. Picking up the tridiagonal part directly from A (without using
the symmetrizing procedure), the same approach leads to the following output:

20%28—

~ 23.7094 ~ 23. 1 ~ 24.0293.
093307 3.7094, z; 3.9901, 2o 0293
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Let us remark that the three choices of zg in this subsection are independent
of the initial vy used here and so can be also used in the next subsection.
Certainly, there are other approaches can be used to deduce an approximation of
the required zg. For instance, Cheeger’s approach [3, §9.5], which is meaningful
in a very general setup. Since it takes account of all subset of E (except the
emptyset), the number of computations is of order 2/V. This approach as well as
the capacitary one (cf. [4, Chapter 7]) needs to be simplified to fit the present
setup. In practice, one often uses Proposition 11 or Corollary 12 to get an
upper/lower bound in terms of a suitable test sequence (z;). Refer also to [4,
Theorem 3.6] which uses test weights. These approaches depend heavily on the
working models.

4.2 Efficient initial vector vg

In general, it is much more difficult to choose an efficient initial vy than zg.
Here is our algorithm.

A general algorithm

Let A = (a;5: 4,5 € E) be a given irreducible matrix having nonnegative off-
diagonal elements. Once again, denote by p(A) the maximal eigenvalue of A. If
A; ==} ,cpaij is a constant (independent of i € E), then we have p(4) = A;
with right-eigenvector 1 (its components are all equal to 1). From now on, we
assume that A; are not a constant.

We introduce our algorithm in four steps.

Step1 When A; < 0 for every i € E, one can jump from here to Step 2 below
by setting () = A. Otherwise, let max;cg A; > 0. Define

Q=A- (rineagiAi)I.

Then the sum of each row of @ is less or equal to zero and at least one of the
rows is less than zero since A; is not a constant. Now, if

Q=Q1=-=Qn-1=0

but Qn < 0 (Qk = Ej qkj), then one can jump from here to Step 3 with
hi =1.
Step 2 Assume that Qi < 0 for some k£ < N — 1. Denote by

h = (ho,h1,...,hn)"
with hg = 1 the solution to the equation
Q\N’s rowy _

where Q\Fs 1% ig obtained from @ removing its k’s row (qkos Gk1s - - qkN)- In

the case that b
cN + Z qN;j (1 - h—J)
. N
J<N-1
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is much smaller than

h;
> anis
jEN-1 N

(say, 1 : 100 for instance), one can jump from here to (10) with z; = 1 (cf.
Example 21 in the case of by = 0.01).

Step 3 Let (h;: i € E) be constructed in the last step. Define ¢; = —g;;,
i€ E.Let x = (x0,21,...,xN)* (with g = 1) be the solution to the equation

x\O’s row __ P\O’s rowx’ (9)

where

. qijh; ., .
P=(pij:i,j €E): pu=0, pij= q? L F#
or in the matrix form,
P = Diag((gihi)~")@Diag(hi) + 1.

Refer to the comments below Examples 21 and 22 for the constraint xy = 1.
Here, the sequence (z;) is an extension of (¢;) used in Section 3 (cf. Lemma 24

below).

Step 4 We are now ready to state our algorithm as follows. Define a (column)
vector vy with components

'170(i):hi\/xi i:O,l,...,N. (10)
Let _
Vo %
Vo = ==y 20 = vo(—Q)vo

In general, for k > 1, let wi be the solution to the equation

(—Q — zp—1Dwy, = vj_1,

and define

Wi,
——=— 2 = V(= Q).
\ WL Wk

Then z; and vy are approximations of the minimal eigenvalue A\g = Apin(—Q)
of —@Q and its eigenvector, respectively. If we replace —@Q by A everywhere
in this step, then the resulting z; and vy are approximations of p(A) and its
eigenvector g, respectively. Obviously, from Step 1, it follows that

Vi =

Amin(—Q) + p(4) = max A;.

Hence,

Ao = Amin(—Q) > a <= p(4) < mabziAi - a.
1€
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This gives the relationship of a lower estimate of A\g and an upper estimate of
p(A).
Example 18 Let A be given in Example 10. Then

p(A) =3+ V5 ~ 5.23607.
Our algorithm here gives us
21 &~ 5.23883, 29 ~ 5.23607.

Proof Since max; A; = 6, we have

5 2 3
Q=A—6I=[1 -4 1
3 2 -5

Next, we have

and
T 1, =z z = 4—9
0o—4 1= 97 2 = 81

From these, we obtain

B0 = (L v/, hay/is) = (1 1)

Vo = 9 Ty, z = Y o /=) .

0 1 1 2 2 3\/7
Now, with

O

2o = vy Avg =~ 5.11616,

we can apply the Rayleigh quotient iteration in two steps to obtain the
conclusion. Il

Example 19 Let A be the same as in Example 14. Then p(A) =~ 36.2094. By
using (10),
vo = (0.348213, 0.244601, 0.389728, 0.816719)*,

the Rayleigh quotient iteration starts at zg ~ 34.4924 and gives us
21 = 36.1469, 22 =~ 36.2095, 23 ~ 36.2094.
Proof We have

—57 2 3 4
5 =52 7 8
9 10 —-47 12
13 14 15 —42

Q=A—58] =
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Next, we have

ho =1, hlzg_g’ hgz%, 3—%.
Furthermore, we have
189 7155 243
zo=1 @1=T055 T2=gooe T3 oo
Then the conclusion follows from the iteration. O

Example 20 Let A be the same as in Example 15. Then p(A) ~ 24.0293.
By using the algorithm in Section 4.2, the Rayleigh quotient iteration starts at
31 — 29 &~ 22.6424 and gives us for k=1,2,3,

31 — 2, ~ 24.1046, 24.0298, 24.0293,

respectively.

Proof We have

-30 2 0 0
3 —17 11 0

Q=A-3l= 9 10 —20 1
5 6 7 =23

Then, we have

9252 3291
h0:17 h1:157 hZ:f’ h?’:T;
3691 1694 7447
Ty = =, X9=-——, IT3=-——")}
0= 5 LT uesrsT 2T 459457 2T 3360111

vo = (0.140655, 0.463208, 0.61873, 0.61873).

The conclusion follows by the algorithm. U

It is interesting to compare this example with Examples 15 and 17.

Actually, to show that our algorithm is reasonable, one may ignore the
part using the H-transform and jump to the last step on @-matrix since the
transform does not change the spectrum. Thus, one needs to compare the
maximal eigenvector g and its approximation (x;). As mentioned before, this
depends heavily on the rate by = cy. Here is an example of sparse matrix.

Example 21 Let
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Corresponding to different by, the maximal eigenvector g (normalized so that
the first component to be one) and its approximation (,/z; ) (up to a positive
constant) are given in Table 6.

Table 6 For different by, vectors g and (\/z; ) (Example 21)

I g v/Z up to a constant
0.01 (1, 1.00011, 1.00017, 0.999498, 0.998616)"* (1, 1, 1, 0.999728, 0.999274)*
1 (17 1.00992, 1.0149, 0.955637, 0.877794)* (17 1, 1, 0.9759, 0.934353)*
100 (1, 1.08011, 1.1211, 0.656961, 0.0652116)* (1, 1, 1, 0.805682, 0.253629)*

The corresponding output of our algorithm is given in Table 7.

Table 7 For different by, eigenvalue A\g and z1, 23, z3 (Example 21)

by 21 29 23 = Ao
0.01 0.000278573 0.000278686

1 0.0236258 0.0245174 0.0245175
100 0.200058 0.182609 0.182819

Our original purpose to design the @-matrix in the last example is for a
test of sparse matrix. The solution xg = 1 = 9 = 1 leads us to think about
the transition machinery of the -matrix. Here is the graphic structure of the
Q-matrix:

Q=050 @.

As we will see at the end of Section 5, x; is the probability of the process
first hitting 0 starting from 4 (which is exactly the probabilistic meaning of the
construction of (x;) given in our general algorithm). Now, starting from 2, there
is only one way to go to 0, and hence x5 should be equal to 1. So does x1. From
this graph, it follows that the matrix is indeed tridiagonal after a relabeling
(simply exchange the labels ) and (0)):

05050503050

As a comparison, we present the next result using the algorithms given in
Sections 4 and 3, respectively.

Example 22 Let

-5 5 0 0
3 -7 4 0
Q=10 2 =3 1
0 0 10 —16
0 0 0 11 —11—1b,

Corresponding to different b4, the maximal eigenvector g and its approximation
(y/;) are given in Table 8.
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Table 8 For different by, vectors g and (\/z; ) (Example 22)

ba g \/Z up to a constant

0.01 (1,0.999944, 0.999833, 0.999331, 0.998449)* (1,0.999819, 0.999682, 0.99941, 0.998956)*
1 (1,0.995096, 0.98532, 0.941608, 0.864908)" (1,0.984848,0.973329, 0.949871, 0.909433)*
100 (1,0.963436,0.89198, 0.585996, 0.0581675)" (1,0.91325, 0.842344, 0.678661, 0.213643)"

The corresponding output (zj) of the algorithm in Section 4 is given in Table
9.

Table 9 For different by, eigenvalue \g and z1, 29, 23 (Example 22)

ba z1 z2 23 = Ao
0.01 0.000278548 0.000278686

1 0.0234222 0.0245174 0.0245175
100 0.13342 0.182541 0.182819

The output (zj) of the algorithm in Section 3 is given in Table 10.

Table 10 For different by, eigenvalue Ao, its lower bound ;! and 21, 2o (Example 22)

b4 z0 = (5;1 zZ1 zZ2 = )\0
0.01 0.00027867 0.000278686

1 0.0244003 0.024519 0.0245175
100 0.179806 0.182912 0.182819
10° 0.191917 0.195239 0.195145

Once again, one sees the efficiency of our algorithm.

Comparing the last two examples, especially their g and /z;, it is obvious
that the latter is better than the former one. This suggests us to choose the
starting point 0 carefully. Here is an easier way to do so. First, define a sequence
{Ey} of level sets as follows. Let Ey = {N} and Ey = {i € E: a;y > 0}. At the
kth step, set

Ek:{’iEE\(E0+E1+---+Ek_1): 47 € Ej_1 such that aij>0}.

The procedure should be stopped at m if E,+1 = 0. Because of the
irreducibility, each ¢ € FE should belong to one of the level sets. Finally,
regard one of i,, € E,, satisfying

Qi1 = min{aij: 1 € B, j € Em—l}

as our initial 0. However, for initial vy, in practice, it is not necessary to
relabeling the states as we did in Example 22. What we need is only replace
the constraint o = 1 by x;,, = 1 (at the same time, “removing the first line”
is replaced by “removing the i,,’s line” in constructing the required matrix)
in solving (x;) without change the original matrix A or ). One may need the
relabeling in computing d; defined in Section 3.
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To conclude this subsection, we introduce a new construction of zy based
on vy defined by our general algorithm. It is an extension of zp = d; ! given in
Section 3. To do so, we use @, (h;), and (z;) defined at the beginning of this

subsection. Let @y be the matrix obtained from
@ = Diag(h;) "' QDiag(h;)

by modifying the last diagonal element gy n so that the sum of its last row

becomes zero (i.e., removing the killing cy). Next, let p = (uo, pi1, .-, un)
with pg = 1 be the solution to the equation

1Qo = 0.
Since there are only N variables p1, pa, - .., n, one may get the solution p from

the equation

Q* \the last rowM* —=0.

Here, we remark that for a large class of Q-matrix (), there is an explicit
representation of p in terms of the non-diagonal elements of @, refer to
[3, Chapter 7]. Now, our new initial zy is defined to be 5;1:

1 & 1
5 = max [«/xn E /T + N E ij?/Q]. (11)
k=0 n

1 — 21 o<nNV
1 VSN n+1<G <N

In contrast to the above examples which use only the automatic zy = v§Avg
(or zp = v5(—Q)vo), here we use (11). Remember that this initial z is for —Q),

when we go back to the original A, its initial becomes max;cp ZjeE ai; — 2o.
The outputs of Examples 18-20 using 6] L are listed in Table 11.
Table 11  Outputs of Examples 18-20 using (51_1
Example 20 21 22 z3 = Ao
18 5.90016 5.22268 5.23611 5.23607
19 57.2719 36.236 36.2097 36.2094
20 30.3886 23.7436 24.0347 24.0293

Finally, we have an improved algorithm (for @) as stated in Section 3 (below
Example 10) based on the use of L?(x) and the convex combination:

20 = 55;1 + (1 - 5)(,0(% _QUO)/M 5 € [0> 1]

The outputs of Examples 1820 using the new zy with & = 1/3 are listed in
Table 12.

Table 12 Outputs of Examples 18-20 using new zo with £ = 1/3

Example 20 21 22 23 = Ao
18 5.04169 5.24358 5.23608 5.23607
19 35.4952 36.2657 36.2095 36.2094

20 24.0583 24.0213 24.0293
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This combination becomes more serious when N is large since in that case
(vo, =Quo), is often an upper bound of Ao, which may be much closer to other
Aj # Ao and so the algorithm would converge to A; but not Ag. Certainly,
the convex combination idea is also meaningful for the first two choices of zg
introduced in the first subsection.

5 Additional remarks and proofs

In this section, we first prove a new result related to our earlier study. Then
we present some proofs of the results given in the last two sections. Finally, we
will make some remarks on the results studied so far in the previous sections.

The next result solves an open question kept in our mind for many years.
For a given birth—death matrix Q on E with ¢g = ¢; = --- = ¢y—-1 = 0 and
by := cn > 0, and a positive function f on FE, define

Proposition 23  For Q and II given above, let fi (> 0 on E) be arbitrarily
given function and define successively fni1 = foll(fn). Then this algorithm
coincides with the inverse iteration given in Lemma 6 with z = 0, even for
infinite N. Furthermore, we have

Ao = Amin(—Q) = lim II(fn)(i)il

n—oo

for each i € E. In particular, we have

lim min 77(f,)(i) = Ai — Jim max IT(f£,) (i),

n—oo i€k 0 n—oo i€k

Proof Consider the Poisson equation: —Q f = ¢ for a given g. The solution is
given by f = gIl(g) ([5, (2.7)-(2.9)]). It can be also written as f = (—Q) " !g.
By setting g = f1 and f = fs, it follows that

fo=(=Q)" fi = AII(f1).

Now, by iteration, we get

fn+1 = (_Q)infl = ntI(fn)> n = 1.

We have thus proved the first assertion. Therefore,

If(fn) _ Jnt1 _ (_Q)_n(fl) N i n — 0o,

In (—Q)™(f1) Ao’
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by the last assertion of Lemma 6 with z = 0. The last assertion of the
proposition then follows since on a finite set, the pointwise convergence
implies the uniform one. O

We remark that the last proposition is meaningful once the Poisson
equation —@Q f = g is solvable. In parallel, Lemma 6 improves the approxi-
mating procedures studied in [5] and related publications.

Now, we turn to prove Proposition 9 and Corollary 12.

Proof of Proposition 9 (a) First, we follow the setup and notation in [9] (where
a more general situation is studied) for a moment. Define

Then the solution given in [9, Proposition 2.6] can be rewritten as

N+ My_a(f)

= 1—N,_1(c N, — N_1:=0, 0<n<N.
n CN+MN71(C-)[ n 1(6)]+ n 1(f)> 1 ) n

By an exchange of the order of the summations, we can rewrite M,, and N,, as
follows:

-1 h N-1 _
My-1(h) =3 23" G0FY,
§=0 q]7.7+1 k=j
n h n "
Nah) =" —2-5S"FY 0<n<N.
=0 Y+l T

Here, for finite N, the element gy n41 is replaced by ¢y by our convention.
Thus, by [9, (1.1)], we get

By [6, Proposition 4.1], we have E@m = G%)’m It follows that
N—-1 h]

=0 D+t

MNfl(h) = CN G%),J"ija

n

he
Nyh) =S 2 NGV 0<n<N.
( ) jz_; qj,5+1 kz_o kk
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Applying this solution to the birth—-death context and setting f = —v, g = w,
replacing the original ¢. used in [9] by z — ¢., we obtain

—UN — MN_l('U)

n = z—cn+ My_1(z—c) (1= Nnaz —e)] = Nna(v), 0Sn<N
Equivalently,

. —Q}Ziﬂj\jjj\fvll((:)_ 2) [1+ No—i(e. =2)] = Npa(v), 0<n<N.
This gives us the required conclusion. 0

Proof of Corollary 12 The proof is quite straightforward. Choose m large
enough such that
A=mlI+Q

is a nonnegative matrix. Then —@Q) = mI — A. Hence,

Ao(Q) = m = p(A).

The proof now is a direct application of the Collatz—Wielandt formula:

Azx); — O
m— IO(A) = m — inf max ( .%')Z = Supmin ( Qx)z’
w>0 i T z>0 ¢ X;
Azx); _ O
m — p(A) =m — sup min (Az): — inf max ( Ql’)z‘ 0
x>0 o T >0 i T

It is now ready to make some additional remarks on the results in the
previous sections. The two algorithms as well as their convergence and the
Collatz—Wielandt formula can be found easily from Wikipedia. From which, one
knows that the Power Iteration was first appeared in 1929 [14] and the Inverse
Iteration appeared in 1944 [15]. These algorithms are taught for undergraduate
students on the course of computations and are included in many books, see
for instance [10,13,16]. In particular, Appendix of Section 3 is modified from
[10, pp. 584, 585].

We now say a few words about the unusual word “complete” used at the
end of the first section for the results obtained in Section 3. Actually, this is one
of the 16 situations with N < oo we have worked out so far to have a unified
estimation of the principal eigenvalue:

(40) 7P <57 < A< T <ot (12)

for some constants 4§, 01, and 7, where §; is the one we have used in Section
3 for the initial zy. Besides, we often have in practice that 1 < §;/0] < 2.
Thus, the efficiency of the initial (vg, zp) introduced in Section 3 comes with
no surprising. More precisely, the initial (vg, zg) is taken from the first step of
our approximating procedure: [5, Theorem 3.3 (1), (3.4)]. Example 1 here is a
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truncated one from [5, Example 3.6] where N = oo, \g = 1/4, and é; = 4 which
is sharp. Certainly, this is still not enough to claim that we can arrive at such
a precise approximation in the second iteration. The story on the estimation
of the principal eigenvalue, or more general on the estimation of the stability
speed is too long to talk here and so the author is planning to publish a survey
article [7]. For earlier progress, refer to [4] which includes a lot of information
up to 2004, or a more recent paper [5].

Next, we discuss the sequence (hg,hi,...,hyn) used in Sections 3 and 4.
The role of the sequence is to keep the same spectrum of the original ) and its
H-transform Q:

Q = Diag(h;) ' QDiag(hy). (13)

Certainly, () and Qv have the same diagonals. Next, define
P = (pij: i,j € E) := Diag(q; ") Q+1, (14)

which is the matrix used in Section 4. Note that even though the sequence (¢;)
in the original @) can be non-zero, the resulting ¢, = 0 for every k < N but
¢y > 0 for the matrix Q. For a given measure j, set 1 = h?u (i.e., fi; = h?u;
for each i € E), the transform f: f/h gives us an isometry between L?(u) and

L2(fi) and then an isospectrum of Q on L2(x) and Q on L%(fi). This technique is
due to [8]. See also [6]. Now, if g is an approximating eigenvector corresponding

to A of @, then, g := hg is an approximating eigenvector corresponding to Ag
of @, due to the isospectral property of @ and . Because
”g”LQ(ﬁ) = Hg”L2(p,)a (ga Qg)ﬁ = (97 Qg)lh

by [8], we have

(9:-09);  (9.-Qq)n _9'(=Qg

= = 15
191l 22 gl 22 () 9% (15)

Here, we assume that pu, = 1 for simplicity. This means that we can estimate the
maximal eigenpair (Mg, g) of @ in terms of the one (Xo, ﬁ) of @ More precisely,
the maximal eigenvalue g of @ is approximated by ¢ in the context of Section
3 (or by # = (2;) in Section 4). Now, in Section 3 for instance, vg = hy/p
is an approximation of the maximal eigenvector g of Q. With vy = vg//v{vo,
equation (15) leads to our first approximation of Ag:

o (—Q)vo = 20.

Now, our task is to show that the sequence (x;) defined in Section 4 is an
extension of (¢;) given in Section 3. To this end, recall that the matrix @
defined by (13) is again a Q-matrix. Hence, the matrix P = (p;;: i,j € E)
defined by (14) is just the embedding chain of Q. Note that here p; = 0 for
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each i € E. By the construction of (h;), we have ZjeEpZ] = 1foreachi < N—1
but > .cppy; <1, refer to [8]. The equation for (z;) in (9) can be rewritten as

xn:Zpijxj, 1<n<N, z9=1. (16)

JjeEE
In probabilistic language, the solution (z;) (or the minimal solution (x}) when
N = ) to equation (16) is the probability of first hitting 0 of the Q-process
with @-matrix @ or its embedding sub-Markov chain with transition matrix

P = (p;j), starting from i. Refer to [3, Lemma 4.46].
We are now going to prove the following result.

Lemma 24 For birth-death matriz, the solution (x;) to equation (16)
coincides with (p;) (up to a constant) used in Section 3.

Before prove Lemma 24, let us discuss the relation of these sequence with
the recurrence of the Markov chain in the case of N = co. First, it is known by
[3, Theorem 4.55 (1) and the second line of p.161] that a birth—death process
is recurrent if and only if

aiag - >
g Z b1b2 Z::

n=1

For simplicity, set
a1a2 .. an
FO =2z T
n biby - - b,

The sequence {FT(LO)}n>1 is a very special case of {E(L] )}n>1 used in the proof

of Proposition 9. Refer to [9] and [3, §4.5] for more details. Note that () is

just the tail series of > > ( ) provided N = oco. On the other hand, by [3,
Lemma 4.46], the process 1S recurrent if and only if the minimal solutlon (xF)
to the equation (16),

an

Ty = _
" an + by,

Tn+1 + Tn—1, nz 17 Zo = 17

_n
an + by,
is equal to one identically. Rewrite the equation as

Qn

— (Tp—1 — ), n=>1
br,

Tn — Tnt1 =
By induction, it follows that
Ty — Tptl = F}LO) (xo —x1), n=1.

Hence,

WV
—_

N
xn—fUNH:@O—xl)ZFIEO)a v - = (wo—21) Y F, n
k=n k=1
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Equivalently,

N
Ty — TN41 :(aﬁo—xl)ZFlgo), xo — Tp = (ko — 21) F,go), n >0,
k=n k=0

since FO(O) = 1 by convention. If > 77 F}go) = 00, then from the second equation,
we must have 27 = 1 (since zp = 1) and then have the unique solution z; =

1. Therefore, the minimal solution 7 = 1 and so the process is recurrent.

Conversely, if Y 77 F}go) < 00, then from the first equation above, we obtain

o — Too
X0 — 21 = op
S F
and then .
_ 0~ Teo (0)
xn—xw—ioZFk , n=0.
Z;io F]( ) k=n
Equivalently,

DO/ S o ¥ o
i R ———
> o0 F; > 20 F;

Clearly, for each given z, € [0, 1], using this formula, we obtain a solution (z,,)
to the equation. Thus, the minimal solution should be as follows:

n > 0.

n

) (0)

< pO)’
> j=0 L

*
n

)

which is clearly less than one for n > 1 since E;’io Fj(0 < 00.

Proof of Lemma 24  For finite state {0, 1, ..., N}, since there is a killing by > 0,
the minimal solution is as follows:

0
. XN R

== n=20,1,...,N.
n N (0)7 bl b} bl
Zj:on

In other words, up to a constant, we have

N
_ o__1 . _
@n—ZFk _1—3;“{%” n=20,1,...,N.
k=n
That is what we required. O

Finally, we remark that the story for one-dimensional diffusions should be in
parallel to Section 3. The algorithm presented in Section 4 may not be complete
since the lack of an analog of (12).
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Summary

This paper deals with the efficient initials for the Rayleigh quotient iteration.
Here are suggestions for the use of the results in the previous sections of the
paper on computing the maximal eigenpair.

(i) If the iterations are easy (small size of A, for instance), one simply
adopts the simplest algorithm: Section 4.1 with Choice I, or more effectively,
with the convex combination of Choice I and Choice II:

20 = {meaExAi + (1 = &§vyAve, £ €]0,1].

More especially, £ = 7/8 for instance. Certainly, one may use Choice III for z.

(ii) If the given matrix is nearly tridiagonal (after a suitable relabeling if
necessary) or the Lanczos tridiagonalization procedure is suitable, one use the
method introduced in Section 3. The computation there is rather explicit and
it works even for N = co.

(iii) In general, one uses the algorithm given in Section 4.2. Note that at
each step of the Rayleigh quotient iteration, one has to solve a linear equation.
Here, for the initials, we have to solve two more linear equations.

6 Next to maximal eigenpair

After an earlier version of the paper containing the first five sections was
submitted, the author found a natural way to study the next to the maximal
eigenpair. In this section, we restrict ourselves to the easier case that A; :=
>_jer @ij is a constant. Then the maximal eigenpair is simply (Ao, 1) (where 1
is the constant function having value 1 everywhere), as mentioned before. By
a shift if necessary, we return to the problem for a QQ-matrix which is especially
valuable since its next eigenvalue describes the ergodic rate of the corresponding
Markov chain. In this setup, the minimal eigenpair (Ao = 0, go = 1) of —Q is
known and we are looking for the next eigenpair (A1, ¢g1). Clearly, g; should be
orthogonal to go in L?(7)-sense for the stationary distribution 7 of the process
corresponding to the given matrix ). This is the reason why we often use v — v
in what follows for constructing a mimic of the eigenvector g;. Besides, we need
the assumption that A\; > |\;| for every j > 1 to guarantee the convergence of
our algorithms.

Once again, let us begin our study with a tridiagonal conservative Q-matrix

—bg bo 0 0
ai —(a1 + bl) b1 0
Q= 0 as —(ag + bg) by ,

where a;,b; > 0. Define (ur: k € E) as in Section 3. Then we have the
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probability distribution 7 = (mg, 71,...,7N): Tk = pg/ ZjeE ;. Again, denote
by (+,-), and || - ||, the inner product and norm in L?(u), respectively. Next,
set

To define our initial vg, let

50:(\/@7\/()017---’\/SDN)*, 60:7170—71'7170.

We can now introduce our algorithm in the present situation as follows. Choose
initials B _ ~

o (Do, —Q0)
= 0T T =2
1ol [Tl

At the kth step (k > 1), let wy be the solution to the equation

vy = (17)

(—Q — zp—1)wy, = V1

and set
Wi

lwll,.”

2k (Uka ka)

Vi =

We remark that here in defining vy (k > 1), we do not need to use wy, — Twy.
The reason is as follows. If mv = 0 and w solves the equation

(—Q@—-2w=v
for some constant z # 0, then
0=mv=mn(—-Q — 2)w = —z71W,
and so mw = 0. Therefore, we have wmw, = 0 for each k£ > 1 since so does the

initial vg: mvg = 0.
Instead of zy given in (17), there is another choice. Define

= ma. v
m Ogigj\)f(fl MZb [Uo(’b + 1 — 'U(] ]ZH:J & 0

Then one may choose
20 =" (18)

as an initial.

Here, the initials 7y and zp are taken from [2, Theorem 2.2(1)] or
[4, Theorem 1.5 (2)]. Certainly, we can adopt the convex combination of those
given in (17) and (18):

20 = &yt A+ (1= €)@, —Qo),lwoll. %, € €[0,1]. (19)
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We now consider an example modified from Example 1.
Example 25 Let £ ={0,1,...,7} and

-11 0 0 0O 0 0 0
1 =5 22 0 0 0 0 O
0 22 -13 33 0 0 0 0
0 0o 3 -25 42 0 0 0
Q= 0 0 0 42 —41 5> 0 0
0 0 0 0 5 —61 62 0
o 0 0 0 0 62 -8 T2
o o 0o O 0 o0 7T =7

Then we have i = 1, A1(Q) ~ 0.820539 with eigenvector

~ (—3.95053, —0.708966, 0.246859, 0.649164, 0.842169, 0.93805, 0.983254, 1)*.
Starting from Ty :

(—4.79299, —0.0815238, 0.474589, 0.70372, 0.828504, 0.906932, 0.960767, 1)*,
for different initial zg, the outputs are given in Table 13.

Table 13 Outputs for different initial zy (Example 25)

choice 20 21 z2 = A1
(17) 0.902633 0.820614 0.820539
(18) 0.456343 0.8216 0.820539
(19) 0.724117 0.820629 0.820539

We remark that for this and the next example, the parameter £ in (19) is
specified to be 2/5.

The next example has non-trivial (py).

Example 26 Let

-5 5 0 0 0

3 —7 4 0 0

o=10 2 =3 1 o0

0O 0 10 —16 6

O 0 0 11 -11

Then

IR 10 1 2
Mo = 1, :U’1_3a M2_3a :U’3_3a :U’4—11

The eigenvalues of —Q are as follows:
22.348, 10.6857, 5.92951, 3.03673, O.

With

50:%(0,2,ﬁ,\/ﬁ,@)

for different initial zg, the outputs are given in Table 14.
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Table 14 Outputs for different initial zy (Example 26)

choice 20 z1 22 =M1
(17) 3.84977 3.05196 3.03673
(18) 1.72924 3.05715 3.03673
(19) 3.00156 3.03675 3.03673
Next, consider the general conservative Q-matrices @ = (gs5: 4, € FE).

Here, the conservativity means that > jepdij =0 for every i € E. Next, define
an auxiliary Q-matrix ()1 which coincides with @ except replacing the element
qNN by cgnn, where ¢ > 1 is an arbitrary constant and is fixed to be 1000 in
what follows for simplicity.

Following Section 4 (replacing @ by Q1), let (zo,z1,...,2x) (with g = 1)
be the solution to the equation

x\O’s Tow _ P\O’s row z, (20)
where
P =Diag(qy " ;" dy 1 v_1 (cavn) Q1+ T

To go further, we need pu = (ug, i1, - .., un) with gg = 1, which is the same as
defined in Section 4: the solution to the equation

Q* \the last rowu* —0.

Having x and p at hand, we are ready to define our initials. For each r € [0, 1],
to be specified later, define

_ . -~ 00

UOZ(Ta\/l_xla\/l_x%"'a\/l_xN)a UOZUO_JIL\?*a

Zk:() HE

_ o (21)

7 ~ (To, —QU0)u

= 7= y R0 T =3
190l [Toll%

Vo

Because vy depends on r, so do Ty, vo, and zg =: 2zo(r). Choose ¢ € [0, 1] so
that

2o(ro) =~ Telr[gl} 2o(r).
Corresponding to this specified rg, we obtain our initials vy and zy. This
minimizing procedure in r is necessary for avoiding collapse since we are in
a more sensitive situation than before. Then the iteration procedure is exactly
the same as we used several times before.

The reason we adopt a large ¢ = 1000 here is that for a larger ¢, its
minimal eigenvalue A\g(Q1) is closer to, but less than, the eigenvalue A\ (Q)
we are interested. Refer to [1, Proposition 3.2] for more details. Thus, one may
regard the former as an approximation of the latter. In other words, we can
use an alternative initial

20 = Ao(Q1) or its estimates studied in previous sections. (22)
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Certainly, one can define a convex combination of those given in (21) and (22)
in an obvious way, but it is omitted here. The use of \o(Q)1) seems necessary
(especially for large N) to avoid some pitfall, as mentioned before.

The next example is interesting for which some of its eigenvalues are complex
but the one we are interested is real.

Example 27 Let

-30 30 0 0

o1y -17 84/5 0
@= 11/28  275/42  —20 1097/84
55/3291 330/1097 588/1097 —2809/3291
Then

-30 30 0 0
o1y —17 84/5 0

@ = 11/28  275/42 —20 1097/84

55/3291 330/1097 588/1097 —2809000/3291

The eigenvalues of —Q) and —Q) are
29.8411 + 2.452141, 29.8411 — 2.452141i, 8.17131, O,
and
853.548, 29.8249 1 2.46241i, 29.8249 — 2.46241i, 7.34195,

respectively. Using (21) with rg &~ 0.951, the output is

20 A~ TT3667, 21~ 815021, 2o~ 8.17120, 23 A~ 8.17131.
While using (22), the output is

20~ T.34195, 2 ~ 8.13216, 2o ~ 817124, 23 ~ 8.17131.

Here is one more example.

Example 28 Let

—57 118/27 91/9 1148/27
| 135/59  —52  637/59 2296/59
@= 243791 590/91 —47 492/13
351/287 118/41 195/41 —62/7

Then
—57 118/27 91/9  1148/27

O, — | 135/59 =52 637/59 2296/59
U= | 243/91 590/91 —47  492/13
351/287 118/41 195/41 —62000/7
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The eigenvalues of —@Q and —Q are
59.3118, 58, 47.5454, O,

and
8857.18, 59.2467, 58, 38.7143,

respectively. Using (21) with 7o ~ 0.953, the output is
2o &~ 47.5318, 21 &= 47.5453, 29 & 47.5454.
While using (22), the output is

20 /= 38.7143, 21 = 47.5343, 29 = 47.5453, 23 ~ 47.5454.
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computing the maximal eigenpair of matrices. For the unexpected results, our
contribution is the efficient initial value for a known algorithm. The initial
value comes from our recent theoretic study on the estimation of the leading
eigenvalues. To which we have luckily obtained unified estimates which consist
of the second part of the talk. In the third part of the talk, the original
motivation of the study along this direction is explained in terms of a specific
model. The paper is concluded by a brief overview of our study on the leading
eigenvalue, or more generally on the speed of various stabilities.
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81 Computing the maximal eigenpair

We begin with the following Perron-Frobenius theorem. For positive
A (pointwise), the result is due to Perron, and in the nonnegative irreducible
case, it is due to Frobenius. The theorem says there exists uniquely a maximal
eigenvalue p(A) > 0 with positive left-eigenvector u and right-eigenvector g:

uA = \u, Ag = Ay, A= p(A).

These eigenvectors are also unique up to a constant.
Here is a simplest example due to Luo-Geng Hua (Loo-Keng Hua) (1984)
(refer to [3; Chapter 10] for references within):

Example 1 (Hua, 1984) Let

25 14
A= L .
100 \40 12

Then its maximal eigenvalue p(A), the left-eigenvector u, and right-eigenvalue g
are, respectively, as follows

p(A) = (374 /2409 ) /200,
u = (5(134++/2409 ) /7, 20) ~ (44.34397483, 20),

g = ((13+v2409) /4, 20)".
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Such a simple matrix is already enough to show the great importance of
computing the maximal eigenpair. Recall a simple description of an economic
system is using its structure matrix (the matrix of expanding coefficients) A,
which is nonnegative, irreducible and invertible. Then the well-known input-
output method can be expressed as

Ty = xoA", n>1.

where 1z is the input (row vector) and z, = (xslo), e ,w%d)) is the output
of the products we are interested at the nth year. In 1984, Hua proved the

following fundamental theorem:
Theorem 2 (Hua’s Fundamental Theorem, 1984)

e The optimal choice of xg is u, it has the fastest grow: x,, = xo p(A4)~".

e Except some very special A, if xg # u, then the economic system will be
collapsed. That is, some component of the products at some year becomes
nonpositive.

Certainly, we do not care if the collapse time is very large, say 10* years
for instance. However, it is not the case in practice. Table 1 shows the collapse
time of Example 1 for the initials different from w.

Table 1 Input and collapse time

x Collapse time n
(44, 20) 3
(44.344, 20) 8
(44.34397483, 20) 13

If we take only the integer part of u as xg, then the system collapses at the
third year; if we take 3 decimals, then the system collapses at the eighth year;
finally, if we take all 8 decimals, then the system collapses at the thirteenth
year. This result clearly shows the importance of the study on the maximal
eigenpair. We need not only high precision but also need to face large systems.

We now study how to compute the maximal eigenpair. Before doing so,
let us make two remarks.

1) We need to study the right-eigenvector g only. Otherwise, use the
transpose A* instead of A.

2) The matrix A is required to be irreducible with nonnegative off-diagonal
elements, its diagonal elements can be arbitrary. Otherwise, use a shift A+mlI
for large m:

(A+mI)g =g <= Ag = (A —m)g,

their eigenvector remains to be the same but the maximal eigenvalues are
shifted.
Consider the following example.
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Example 3 Consider the matrix

-1 1 0 0 0 0
1 -5 2 0 0 0
0 22 —-13 3 0 0 0 0
0 0 3 25 4% 0 0 0
Q - 2 2
0 0 0 42 —41 5 0 0
0 0 0 0 52 —61 6° 0
0 0 0 62 -85 T2
0 0 0 0o 7 -—113

The main character of the matrix is the sequence {k?}. For this @, the maximal
eigenvalue is —(0.525268 with eigenvector:

g ~ (55.878, 26.5271, 15.7059, 9.97983, 6.43129, 4.0251, 2.2954, 1)*,

where the vector v* = the transpose of v.

Actually, this matrix is truncated from the corresponding infinite one, in
which case we have known that the maximal eigenvalue is —1/4 (refer to [5;
Example 3.6]).

We now want to practice the standard algorithms in matrix eigenval-
ue computation. The first method in computing the maximal eigenpair is
the Power Iteration, introduced in 1929. Starting from a vector vy having a
nonzero component in the direction of g, normalized with respect to a norm
| - || At the kth step, iterate v by the formula

Avg_q

=———— 2z =|Av], k>1.
TAvea] I Avel

U,
Then we have the convergence: vy — g and zp — p(Q) as k — oo. If we
rewrite vy as
B Akvo

| AFvol|”
one sees where the name “power” comes from. For our example, to use the
Power Iteration, we adopt the ¢!-norm and choose vy = ¥ /|To]|, where

Vg,

to=(1, 0.587624, 0.426178, 0.329975, 0.260701, 0.204394, 0.153593,0.101142)*

This initial comes from a formula to be given in the last part of this section.
Comparing it with g, noting that the eigenvector g decays from 56 to 1, here
vg decays from 10 to 1, one may worry about the effectiveness of the choice
of vg. Anyhow, having the experience of computing its eigensystem, I expect
to finish the computation in a few of seconds. Unfortunately, I got a difficult
time to compute the maximal eigenpair for this simple example. Altogether, I
computed it for 180 times, not in one day, using 1000 iterations. The printed
pdf-file of the outputs has 64 pages. Here are some data.
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50
100
200
300
400
500
600
700
800
900

Table 2  Outputs (k, —z)
0 2.11289
1 1.42407
2 1.37537 Computing
3 1.22712 180 times,
4 11711 103 iterations,
5 1.10933 64 pages.
6 1.06711
7 1.02949
8 0.998685 (k,—zk)
9 0.971749
10 0.948331

2.0f

15f

The figure of — zp
for k= 0,1,...,1000.

0.664453
0.589332
0.542423
0.529909
0.526517
0.525603
0.525358
0.525292
0.525274
0.52527

> 990 0.525268

1373

200

400 600

800

1000

The first ten iterations reduce the estimate of the maximal eigenvalue from
2 to 1. It is quite good. Then, we receive the wished output only at the
990th iteration. The corresponding figure shows that the convergence of zj
goes quickly at the beginning of the iterations. This means that our initial vg
is good enough. Then the convergence goes very slow which means that the
Power Iteration Algorithm converges very slowly.

Let us now move to the second algorithm in computing the maximal
eigenpair, the Rayleigh Quotient Iteration (RQI), a variant of the Inverse It-
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eration presented in 1944. Here we use the ¢?-norm. Starting from an ap-
proximating pair (2o, vp) of the maximal pair (p(A), g) with v§vg = 1, use the
following iteration.

_(A- zp—1 D) " og_q
(A =z D)~ Lop |’

Uk 2 = vy Avg, k> 1.

If (20, w0) is close enough to (p(A),g), then
vg =g and zx — p(A) as k — oo.

Before moving further, let us make a remark about this algorithm. With-
out using the shift zp_11, it is the original Inverse Iteration:

A_l?}k_l A_k?}()
= N A=L.. I Uk = T A=k
A= op—a | [ A=F |

From this, one may obtain a short proof of Hua’s magical assertion in his
fundamental theorem. The use of a constant shift zI for z closed enough to
p(A) enables us to compute the eigenvector corresponding to p(A) rather than
Amin(A). The use of a variant shift z;_17 is for accelerating the convergence
speed.

Having the hard time spent in the last computation, I was in hesitation
to go to the second algorithm. I wondered how many iterations are required
using the second algorithm. To have a feeling, I used optimization theory.
Suppose we are searching the maximum on the interval (0, 1) for the accuracy
of 1075, Then, by using the Golden Section Search,

107% = 0.618%4.

Vg i.e. the input-output method.

This means that 24 iterations at least are required. By the Bisection Method,
1078 = 0.5%.

Thus, I did not believe that we can complete the job in 20 iterations. With
enough patience and energy, I started my computation again. The result came
to me, not enough to say surprisingly, I was shocked indeed.

Example 4 For the same matrix (Q and ¥y as in Example 1, by RQI, we need
two iterations only:

z1 ~ —0.528215, z9 ~ —0.525268.

This shows not only the power of the second method but also the ef-
fectiveness of my vg. For simplicity, from now on, we set A\; := X\;(—Q). In
particular \g = —p(Q) > 0.

As usual, “too good” is dangerous. For instance, a too beautiful person
may have a lot of trouble. Instead of our previous vy, we adopt the uniformly
distributed one: B

vo ={1,1,1,1,1,1,1,1} /V/8.

This is somehow fair since we may have no knowledge about ¢ in advance.
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Example 5 Let Q be the same as above and use the uniformly distributed vy.
Then
(21,22, 23,24) ~ (4.78557, 5.67061, 5.91766, 5.91867).

(Mos A1, Ag) ~ (0.525268, 2.00758, 5.91867).

The computation becomes stable at the 4th iteration. Unfortunately, it is not
what we want Ag but Ao. In other words, the algorithm converges to a pitfall.
Very often, there are n — 1 pitfalls for a matrix having n eigenvalues. This
shows once again our initial 7y is efficient.

In the last example, 2o is chosen in the automatic way: zyp = vj(—Q)vo.
If we keep this vg which is not so good, but using a new zy, then we come back
to our result in two iterations.

Example 6 Let () and vy be the same as in the last example. Choose
20 = 2.0576871 ~ 0.485985.

Then 21 ~ 0.525313, 29 ~ 0.525268.

This shows that the new zy (= 6! to be specified at the end of this
section) is efficient.

We have now computed the same example for 4 times. Here is the com-
parison of different initials.

Table 3 Comparison of different initials

Q g 20 # of Iterations
1 o Power 103

2 o Automatic 2

3 | Uniformly distributed | Automatic Collapse

4 | Uniformly distributed 07 1 2

We now come to the following conclusion.

e RQI is much efficient than Power One.
e The initials (v, z0) are very sensitive and our @ and zg = &; " are efficient.

e It is very hard to handle with the initials. Actually, a large part of math-
ematics research are devoted to this problem.

Hopefully, everyone here has heard the name Google’s PageRank. In other
words, the Google’s search is based on the maximal left-eigenvector (Exactly
the same as what used in the Hua’s Theorem 2). On this topic, the following
book was published 10 years ago:

Langville, A.N. and Meyer, C. D. (2006).
Google’s PageRank and Beyond: The Science of Search Engine Rankings.
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Princeton University Press.
In this book, the Power Iteration is included but not the RQI.

Up to now, we have discussed only a small size (8 x 8 (N = 7)) matrix.
How about large N7 In computational mathematics, one often expects the
number of iterations grows in a polynomial way N for « greater or equal
to 1. In our efficient case, since 2 = 81/3, we expect to have 100003 = 22
iterations. The next table subverts completely my imagination.

Table 4 Comparison of RQI for different N

N+1 20 21 22 =g | upper/lower
8 0.523309 | 0.525268 | 0.525268 141071
100 | 0.387333 | 0.376393 | 0.376383 14+1078
500 | 0.349147 | 0.338342 | 0.338329 141077
1000 | 0.338027 | 0.327254 | 0.32724 141077
5000 | 0.319895 | 0.30855 | 0.308529 14+1077
7500 | 0.316529 | 0.304942 | 0.304918 141077
10* | 0.31437 | 0.302586 | 0.302561 141077

Here zj is defined by

20 = 7/(8(51) + US(—Q)UO/S,

where vy and é; are computed by our general formulas to be defined very soon
below. We computed the matrices of order 8,100, ... ,10* by using MatLab in
a notebook, in no more than 30 seconds, the iterations finished at the second
step. This means that the outputs starting from z, are the same and coincide
with Ag. See the first row for instance, which becomes stable at the first step
indeed. We did not believe such a result for some days, so we checked it in
different ways. First, since A\g = 1/4 when N = oo, the answers of A\g given in
the fourth column are reasonable. More essentially, by using the output vy,
we can deduce upper and lower bounds of A\g (using [5; Theorem 2.4 (3)]), and
then the ratio upper/ lower is presented in the last column. For the first row,
by using v; instead of vy, we also have 1 + 10~7. In each case, the algorithm
is significant up to 6 digits.

It is the position to write down the formulas of ¥y and d;. Then our
initial zp used in Table 4 is a little modification of ; 1. a convex combination
of 871 and v (—Q)vo.

Let us consider the tridiagonal matrix. Fix N > 1 and denote by E =
{0,1,..., N} the set of indices. By a shift if necessary, we may reduce A to @
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with negative diagonals: Q = A — mlI, m := max;cg EjeE a;j,

—(bo + co) bo 0
ap —(a1 + b1+ 1) by 0
Q= 0 a2 —(ag—i—bg +Cg) by
0 0 0 ay —(an +cn))

Thus, we have three sequences {a; > 0}, {b; > 0}, and {¢; > 0}. Our
main assumption here is that the first two sequences are positive. In order to
define our initials, we need three new sequences, {ux} (speed measure), {hy},
and {¢x}.* The sequence {ux} uses {ax} and {bx} only, independent of {cy}:

by—
po =1, ﬂn:,un—lzly 1<n<N.

n

Here and in what follows, our iterations are often of one-step. Next, we define
the sequence {hy}:

ho =1, hyp=hp_17r51, 1<n<N;
here we need another sequence {r}:

ap + Cp Qn

=1 b =1 —
0 +co/bo, ™™ + b, b 1

1<n<N.

The boundary of h is defined by
hN+1 =cnyhy + aN(hN — hN—l)-

Note that if ¢, = 0 for k < N, then we do not need the sequence {hy}, simply
set hy = 1. Having {u} and {hx} at hand, we can define {¢}} as follows.

N
1
=Y 0<n<N by:=L
o = PPt by

We are now ready to define vy and 6; (or zp) using the three new se-
quences.

to(1)=hiv/pi, i < N3 vo=00/|Toll; [l [|:=1"Ilz2(n)
n
_ 2 —1/2 p2,.3/2|_. -1
51—01&&3]\[ [‘/canukhk\/cpk +©n Z wihie; ] 1z -
k=0 n+1<j<N

*A modification of the algorithm here is presented in [14; Apendix §4.4].
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Note that vy and §; are explicitly expressed by these three new sequences. In
other words, we have used three new sequences {u}, {hx}, and {¢x} instead
of the original three {a;}, {b;}, and {¢;}.

Finally, the RQI goes as follows. Solve wy:

(—Q — zp—1Dwy, = Vi1, k>1;
and define
v, = wy/||wy]] 2 = (v, —QUk)12()-
Then
vy —¢g and zp — Ao as k — oo.

Certainly, the next step is going to the general matrix from the tridiagonal
one. This is possible once we understand the probabilistic meaning of the
sequences {uk}, {ht}, and {¢x}. This work is done in [12] but omitted here.
For more recent progress on this topic, refer to [13, 14].

82 Unified speed estimation of various stabilities

We are now going to explain the reason why our initials are efficient. The
answer comes from the following result about the unified speed estimation of
various stabilities. The result is a short summary of a series of the author’s
papers published during 20102014, starting from 1988. Refer also to [17].

Theorem 7 (Informal!) For a tridiagonal matrix @ or a one-dimensional ellip-
tic operator (order 2) with or without killing on a finite or infinite interval, in
each of twenty cases, there exist explicit 0, 1, 0] (and then 4, d], recursively)
such that §, 1, 0, | and

(46)7'< 5 < Ao <8<,

WV
—_

Besides, 1 < 5’1_1/61_1 < 2.

The initial d; used in the previous section is taken from here in one
specific case. Then the ¥y used there was originally used in [5; §3] to deduce
01.

Certainly, the notation A\g and 4 here may be changed case by case. For
instance, for the exponentially ergodic rate (or the exponential decay rate), Ao
is replaced by a*. By [5; Theorems 1.5 and 7.4] (discrete case) and [6; Theorem
2.1 and Proposition 6.1] (continuous case), the rate o* coincides with A\# to
be discussed immediately below and so the study on o is omitted here.

We now leave the matrix situation and move to differential operators.
First, we consider a special case in parallel to the tridiagonal matrix. Define
the operator

d? d

Lf = a(w)@ + b(ac)a —c(z), a(x) >0, cx)=0
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on (0, N) with N < oo. Certainly, by a shift if necessary, one may relax the
condition “c(x) > 0.” To study the maximal eigenpair of L€, instead of the
triple (a,b,c) of functions, we introduce three functions du/dz, h, and ¢ as

follows. Let .
du e b
_— O = —_
T-= = 1

where the Lebesgue measure dx is omitted in the last integral; let h be positive
L¢-harmonic: L¢h = 0; and let
T e—C
p(r) = / —5
o h?

Having (dp/dz, h, ) at hand, as in the discrete case, we can define 7y and
20 =01 1 as follows.

60 = h\/&?
T N

§1 = sup [\/gp(x)/ h2\/6du+<,0(x)_1/2/ R d,u].
0 T

o<z N

We now go to a more general setup. Consider the space £ = (—M,N),
M, N < oo and the eigenvalue problem:

Eigenequation : Lg=—-X\g, ¢g#0

for some differential operator L. Here we use codes ‘D’ and ‘N’ to denote the
Dirichlet or Neumann boundary, respectively.

D: (Absorbing) Dirichlet boundary,

N: (Reflecting) Neumann boundary ¢'(—M) = 0,
where g(—o0) := limp/00 g(—M). Similarly we have ¢'(—oo) and others.
Correspondingly, we have four types of eigenvalues.

e \N. Neumann boundaries at —M and N.

e \PD: Dirichlet boundaries at —M and N.
e \PN: Dirichlet at —M and Neumann at N.
e \P: Neumann at —M and Dirichlet at N.

Given an elliptic operator L = LV:

d? d
L= a(w)@ + b(az)a,

define the speed measure p and scale measure U, respectively, as follows

dp e dv o b
a—;, a—e s C(Z’)—/e —,
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where 6 € (—M, N) is a reference point. Then the leading eigenvalues A de-
fined above describe, respectively, the following L?(u)-exponential convergence
of the semigroup {P; = e'l'};0:

PN < e pu(f) = /E Fdu—0,
NP I < If]] e >0, f e L?*(w), if # is not NN.

Thus, ANN describes the L?-exponentially ergodic rate and the other \# de-
scribe the L?-exponential decay rate.
Here is our main result in this part of the talk.

Theorem 8 (Chen, 2010) For each # of 4 cases, we have the following unified

estimates
(4r#) T <M < (#) 7

where
(W) = inf {u(~M,2) "+ ply, N) "o, y)

<y

(s°2) " = inf {o(~M, )7 + oy, N) " bl )

Ty

RDN = sup ﬁ(_Max) M(xaN)
xe(—M,N)

RND = sup ,U,(—M,.Z') ﬁ(.ﬁl’,N)
ze(—M,N)

and u(a, B) = faﬁ dp. In particular, \# > 0 iff k% < oo.
The beauty of the theorem is displayed in the following aspects.

e Each of the estimates has a universal factor 4.

e Each constant x* is expressed by p and o only.

e In the expressions of kNN and kPP, two boundaries are symmetric.

e An intrinsic relation between the four constants x# can be expressed as

follows.

Remove #(y,N)~!

DD DN

K ————— K Rule:
IRulo IRule Exchange of codes D and N in \#
NN Remove p(y,N)~1 L ND <= exchange y and 7 in K#

We remark that the theorem is not as simple as it stands. In the DN
case for instance, it was started by G.H. Hardy in 1920 and completed half
a century later by B. Muckenhoupt et al around 1970. To obtain the answer
in the bilateral cases, one has to wait for another 40 years until 2010. The
proofs in the DD- and NN-cases use three advanced mathematical tools (the
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coupling and distance method, the dual technique, and the capacitary method)
and were completed in five steps (refer to [5]).

There are two ways to generalize the above theorem. The first one is
including the potential term ¢, that is, using L¢ instead of L. Again, assume
E=(—M,N), M,N < oo. First, we consider the Poincaré-type inequalities:

NENFIR 2 < I+ llef 117 2,
where
v(dz) = e“@dz, p(dz) = e @ dg,
and || - [[p = || - llzr()- The inequality becomes equality once f = g: the

eigenfunction corresponding to Xt This explains the relationship between the
inequality and its corresponding eigenvalue. In particular, when ¢ = 0, we
return to what we have already studied above:

VA fllz < 1 vz

This leads to the second generalization (generalized to the nonlinear situation):
the Hardy-type inequalities:

£l q < A#Hf/HVma p,q € (1,00).

We use these inequalities to describe the algebraic convergence t~¢ for some
a > 0. Corresponding to v in such a general setup, we have

D(dz) = exp [—-Cxxi}dx

p p—
which goes back to the previous one when p = 2. Finally, we can generalize
the left-hand side of the last inequality to a general normed linear space B:

1
A1 < AENF -

A particular use of this class of inequalities is to describe the exponential
convergence in entropy. Note that the entropy functional does not belong to
any Li-space:

1Flse) < Ent(h) < Il >0
The normed linear space (B, | - ||g, ) here means a subset of Borel mea-

surable functions on (X, 2", u) having the following norm
116 =sup [ 1£1 g
geG J X

for a given ¥ € 2°/R,. If we set 4 = LP (p > 1), then B = LP":
In the study of logarithmic Sobolev inequality, we use

%z{g}O:/eQdﬂgez—kl}.
X

Here is a summary of 16 criteria included in Theorem 7 (Recall that, as
mentioned before, for the omitted 4 cases of o™, we have o = \¥).

1 1 _
1y l=1



1382 Mu-Fa CHEN

Theorem 9 The optimal constants A* in the Poincaré-type inequalities, with/
without ¢, satisfy
K < \# 1 < 4/%#;

and the optimal constants A% in the Hardy-type inequalities, with/without B,
satisfy
B* < A% < 2B7,

where in the DD case for instance, we have

Table 5 Isoperimetric constants in different cases

S
Bg sup (@,y) B /p
e<y {D(—M,2)1=P + p(y, N)1=r}
B=L'(n) s p(z,y)H
B z<y {ﬁ(—M,ac)l_p + ﬁ(y,N)l_p}l/p
q=p=2 p(z,y)
sup = 1 N
K e<y V(—M,z)" " +0(y, N)~!
Killing ¢ fe(, y)
sup — o E— 1
Ke e<y Ve(—M, )" + 0e(y, N)

In details, the first line is the most general case B. Setting B to be L'(u), we get
the second line, that is the Hardy-type inequalities for ¢ > p. Setting ¢ = p = 2,
we get the Poincaré-type without c¢. By a change of i1 and o, we obtain the last
line with ¢: p. = h%p, D = h™20, and h is L-harmonic: L¢h = 0.

It is remarkable that the previous proofs for the linear case (¢ = p = 2) do
not suitable to the present nonlinear situation. To which, we use new analytic
proofs (refer to [7] and [17]).

83 Original motivation: study on phase transitions

One may be disappointed if I say nothing for the higher dimensional case
since up to now we have worked only in dimension one. For this, let us recall
the exponential convergence in L? or in entropy.

Let 7 be a probability measure and denote by || - || and (-,-) the norm
and inner product on L?(r). For a given self-adjoint operator L on L?(r):

(f.Lg) = (Lf,g9),  f.g€ 2(L) C L*(n),

denote by {P; = e'F};50 be the semigroup generated by L. We have already
seen the exponential stability in L?-sense:

1Pf = =D <[ flle”™,  t=0, feL¥n),
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and moreover emax = A1 := ANN. Here is an often stronger stability, exponential
stability in entropy:
Ent(P,f) < Ent(f)e™",  t>0,
.. dp
But(f) = H(ur) = flog fam. it =
E T

We now go to an infinite-dimensional model. For each z : Z¢ — R, the
interaction potential is H(z) = —2J 3, .y x;z; for some J > 0, where (i, j) is
the nearest neighbors in Z¢. At each site i € Z¢, we have the spin potential

u(z;) = «} — B, z; €R, >0.
The operator for the whole system is

i€Zd
Here is our main result for this model (the <p4—model).

Theorem 10 (Chen, 2008)

inf inf )\f’J(A,w) ~ inf inf UB’J(A,w)
A€Zd Rz A€Z4 ,er7?

~exp [ — 3%/4 — clog B] — 4dJ ‘020(5)6[1,2]‘

4
/\f’T, oP" ~exp [—B%/4—clog B] — 2r
3 c=c(p) €ll,2]
ol
11
r=2dJ

Then we proved that the eigenvalue A\{, as well as the logarithmic Sobolev
constant ¢ have the same leading decay rate exp[—3%/4] — 2r. More precisely,
it says that these two constants have locally such a decay rate uniformly in
the finite box A and the boundary w. These constants decay from positive to
zero rapidly. This shows the phase transitions of the model. We mention that
the leading term —32/4 is exact.
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The model illustrates our original motivation of the study on the leading
eigenvalue, to describe the phase transitions. Note that for infinite-dimensional
mathematics, the known mathematical tools are very limited. We need to look
for new mathematical tools. The goal of our study is developing a new way
to describe the phase transitions in statistical physics. Mathematically, we
are looking for a theory of stability speed, an advanced stage of the study on
stability. No doubt, such a theory is valuable, as illustrated by Section 1 of
the talk.

Up to now, we have discussed the easier part of Theorem 7: (46)~! <
Ao < 671, but have not touched the harder part: 0, L < %_1. Hence we
have not explained the way to construct 09 and 0; used in §1. In the present
situation, we may assume that h; = 1 (otherwise, use [16, 9] to reduce to this
case). Then ¢; is defined by [5; (3.4)] and 7 is the function f; defined in [5;
Theorem 3.2 (1)]. Therefore, to understand (7, d1), it suffices to have a look
at the first three sections of [5]. We are not going to the details here. Instead,
we prefer to have a short overview of our story, given below.

Appendix. A brief overview of the research roadmap

Here we introduce our research roadmap of the topic, and to provide
some additional survey articles for the developments of the story.

In 1960’s, as a product of the interaction between probability theory and
statistical physics, new branches of mathematics appeared, first the random
fields and then the interacting particle systems, for instance. We came to the
interacting field in 1978, emphasized on the mathematical foundation of non-
equilibrium particle systems. Our research results were partially collected
in [2]. As we know, a central problem in the study of statistical physics is
the phase transition phenomenon. Around 1988, we learnt a possible way to
describe the phase transition in terms of the spectral gap (i.e. the first non-
trivial eigenvalue, or more generally the leading eigenvalue) of its generator
of the stochastic process. This led us to a long trip to study the leading
eigenvalue or more generally the speed of various stabilities.

The author’s first paper on this topic published in 1991. At the time, one
could compute precisely the principal eigenvalue of the generator of a Markov
Chain in only two or three examples. This was based on the main theorem
in the paper: for a birth—death process, the ergodic rate (the probabilistic
way to describe the the exponential stability) actually coincides with the first
non-trivial eigenvalue of its generator. If you take a look at this paper and
compare it with what I talked above, you will see how far we have come since
then. Because our knowledge at the beginning on this topic was rather poor,
we started to visit other branches of mathematics. The first one we visited is
the eigenvalue computation for matrices. In the 1991’s paper, we adopted an
algorithm to compute the first non-trivial eigenvalue for a class of tridiagonal
matrices, without analytic explicit estimation.
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‘Statistical Physics‘ —_— ‘Phase trans 1978‘ -~

2008]\ 1988

- 1991 | Leading eigenvalue |cheeger — -
‘Computatlonal Math ‘ﬁ ~8% Riemannian Geom |

Speed of stabilities | 1998

5010 2000 1997 1993 | 1997
1994

‘ 3 probability tools ‘ Hardy ineq 1996 ‘ Coupling—kdistance‘

T2014 T2013

| Harmonic function | Direct proof

The next important event is, we found in 1992 that this topic was well
studied in Riemannian geometry. Hence we started to learn the geometric
methods, the gradient estimates, in particular. Soon we understood that our
probabilistic method — the coupling method, can also be used for studying
this problem. Thus, we went to an opposite way: studying the geometric
topic using our probabilistic approach. This was done in several joint papers
with Feng-Yu Wang. To obtain sharp estimates however, we need to exam-
ine not only the couplings but also the closely related distances. Thus, the
refined method is sometimes called the coupling and distance method. In a
survey article of mine, the story was summarized as “the trilogy of couplings”.
The same idea was also used for elliptic operators, as well as matrices. The
main credit is that some new variational formula for the lower bound of the
eigenvalue was discovered which then improves a number of the known sharp
estimates. This may be regarded as our contribution to geometry. After 5
years or so, we also came back to the opposite direction: using some geomet-
ric approach (the Cheeger’s approach, for instance) to handle with our main
problem.

The third important event happened around 2000, we learnt that the
Hardy-type inequality (an important subject in Harmonic Analysis) can be
used in our study to provide a nice criterion for the positivity of the principal
eigenvalue. This led us to establish 10 criteria for the positive property of
different types of stability (or equivalently, inequalities), using our own tech-
nique. At the same time, we established new dual variational formulas for
the leading eigenvalues, as well as approximating procedures in computing the
eigenvalues. At this stage, a more or less systematic theory was formed. A
series of lectures on the theory up to 2003 consist of the book [3].

Having worked for 20 years, in 2008, we returned to our original subject,
the interacting particle systems (the ¢*-model in particular as discussed in §3)
to justify the power of the results obtained until 2003. Luckily, we obtained
the exact leading decay rate of the first non-trivial eigenvalue which describes
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more or less the phase transition curve for the model. We recall that the
submission of [4] was delayed for 5 years until we were able to figure out the
exact coefficient 1/4 in the leading rate 52/4 given in Theorem 10.

In 2010, we present a unified treatment in [5] of the leading eigenvalue
in each of the four cases (i.e. with four different boundary conditions). In
this unusually long paper, we obtained not only the unified basic estimates
(Theorem 8) but also the improved ones (Theorem 7). Note that the improved
estimates are essential for our efficient initials as shown at the beginning of
the paper. For this, we have used three probabilistic tools: the coupling and
distance method, the dual technique, and the capacitary method. The main
ideas of the proofs were surveyed in [6]. Unfortunately, these powerful tools in
the linear case is not suitable for the non-linear one. This is the reason why,
to extend the results given in [5] to the Hardy-type inequality, we have to wait
for another 13 years. That is, in 2013 ([7]), we were able to do so by using
new direct proofs. Refer to [8, 10] for surveys on [7]. Thus, only after 13 years
known the Hardy-type inequality, we were able to make some contribution to
the subject of Hardy inequalities.

The final important event happened in 2014. With Xu Zhang, in [15], we
were able to treat the tridiagonal matrix with general diagonal elements, using
(locally) harmonic functions. This is crucial, otherwise, we can handle only
with a smaller class of tridiagonal matrices (i.e. ¢; = 0 in the last part of §1).
This completes the path 2014 — 2010 — 2016 in the roadmap above. Recall
that we started at using computational mathematics in 1991, and recently
returned to it in 2016, more than 25 years have been passed. All the materials
talked here are included in the survey article [11] (from which one may find
more original references), except part 1 of the talk which has appeared in [12].

Sometimes, I feel disappointed since so much time have been spent on a
single topic, I am worrying to be foolish. I tried several times to leave this
area, but I came back, once a new idea appeared, i.e. the meaning of charming
used at the title. Actually, I have been very lucky for the choice of this topic,
so that I can continue my work for many years, learn much from the other
branches of mathematics and make some contributions to them at last. This
overview shows the importance of choosing a good research topic/direction,
and also shows the globality of mathematics. At this moment, I recall that
these two points are actually the main mathematical philosophy presented by
D. Hilbert in his famous lecture given in 1900.
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Abstract

This paper is a continuation of our previous paper [Front. Math. Chi-
na, 2016, 11(6): 1379-1418] where an efficient algorithm for computing
the maximal eigenpair was introduced first for tridiagonal matrices and
then extended to the irreducible matrices with nonnegative off-diagonal
elements. This paper introduces mainly two global algorithms for com-
puting the maximal eigenpair in a rather general setup, including even
a class of real (with some negative off-diagonal elements) or complex
matrices.
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1 Introduction

To compute the maximal eigenpair of the tridiagonal matrices with positive
sub-diagonal elements, an efficient algorithm was introduced in [5; §3]. In the
tridiagonal case, the construction of the initials for the algorithm is explicit.
In some sense, the results are more or less complete (a modified algorithm,
Algorithm 17, is included in §4.4). Next, the algorithm was extended to the
general case in [5; §4] which is still efficient for tridiagonally dominant matrices.
Note that the initial vy constructed in [5; §4.2] may not be efficient enough,
since the shape of the maximal eigenvector can be rather arbitrary, could be
quite far away from vy constructed in [5; §4.2]. Thus, we are worrying about
the efficiency of the extended algorithm and moreover a global algorithm is
still missed in our general setup. This is the aim of this paper. In §3, a
part of the off-diagonal elements of the matrices are allowed to be negative.
We can even handle with some complex matrices. Let us concentrate on the
nonnegative matrices from now on, unless otherwise is stated.

By a shift if necessary, unless otherwise stated, we assume that the given
matrix A = (aj; : 0 < 4,j < N) is irreducible and nonnegative: a;; > 0. We
now state our algorithms. To guarantee the convergence of the iterations in
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the paper, we assume that the matrix is irreducible having positive trace, or
equivalently,
A" >0 for each n > some ny. (1)

We mention that in the present nonnegative case, the condition having posi-
tive trace is not serious, otherwise, simply adopt a shift as mentioned at the
beginning of [5].

In what follows, we omit, without mention time by time, the trivial case
that >}, a;;=constant m>0. Since then the maximal eigenpair of A becomes
(m, 1), where 1 is the constant function having components 1 everywhere.

Recall that the choice of the initials is quite essential for the Rayleigh
Quotient Iteration (RQI), a special shifted inverse iteration. In general, it
seems no hope at the moment to have such explicit analytic formulas as used in
[5; §3]. Instead, as suggested in many textbooks, one may use other approach
to obtain in a numerical way the required initials, say use the power iteration
for instance. The last approach is safe, but rather slow as shown at the
beginning of [5]. This leads us to come back to the shifted inverse iterations
which is a fast cubic algorithm. The ratio of the numbers of iterations for these
two algorithms can be thousands. Throughout this paper, we use varying shifts
rather than a fixed one only. Now, a critical point is to avoid the dangerous
pitfalls, i.e., the region (0, p(A)), where p(A) is the maximal eigenvalue of A.
The answer is given in part (1) of the next two algorithms. At the moment,
we are interested in the generality and safety, do not take care much about
the convergence speed, perhaps, maybe some price we have to pay here. We
will see soon what happen in the next section.

Algorithm 1 (Specific Rayleigh quotient iteration) Let A = (a;;) be given.
(1) Define column vectors
w® =(1,1,...,1)* 0O =wO®/V/N 1T,
where w™* is the transpose of w, and set

20 = max (Aw(o))

0<i<N i
(2) For given v := v(» 1) and z := 2(»=1 let w := w(™ solve the equation
(2 — A)w = wv. (2)
As in step (1), define () = w/m Next, define

(n)y. (n)y.
20— iy AW )]’ 4 = max (Aw'™);

0<j<N w§n) 0<j<N wj(ﬁ)
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(3) If at some n > 1, y™ — (™ < 1076 (or [2(") — 2(*+D)| < 1076)(say!),
then stop the computation. At the same time, regard (z(”),v(”)) as an
approximation of the maximal eigenpair.

The algorithm was presented in [5; §4.1: Choice I]. The simplest choice vy is
reasonable in the sense that it enables us to cover the general case. We did not
pay enough attention on this algorithm since it looks less efficient. However,
as some examples will be illustrated below, this algorithm is actually rather
powerful. It is the place to state the main new algorithm of the paper.

Algorithm 2 (Shifted inverse iteration) Everything is the same as in Algo-
rithm 1, except y(™ and z(") defined in parts (2) and (3) there are exchanged.
Moreover, the resulting z(™) (resp., 2(")) is decreasing (resp., increasing) in n.

Let us repeat the sequences 2™, y(™ and z(™ defined in Algorithm 2:

e = min A e 0t gy 00— (A0
0SGSN o0 7 ’ 0<i<SN - 4™
J J

It is obvious that

In general, Algorithm 1 is often a little effective than Algorithm 2, saving one
iteration for instance, but in Algorithm 2, each iteration is safe, never failed
into the pitfall. This is based on the following dual variational formula.

Proposition 3 [11; Theorem (8)] For a nonnegative irreducible matrix A, the
Collatz—Wielandt formula holds:

Ax); Ax);
sup min Aa)i _ p(A) = inf max ﬂ
>0 €F  I; >0 el x;
Here and in what follows, unless otherwise stated, set £ = {0,1,...,N}.

Actually, suppose that we have w(1) > 0 in Algorithm 2. Then by Propo-
sition 3 and step (2) of Algorithm 2, we have 2(»~1) > p(A) and then the
solution w(™ to the equation (2) should be positive: w(™ > 0. Otherwise,
if 2("=1) < p(A), then the solution w(™ is negative. This is the main reason
why we choose such a z("=1 for each n > 1 in Algorithm 2 and in the case
of n = 0 in Algorithm 1 as our shift, avoiding the change of signs. Note that
in Algorithm 1 we adopt 3™ (recall that at the moment, we use the notation
given below Algorithm 2) at each step n > 1, hence the solution w(™ changes
its sign often. This seems dangerous because y(™ is located in the danger-
ous region, but up to now, we have not meet serious trouble. Therefore, it is
still regarded as one of our two main algorithms. Nevertheless, for large scale
matrices, we will introduce a modification of Algorithm 1 in the next section.

A careful comparison of Algorithm 1 and the powerful one introduced in
[5; §3] is delayed to the Appendix.
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An easier way to see the efficiency of Algorithms 1 and 2 is comparing them
with the one given in [5; §4.2]. Suppose that we have used three iterations in
computing a model using the method introduced in [5; §4.2], this means on
the one hand we have solved the linear equations in three times. On the other
hand, we have solved three more times in advance to figure out the initials v(?)
and z(© in terms of the triple (¢, h, ). Altogether, we have solved six linear
equations. Or in other words, we have used 6 iterations in the computation for
the specific model. Thus, Algorithms 1 and 2 should be regarded as efficient
one if no more than 6 iterations are used in the computation for the same
model. As we will see soon, we are actually in such a successful situation.

To conclude this section, we rewrite Algorithms 1 and 2 to a class of ma-
trices with nonnegative off-diagonal elements and negative diagonal elements:

Q = ()
N
g; 20, i#j; D>, q; <0, 0<i<N.
j=0
In this case, we are studying the maximal eigenpair of @), or alternatively, the
minimal eigenpair of —@Q. To which, the next two algorithms are devoted.

Again, the trivial case that Z;V: 0 @ij equals a constant is ignored throughout
the paper.

Algorithm 4 (Specific Rayleigh quotient iteration) Let Q@ = (g;;) be given.
(1) Define column vectors

w® = (1,1,...,1)% 9 =0 //N1T,

and set z(0) = 0.
(2) For given v := v 1) and z := 2(®=1 let w := w(™ solve the equation
(—Q — zDw = v. (3)
As in step (1), define () = w/\/w*w. Next, define
— (). - () .
M= min D)5 o oy (DY ) % gy
"= min Y= A R (—Q)v™.
J J

(3) If at some n > 1, y™ — (™ < 1076 (or [2(") — 2(*+D)| < 1076)(say!),
then stop the computation. At the same time, regard (z(”),v(”)) as an
approximation of the minimal eigenpair.

Algorithm 5 (Shifted inverse iteration) Everything is the same as in Algo-
rithm 4, except (™ and z(") defined in parts (2) and (3) there are exchanged.
Moreover, the resulting z(™) (resp., 2(")) is increasing (resp., decreasing) in n.

Algorithms 4 and 5 are based on [5; Corollary 12], a corollary of Proposition
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2 Examples

To illustrate the power of the algorithms introduced in the last section, we
examine some typical examples in this section.

To go to practical computation for concrete models, our readers are urged
to prepare enough patience, one may have a large number of iterations since
the initials given in part (1) are quite rough.

The efficient application of Algorithm 1 was illustrated by [5; Examples
13-16]. To have a concrete comparison of the present algorithms with the one
introduced in [5; §4.2], let us consider a simple example.

Example 6 [5; Example 21| Let

-3 2 0 1 0
4 -7 3 0 0
Q=0 5 -5 0 0
0 0 0 -16 6
0 0 0 11 —11—by

Corresponding to different by, the minimal eigenvalue Ag of —@Q) and its ap-
proximation are shown in Tables 1 and 2, while the outputs by the algorithm

given in [5; §4.2] are shown in Table 3. Here and in what follows, we stop at

(2)

22 once the outputs z*) = 22 for every k > 2.
Table 1. The outputs by Algorithm 1

by ‘ e »(2) ‘ 20 = A\uin(—Q)
1072 | 0.000278773 | 0.000278686= Amin(—Q)

100 0.0251531 0.0245175

102 0.191729 0.182822 0.182819
10* 0.201695 0.195019 0.195015

Table 2. The outputs by Algorithm 2

by Z(l) Z(z) ‘ z(g) = )\min(_Q)
1072 | 0.000278637 | 0.000278686 = Apin(—Q)

10° | 0.0241546 0.0245175

102 0.168776 0.18275 0.182819
104 0.179525 0.194932 0.195015

Table 3. The outputs by the algorithm given in [5]

by ey e ‘ 20 = Auin(—Q)
1072 | 0.000278573 | 0.000278686= Amin(—Q)

109 0.0236258 0.0245174 0.0245175
10° 0.200058 0.182609 0.182819
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These tables show that the three algorithms are more or less at the same
level of effectiveness. However, the first two are actually more economic since
the last one requires an extra work computing the initial vg.

Comparing [5; Example 15] with the corrected version of [5; Example 20]
and its improvements given in [5; Tables 11, 12] (see the author’s homepage),
we see that the extended algorithm introduced in [5; §4.2] can be less efficient
than Algorithm 1, it has some limitation for general non-symmetrizable (non-
symmetric) matrices. We call a matrix A = (aj;) is symmetrizable, if there
exists a positive measure (y;) such that

pitij = pjagi, 0 # J.
A simple necessary condition for the symmetrizability is
aij>0<:>aji>0, Z?éj

Refer to [3; Chapter 7] and references within for the solution to the symmetriz-
ability problem.

Let us start at a class of non-symmetrizable matrices which are taken from
the so-called single birth Q-matrix (cf. [3] and references within). Define

—1 1
aj —a1—2 2 O
as —a2—3 3
Q= (4)
anN-—1 O —an_1—N N
an —CLN—N—l

For this matrix, we have computed several cases:
ap=1/(k+1), ax=1, ap =k, ap = k>.
Among them, the first one is hardest and is hence presented below.

Example 7  Let @ be defined by (4). For different N, the outputs of Algo-
rithm 5 (equivalently, Algorithm 2) are shown in Table 4.

Table 4. The outputs for different N by Algorithm 5

N+1 ‘ e ‘ ~(2) ‘ ~(3) ‘ o (4) ~(5) ,(6)
8 0.276727 | 0.427307 | 0.451902 | 0.452339
16 0.222132 | 0.367827 | 0.399959 | 0.400910
32 0.187826 | 0.329646 | 0.370364 | 0.372308 | 0.372311
50 0.171657 | 0.311197 | 0.357814 | 0.360776 | 0.360784
100 0.152106 | 0.287996 | 0.343847 | 0.349166 | 0.349197
500 0.121403 | 0.247450 | 0.321751 | 0.336811 | 0.337186
1000 | 0.111879 | 0.233257 | 0.313274 | 0.334155 | 0.335009 | 0.335010
5000 | 0.0947429 | 0.205212 | 0.293025 | 0.328961 | 0.332609 | 0.332635
10* | 0.0888963 | 0.194859 | 0.284064 | 0.326285 | 0.332113 | 0.332188
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The last line of Table 4 shows that when N = 10%,

If we use the shifted matrix A = Q + ml, then p(A) ~ 9999.67. From which,
we get
Amin(—Q) ~ 10% + 107* — 9999.67.

Clearly, the second approach has a less precise output. That is the main
difference between Algorithms 1, 2 and 4, 5, even though they are equivalent
analytically.

It should be meaningful to have a comparison of the present results with
those produced by [5; §4.2]. The outputs listed in Table 5 come from the
algorithm without using §; defined in that section. For the outputs using d1,
one more iteration is needed for those IV from 16 to 100 listed in the table.

Table 5. The outputs for different N by the algorithm given in [5; §4.2]

N+1 2D 2(2) 23)
8 0.450694 | 0.452338 | 0.452339
16 0.399520 | 0.400910
32 0.371433 | 0.372311
64 0.355722 | 0.355940
100 | 0.349501 | 0.349197
500 | 0.340666 | 0.337185 | 0.337186
1000 | 0.340871 | 0.335003 | 0.335010
5000 | 0.347505 | 0.332536 | 0.332635
10* | 0.352643 | 0.331975 | 0.332188

Clearly, the general algorithm introduced in [5; §4.2] is efficient for this non-
symmetrizable model. We have seen that the present algorithms require more
iterations than the earlier one, this is reasonable since the computations of the
initials are excluded from Table 5. Actually, the computations of Table 5 cost
double time than the previous one.

We now turn to Algorithm 4 which is often fast than Algorithm 5. The
number of iterations by Algorithm 4 to this example is given in the first line of
Table 6. It follows that the only case which is slower than Algorithm 5 given
in Table 4 is the one: N + 1 = 10000. This leads a modification of Algorithm
4 as follows.

Algorithm 4, At the step k > 3, keep z; to be the Rayleigh quotient as
defined in Algorithm 4; for k = 0,1, 2, choose zj, to be the same as those defined
in Algorithm 5.

Table 6. Outputs of Agorithms 4 and 45
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N+1 [8]16]32]50]100] 500 [ 1000 [ 5000 [ 10000
Algorithm 4 [4[ 4 [ 4[4[ 4 [ 5 ] 5 6 7
Algorithm 45 5 5 5 5 5

Clearly, this algorithm becomes more essential for larger scale matrices,
N = 500 for instance. The number of iterations using Algorithm 45 starting
from N + 1 = 100 is given in the second line of Table 6. According to the
definition of the modified algorithm, one may relabel the original Algorithm
4 as 4y, and then we can define Algorithm 4,,, as a mixture of Algorithms 5
and 4. Here we restricted on m = 2 is based on [5; §4.2] where the initials are
computed in three steps. In parallel, we can define Algorithm 1,,. A good way
to make a threshold for m goes as follows. Once the components of v(™*1)
have different signs, we replace the original m by m + 1 and do the (m + 1)th
iteration again. However, it is unbelievable to use an m larger than 10. Note
that Algorithms 4,, and 5 (similarly, Algorithms 1,, and 2) are suitable for
unstructured matrices. However, Example 7 is structured. Hence, we have
another way to speed up the convergence: the convex combination. Because
Amin(—Q) € (0, v(o)*(—Q)v(O)), we choose the convex combination

20 = 0O (=Q @ + (1-¢) - 0 = o O* (=)0

for some & € (0,1). To determine £, computing Apin(—@) in the specific cases
(N + 1) = 8,16, 32, finding out a quadratic approximation in variable 1/x of
the minimal eigenvalue in (/N + 1) and then an approximation of Apin(—Q)
for N + 1 = 10000. The resulting estimate, may be a little smaller, can be
used as the required & (= 0.34189). The reason for this choice is as follows:
the eigenvalue Apin(—@Q) is decreasing in N + 1, and a smaller zj is safer in
our iterations. The number of the iterations of the convex combination of
Algorithm 4 is given at the first line of Table 7.

Table 7. Convex combination for Algorithms 4 and 5

N +1 |8 ]16]32]50]100 | 500 [ 1000 [ 5000 | 10000
Alg4,£=034189 [3[3[3[3 ]3] 3] 3 3 3
Algorithm 4, (=023 [3[ 3 [ 3 [3 [ 3 [ 3 | 3 4 4
Algorithm 4,£=03 [3[3 [ 3 [3 [ 3 [ 3 | 3 3 4
Algorithm 5, =023 [4 | 4 [4 [ 4] 4 [ 4 ]| 5 5 5
Algorithm 5, (=03 [4| 4 [ 4 [ 4] 4 | 4 [ 4 4 4

Unfortunately, for large IV, this £ =0.34189 does not work for Algorithm
5 since £ > Ao = A\g(IN) when N > 500 and then minogjgN(—Q'U(l))j/U‘;l) <0
which means that Algorithm 5 is not meaningful. This becomes more clear
if we lift @) to a nonnegative A and then examine the proof of Proposition
16, where the condition z > p(A) is used to quarantee the convergence of the
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iterations. Thus, a common choice for these two algorithms could be a little
smaller ¢ = 0.3. For which, the outputs are given in Table 7. If one is lazy to
compute the quadratic approximation of Ag(/N), one may compute only one
smaller N, say N = 7. At which, the best choice is £ ~ 0.452. Thus, to cover
every N < 10%, we may choose ¢ ~ 0.45/2 ~ 0.23 (the bisection method).
Again, the outputs are given in Table 7.

The long analysis on Example 7 not only shows the power of our algorithms,
but also indicates a big room for the improvements.

The next example is motivated from the classical branching process. De-
note by (pg : k = 0) a given probability measure with p; = 0. Let

-1 p» p3 ps -+ DN k=N Pk
2p0 —2 2py 2p3 ---  2pN—2 2 k=N—1Dk
3po0 —3 3p2 -+ 3pnN—3 32 k=N—2Pk
Q= ' ’
O —(N—l) (N—l)zkzgpk
Npo —Npo

In the original model, the state 0 is an absorbing one. Here we regard it as a
killing boundary. Hence it is ruled out from our state space. Thus, the matrix
is defined on E := {1,2,...,N}. Set My = >,y kpr. When N = o0, in the
subcritical case that M; < 1, with a little modification at 0, it is known that
the process generated by @) is ergodic, and is indeed exponentially ergodic
(cf. [8; Theorem 1.4 (iii)]). Hence the exponential convergence rate should be
positive. Otherwise, the process is not ergodic and so the convergence rate
should be zero.
From now on, fix

po = (k=2,3,--+), ac€ (0,2).

9ok
Then M; = 3(2 —«)/2 and hence we are in the subcritical case iff a € (4/3,2).

Example 8 Set a = 1. Then the outputs of the approximation for the mini-
mal eigenvalue of —@Q by Algorithm 2 (or 5) are shown in Table 8.

Table 8. The outputs in the supercritical case

N[ 20 | @& | O
8 | 0.0311491 | 0.0346044 | 0.0346310
16 | 0.00256281 | 0.00260088

When N > 50, z() < 1076, Hence, 2" decays quite quick to zero when
N — « (for n > 2). This is reasonable since we are now away from the
subcritical region.
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Example 9 Set a = 7/4. We are now in the subcritical case and so the
maximal eigenvalue should be positive. We want to know how fast the local
maximal eigenvalue becomes stable (i.e., close enough to the converge rate at
N = ). The numbers of iterations of Algorithms 4 and 5 are given in Table
9.

Table 9. Number of iterations of Algorithms 4 and 5
N | 8] 16 | 50 [ 100 | 500 [ 1000 | 5000 | 10000

Algorithm 4 [ 5| 6 | 7 7 8 8 9 10
Algorithm 5 [ 6 | 6 | 7 7 8 9 9 10

Next, with the convex combination

A0 = (@) (=@ + (1= €) max (~Qu®);.

0<j<N

In view of the practice on N = 8, we make the choice that £ = 0.31. Then we
obtain Table 10.

Table 10. Number of iterations of the Algorithms with convex combination

N | 8]16 ] 50| 100 | 500 | 1000 | 5000 | 10000
Algorithm 4 [ 2 | 3 | 4 4 4 4 4 4
Algorithm 5 [ 3| 3 | 4 4 4 4 4 4

In particular, the outputs of Algorithm 4 with convex combination is given in
detail in Table 11.
Table 11. The outputs in the subcritical case

N ey e e @

8 0.637800 | 0.638153
16 | 0.621430 | 0.625490 | 0.625539
50 | 0.609976 | 0.624052 | 0.624997 | 0.625000
100 | 0.606948 | 0.623377 | 0.624991 | 0.625000
500 | 0.604409 | 0.622116 | 0.624962 | 0.625000
1000 | 0.604082 | 0.621688 | 0.624944 | 0.625000
5000 | 0.603817 | 0.620838 | 0.62489 | 0.625000
10* | 0.603784 | 0.620511 | 0.624861 | 0.625000

From the above table, we see that for N varies from 8 to 10%, in each case, we
need at most 4 iterations only. The computation in each case costs no more
than one minute. Besides, starting from N = 50, the final outputs are all
the same: 0.625, which then can be regarded as a very good approximation
of Amin(—@Q) at infinity N = oo. Since the convergence of this model becomes
stable for small N < 50, the computations become much simpler than the
previous one, we use neither Algorithm 45 nor the quadratic fit.

Hopefully, we have already shown the power of our algorithms.
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3 A class of real or complex matrices

This section is out of the scope of [5] which depends heavily on probabilistic
idea. Thanks are given to the extended Perron—Frobenius theory ([10-12])
which makes this section possible.

First, we consider the real case. The special case that all off-diagonal
elements of A are negative has been treated above, using —() instead of A
here. Thus, we are now mainly interested in the case that a part of the off-
diagonal elements are negative. Again, we are concentrated in the study of
the maximal eigenpair.

Proposition 10  Let A be a real matrix. By a shift of A if necessary, assume
that (1) holds. Then Algorithms 1 and 2 are available.

Proof. By [10; Theorem 2.2|, condition (1) implies that the matrix A possess-
es the strong Perron—Frobenius property. Hence it has the maximal eigenvalue
p(A) which is simple, positive and corresponds to a positive eigenvector. Be-
sides, by [10; Theorem 2.6], the Collatz—Wielandt formula given in Proposition
3 holds. These facts are enough to use Algorithms 1 and 2. [

The next simple observation is helpful.
Lemma 11 Condition (1) holds iff

A¥ >0  fork=mng,no+1,...,2n0 — 1.

Proof. Given n = ng, write
n=mrng+s

for some integer r > 1 and s = 0,1,...,n9 — 1. If »r = 1, then the conclusion
holds by assumption. Otherwise, let r > 2. Then express

n=(r—1no+ (ng+s).

It follows that
An _ (AnO)T—lAnoJrs >0

as required. [

We now illustrate our algorithms by a simple example.

Example 12 [11; Example (7)] Let
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Then
66 48 57 261 1368 774
A2 =48 192 120 | >0, A3 = 1368 2880 2448 | > 0.
57 120 129 774 2448 1935

By Lemma 11, condition (1) holds with ng = 2. The eigenvalues of A are as

follows.
17.5124, —7.4675, 4.95513.

The corresponding maximal eigenvector is
(0.486078, 1.24981, 1)*

which is positive.
Outputs of our algorithms are shown in Table 12. Both algorithms are
started at z(9) = 24.

Table 12. The outputs for a matrix with more negative elements
n | 2(™: Algorithm 1 | 2(™: Algorithm 2

1 17.3772 18.5316
2 17.5124 17.5416
3 17.5124

Next, we turn to study the complex case. Instead of (1), we assume that
Re(A™) >0 for n > some ny, (5)

up to a shift mI of A. Certainly, as usual Re(A4) means the real part of a
complex matrix A. This condition is based on [12; Theorems 2.3 and 2.2],
from which we know that A has the maximal, simple, positive eigenvalue.
Then we have a weak extension of the Collatz—Wielandt formula as follows.

Proposition 13 [12; Theorems 2.3 and 2.4] Let A* # 0 for each k£ > 1 and
Re(A™) = 0 for every large enough n. Then we have for each = > 0
(Re(A)z);

Re(A)x);
min —— < p(A) < max M.
0<j<N Z;j 0<j<N T

Since for the complex conjugate Z* of z, the quantity Z* Ax may still be
complex, in view of this, Proposition 13 and the positivity of p(A) by (5),
it seems not reasonable to use z*Ax/(z*z) as a shift. In this sense, we do
not have a modified version of Algorithm 1. Fortunately, Algorithm 2 is still
meaningful.

Algorithm 14 (Shifted inverse iteration) By a shift of A if necessary, assume
that (5) holds.
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(1) Define column vectors

and set
PR Jmax (Re(A)w(O))Z..
(2) For given v := v Y and z := 2"V let w := w("™ solve the equation
(2] — A)w = v. (6)
As in step (1), define () = w/\/m Next, define

) e Be(A)Re(w™));

(n) _ (5(m)yx 4,,(n)
0<j<N Re(w(”))j ’ Y ()" Avt.

(3) Ifatsomen > 1, |yt —y (| < 1076 (say!), then stop the computation.
At the same time, regard (y(™,v(")) as an approximation of the maximal
eigenpair.

Note that in Algorithm 14, the sequence {y(")}n>0, but not {z(”)}n>0,
converges to p(A). To illustrate the use of the algorithm, we consider the
following example.

Example 15 [12; Example 2.1] Let

0.75 —1.125¢7 0.5882 — 0.1471¢ 1.0735 + 1.4191¢
A= —0.5—1 2.1765 +0.70597  2.1471 — 0.41187% |,
2.75—0.125¢ 0.5882 —0.1471¢ —0.9265 + 0.4191+¢

where the coefficients are all accurate, to four decimal digits. Then A has
eigenvalues

3, —2—i4, 141
with maximal eigenvector
(0.408237, 0.816507, 0.408237)*.
The outputs of Algorithm 14 are shown in Table 13.

Table 13. The outputs for a complex matrix
y@ ‘ y®@ ‘ y®)
3.03949 — 0.0451599 ¢ \ 3.00471 — 0.0015769 ¢ \ 3
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4 Appendix*

4.1 Proof of the last assertion in Algorithm 2

Proposition 16 The sequence

(n)y. (n)y .
20— max % <resp.,x(") — min (Aw(n))y>
0<y<sN w; 0<jsN w;

defined in Algorithm 2 is decreasing (resp., increasing ) in n.

Proof. Let w > 0 and define

Aw)
p = max ( w)]'
O<js<N - wj

Then (Aw); < pw; for every j. That is,
(A w); < p.wj V7, A=Az, p,=p/z.

Since A, = 0, it follows that

e} e} e} o0
AEAZwéA(w—i—ﬁzEAgw) < pw + EﬁAQw:ﬁZ AZw.
n=0 n=0 n=1 n=0
This means that
AT — A w < p(I — A) L
since z > p(A) by assumption and then p(A,) < 1. Hence
(A(I - Az)ilfu»j -
< = *w.
I (A Ty, S v w/Nwtwe
Regarding w = w™ Y and v = v(®~1) this gives us
(n)y. (n—1)y
0<j<N wj(ﬁ) 0<j<N wgn—l)

Here we have assumed that z(*~1) > p(A), otherwise, the computation should
be finished at the step n — 1. We have thus proved the assertion on z(™.
Dually, we have the assertion on (™. [

*In the published version, the subsections and formulas in this section are relabelled as
either A.# or A#. For instance, we have subsection A.1, Proposition Al, Algorithm A2,
formula (A2) and so on.
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4.2 Proof of the last assertion in Algorithm 5

Recall the sequence {z(™} used in Algorithm 2 is given in Proposition 16.
Denote by {2(”)} the corresponding one in Algorithm 5. Then, by the relation
of @ and A used in Algorithm 5: A = QQ +ml, where m = max; Zj a;;. Hence

07— A=—Q—(m—29)I
This means not only 2(°) = 0, but also
w = (z(O)I _ A)*lv(o) — (_ Q- 5(0)])*17}(0) = oM,

where @) is obtained by the first iteration of Algorithm 5. Furthermore,
similar to the proof of [5; Corollary 12], we have

—Qwm), 1)y,
(1) = mm(Qilg))l = m_maxw
? 'L?J/l [

= _ M
m VAN
’U}Z(l)

Recursively, we obtain the required assertion. []

4.3 Comparison of Algorithms 1 and 4 with the one given in
[55 §3]

Since Algorithms 1 and 4 are equivalent, we need only to compare Al-
gorithm 4 with the one given in [5; §3]. The main difference is their initial
(0@, 2(0). Clearly, the initial v(°) used in [5; §3] is finer than the one used in
Algorithm 4. Hence, we need only to compare their z(©).

Next, let v := v(©) be the initial vector used in [5; §3]. Denote by w be the
solution of the ordinary inverse iteration (that is the first step of Algorithm 4
or equivalently, Algorithm 1):

—Qw = .

Then (—Qu)
—Ww)j Uj -1
= =1II;(v)"". (7)
w; (-Q)tv);
Here in the last equality of (7), we have used the first formula in the proof of
[5; Proposition 23]. Hence

inf (=Qu); = inf IT;(v) " (8)
J wj J
The right-hand side of (8) is just d; ' used in [5; §3] as its initial 2(%). The left-
hand side of (8) should be positive, due to the inverse iteration algorithm, it is
certainly bigger than 0 used as the initial (9 in Algorithm 4. In conclusion,
both initials used in [5; §3] are better than those used in Algorithm 4. This
completes the comparison of Algorithm 4 and the one given in [5; §3].
Naturally, this comparison leads to the next subsection.
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4.4 Modification of the algorithm introduced in [5; §3]

Step 1. By a shift if necessary, we may assume that we are given a matrix @)
having the form

—bo—co bo
al —a1— bl— C1 b1 O
as —ag—by—co by
)
O —an—by =N by

an —an—CN

where a; > 0, b; > 0, ¢; = 0 but ¢; # 0. Note that the maximal eigenvalue of
@ is shifted from the original one but the corresponding eigenvector remains
the same.

Step 2. Following [5; §3], assume for a moment that some of ¢; (i=0,1,..., N—
1) is positive. Then, define
T0:1+C£7 Tn:1+an+cn_ n ) 1<7’L<N,
bo by, bnrn—1
n—1

ho =1, hn:hn—lTTL—IZHTkH 1<n<N,
k=0

and additionally,
hni1 = enhn +an(hny — hy-1).

We remark that in the special case that
co=-=cy-1=0,

by induction, it is easy to check that
ro=---=rny-1=1

and hence
hg=---=hy =1

Furthermore, hy+1 = cn. Thus, in this special case, we simply ignore the
sequence {hy} but replace ¢y by by. Note that here we use all of the three
sequence (ay), (bg) and (cg) given in @ but no extra thing. The role of the
sequence {hy} is reducing the former case to the last special one and keep the
same spectrum, in terms of the H-transform @:

Q = Diag(h;)~'Q Diag(h;). (9)
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The maximal eigenpair (p(Q), g) is transformed to (p (@): p(Q), Diag(h;)~'g).

Step 3. In view of Step 2 above, it suffices to consider the following matrix

—bg bo
a1 ——(a1 +—b1) b1 ()
as ——(ag +—b2) by
0 L —layatbva)  bya

apn —(an+by)

where a;, b; > 0. This step is changed from the original, where everything we
are working here is transfer into the original matrix @) rather than the simpler
one here. It seems a direct treatment of the present matrix @ is slightly
simpler.

Define the sequence (u;) as usual:

b1 boby---bp_1

po =1, pin = pin—1 = ; I<n<N.
(07 a1ag - - Qp
Next, define
o1
on= —— O0<n<N. (11)
= by
and

d 1
01 = max [«Mpi Z piNp; + —— 2 Mjﬁpjﬂ]- (12)
§=0

OsisN V¥iiGen
Having these preparations at hand, we can now start our iterations.
Step 4. As in [5; §3], choose

w® = /5, v = 0@/, 2O =5, (13)

where | - |2 denotes the L?(u)-norm. Note that here in the non-symmetric
case, the use of the measure (;) cannot be ignored since in this case, we are
based on, § for instance, the L?(p) setup.
Step 5. For given v = v and z = 2D let w = w™ solve the linear
equation

(—Q—zlHw=wv (14)
and then define v(™ = w/|w], 2. An explicit solution of this w is now available,
refer to [6; Algorithm 3].

Step 6. At the kth (k > 1) iteration, in addition to the one (v(k), —Qv(k))u
used in [5; §3], one may also adopt 2(¥) = 5,;1:

1 : k k
0 = max (k)[%’ Z ijj(' )+ Z Nj%ojvg(' )}- (15)
=0

0<i<N . .
v +1<j<N
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Certainly, when k = 1, the present 0 reduces to (12). This is the main new
point in the modified algorithm. Since [4; Theorems 2.4 (3), 3.2 (1) and (3.6)],
we have

(5k_1 < Amin(—Q) < (v("), —Qv(”))u for each k and n.

By [5; Proposition 23] and [4; Theorem 3.2 (1)], we have known that the
sequence {5,;1}, deduced in the theorem just cited using the approximating
eigenvectors obtained by the ordinary inverse iteration (without shift), is in-
creasing to Amin(—@). It should be clear that the present sequence {5,;1} pro-
duced by the advanced shifted inverse iteration should converge to Apin(—Q)
more faster. Thus the new z(*) (k > 1) not only avoids the dangerous re-
gion but may also accelerate the convergence of the algorithm. Certainly, the
computation of §; needs more work than the one of (v(*), —Qu()),.

The use of the quantity (15) is motivated from the remark above subsection
4.3. The formula (15) is a corollary of [4; Theorem 2.4 (3)] which depends on
the form (10) of @). For general @) as the one in Step 1, we do not have an
analog of [4; Theorem 2.4 (3)], and so (15) is not applicable in such a general
situation.

Step 7. To go back to the original matrix A, denote its maximal eigenpair by
(p(A),g). Recall that the matrix @ at the beginning is obtained from A by a
shift: Q@ = A —ml, m := max; Zj a;j. Let (z,v) be the output from the last
iteration in Step 6. Then we have

p(A) ~m — z, g ~ Diag(h;)v. (16)

We now summery the above discussions as a modified algorithm.

Algorithm 17 For tridiagonal matrix, the Step 1-Step 7 above consist a mod-
ified algorithm of the one introduced in [5; §3].

We are now ready to study a randomly chosen example, introduced to
the author by Tao Tang, to justify the power of our algorithms and also to
compare their efficiency.

Example 18 Let

2.334  0.9962

0.5142 2.6725 0.1111 O
0.2115 2.263 0.1405
0.8442 2.8457 0.7595

O 0.2347 2.2257 0.0781
0.9837 2.1582

Then the eigenvalues of A are
3.26753, 3.16247, 2.40182, 2.12632, 1.80416, 1.73679.

The outputs of our algorithms are given in Table 14.
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Table 14. Comparison of four algorithms

Algorithm 2D 2(2) 23) 24 20
Algorithm 1 | 3.30193 | 3.26737 | 3.26754 | 3.26753
Algorithm 2 | 3.64033 | 3.32623 | 3.26937 | 3.26756 | 3.26753

Algorithm 17a | 3.2618 | 3.26752 | 3.26753
Algorithm 17b | 3.27947 | 3.2685 | 3.26754 | 3.26753

where the algorithms in the last two lines mean that
Algorithm 17a: take (%) = (v®) —Qu(¥)), for each k > 1.
Algorithm 17b: take z(¥) = . defined by (15) for each k > 1.

Proof. To apply Algorithm 17, take m = 4.4494. Then Q = A — mI:

—2.1154  0.9962

0.5142 —1.7769 0.1111 O
0.2115 —2.1864 0.1405
0.8442 —1.6037 0.7595

O 0.2347 —2.2237 0.0781
0.9837 —2.2912

We have h = (2.12347, 29.3339, 453.284, 924.514, 24961). The H-transform
of (Q becomes
—2.1154 2.1154

0.242151 —1.7769 1.53475 O
0.0153104 —2.1864  2.17109
0.0546316 —1.6037  1.54907

O 0.115072 —2.2237  2.10863
0.0364346 —2.2912

ey
I

Then we are ready to use Algorithm 17 for the maximal eigenpair of @ and
finally return to the one for A by (16). [

To explain the word “modified” in detail, we transfer Algorithm 17 to the
one presented in [5; §3]. To do so, we keep the notation @, u, ¢, 01 and so
on used in [5; §3], but add superscript ~ to those notation used in Steps 3,
4 above. Let ji = h?u (i.e., fi; = h?p;). Then, as mentioned in [5; §5], the
mapping f — f := f/h gives us not only an isometry from L?(u) to LE(/])

(ie, | fllu2 = \|f|ﬂ,2), and then also an isospectrum of @ on L?(x) and @ on
L2(fi): o
(f;QNu=(,QNa  flu2=1
Now, from L?(ji) to L?(u), we have
Yo il 1
On = Z Pns 0<n<N

by 2 hehgppwbs
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Here the transform ﬂkgk — hihpy by for each kK < N — 1 is regular, except
the last term in the sum (ﬂNbN) _1, where by is actually the element ¢y which

is obtained from the transform ) — @, and hyy1 and by are specified in [5;
§3] to make the unified expression in the second sum. We mention here that
hx+1 is the original paper [5] should be replaced by

hnt1 = cenhy + an(hy — hy-1)
since the sequence (¢;) used in [5] and [7] have different sign. Next,

N — - = 1 __3/2
01 = max [ On ), BN Pr+ —— P ]
Ve N mvEr = %o

0<n<N ‘
" n+1<j<N

& 1
— 0 = max [v«pn D /e + > Mjhjg‘@?/2]-
k=0

Osn<N VP i<

At the same time,

(-Q—zNw="1
<= ( — Diag(h)"'QDiag(h) — ZI)w = o
<= (—Q — zI)Diag(h)w = Diag(h)v

— (—Q — zDHw = .

Here in the last line, Z is replaced by z, this is due to the isospectrum: an
lower bound of the spectrum of —@ is also the one of —(). The fact that
Diag(h)w = w comes from the definition of our mapping f — f. Finally, since
the isometry, we have ||w| 2 = |w]z,2. We have thus deduced the algorithm
presented in [5; §3] from the modified one.

4.5 Modification of the algorithm introduced in [5; §4.2]

In parallel to §4.4, we may introduce a modification of the algorithm presented
in [5; §4.2]. The main idea is: once we obtain the function A, it can be ignored
since we can use the general transform @ defined in (9) instead of the original
Q@ to continue the procedure of the algorithm constructed in [5; §4.2]. Since
this modification is only a mimic of the one for tridiagonal matrix (§4.4),
something may be lost. For instance, the sequence {5,;1} formally defined by
(15) may no longer be the lower bound of Apin(—@Q), one has to take care in
practice.

To conclude this paper, we remark some possible extension of the algo-
rithms given here to a more general setup. For a larger class of Markov
generators, the algorithms are meaningful. Actually, the Perron—Frobenius
property as well as the the Collatz—Wielandt formula have been generalized
by a number of authors. In particular, the part of the Collatz—Wielandt for-
mula used in Algorithm 5 as 2(™) was extended by [9; ¥2(V) in the Theorem).
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See also [13; (1.1)1) and §2] and more recently, [1; Theorem 2.1]. Note the
difference: we are working on Apiy(—L) here rather than Ay (L) in the cited
papers.

In the nonlinear case, the shifted inverse iteration (Algorithms 2 or 5)
is more essential, actually Algorithm 1 may no longer be applicable since
equation (2) often has no real solution. This point is illustrated in [6] where
the shift is based on a generalization of (15). In view of [2; Theorem 2.3 and
Corollary 2.5], it seems that Algorithm 2 and its variations could be applied
to a more general setup.
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Abstract The eigenpair here means the twins consist of eigenvalue and its
eigenvector. This paper introduces the three steps of our study on computing
the maximal eigenpair. In the first two steps, we construct efficient initials for
a known but dangerous algorithm, first for tridiagonal matrices and then for
irreducible matrices, having nonnegative off-diagonal elements. In the third
step, we present two global algorithms which are still efficient and work well
for a quite large class of matrices, even complex for instance.
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1 Introduction

This paper is a continuation of [4]. For the reader’s convenience, we review
(with some improvements) shortly the first part of [4]. Especially, we recall the
story of the proportion of 1000 and 2 of iterations for two different algorithms.

The most famous result on the maximal eigenpair should be the Perron-
Frobenius theorem. For nonnegative (pointwise) and irreducible A, if Trace (A)
> 0, then the theorem says there exists uniquely a maximal eigenvalue p(A) >
0 with positive left-eigenvector u and positive right-eigenvector g such that

uA = \u, Ag = Ay, A= p(A).

These eigenvectors are also unique up to a constant. Before going to the main
body of the paper, let us make two remarks.

1) We need to study the right-eigenvector g only. Otherwise, use the
transpose A* instead of A.

2) The matrix A is required to be irreducible with nonnegative off-diagonal
elements, its diagonal elements can be arbitrary. Otherwise, use a shift A+ml
for large m:

(A+ml)g=Ag <= Ag = (A —m)g, (1)

their eigenvector remains the same but the maximal eigenvalues are shifted to
each other.
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Consider the following matrix:

—12 12 0 0
12 —12-22 22 0
2 2 2 2
Q= 0 2 —2¢—-3 3 cee . (2)
0 0 0 N2 —N?2 - (N+1)?

The main character of the matrix is the sequence {k?}. The sum of each row
equals zero except the last row. Actually, this matrix is truncated from the
corresponding infinite one, in which case we have known that the maximal
eigenvalue is —1/4 (refer to [2; Example 3.6]).

Example 1 Let N = 7. Then the maximal eigenvalue is —0.525268 with
eigenvector:

g ~ (55.878, 26.5271, 15.7059, 9.97983, 6.43129, 4.0251, 2.2954, 1)*,
where the vector v* = the transpose of v.

We now want to practice the standard algorithms in matrix eigenvalue com-
putation. The first method in computing the maximal eigenpair is the Power
Iteration, introduced in 1929. Starting from a vector vy having a nonzero
component in the direction of g, normalized with respect to a norm || - ||. At
the kth step, iterate vi by the formula

Avy_q

= AUl Aw, k> 1 3

Uk

Then we have the convergence: v, — g (first pointwise and then uniformly)
and z, — p(Q) as k — oo. If we rewrite vy, as

Akvo
Ve = 7T
| AFvol|’
one sees where the name “power” comes from. For our example, to use the
Power Iteration, we adopt the ¢!-norm and choose vy = ¥ /|To||, where

to=(1, 0.587624, 0.426178, 0.329975, 0.260701, 0.204394, 0.153593,0.101142)

This initial comes from a formula to be given in the next section. In Figure 1
below, the upper curve is g, the lower one is modified from 7, renormalized
so that its last component becomes one. Clearly, these two functions are quite
different, one may worry about the effectiveness of the choice of vg. Anyhow,
having the experience of computing its eigensystem, I expect to finish the
computation in a few of seconds. Unexpectly, I got a difficult time to compute
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50f

40:— Comparison of g and 7
30f

20~

10}

Figure 1: g and 9.
the maximal eigenpair for this simple example. Altogether, I computed it for

180 times, not in one day, using 1000 iterations. The printed pdf-file of the
outputs has 64 pages. Figure 2 gives us the outputs.

2.0f

The figure of — zp,
for k= 0,1,...,1000.

15§

200 400 600 800 1000

Figure 2: —z;, for £ =0,1,...,1000.

The figure shows that the convergence of z; goes quickly at the beginning
of the iterations. This means that our initial vy is good enough. Then the
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convergence goes very slow which means that the Power Iteration Algorithm
converges very slowly.

Let us have a look at the convergence of the power iteration. Suppose that
the eigenvalues are all different for simplicity. Denote by (A;, g;) the eigenpairs

with maximal one (Ao, gg). Write vy = Z;-V:o cjg; for some constants (c;).
Then ¢y # 0 by assumption and

N N e /AR
A=Y e = axifn+ 3.2 () o]
o o\ Ao
Since [Aj/Ag| < 1 for each j > 1 and ||go|| = 1, we have

Akvo Co
= L4 +0
Akl ~ Jeol ™ "

A1

Ao

k
> as k — oo,

where || := max{|\;| : 7 > 0}. Since |A\;/Ag| can be very closed to 1, this
explains the reason why the convergence of the method can be very slow.
Before moving further, let us mention that the power method can be also
used to compute the minimal eigenvalue Apin(A), simply replace A by A~L.
That is the Inverse Iteration introduced in 1944:
A_l?]k_l A_k’l)o

sy = 4
A To] & % )

= TA=Fuol|”

It is interesting to note that the equivalent assertion on the right-hand side is
exactly the the input-output method in economy.

To come back to compute the maximal p(A) rather than Apyin(A), we
add a shift z to A: replacing A by A — zI. Actually, it is even better to
replace the last one by zI — A since we will often use z > p(A) rather than
z < p(A), the details will be explained at the beginning of Section 4 below.
When 2 is close enough to p(A), the leading eigenvalue of (2I — A)~! becomes
(z—p(A))~t. Furthermore, we can even use a variant shift 2,11 to accelerate
the convergence speed. Throughout this paper, we use varying shifts rather
than a fixed one only. Thus, we have arrived at the second algorithm in
computing the maximal eigenpair, the Rayleigh Quotient Iteration (RQI), a
variant of the Inverse Iteration. From now on, unless otherwise stated, we
often use the /?-norm. Starting from an approximating pair (zg,vg) of the
maximal one (p(A),g) with vjvg = 1, use the following iteration.

(z—11 — A) tog_4

v = , 2, = vi Avy, k>1. 5
[kl = A o] ¢ ®)

If (20, v0) is close enough to (p(A),g), then
v =g and zx — p(A) as k — oo.

Since for each k > 1, viv,, = 1, we have 2z, = v Avi/(vivy). That is where the
name “Rayleigh Quotient” comes from. Unless otherwise stated, zg is setting
to be v Avg.
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Having the hard time spent in the first algorithm, I wondered how many
iterations are required using this algorithm. Of course, I can no longer bear
1000 iterations. To be honest, I hope to finish the computation within 100
iterations. What happens now?

Example 2 For the same matrix () and ¥y as in Example 1, by RQI, we need
two iterations only:

z1 = —0.528215, 29 ~ —0.525268.

The result came to me, not enough to say surprisingly, I was shocked
indeed. This shows not only the power of the second method but also the
effectiveness of my initial vy. From the examples above, we have seen the
story of the proportion of 1000 and 2.

For simplicity, from now on, we often write \; := \;(—Q). In particular
Ao = —p(Q) > 0. Instead of our previous vy, we adopt the uniform distribu-
tion:

vo=(1,1,1,1,1,1,1,1)*/V8.

This is somehow fair since we usually have no knowledge about ¢ in advance.

Example 3 Let () be the same as above. Use the uniform distribution vg
and set zp = v{(—Q)vo. Then

(21, 22, 23, 24) =~ (4.78557, 5.67061, 5.91766, 5.91867).
(Ao, A1, A2) ~ (0.525268, 2.00758, 5.91867).

The computation becomes stable at the 4th iteration. Unfortunately, it is not
what we want Ag but Ao. In other words, the algorithm converges to a pitfall.
Very often, there are n — 1 pitfalls for a matrix having n eigenvalues. This
shows once again our initial 7y is efficient and the RQI is quite dangerous.

Hopefully, everyone here has heard the name Google’s PageRank. In other
words, the Google’s search is based on the maximal left-eigenvector. On this
topic, the book [8] was published 11 years ago. In this book, the Power
Iteration is included but not the RQI. It should be clear that for PageRank,
we need to consider not only large system, but also fast algorithm.

It may be the correct position to mention a part of the motivations for the
present study.

e Google’s search—PageRank.

e Input—output method in economy. In this and the previous cases, the
computation of the maximal eigenvector is required.

e Stability speed of stochastic systems. Here, for the stationary distribu-
tion of a Markov chain, we need to compute the eigenvector; and for
the stability rate, we need to study the maximal (or the fist nontrivial)
eigenvalue.



1416 Mu-Fa CHEN

e Principal component analysis for BigData. One choice is to study the so-
called five-diagonal matrices. The second approach is using the maximal
eigenvector to analysis the role played by the components, somehow
similar to the PageRank.

e For image recognition, one often uses Poisson or Toeplitz matrices, which
are more or less the same as the Quasi-birth-death matrices studied in
queueing theory. The discrete difference equations of elliptic partial
differential equations are included in this class: the block-tridiagonal
matrices.

e The effectiveness of random algorithm, say Markov Chain Monte Carlo
for instance, is described by the convergence speed. This is also related
to the algorithms for machine learning.

e Asin the last item, a mathematical tool to describe the phase transitions
is the first nontrivial eigenvalue (the next eigenpair in general). This is
the original place where the author was attracted to the topic.

Since the wide range of the applications of the topic, there is a large number
of publications. The author is unable to present a carefully chosen list of
references here, what instead are two random selected references: [8] and [11].

Up to now, we have discussed only a small size 8 x 8 (N = 7) matrix. How
about large N7 In computational mathematics, one often expects the number
of iterations grows in a polynomial way N< for a greater or equal to 1. In our
efficient case, since 2 = 8'/3, we expect to have 10000*/3 ~ 22 iterations for
N+1=10* The next table subverts completely my imagination.

Table 1  Comparison of RQI for different N

‘ N+1 ‘ 20 ‘ 21 ‘ 22 =X ‘ upper /lower ‘

8 0.523309 | 0.525268 | 0.525268 1+10~ 11
100 | 0.387333 | 0.376393 | 0.376383 141078
500 | 0.349147 | 0.338342 | 0.338329 1+1077
1000 | 0.338027 | 0.327254 | 0.32724 1+1077
5000 | 0.319895 | 0.30855 | 0.308529 1+10~7
7500 | 0.316529 | 0.304942 | 0.304918 1+10~7
10* | 0.31437 | 0.302586 | 0.302561 1+10~7

Here z is defined by

20 = 7/(8(51) + US(—Q)UO/S,

where vy and §; are computed by our general formulas to be defined in the next
section. We compute the matrices of order 8,100,...,10* by using MatLab
in a notebook, in no more than 30 seconds, the iterations finish at the second
step. This means that the outputs starting from 25 are the same and coincide
with Ag. See the first row for instance, which becomes stable at the first step
indeed. We do not believe such a result for some days, so we checked it in
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different ways. First, since \g = 1/4 when N = oo, the answers of )y given in
the fourth column are reasonable. More essentially, by using the output wvo,
we can deduce upper and lower bounds of )y (using [2; Theorem 2.4 (3)]), and
then the ratio upper/ lower is presented in the last column. In each case, the
algorithm is significant up to 6 digits. For the large scale matrices here and
in 4, the computations are completed by Yue-Shuang Li.

2 Efficient initials: tridiagonal case

It is the position to write down the formulas of vg and d;. Then our initial zg
used in Table 1 is a little modification of d; . a convex combination of 0y !
and v§(—Q)vo.

Let us consider the tridiagonal matrix (cf. [3; §3] and [6; §4.4]). Fix N > 1,
denote by E = {0,1,..., N} the set of indices. By a shift if necessary, we may
reduce A to Q) with negative diagonals: Q¢ = A—ml, m := max;cp ZjeE aij,

—bo — Cp b() 0 0

aq —al — b1 — C1 b1 0

Q= 0 as —ag —by —ca by
0 0 0 ay —anN —CN

Thus, we have three sequences {a; > 0}, {b; > 0}, and {¢; > 0}. Our main
assumption here is that the first two sequences are positive and ¢; Z 0. In
order to define our initials, we need three new sequences, {hy}, {ux}, and

{on}

First, we define the sequence {hy}:

h(] = 1, hn = hn_lrn_l, 1 < n < ]\f7 (6)
here we need another sequence {r}:
S T L L P '
bo by, bprn—1

Here and in what follows, our iterations are often of one-step. Note that if
¢, = 0 for every k < N, then we do not need the sequence {hy}, simply
set hy = 1. An easier way to remember this (h;) is as follows. It is nearly
harmonic of Q¢ except at the last point IV:

Qc \the last rowy 0, (7)

where B\thelast tow 1yeang the matrix modified from B by removing its last
low.
We now use H-transform, it is designed to remove the sequence (c;):

Q = Diag(h;) ™' Q° Diag(hs).
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Then
—bg b 0 0
aq —a] — bl bl 0
Q= 0 as —ag —by by

for some modified {a; > 0}, {b; > 0}, and c¢;, > 0. Of course, Q¢ and Q have
the same spectrum. In particular, under the H-transform,

()\min(_QC)y g) — ()‘min( - é) = )\min(_Qc)y Dlag(hz)_lg)
From now on, for simplicity, we denote by @ the matrix replacing cy by by
in Q.

Next, we define the second sequence {py}:

b
o =1, unzun—lal, I<n<N (8)
And then define the third one {¢}} as follows:
AN
n = _ 0<n<N. 9
o ];Mkbk (9)

We are now ready to define vy and 7 (or zg) using the sequences (p;) and

(pi)-
to(i)=+v/@i, i < N;  wo=0o/llvoll; |- 1I:= Il 22w (10)
n
_ 1 3/2| . —1
b= max. [\/‘PnZNk\/SDk t e Z i ]—-Zo (11)
=0 nH1G<N

with a convention ) 4 = 0.
Finally, having constructed the initials (v, zg), the RQI goes as follows.
Solve wy:

(—Q — zg1 Nwy, = vp_1, k> 1; (12)
and define
v = wy /| wgl], 2k = (Vg —QUk)12(p)-
Then
v —¢g and  zp — Ag as k — oo.

Before moving further, let us mention that there is an explicit representa-
tion of the solution (w;) to equation (12). Assume that we are given v := vj_;
and 2z := z,_1. Set

S
1
My=p;y ——  0<j<s<N, (13)
k:jﬂkk
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Define two independent sequences {A(s)} and {B(s)}, recurrently:

A(s) = — 20<j<s—1 M—1,; (“(j) + ZA(j))v (14)

Set

_ Xiho(v0) +2AG)) — pybyAN) 15)

by B(N) — 2N 1 B(j)

Then the required solution wy := {w(s) : s € E'} can be expressed as w(s) =
A(s) +xzB(s)(s € E).

To finish the algorithm, we return to the estimates of (Amin(—Q°), 9(Q°))
(9(Q°) = g(—Q°)) or further (p(A),g(A)) if necessary, where g(A), for in-
stance, denotes the maximal eigenvector of A. Suppose that the iterations are
stopped at k = kg and set (2,70) = (zko, vko) for simplicity. Then, we have

(Amin (= Q°), Diag(hy) ™ 9(Q%)) = (Auin(— @), 9(Q)) = (2,9),

and so
()\min(—QC), g(QC)) ~ (Z, Diag(h;) z‘;). (16)
Because Apmin(—Q°) = m — p(A), we obtain
(p(A), g(4)) ~ (m — z, Diag(h;) 7). (17)

Now, the question is the possibility from the tridiagonal case to the general
one.

3 Efficient initials: the general case ([3; §4.2] and
[6; §4.5])

When we first look at the question just mentioned, it seems quite a long dis-
tance to go from the special tridiagonal case to the general one. However,
in the eigenvalue computation theory, there is the so-called Lanczos tridiag-
onalization procedure to handle the job, as discussed in [3; Appendix of §3].
Nevertheless, what we adopted in [3; §4] is a completely different approach.
Here is our main idea. Note that the initials vy and d; constructed in the
last section are explicitly expressed by the new sequences. In other words, we
have used three new sequences {hy}, {pr}, and {¢x} instead of the original
three {a;}, {b;}, and {¢;} to describe our initials. Very fortunately, the former
three sequences do have clearly the probabilistic meaning, which then leads
us a way to go to the general setup. Shortly, we construct these sequences by
solving three linear equations (usually, we do not have explicit solution in such
a general setup). Then use them to construct the initials and further apply
the RQI-algorithm.
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Let A = (a5 : 1,5 € E) be the same as given at the beginning of the paper.

Set A; = Z]EE a;j and define

Q=A- (maXAi)I.
1€ER
We can now state the probabilistic/analytic meaning of the required three

sequences (h;), (i), and (¢;).

e (h;) is the harmonic function of Q° except at the right endpoint N, as
mentioned in the last section.

e (u;) is the invariant measure (stationary distribution) of the matrix Q¢
removing the sequence (¢;).

e (p;) is the tail related to the transiency series, refer to [3; Lemma 24
and its proof].

We now begin with our construction. Let h = (hg,h1,...,hy)* (with
hg = 1) solve the equation

Qc \the last rowp ()

and define B
Q = Diag(h;) ' Q° Diag(h;).

Then for which we have
COZ...:CN_lzo, CN::qN,N+1>O'

This is very much similar to the tridiagonal case.
Next, set Q@ = Q. Let ¢ = (po,p1,...,pn)* (With ¢y = 1) solve the

equation
the first row __ the first row
) =P o

I

where
P =Diag((—qi) " )Q+ 1.

Thirdly, assume that p := (ug, 1, . .., un) with g = 1 solves the equation

Q* \the last rowu* = 0.

Having these sequences at hand, we can define the initials
Uo(i) = Vi, 1<SN;  wvo=7o/|[Tollu; 20 = (vo, —Quo)p-
Then, go to the RQI as usual. For k£ > 1, let wy solve the equation
(—Q — zp—1Dwy, = vp1

and set
v = Wi/ [|wi || 2 = (g, —QUk) -
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Then we often have (zx,vr) — (Ao, g) as k — oc.
We remark that there is an alternative choice (more safe) of zp:

_ 1 & 1 3/2
%= max |:\/90n ZMWP}# Z Mjsﬁj/ ]
k=0

1-— 0<n<N \/
P1 0sn Pn n+1<G<N

which is almost a copy of the one used in the last section.

The procedure for returning to the estimates of (Amin(—Q°),9(Q%)) or
further (p(A), g(A)) is very much the same as in the last section.

To conclude this section, we introduce two examples to illustrate the effi-
ciency of the extended initials for tridiagonally dominant matrices. The next
two examples were computed by Xu Zhu, a master student in Shanghai.

Example 4 (Block-tridiagonal matrix)  Consider the matrix

Ay By O 0

Ci A B 0

0 0 O Cn An
where A;, By, C), are 40 x 40-matrices, B's and C's are identity matrices, and

A’s are tridiagonal matrices. For this model, two iterations are enough to arrive
at the required results (Table 2).

Table 2  Outputs for Poisson matrix

‘ N+1 ‘ 20 ‘ 21 ‘ 2= X ‘
1600 | 7.985026 | 7.988219 | 7.988263
3600 | 7.993232 | 7.994676 | 7.994696
6400 | 7.996161 | 7.988256 | 7.987972

Example 5 (Toeplitz matrix) Consider the matrix

1 2 3 n—1 n

2 1 2 n—2 n—1
n—1 n—-2 n-3 --- 1 2

n n—1 n—2 2 1

For this model, three iterations are enough to arrive at the required results (Table
3).

Table 3  Outputs for Toeplitz matrix
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[N+1] 2x10° | zx10° | 2x10° [ z3=Xo |
1600 | 0.156992 [ 0.451326 [ 0.390252 [0.389890
3600 [ 0.157398 | 2.30731 | 1.97816 | 1.97591
6400 | 0.157450 | 7.32791 | 6.25506 |6.24718

As mentioned before, the extended algorithm should be powerful for the
tridiagonally dominant matrices. How about more general case? Two ques-
tions are often asked to me by specialists in computational mathematics: do
you allow more negative off-diagonal elements? How about complex matrices?
My answer is: they are too far away from me, since those matrices can not be
a generator of a Markov chain, I do not have a tool to handle them. Alterna-
tively, I have studied some more general matrices than the tridiagonal ones:
the block-tridiagonal matrices, the lower triangular plus upper-diagonal, the
upper triangular plus lower-diagonal, and so on. Certainly, we can do a lot
case by case, but this seems still a long way to achieve a global algorithm. So
we do need a different idea.

4 Global algorithms

Several months ago, AlphaGo came to my attention. From which I learnt the
subject of machine learning. After some days, I suddenly thought, since we
are doing the computational mathematics, why can not let the computer help
us to find a high efficiency initial value? Why can not we leave this hard task
to the computer? If so, then we can start from a relatively simple and common
initial value, let the computer help us to gradually improve it.

The first step is easy, simply choose the uniform distribution as our initial
Vo:

vo = (1,1,--- ,1)*/v/N + 1.

As mentioned before, this initial vector is fair and universal. One may feel
strange at the first look at “global” in the title of this section. However, with
this universal vy, the power iteration is already a global algorithm. Unfor-
tunately, the convergence of this method is too slow, and hence is often not
practical. To quicken the speed, we should add a shift which now has a very
heavy duty for our algorithm. The main trouble is that the usual Rayleigh
quotient v Avg/(vivg) can not be used as zp, otherwise, it will often lead to
a pitfall, as illustrated by Example 3. The main reason is that our vg is too
rough and so zg deduced from it is also too rough. Now, how to choose zy and
further z,?

Clearly, for avoiding the pitfalls, we have to choose 2y from the outside
of the spectrum of A (denoted by Sp(A)), and as close to p(A) as possible to
quicken the convergence speed. For nonnegative A, Sp(A) is located in a circle
with radius p(A) in the complex plane. Thus, the safe region should be on the
outside of Sp(A). Since p(A) is located at the boundary on the right-hand side
of the circle, the effective area should be on the real axis on the right-hand
side of, but a little away from, p(A).
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Complex plane Complex plane

Sp(A) Sp(Q)

Safe region Safe region

p(A) p(Q)O

Figure 3: Safe region in complex plane.

For the matrix ) used in this paper, since p(Q) < 0, its spectrum Sp(Q) is
located on the left-hand side of the origin. Then, one can simply choose zy = 0
as an initial. See Figure 3.

Having these idea in mind, we can now state two of our global algorithms.
Each of them uses the same initials:

. o Avo .
vo = uniform distribution, 2o = max — (i),
0<i<N Vg

where for two vectors f and g, (f/g9)(@) = fi/gi-

Algorithm 1 (Specific Rayleigh quotient iteration) At step k > 1, for given
v:=1v_1 and z := z;_1, let w solve the equation

(zI — A)w = v.

Set vy = w/||lwl|| and let z, = v} Avy.
This algorithm goes back to [3; §4.1 with Choice IJ.

Algorithm 2 (Shifted inverse iteration) Everything is the same as in Algo-
rithm 1, except redefine z; as follows:

2, = max — (i)

for k > 1 (or equivalently, k£ > 0).

The comparison of these algorithms is the following: with unknown small
probability, Algorithm 1 is less safe than Algorithm 2, but the former one has
a faster convergence speed than the latter one with possibility 1/5 for instance.
A refined combination of the above two algorithms is presented in [6; §2], say
Algorithm 45 for instance.

With the worrying on the safety and convergence speed in mind, we ex-
amine two examples which are non-symmetric.

The first example below is a lower triangular plus the upper-diagonal. It
is far away from the tridiagonal one, we want to see what can be happened.



1424 Mu-Fa CHEN

Example 6 ([6; Example 7]) Let

-1 1 0 0o «--.-- 0 0

al —a1—2 2 0 «vvvn 0 0

as 0 —ag—3 3 -ee-- 0 0 s
< ; ; ; Do N -1 0 (18)

anN-—1 0 0 0 —aN_l—N N

an 0 0 0o - 0 —ay—N-1

For this matrix, we have computed several cases:
ar=1/(k+1), ap=1, ar =k, a,=Fk.

Among them, the first one is the hardest and is hence presented below.
For different IV, the outputs of our algorithm are given in Table 4.

Table 4. The outputs for different N by our algorithm

N+1 | 2 | | oz | au | x| 2%
8 0.276727 | 0.427307 | 0.451902 | 0.452339
16 0.222132 | 0.367827 | 0.399959 | 0.400910
32 0.187826 | 0.329646 | 0.370364 | 0.372308 | 0.372311
50 0.171657 | 0.311197 | 0.357814 | 0.360776 | 0.360784
100 0.152106 | 0.287996 | 0.343847 | 0.349166 | 0.349197
500 0.121403 | 0.247450 | 0.321751 | 0.336811 | 0.337186
1000 | 0.111879 | 0.233257 | 0.313274 | 0.334155 | 0.335009 | 0.335010
5000 | 0.0947429 | 0.205212 | 0.293025 | 0.328961 | 0.332609 | 0.332635
10* | 0.0888963 | 0.194859 | 0.284064 | 0.326285 | 0.332113 | 0.332188

The next example is upper triangular plus lower-diagonal. It is motivated
from the classical branching process. Denote by (pg : k£ > 0) a given probability
measure with p; = 0. Let

-1 p2 p3s pa ----- PN-1 k>N Pk
2o —2 2ps 2py e 2pN—2 2D sN_1Dk

0 3po =3 3p2 - 3pN-3 32 k=N—2Dk

: : : - . —(N-1) (N_1)2k22pk
0 0 0 o .- Npg —Npg

The matrix is defined on E := {1,2,...,N}. Set My = >, pkpr. When
N = 00, it is subcritical iff My < 1, to which the maximal eigenvalue should
be positive. Otherwise, the convergence rate should be zero.

Now, we fix

po=0a/2, p1=0,p=2-0a)/2% ...ph=02—-0a)/2"%, -, a € (0,2).
Then M; = 3(2—«)/2 and hence we are in the subcritical case iff o € (4/3,2).
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Example 7 ([6; Example 9]) Set a = 7/4. We want to know how fast the
local (N < oo) maximal eigenvalue becomes stable (i.e., close enough to the
converge rate at N = o0). Up to N = 10* the steps of the iterations we
need are no more than 6. To quicken the convergence, we adopt an improved
algorithm. Then the outputs of the approximation of the minimal eigenvalue of
—( for different IV are given in Table 5.

Table 5. The outputs in the subcritical case

N ‘ 21 ‘ 22 ‘ 23 ‘ 24
8 0.637800 | 0.638153
16 | 0.621430 | 0.625490 | 0.625539
50 | 0.609976 | 0.624052 | 0.624997 | 0.625000
100 | 0.606948 | 0.623377 | 0.624991 | 0.625000
500 | 0.604409 | 0.622116 | 0.624962 | 0.625000
1000 | 0.604082 | 0.621688 | 0.624944 | 0.625000
5000 | 0.603817 | 0.620838 | 0.62489 | 0.625000
10* | 0.603784 | 0.620511 | 0.624861 | 0.625000

The computation in each case costs no more than one minute. Besides, starting
from N = 50, the final outputs are all the same: 0.625, which then can be
regarded as a very good approximation of Ay, (—@Q) at infinity N = oc.

It is the position to compare our global algorithm with that given in the
last section. At the first look, here in the two examples above, we need about
6 iterations, double of the ones given in the last section. Note that for the
initials of the algorithm in the last section, we need solve three additional
linear equations, which are more or less the same as three additional iterations.
Hence the efficiency of these two algorithms are very close to each other.
Actually, the computation time used for the algorithm in the last section is
much more than the new one here.

It is quite surprising that our new algorithms work for a much general class
of matrices, out of the scope of [3]. Here we consider the maximal eigenpair
only.

The example below allows partially negative off-diagonal elements.

Example 8 ([9; Example (7)], [6; Example 12])  Let

-1 8 -1
A= 8 8 8
-1 8 8

Then The eigenvalues of A are as follows.
17.5124, —7.4675, 4.95513.
The corresponding maximal eigenvector is

(0.486078, 1.24981, 1)*



1426 Mu-Fa CHEN

which is positive.
Started at zg = 24, the outputs of our algorithms are given in Table 6.

Table 6. The outputs for a matrix with more negative elements

n | z: Algorithm 1 | z,: Algorithm 2

1 17.3772 18.5316
2 17.5124 17.5416
3 17.5124

Furthermore, we can even consider some complex matrices.

Example 9 ([10; Example 2.1], [6; Example 15]) Let

0.75 —1.125¢ 0.5882 — 0.1471+¢ 1.0735 + 1.4191¢
A= —0.5—1 2.1765 + 0.7059 ¢ 2.1471 — 0.41187% |,
275 —-0.125¢ 0.5882 —0.1471¢ —0.9265 + 0.4191¢

where the coefficients are all accurate, to four decimal digits. Then A has
eigenvalues
3, —2—i4, 141

with maximal eigenvector
(0.408237, 0.816507, 0.408237)*.

The outputs (y,) (but not (z,)) of [6; Algorithm 14], a variant of Algorithm 2,
are as follows.
Table 7. The outputs for a complex matrix

9 \ ¥2 | y3
3.03949 — 0.04515994 | 3.00471 — 0.00157697 | 3

We mention that a simple sufficient condition for the use of our algorithms
is the following:

Re(A™) > 0 for large enough n, up to a shift mI. (19)

Then we have the Perron—Frobenius property: there exists the maximal eigen-
value p(A) > 0 having simple left- and right-eigenvectors.

Hopefully, the reader would now be accept the use of “global” here for our
new algorithms. They are very much efficient indeed. One may ask about the
convergence speed of the algorithms. Even though we do not have a universal
estimate for each model in such a general setup, it is known however that the
shifted inverse algorithm is a fast cubic one, and hence should be fast enough
in practice. This explains the reason why our algorithms are fast enough in
the general setup. Certainly, in the tridiagonal dominate case, one can use the
algorithms presented in the previous sections. Especially, in the tridiagonal
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situation, we have analytically basic estimates which guarantee the efficiency
of the algorithms. See [4] for a long way to reach the present level.

When talking about the eigenvalues, the first reaction for many people (at
least for me, 30 years ago) is that well, we have known a great deal about the
subject. However, it is not the trues. One may ask himself that for eigenvalues,
how large matrix have you computed by hand? As far as I know, 2 x 2 only in
analytic computation by hand. It is not so easy to compute them for a 3 x 3
matrix, except using computer. Even I have worked on the topic for about
30 years, I have not been brave enough to compute the maximal eigenvector,
we use its mimic only to estimate the maximal eigenvalue (or more generally
the first nontrivial eigenvalue). The first paper I wrote on the numerical
computation is [3]. It is known that the most algorithms in computational
mathematics are local, the Newton algorithm (which is a quadratic algorithm)
for instance. Hence, our global algorithms are somehow unusual.

About three years ago, I heard a lecture that dealt with a circuit board
optimization problem. The author uses the Newton method. I said it was
too dangerous and could fall into the trap. The speaker answered me that
yes, it is dangerous, but no one in the world can solve this problem. Can we
try annealing algorithm? I asked. He replied that it was too slow. We all
know that in the global optimization, a big problem (not yet cracked) is how
to escape from the local traps. The story we are talking about today seems
to have opened a small hole for algorithms and optimization problems, and
perhaps you will be here to create a new field.
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Abstract

This paper is a continuation of the author’s previous papers [Front.
Math. China, 2016, 11(6): 1379-1418; 2017, 12(5): 1023-1043], where
the linear case was studied. A shifted inverse iteration algorithm is in-
troduced, as an acceleration of the inverse iteration which is often used
in the non-linear context (the p-Laplacian operators for instance). Even
though the algorithm is formally similar to the Rayleigh quotient itera-
tion which is well-known in the linear situation, but they are essentially
different. The point is that the standard Rayleigh quotient cannot be
used as a shift in the non-linear setup. We have to employ a different
quantity which has been obtained only recently. As a surprised gift, the
explicit formulas for the algorithm restricted to the linear case (p = 2) is
obtained, which improves the author’s approximating procedure for the
leading eigenvalues in different context, appeared in a group of publica-
tions. The paper begins with p-Laplacian, and is closed by the non-linear
operators corresponding to the well-known Hardy-type inequalities.

2000 Mathematics Subject Classification: 34L15, 34G20, 39A12, 65F15
Key words and phrases. Discrete p-Laplacian, principal eigenpair, shifted inverse
iteration, approximating procedure.

1 Introduction

Let E = {k € Z(nonnegative intergers) : k < N + 1} (N < o). Given a
positive sequence {v, : k € E} with boundary condition v_; = 0 and p € (1, o0),
the (weighted) discrete p-Laplacian operator €2, is defined as follows:

Qpf (k) = vil frar — fulP 72 (Frwr — fr) — vt o = fooa P72 (o — frm1),

or more simply,

Qpf = de-1(00(0f)),  feCk, (1)
where @ is the set of functions vanishing out of (M7, M) for some 0 < M; <
My < N if N = o0,

(0f)ke=0kf = fra1— fr and (@u(f)), =Vl frlP " fe=vil fel " sgn (f).

Throughout this paper, we are interesting in the principal eigenvalue )\, with
the boundary conditions f_1 = fy and fy41 = 0 (which means lim,_, f, =0
if N = o). That is, the smallest A satisfying the following eigenequation

Q9 = —Apu(g) for some g # 0, (2)
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where (uy : k € E) is another given positive measure (weight). Actually, we
are working in the LP(u) setup, the principal eigenvalue A, has an alternative
description in the following classical variational formula

Ap = nf {Dp(f) : u(|fIP) = 1, f e Ck}, (3)
where p(f) = Ypep pifi and

Dp(f) = (= Qf. f) = D wilfusr = i, p>1,  fe%k

keE

(cf. [6; p.1263]).

This principal eigenvalue of p-Laplacian was the aim of the first part of
[6] where the criterion for the positivity, the basic estimates, and the approxi-
mating procedures of the eigenvalue were presented. The main purpose of the
present paper is introducing a new iteration algorithm (with efficient initials),
which is much more efficient than the known ones. As a byproduct, we obtain
an efficient iteration algorithm which is more efficient than the approximating
procedures given in [2] in the linear case.

Algorithm 1 (Shifted inverse iteration) Given measures (uy), (v) on E, and
*

€ (1,00), define p* as the conjugate of p: 1/p + 1/p* =1 and set i, = V;_p

for k € E. Denote by (), gp) the principal eigenpair (g, is the eigenvector
corresponding to A,). The algorithm is to construct an approximating sequence
{(z™ v} 20 of (A\p, gp). In part (3) below, assume that N < oo.

(1) Construction of v(?). Let #(9) denote the column vector

(50)"5er)

Then define v(©) = 6(0)/”17(0)“#73, where | - |, is the LP()-norm.

(2) Construction of 2(%). The construction works for general positive v with
decreasing components. Set

1Y / p—1 PN < vlie
5 = =Ny, - 5= Dlip 4
m (2| S| ) s=pe @

j=i

If 1/6 —1/6 < 107 (say!), then define 2(0) = (1/6 +1/8)/2 and stop the
computation. At the same time, regard (2(0)71)(0)) as an approximation of
(Ap, gp). Otherwise, define 2(%) = 1/5, and then go to the next step.

Alternatively, without using &, one can stop the computations at the nth
iteration once |2 — z(*~1| <1075,
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(3) Given v := 9" Y and z := ("1 we are going to construct v(™). Define
ws := ws(x) successively:

1 k . . p¥—1
wszaz—z {ij;),uj(v? + 2w} )} : 0<s<N (5

0<k<s—1

here and in what follows, we adopt the convention Z@ =0 (then wg =z
by (5)), where z is a large enough root to the equation

N-1 N
—1 —1 —1
)l =2 3 ™ = 3 gl ©)
Jj=0 Jj=0

We will come back to this point after the proof of this algorithm given in
Section 3. It is the place we have to restrict ourselves to N < o0, in the
cases either p # 2 or (™) = 0. Finally, define v(™ = w/|w], .

(4) Repeat the step (2) (updating the superscript of (2(%),v(9))) and step (3).

We now consider two special cases, for which the algorithm becomes sim-
pler and even allow N = oo (in which case, one often needs some modification,
refer to [2], but we omit the details here). The first one is ignoring “shift”, the
resulting algorithm is often used in the literature (see [1, 7] for instance), and
it indeed coincides with approximating procedure given by [6; Theorem 2.4].

Algorithm 2 (Inverse iteration) Everything is the same as in Algorithm 1
except in part (3) of the algorithm, the parameter z is setting to be zero and the
sequence {wg}r>0o takes the following simple form

*

N 1 l ) p*—1
wkZZ{yZ/LJ’U?} ., 0<k<N (7)
=k L7 520

The second special case is the linear one: p = 2. For which, the sequence
{wy} used in part (3) of Algorithm 1 has an explicit construction.

Algorithm 3 (Shifted inverse iteration in linear case: p = 2) Everything
is the same as Algorithm 1 except in part (3) of the algorithm, the sequence
{wk}rep is constructed as follows. Set

S
1
MSj:MjZZTk? 0<j<s<N.
k=g

Define two independent sequences {A;} and {B;}, recurrently:

Ag=— D> M y;(vj+z4)),
0<j<s—1 0<s<N. (8)
Bi=1-2z Y M,1;B,

0<j<s—1
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Then the required {wy}rep can be expressed as wy = Ay + xBy (k € E), where
N N

T = [Z pj(vj + zA;5) — VNAN]/{VNBN -z, Hij]- (9)
j=0 3=0

We claim that the sequences {A;} and {B;} defined in Algorithm 3 have a
unified explicit representation. For this, we need the following result.

Proposition 4  Given sequences {as: s € E} and {M;;: s€ E,0 < j < s},
the solution A, := A,(a@, M) to the equation

Ag=as+ Y, M, j4;, 0<s<N (10)

0<j<s—1

can be expressed as

AS (a7M): C7L$ + Z 78—1,]'1&‘7'1 + Z Ms—l,ﬁ Z Mj1—l,j2&j2

0<j1<s—1 1<ji<s—1 0<jo<y1—1
ot Msfljl"' Z Ml]a1]51
S—2<j1<5—1
+ ) Msfl,jl'“ Z Ml e Y, Moja. (11)
s—1<j1<s—1 0<js<0

The right-hand side is a sum of s + 1 terms, labeled as & = 0,1,...,s. The
Oth term is simply a,. The k(> 1)th term is a k- muItipIe iterated sums with k
parameters (j1,...,jx) over the region: k—1<j; <s—1, k—2<js <j;—1,

, 0 < Jk < jg—1 — 1. In particular, the last term on the right-hand side is
simply equal to

M1, 51+ My, 1My o
onces>=1,and =0 if s =0.

_ To return to Algorithm 3, simply compare (10) with (8). Applying (11) to
M = —zM and then setting

as = 1 or asg = — Z Ms—l,j Vj,

0<j<s—1
we obtain, respectively, the sequences {Bs} and {As} as follows.

Corollary 5  For each s € E, we have

2
Bs=1+( Z M1 5, + (—2) Z M1, 5, Z Mj -1,
0<j1<s 1 Isjiss—1 0sjzsii—1
s—1
—|—---+(—Z) Z MS*].,]'IH. Z Ml,js—l
s—2<j1<s—1 0sys—1<1

+(-2)° )] Ms—l,jl'“ Z Mljsl > Mo,

S—1$j1$8—1 0<Je<0



EIGENPAIR OF DISCRETE p-LAPLACIAN 1433

and
AS = - Z Ms—l,jlvjl - (—Z) Z MS_le Z Mj1—1,jzvj2
O0<jiss—1 1<jiss—1 0<ja<ji—1
5—2
== (=2) > Msljl"' Z My j,_vj,
s—2<j1<s—1 1<1
— (=2)¥7t My q - M M,
s—1,51 1, js—1 0,jsVjs-
s—1<j1<s—1 0<js<0

Clearly, the recurrent formulas (8) is more practical in the numerical com-
putation than the explicit ones given in Corollary 5. Similarly, we can repre-
sent the construction of {wy} given in Algorithms 1 and 2 in recurrent form.
Consider for instance the sequence {wy} defined by (5) with variable x > 0.
It can be computed in terms of {Vj} and {W}}, recurrently, as follows. Start
at Vo = vg_l, wo = x, and Wy = zaP~1. For k =1,2,..., N, let

-1
Vie = Vi1 + v,

_ *_1
wi = wp—1 — [V (Vier + W) |7,
Wi =Wy + Mszfl

For finite NV, the convergence of (z(”),v(”)) to the principal eigenpair in
Algorithm 2, in the linear context, was proved in [4; Proposition 23]. The
same conclusion holds also for general p, refer to [8]. The shifted algorithm
does not disturb but accelerates the convergence.

In the linear case, Algorithm 2 coincides with the author’s approximating
procedure ([2; Theorem 3.2]), refer also to [4; Proof of Proposition 23]. Algo-
rithm 3 improves considerably the convergence speed in a number of contexts,
see for instance [2]. Algorithm 3 also simplifies [4; Proposition 9.

In the next section, we illustrate the application of the results presented
in Section 1 by a simple example. The proofs of the main results are given in
Section 3. The extension of the results to a more general setup is delayed to
the last section of the paper.

2 An example
Consider the following non-trivial example:
N=7 FE={0,1,....7}, pp= 20* and vy, = 20F*! for each k € E.

This is a particular case of [6; Example 2.6].

Before moving to the details, let us mention a simple fact. Note that if
we replace v by cv for some constant ¢ > 0, then the outputs (5, 5) given
in part (2) of Algorithm 1 remain the same. From the proof of Algorithm 1
given in the next section (equation (13), more precisely), it will be clear that
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the resulting w will become cw in the iteration, hence such a change does
not make influence to (5, 5). In other words, without loss of generality, we
may and will omit in this section the normalization procedure w/|w||,p,. We
simply use v(™ to denote the output (the approximation of the eigenvector)
after the nth iteration. However, in general, such normalization cannot be
ignored, otherwise, in the case that one needs a large number of iterations,
the initial v(()n) of v("™) may increase or decrease rapidly. Then normalization is

helpful. Besides, the simplest normalization would be v(™ /v(()n) (rather than
o™ /v, ) instead of v(™ at the nth (each) step.

We now state the numerical results for this example using the three al-
gorithms presented in Section 1, respectively. We start at the linear case.

Case I (Linear case: p = 2). The outputs 1/6(™ and 1/5(”) at the nth
iteration by Algorithm 3 are given in Table 1.

Table 1
n ‘ 2(M = 1/5() ‘ 1/5(n)
0 12.0878 13.0275
1 12.4955 12.5679
2 12.5623 12.5637 = A,
3 12.5637 12.5637

Clearly, the iterations can stop at step 3, according to Algorithm 1 (2). In the
present linear case actually, when n > 1, we use 1/ 5™ as the output 2™ (cf.
[4]), and so we can actually stop the computation at step 2. We remark that
in the present case N = 7, without using shift, we need 16 iterations to achieve
at the six precisely significant digits,

For large N, the problem becomes more serious. The following results are
taken from [8]. Using the Rayleigh quotient iteration ([4; §3]), we get the
result as in Table 2. While using the ordinary inverse iteration, to arrive at

the same accuracy as in Table 2, the number n of iterations we need is as in
Table 3.

Table 2
N +1 ‘ 20 = 1/0;t ‘ z() 22 =,
50 12.0557 12.0721 | 12.0719
100 12.0557 12.0600 | 12.0599
150 12.0557 12.0577 | 12.0576
200 12.0557 12.0568 | 12.0568
Table 3

N+1] 50 | 100 | 150 | 200
n | 243 ] 1240 | 1783 | 2163
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We have thus shown the serious difference of the inverse algorithms with /without
shift.

Case II (Inverse iteration). Let p = 3, then the output 1/5(") at the nth itera-
tion by Algorithm 2 is given as in Table 4. Thus, we can stop the computation
at the 16th step.

Table 4

:lj, 1/5m)
- 1/5” g 5;4(15038
0 | 5.90161

B e 9 5.74031
1 | 5.78915

B 10 5.74028
2 | 5.75709

— 11 5.74026
3 | 5.7465

— 12 5.74025
4 | 5.74274

— 13 5.74024
5 | 5.74132

— 14 5.74024
6 | 5.74075

_t 16 | 5.74023 = A,

Case III (Shifted inverse iteration). Let p = 3. Then the outputs 1/6(™ and
1 / 6™ at the nth iteration by Algorithm 1 are given in Table 5. The iterations
can stop at step 3.

Table 5
n ‘ 2(M = 1/5(m) ‘ 1/5(")
0 5.20417 6.42897
1 5.6652 5.74679
2 5.73842 5.74023 = A,
3 5.74023 5.74023

Comparing the last two cases, the inverse algorithm is much easier in
practice. The convergence at the beginning is quick enough, but then the
convergence speed becomes slower and slower. The shifted inverse iteration
converges much quicker but it required a harder computation in looking for a
root of a nonlinear equation. This suggests us in practice to use the inverse
iteration for a few of steps and then move to the shifted one. Further comments
on the shifted inverse iteration are presented in the subsequent sections.

3 Proofs

We begin this section with some general preparations. First, we discuss § and
0 used in part (2) of Algorithm 1. The next result is basic in the present study.
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Lemma 6  For each positive v, the quantities § and & defined in part (1) of
Algorithm 1 provide the following estimates of A,:

STt <6t

Proof. The upper estimate comes from (3), the lower one comes from [6;
Theorem 2.1(2)]. [

From the above lemma, it is clear that a good choice of v is essential for
our purpose. For part (1) of Algorithm 1, the specific v(® is just the function
f1 used in part (1) of [6; Theorem 2.4]. Now, part (2) of Algorithm 1 is based
on Lemma 6. To explain the meaning of part (3) of Algorithm 1, we need
more preparation.

The ordinary inverse iteration says that at the nth iteration, for given
v define w™ by:

_pr(n) — (pu(v(nfl)).

The key point is that, instead of the original operator —£,,, we use a shifted
one:

—Qu™ — 2D, (™) = g, (D). (12)

Comparing this with the eigenequation (2): a shift term is added on the left-
hand side and the constant A is ignored on the right-hand side. Making a sum
of the both sides of (12) over the set {0,1,...,k} (k < N) and using (1) with
v_1 = 0, it follows that

k
S e e B W T e
=0

k
= Z Mj‘vj(.nfl){p_%j(.n*l), wg\?)ﬂ =0, 0<k<N.
=0

By [6; Propositions 3.1 and 3.2], the eigenvector g, corresponding to A, should
have positive and decreasing components, hence we can assume so do p—1)
and w(™. Thus, we can rewrite the last equation as

k k
Vk(_akw(n))p—l_ Z(nfl)z 11 (w§n))p—1 _ Z i (v§n—1))p—1, 0<k<N.
j=0 J=0

Omitting the superscript n everywhere for simplicity, we obtain

k k
ve(—Opw)Pt — 2 Z ,ung-’*l = Z ,ujv?*l, 0<k<N. (13)
j=0 §=0
That is,
1 1 W7
_ (P~ p— ._
_akw—{l/kz,uj(vj + 2w; )} , wyy1 =0, 0<k<N. (14)
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Proof of Algorithm 1
Summing up in k of the both sides of (14) over {0,1,...,s} (s < N — 1),
with z := wy, it follows that

s

k p¥—1
ws+1=$—2{1Zuj(vf_lJrzwf_l)} ., 0<s<N-1
=0 Yk i50

Or equivalently (5) holds. Starting from (5), one can express wy, (0 < k < N),
step by step, as a function of z. On the other hand, by (14), we have

N
p—1 p—1 p—1
Vyw = Z ,uj(vj + zw; ),
3=0

or equivalently (6) holds. Solving equation (6), we obtain a root z (= wyp).
Then, we obtain the other solutions wy (1 < k < N) in terms of (5). [J

Here is a technical point to find a suitable root = to (6). Actually, we
do not need all of the roots (there are usually more than one), but what
instead is looking for a large enough positive root of (6) only. Now, there is a
question about the starting point in seeking for the root (using FindRoot in
Mathematica for instance, an incorrect starting point will lead to an unrelated
root since the algorithm is local as usual, and then the iterations may go to a
pitfall). For this purpose, we should provide a meaningful estimate of wy = x.
To do so, let £ and ¢ denote the upper and lower bounds of A, (which are 1/§
and 1/9, respectivelgf, in the original context), respectively, obtained by using
Lemma 6. The left-hand side of (12) is approximately (A, — z) ,ukwgfl, where
z = &. Thus, according to (12), we have

-1 -1
(Ap — 2wy, ~ gy,

Equivalently,
wn ~ — Ok
: (Ap = 2)P*~1
In particular,
X0
wo ~

(Ap — Z)pF L

Now, the problem is that A, is unknown. Of which, an approximation of \,
is choosing to be af + (1 — )¢ for some a € (0,1). We have thus made the
choice of the initial point zo in searching the solution z to equation (6):

20 = vola(E— )] (15)

For instance, in Case III given in Section 2, at the first iteration, we choose
a = 1/8 and then use oo = 2/3 at the subsequent iterations. One may have a
look at the result computed for Case III in Section 2.
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Generally speaking, the choice of o depends on the model, but not on its
size N (see for instance [4; Table 2’]). Hence, we can choose « first from a
smaller N and then apply it to the other larger N. Actually, there is a room
for the choice of «, it can be quite rough. The main point is that one should
choose such an a so that the resulting z( is large enough, bigger than z, as
illustrated in Table 6.

Table 6
n 1 2 3
xo | 1.11459 | 2.12296 | 51.0808
x | 0.495123 | 1.77869 | 41.7535

Our shifted inverse iteration is quite similar to the well-known Rayleigh
quotient iteration often used in the linear situation. However, they are essen-
tially different. The point is that, in the linear case, the Rayleigh quotient
Dy (v)/|lv|}p used as a shift z in each iteration, cannot be used in the non-
linear case (i.e. p # 2) for constructing v(™ whenever n > 1, since then the
equation (6) often has no positive root (its roots are often complex, because
of the non-linearity). The root z we need to be positive since the vector w
with wy = « is regarded as an approximation of the maximal eigenvector
which should be positive. This seems the main reason that the shifted inverse
iteration algorithm has not appeared in the non-linear context, as far as we
know.

Proof of Algorithm 2
Summing up in k of the both sides of (14) with z = 0 over {s,..., N} with
wy 1 = 0, we obtain the required assertion.  []

We remark that (7) coincides with [6; (10)] if (v, w) is replaced by (f,g).
In other words, we can rewrite (7) as w = vII(v)?*~! in terms of the operator
I defined in [6; §2]. This means that the inverse iteration (Algorithm 2)
coincides with [6; Theorem 2.4 (1)], as mentioned before. Refer also to [5;
§A.4, Step 6] for more details in the linear case.

Proof of Algorithm 3
Applying (5) to p = 2 and exchanging the order of the sums, we can rewrite
wWs as

Wy =T — Z M,_1,j(zw; + vj), 0<s<N

0<j<s—1
with the convention Z@ := 0 again. Expressing

ws = Ag + 2B, 0<s<N, (16)
then we obtain the iteration formulas (8). Having the sequence {w;}Y o (with
one variable = only) at hand, we can use (6), i.e.,

N-1

N
(vy—zun)wn — 2 Z HjW;5 = Z Hivj
j=0 j=0
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to get the required solution (9) and then using (8) and (16) to obtain the
solution {wg}. [

Proof of Proposition 4 In view of (10), we certainly have Ay = @g. Re-
currently, for s > 1, we have

AS =as + Z Msfl’jl [C_le + Z Aj2]. (17)
0<j1<s—1 0<jo<j1—1
In particular, if s = 1, then
Al =a1 + MOO ag-

Otherwise assume that s > 2. Note that if j; = 0, then in (17), the second
sum in jo can be ignored. Thus, at the first recurrent step, we indeed have

Ag = as + 2 Ms—l,j1 [C_le + Z Ajz]'
I<jiss—1 0<j2<y1—1

Continuing the recurrent procedure (or by induction), it is not difficult to
prove the proposition. []

4 Extension

In this section, we extend Algorithms 1 and 2 to a more general setup. That is
studying the principal eigenpair corresponding to the following eigenequation
(an extension of (2), ignoring the constant A):

Q9 = —@uqlg) for some g +# 0, (18)
where p, g € (1,00) and
(Pra()), = wel Fel 2 fre = bl ful "sen (fr).-

More precisely, the principal eigenvalue we are interested is

_ 19 Fllv

P4 ey, 120 | f

Hq

(cf. [3; Proposition 4.7]).
Here is our first main result in this section.

Algorithm 7 (Shifted inverse iteration) Given measures (uy), (vx) on E,
and p,q € (1,0) with ¢ > p, set iy, = V;_p* for k € E. Denote by (gp.q, A\p,q)
the principal eigenpair described by (18). The algorithm is to construct an ap-
proximating sequence {(v(”),z(”))} of (gp,qs A\p,q)- In part (3) below, assume
that V < oo.

n=0
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(1) Construction of v(?). Let #(°) denote the column vector
N 1/p% P
<<Zl§j> :k:EE>, pri=—+1.
j=k

Then define v(©) = 17(0)/“17(0)““(1, where | - |4 is the L?(u)-norm.

(2) Construction of z for a given general positive v with decreasing compo-
nents. Set

d = max Z Z v A _ HU”uq (19)
el (%3 F k ’ Ha ( )HVP

j =1

Oﬂl

When v = (™) write ((5, 5) as (5(”),5(”)). We can stop the computation
at the nth iteration once

1/60=D — 1 /6" <1077,

then define 2" = 1/6("). Otherwise, define (") = max{1/6(, z(»=1)},
and then go to the next step.

(3) Given v := v(®» 1) and z := 2"~V we are going to construct v(™. For
this, define w; := ws(x) successively:

k *_q
1 p
o (..q—1 q—1
ws—x—z {%Zu](vj + 2w )} , 0<s<N, (20
0<k<s—1 j=0
where z is a large enough root of the equation
1 1 Pt
Z{ Zu] T )} . (21)
k=0

Finally, define v(™ =
(4) Repeat the step (2) (updating the superscript of (2(?),v(9))) and step (3).

The main difference of Algorithms 7 and 1 is the quantity ¢ in part (2).
Here in Algorithm 7, we do not use the pair (p,q) directly, but instead use
a single p := ¢/p* + 1 (as indicated in part (1) of Algorithm 7), returning to
the setup of Section 1. When g = p, we go back again to the setup of Section
1. Otherwise, when ¢ > p, the story is different as indicated in part (2) of
Algorithm 7:

2(") = max{1/6( z("=1y,

However, since the shifted operator and the original one have the same eigen-
vector (up to a constant), the vectors {v(™} constructed by the shifted algo-
rithm do converge to the principal eigenvector g, , and so at the same time,
the sequence {1 /5(")} should converge to A, 4. Recall that the use of shifts is



EIGENPAIR OF DISCRETE p-LAPLACIAN 1441

to accelerate the convergence speed, the z more closer to A, , makes the con-
vergence quicker, hence it is valuable to use a suitable combination of 1/ 5(n)
and 1/6( as an accelerated shift z(®) (has to be located below Apgq in the
present non-linear situation), as we did several times in [4]. We will come
back to this point in Remark 10 (3) below.

Similar to Algorithm 2, the algorithm becomes much simpler once the
“shift” is ignored.

Algorithm 8 (Inverse iteration) Everything is the same as in Algorithm 7
except in part (3) of the algorithm, the parameter z is setting to be zero and the
sequence {wg}r>0o takes the form:

N 1 l p¥—1
wk=Z[VZujv?_l] , 0<k<N.
=k L7 520

To illustrate the application of the above results, let us return to the ex-
ample studied in Section 2.

Example 9 Fix p = 3 and ¢ = 4. Then to achieve at the six precisely
significant digits,

e for the inverse iteration, we need six iterations; and
e for the shifted inverse iteration, we need only three iterations.

The outputs are given in Table 7.

Table 7

n 1/5?”)

% 22'267330069 n 71/5 !
e 0 | 2.6306
2 | 2.2586 ——t o emion
—_— 1| 2.27187
3 | 2.25736 T o aEraE
_ 2 | 2.25725
2 [ 2.25720 3225725
5| 225725 e
6| 225725

Here are three remarks on the shifted inverse iteration.

Remark 10 (1) When g # p, due to the inhomogeneous problem of the
shifted operator, unlike the inverse iteration or the algorithms given in Sec-
tion 1 for the p-homogeneous case, here the normalization procedure v =
w™ /|w™ |, 4 is necessary for each n > 0.

(2) As in part (3) of Algorithm 1, in part (3) of Algorithm 7, we need to
specify the initial point x( in finding the suitable root of x. For simplicity, as
in §3, set £ = 1/6 and £ = 1/6. Then, as an analog of (15), we have

ro = wola(§—¢)]"7.
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We can even ignore vy here

zo = [a(€ =€), (22)

since for normalized v, its vy is close to 1. As usual, the choice of o depends
on the model. The specific choice for our model is o = 0.18 at the first step
and then o = 0.1 for subsequent iterations. We will come back to this point
again soon.

(3) In part (2) of Algorithm 1, the sequence {1/} increases in n to \,.
However, the increasing property happens in Algorithm 7 only at the first of
few steps, and then it goes decreasingly. The reason is as follows. On the one
hand, the sequence {v(")} converges to the principal eigenfunction g, 4, and
hence {1/6(™} converges to A, 4, as n — 00. On the other hand, if we denote
by {17(”)} the sequence from the inverse iterations given in Algorithm 2 with
p = p, and replacing v by © and p by p in the definition of § in (4), we obtain

~ 1 N J - pE—1\ p—1

0= — 7 ob~

N J p*/q\ q/p*

- ~q/p*

Y it | )

= k
1 X J oo p*/a\ 1/p*y q

{2 B[ )
Jj=i k=0

Once we set 0 = v, we return to (19) except an additional power g which comes
from the difference of the definition of )\, and A,,. Anyhow, we understand
where the quantity J in (19) comes from and the difference between (4) and
(19) (cf. [3]). Clearly, except at the initial point n = 0, {v(™} is different from
{6} if ¢ # p. Remember that {v(™} and {#(™} converge to the eigenvectors
9p,q and gp, respectively, and have the same initial v©® = 5, Hence, up to
some ng, v*®) improves not only v*=1) but also 7~ for k < ng. Therefore,
{1/6)} is increasing up to ng. Then v(™ becomes close and close to Ipyq
and hence away from gz step by step. In other words, {1/6} turns to be
decreasing after ng. Therefore, the sequence {1/6(™} is not monotone, but
unimodal. This is the reason why we adopt

2" = max{1/6( ("1},

but not 1/6( only in Algorithm 7 (2). As proved in [3], the limits of {(1/5(”))1/‘1}
and {1/6(™} are quite closed to each other. Actually, the last two sequences
were used in [3; Theorem 2.2] for the upper/lower estimates of A, }1.

Let us present more details in the computation of the second part of Ex-
ample 9 to explain the above idea (Table 8).
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Table 8
\ 1/6 \ »(n) \ 1/5) \am)\ 2 \ (™)
2.16948 | 2.16948 | 2.6306 | 0.18 | 2.29248 | 0.288079
2.21445 | 2.21445 | 2.27187 | 0.1 | 5.58444 | 5.0765

2.17016 | 2.21445 | 2.25725 | 0.1 | 6.15897 | 5.07653
2.16986 2.25725

WO

In words, the computation goes as follows. Suppose we are given v = v,
then we can use the formulas given in the first two parts of Algorithm 7 to
compute 1/9, 1 / § and determine z (ignoring the upper scripts for simplicity).
Then, in order to define the next v, at the beginning step, we choose a = 0.18,
and in the subsequent steps, choose o« = 0.1. There is a technical point
here. Since the lower estimate £ = z used in (22) is smaller than the real
lower bound determined by v, we choose a smaller number « here avoiding
a modification of {. It is often meaningful (and there is some freedom) to
choose « so that the resulting xg is bigger (even two or three times bigger)
than the root x we required. Otherwise, we should use a smaller . Once, «
is chosen, we can compute zg, x, and then the sequence {wy : k € E}. Finally,
define v("*1) = w/|w|,,, and repeat the above computations. Note that as n
increases, we obtain a unimodal sequence 1/ (") with maximal point achieved
at n = 1. The reason was explained in the previous paragraph. Hence we have
2N = 2) > 1/63). Since the output of 1/5(7‘) at n = 3 coincides with it at
n = 2, we do not need to do anymore, and so the computation is stopped at
this step.

From the above discussion, it is clear that we can apply Algorithm 1,

replacing (j1,v,p) by (1,7,5) with

=Lyt = IVED g
p

to compute Az, and then set 2 = A;;/ % in the application of Algorithm 7.

The reason of the change v — 7 is what we used in (19) for § is & = v 7"
rather than o = 17" required in Algorithm 1 with p = p. For Example 9,

A;}/ %~ 2.23211. However, such a choice may not be economical in practice.

Proof of Algorithm 7 Recall the eigenequation (18):
pr(n) = _wu,q(v(nil))-

By adding a shifted term, we obtain the so-called shifted inverse iteration as
follows.

pr(n) + Z(n_l)@u,q(w(n)) = —%u q(U(n_l))-

)

Next, by [9; Proposition 2.1], we may and will assume that both v = v(*~1)

and w := w(™ are positive and decreasing. Hence as an analog of (14), we
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have
1 & 1 1 Pt
—oow =1 — (9™ a= =0, 0<k<N. 23
W {Vk ]E:OMJ (vj + zw] )} , WN+1 ) (23)

From this, we obtain (20). Combining (20) and (23) at N, we obtain (21). We
have thus completed the construction of the shifted algorithm. []
The proof of Algorithm 8 is almost the same as the one for Algorithm 2.
As usual, the results presented in this paper should be meaningful in the
continuous context.
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Abstract

The main purpose of the paper is looking for a larger class of matrices
which have real spectrum. The first well-known class having this property
is the symmetric one, then is the Hermite one. This paper introduces a
new class, called Hermitizable matrices. The closely related isospectral
problem, not only for matrices but also for differential operators is also
studied. The paper provides a way to describe the discrete spectrum, at
least for tridiagonal matrices or one-dimensional differential operators.
Especially, an unexpected result in the paper says that each Hermitizable
matrix is isospectral to a birth-death type matrix (having positive sub-
diagonal elements, in the irreducible case for instance). Besides, new
efficient algorithms are proposed for computing the maximal eigenpairs
of these class of matrices.

2000 Mathematics Subject Classification: 15A18, 34L05, 35P05, 37A30
Key words and phrases. Real spectrum, symmetrizable, Hermitizable, isospectral,
matrix, differential operator.

1 Introduction

In the study of the submaximal eigenvalue computation, we learn that the
complex spectrum is harder to handle than the real one. This leads to looking
for a larger class of matrices having real spectrum. Certainly, the problem
is meaningful not only in several branches of mathematics but also for quan-
tum mechanics. In the context of real matrices, one knows that the class
of symmetric matrices has this property. Actually, in probability theory, we
have also known that an extended class, called symmetrizable matrices has
the same property. For the last class, it was restricted to those matrices hav-
ing nonnegative off-diagonal elements (the restriction is natural in the scope
of probability theory, since A is regarded, for instance, as a formal generator
of a Markov chain). Hence, it is up to now still an open question about the
symmetrizability for real matrices. Next, in the context of complex matrices,
it is again well known that the Hermite matrices have real spectrum. Thus,
it is natural to study the so-called Hermitizable class, as an extension of the
Hermitian one. At the same time, we study the isospectral problem for matri-
ces. As a byproduct, we update remarkably some algorithms published earlier,
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for computing the maximal eigenpair. Besides, we also examine the problems
for the second-order differential operators. Combining the results obtained
here with [8], it provides a way to describe the discrete spectrum, at least for
complex tridiagonal matrices or one-dimensional differential operators.

To have a quick understanding of what is going on in the paper, let us
consider the simplest typical case: the tridiagonal matrices

—Cp bo O

ap —c1 by
ay —ca by

a1 —Cn-1 bn-1

O Q. —Cpn

where N is fixed to be finite at the moment. In the context of real matrices,
the symmetry means that by = ag,q for each k : 0 < k£ < N. Without loss
of generality, one may assume that a; # 0 for each k : 1 < k < N. In the
symmetrizable case (i.e. there exists positive (u;) such that p;b; = pir1a;41
for every i), the subdiagonals (ay) and (bg) can be rather arbitrary except both
of them were assumed to be positive. In the context of complex matrices, the
Hermitizability means that there exists positive (u;) such that p;b; = pi11a;41
for every 4. This holds iff three conditions hold simultaneously:

1) agy1 #0for k:1 <k < N;
2) the ratio by/agy1 > 0 for each k: 0 < k < N;
3) the diagonals (c)o<k<n are real.

In each of these three cases (symmetric, symmetrizable, or Hermitizable),
the spectrum of A is real. It is much more surprising that one can reduce
the Hermitizable case to the symmetrizable one, especially for computing the
maximal eigenpair, developed in [9-12]. Refer to [12; §2] for a short survey, in
particular. To the last topic, new efficient algorithms are presented, especially
for non-symmetric tridiagonal matrices with large size.

The paper is organized as follows. In Section 2, we present an extended
and improved circle criterion for the Hermitizability and an invariance of this
property under the so-called h-transform, which is an important addition to
[15]. In Section 3, we mainly concentrate on tridiagonal matrices, especially on
the h-transform. The main result is quite unexpected, it reduces the present
complex situation to the well understood symmetrizable case for computing
the maximal eigenpair developed in [9-12]. As a continuation of Section 3, new
algorithms for the computation of the maximal eigenpairs, especially for non-
symmetric matrices with large size are presented in Section 4. In Section 5,
we study the symmetrizable and isospectral problems briefly for second-order
differential operators.
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2 Hermitizable complex matrices

In this section, we study the Hermitizable complex matrices which consist of
an important and operable extension of the ordinary Hermite matrices. At
the same time, we study in a general setup an isospectral transform (called
h-transform) and the invariance of the Hermitizability under the transform.

Let A = (a;j) be a given complex matrix on a countable (finite or infinite)
set E.

Definition 1 ~ The matrix A = (a;; : 4,5 € E) is called Hermitizable (or
complex symmetrizable) if there exists a positive measure (u; : i € F) such
that

HiGij = M]djla Zaj € E7 (1)
where a denotes the conjugate of a.

In other words, a complex matrix A = (a;;) is Hermitizable if there exists
p = (i) such that the matrix (u;a;; : 4,7 € E) becomes Hermite, even though
A itself may not be so unless u is the uniformly distributed measure. Thus,
the existence of a Hermitizable measure p is essential in this context. Once
the measure p is at hand, one may call A Hermite, or symmetric, or more
often selfadjoint on the Hilbert space L?(u) of complex functions. In the con-
text of real matrix with nonnegative off-diagonal elements, it is usually called
symmetrizable (or symmetric on L?(u) once p is known). See for instance [5;
Chapter 7]. The next result is somehow standard.

Proposition 2 (1) A complex matrix A is Hermitizable with respect to p iff,
as an operator, A is selfadjoint (Hermitian, symmetric) on the space L?(u)
of complex functions:

(Af7g),u = (fv Ag),th f).g € %K7 (2)

where € is the set of functions with finite support and (-, ), is the usual
L?(p)-inner product:

(f;9)u = f fadp.
E
(2) If so, the spectrum of A in L?(u) is real.

Proof. The following simple proof may be helpful for the new comers to the
topic. Denote by Diag (h) the diagonal matrix having (hy) as its diagonals.
Rewrite the pointwise formula (1) as the matrix form

. . . H
Diag (1)A = A" Diag (1) [ = (Diag (1)4)" ],
where AX is the conjugate and transpose of A: A*. Then

A = Diag (1)~ A" Diag (). (3)
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This means that A and A have the same spectrum and hence which should
be real. We have thus proved part (2) of Proposition 2. The standard way to
prove that part (2) is implied by part (1) of the proposition goes as follows.
Let A\ be a L?-eigenvalue of A, then there exists g € L?(u), g # 0 such that
Ag = A\g. Hence

(A9, = M9 D (9. 49)0 = M9, 9)u-

Therefore, A = A which shows that A must be real. By the way, in our study
on leading eigenvalues, it is more convenient to allow g € L'(x) rather than
g € L*(u), especially for infinite E. See [6] for more details and additional
reference, in particular [6; Proposition 3.5].

By setting f = 1y, and g = 1y, it follows that (2)=(1). We now prove
that (1)=(2), or equivalently, (3)=>(2). Note that

(f,9)u = g™ Diag (1) f.
We have

(Af, 9)u = 9" Diag (u)Af
= ¢"Diag (1)Diag (1) "' A"Diag (1) f  (by (3))
= g" A" Diag (1) f
= (Ag)"Diag (u) f
— (Diag (1) f)" Ag
= (f7 Ag),u«
We have thus proved that (3)=(2) and then (1)<=(2). O

For infinite F, as an operator on L?(1), one has to take care of the domain
of A, a suitable extension of €k for instance.
Clearly, each Hermitizable matrix satisfies the following conditions.

Lemma 3  Each complex symmetrizable matrix A = (a;;) should have the
following properties.

(1) Co-zero property: a;; =0 iff a;;=0 for every pair i,jeE, i # j.
(2) Positive ratio property: a;j/a;; > 0 once a;; # 0 for each pairi,j € E.

Moreover, these properties can be combined into a single one:
(3) either both a;; and aj; are zero, or a;jaj; > 0.

We remark that by the lemma, the diagonal elements (a;; : i € E)) must be
real: either a;; = 0, or a;;/a;; > 0. Throughout the paper, the fractions are
assumed to be irreducible to avoid confusion.
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Definition 4  Let i # j and write ¢ — j if a;; # 0. If
lp =11 = - > lp > Ingd,

then it is called a path from iy to 4,1, denoted by iy v~ i,11. We say that
A is irreducible if for every pair (i,j), i # j, we have i v j (and so does
o d).

Note that if we make a convention: i v ¢ for every ¢ € E, then the relation
‘v’ is an equivalence one, in view of Lemma 3. Hence we can divide the space
E into irreducible subclasses (subsets), and then study the symmetrizable
problem of the submatrices on each irreducible subset, separately. Thus, for
simplicity, in what follows, we may restrict ourselves to one irreducible class.
Therefore, each symmetrizable matrix A is endowed with a graph structure
with bonds ‘4 — j’, and each submatrix owns a subgraph structure.

Now, assume that ig — iy — -+ — i;, — i,11. Obviously, we can rewrite
(1) as

- @igiy
0 Aiyig

i1

Multiplying both sides by ai,4,/@i,, and using the equality above replacing
(io,il) by (il,ig), we obtain

) Qjgip  Qigig iy
0 = T = M = = Mio-
Qjy5  Qigiy Qjgiq
Successively, we have
- Qigiy Qiyio inins1 4
/‘20_‘ = = - = Mipyq- ( )
Qiyig Qigiy Qipyrin

By setting i, .1 = 79, we have obtained an extended Kolomogrov circle the-
orem ([19] where the result was proved for transition probabilities of Markov
chains with finite space):

Gigiy Biyiy  Qinig _ 1 (5)
Qiyig Qigiy Qigin,

for each closed path (circle) ig — i3 — -+ — i, — ip.

Due to the positive ratio property of A, each fraction on the left-hand side of
(5) is positive. Note that for the degenerated closed path, the round-trip path
i9p — 11 — iz — i1 — dp for instance, condition (5) is trivial, and so from now
on, unless otherwise stated, we ignore it in examining the circle condition (5).
We can apply the argument given in [5; §7.1] to obtain the following result.

Theorem 5 (Improved circle theorem)  Under the necessary conditions
given in Lemma 3, a matrix A is Hermitizable iff (5) holds for each closed
path (equivalently, each smallest (non-cross-) closed path). If so, regard i( as a
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reference point and set p;, = 1. Then, for each 7,41 belonging to the connect
subgraph of A containing ig, j;,,, can be computed by using (4) along a shortest
path ig — ... — i,41. The computations for the other py in different sub-graphs
are similar.

A simple illustration of the meaning of the present extension goes as fol-
lows. Suppose that A = (a;;) is a real and Hermitizable (i.e. symmetrizable)
matrix. If we change the sign of an arbitrary number of pairs (a;j,a;;) si-
multaneously, then the resulted matrix is again symmetrizable, even with the
same symmetrizing measure ().

This result goes back to [17] and [23; Chapter 6]. For a matrix A with
non-negative off-diagonal elements, Theorem 5 has a lot of powerful applica-
tions, refer to [5; §7.2 and Chapter 11] for simple criteria and more original
references (even extended into uncountable spaces). Actually, it was the first
tool we used to statistical mechanics: distinguishing the equilibrium and non-
equilibrium systems. Refer to the survey articles [13, 14] for a long story along
this research direction. We recall that Kolmogorov’s [19, 20] was motivated
from Schrodinger’s [24] (1931), who discovered the “wave equation” in 1926.
Hence, the present study on the complex operators with real spectrum may
be meaningful in quantum mechanics.

The power of Theorem 5 is especially based on its use on the geometric
(graphic) structure of the graph. Regarding E as the set of vertexes. Define
the edges to be the set of pairs (7,7) with a;; # 0. Then we have i — j and
47 — i and furthermore paths, as stated in Definition 4. We have thus obtained
a graph structure. For simplicity, we may assume that the graph is connected.

Recalling that the round-trip paths can be ignored, the next result is ob-
vious. To be precise, we say that ig — i1 — --- — i,, — g is a real circle if
the elements in {ig, i1, - ,i,} are all different.

Corollary 6 If the graph of A contains no real circle, then it is Hermitizable
iff the properties listed in Lemma 3 hold.

Next, we introduce a (conservative) potential field structure, the ‘work’,
to the graph: the work done by the graph along the path

ig —> i1 = - = Upyd,

denoted by
w(ip — i1 — = dnt1),

Qg Qi yq
og (ot St )
Qiyig Qi 1in

Clearly, we have the additive property:

is defined by

w(ip =41 — -+ = ipg1) = w(ig = i1 — - = i) + Wi = lpg1 - = Ing1).
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Now, (5) means that the work done by the graph along each closed path equals
ZEro:
w(i0—>i1—>---—>in—>i0)20. (6)

Having the field structure at hand, the proof of Theorem 5 is more or less
the same as those presented in [17], [23; Chapter 6], or [5; Chapter 7]. Here
we sketch some points only.

Sketch of the proof of Theorem 5 First, we have proved that the con-
ditions listed in Lemma 3 plus the circle condition (5) are necessary for the
Hermitizability (1). Next, under these conditions, we have not only the field
structure, but also the path-independence (6). Due to this, we can define a
potential V on the graph. Assume that the graph is connected for simplicity.
Fix a reference point 7y and set V;, = 0. For each j # ig, choose and fix a path
from ig to j, denoted by L;,;. Then define V; to be the work done by the field
along the path L;;:
Vi =Vj = Viy = w(Lip;).

We have thus defined a potential function V' on the graph, which is actually in-
dependent of the specific choice of path L;,;. By using the path-independence
again, for every pair {i,j} (i # j), we have

w(Ligi) + w(i — j) = w(Liyj).

Hence

Therefore,

This gives us (1) with uz = e'*. We have thus proved that the conditions

given in Lemma 3 plus the circle condition (5) are sufficient for (1).

To show that the minimal closed path condition stated in Theorem 5 is
indeed sufficient, let us consider a simple (random chosen) example, Figure 1.
We check that

w0 —>3—->2—->1-0)=0. (7)

This closed circle evolves two smallest closed circles:

0—-3—-2—-0 and 0—-2—1—0.

/

@

©)
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Figure 1 Circles of a connected graph

Theorem 5 says that for having (7), it suffices to assume that
wl0—->3—-2—-0)=0 and w(0—>2—->1—-0)=0.

By the additive property, these two conditions imply that

wl0—>3-2-0—-2—>1—-0)=0. (8)
Noting that -
@ > (0 = conjugate of @ _ 02 > 0,
a0 azp a0
we have
a a
w(2—0—2) = log =2 +log =2 = 0.
ap2 a20

Hence by using the additive property again, we can remove the round-trip
path 2 - 0 — 2 in (8), and then obtain the required assertion (7). [

Note that for the graph here, even though a closed path can be rather
complex, we need to handle with triangles and quadrilaterals only. This is
actually meaningful in general (refer to [5; §7.2 and Chapter 11] again).

To illustrate the use of Theorem 5, we consider a particular example.

Example 7 Let

—6 (8 —64)/5 (8 + 144)/13 (18 +44)/17
A_ | 3roin —55/4 (=5 +404)/13 (30 + 354)/17
| a2—21i)5  (—4-320)/5 ~13 (60 — 66)/17
(63— 14i)/10 (84 —984)/15 (70 + 774)/13 ~16

This matrix is Hermitizable and so has real eigenvalues:
—21.3806, —17.7581, —9.44576, —0.165558.

Besides, the Hermitizable measure p is

8 2
Ho = ,M1—15,M2—39,M3—119-

@ © Three smallest circles :
\ / 0-1-2-0,
0—-3—-2-—0,
ﬁ) 1-2—-3-—>1.
©

Figure 2 Heart figure
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Proof. The co-zero property is obvious since the matrix contains no zero
elements. Thus, we need only to check the other two conditions: the positive
ratio and the circle conditions.

To do so, we need some simplification. Denote by r;; the ratio a;;/a;;.
Then we need to check only six bonds (i, j) since r;; > 0 iff 7;; > 0, even
though there are altogether twelve oriented bonds for the graph (see Fig. 2).
Note that each bond belongs to one of the circles, we need only to consider the
bonds of the circles. Otherwise, the remainder bonds will have to be treated
separately for the positivity of ratio. Now,

8 25 39 20 119 238

15 T2 = £’ T20 = 10 To3 = 119’ 32 = ] r31 = 5
Having these ratios at hand, it is rather easy to check the circle condition
for the three smallest circles and to compute the measure p in terms of the
formula: po =1, pp = pe—176—1k. O

To1 =

The second aim of this paper is to study the isospectral operators (matrices,
in particular), as a continuation of [15, 8]. For this, we need to copy a result
from [15; Lemma 1.3 and Remark 1.4].

Lemma 8 Let (E,&, ) be a measure space and let h be Lebesgue measur-
able: £ — C, h # 0, u-a.e. Then the following assertions hold.

(1) The mapping f := ]l[h#gf/h is an isometry from L?(E,p) to L*(E, i)
(complex), where i = |h|*pu.

(2) Let L be an operator on L?*(E, i) with domain Z(L). Define an operator
L as follows:

Ef =ty (7). 9(B)={fcs:freom}. )

Then the operators (L, Z(L)) on L*(E,u) and (L, 2(L)) on L*(E, i)
are isospectral (say L and L are L2-isospectral, for short) in the following
sense:

(Lf = (L]0 fe(L).

(3) If additionally, h € (L), then for fixed B € &, L1 =0, fi-a.e. on B iff
Lh =0, p-a.e. on B.

Example 7(Continued) As an application of Lemma 8, let h denote the
vector having hs = 1 (i.e. B = {0, 1,2} in Lemma 8(3)). Solving the equation

A\tho last row h=0

Y

where A\the last row g the matrix obtained from A by removing its last row, we
obtain

_9+2i _ 6+47i 101l

hO - 9 hl 17 9 2 = 17

hg = 1.
17 y 13
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Next, define (an alternative expression of (9))
A := Diag (h)"*ADiag (h),

where Diag (h) is the diagonal matrix having vector h as its diagonal elements.
Then, we have

-6 2 2 2
- |15/4 554 5 5
A=1 3 4 -13 6 (10)
7/2 14/3 7 —16

Note that each row of this real matrix is conservative (i.e. the sum of the row
equals zero) except the last one. By the above lemma, A and A have the same
spectrum but in general the real A is much more convenient in application
(refer to [9 — 12] for instance).

Here a new question arrives. Is the transformed matrix A Hermitizable?
Note that the measures p and ji in the transformation defined by Lemma 8
are often different. The transformation is designed in a general setup, as used
a lot in [9; Section 4], not necessary for Hermitizable ones. We remark that
Lemma 8 goes from a complicated L (containing a potential or a killing term,
for instance) to a simpler L (without potential or killing term). In this case,
we need not only the first two conditions of Lemma 8, but also its third one:
assuming h to be somehow L-harmonic. Sometimes, we go to the opposite

direction: from L to L:
~(f
Lf=hL[(=
f ( !

as we will see several times subsequently. In this case, we do not need the
third condition of Lemma 8. Thus, in what follows, unless otherwise stated,
we call the one defined by the first two conditions of Lemma 8 an h-transform.
The next result is an important addition to [15].

Theorem 9  The selfadjointness

(Lf,9)p = (£, L9y,  f.ge D(L) = L*()

is invariant under the h-transform.

Proof. (a) Define a multiplying operator H as follows.
(Hf)(x) = h(x)f(x) for every x

(where H plays the same role as Diag (h) used in the discrete context). Then
the h-transform defined in Lemma 8 can be expressed by

L=H'LH.
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Part (2) of Lemma 8 says, as proved in [15], that with f = f/h (equivalently,
Hf = f), we have o

Let us repeat the proof of this conclusion here in terms of the operator H.
(zfaf)ﬂ: (H_ILHJFM]F)Q: (ﬁ_lH_lLHf7Hf)/]: (‘H‘_2Lf7f)ﬂ: (Lfvf)u

(b) By the way, due to the conjugate property of inner product, it is obvious
that

(Lf. 1) = LS D= (F.LF), = (/. LD

(c¢) To go to the selfadjointness, recall the polarization identity

1 . . . .
(F:0)u = 3 (IF + gl = 1F = glis + il f + gl — il F = ig)-
Since L is a linear operator, we may set f1 = Lf, g1 = Lg, and write

(L(f+9), f+9u=(fr+a,f+9p

Expressing in the same way the other terms on the right-hand side of the next
formula, one may check the following identity:

(L1,0) = $[L0 + 0. + ) — (L —9). S ),
+i(L(f +1g), f +1ig), —i(L(f —ig), f —1ig) ]

Roughly speaking, if we regard (Lf, g) as a new bivariate functional of f and
g, say (f, g) for instance: linear in f and conjugate linear in g, then the present
identity can be read out from the previous one for (f,g),. Similarly, we have
the identity for (L fs g)ﬂ. Since the right-hand side is expressed by the diagonal
elements of the quadratic form (Lf, g),, and correspondingly for (E 1, g)ﬁ, by

proof (a), we obtain o

By exchanging f and g (correspondingly, f and g) and using the property used
in proof (b), we also obtain

The last two identities are more than enough for the required assertion. []

By the way, we study an extension of Lemma 8 and Theorem 9. As in
Lemma 8, let L be a linear operator in L?(E, u) with domain 2(L), and let
M be an invertible linear one. Define a new inner product

<f7.g> = (vaMg)ﬂ'

Then we have an inner product space, and furthermore a Hilbert space 57 (E, (-, ).
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Theorem 10 Let L, M, and 5 (E,{-,-)) be defined as above. Then the
following assertions hold.

(1) The mapping f := M~'f is an isometry from L%(E, ) to J(E,{-,-)).
(2) Define an operator L as follows:
Lf=M7'LMf,  2(L)={feé&:Mfe (L)} (11)

Then the operators (L, (L)) on L?(E, i1) and (Z, Q(E)) on S (E, ("))
are isospectral in the following sense:

(Lf, Pu=<LF.f), fea(D).
(3) The operator L is selfadjoint on L2(E, 1) iff so does L on (B, {-,-)).

Proof. The proof is quite similar to the one for Theorem 9. Recall that
f = Mf{. First, we have

(fr9)u = (MFf, Mg), ={f. 3).
Next,

(Lf.9)u = (LMf. M7), = (MM~ LM, Mg) ‘2 (MLf, Mg), = (Lf.5).

We have thus proved the first two parts of the theorem. Then the third one
follows by the same idea used in the proof of Theorem 9: from diagonal case
to the general one of the quadratic forms. [

By Theorem 9, the transformed matrix A given in (10) is Hermitizable. We
have seen that this matrix A has a nice property: its off-diagonal elements are
nonnegative. For this, it is necessary that the diagonal elements of A should
be enough negative. If not, one may replace the original A by a shift one:

+
Ay =A—mlI, m:=sup (akk + Z |akj|) , ati=max{z,0}. (12
k X
Jj#k

For real A, this was used in [9-12] for computing the maximal eigenpair. For
complex A, this is based on the well-known Gershgorin Circle Theorem (cf.
[27]) used to bound the spectrum of a square matrix. For finite matrix, there
is no problem for m < o even for arbitrary (ci). However, it is often a restric-
tion for infinite matrix. In which case, one may adopt some approximation
procedure to avoid m = o0. The quantity in (12) can be sharp in the special
case: the off-diagonal elements are nonnegative and

akk+zj¢kakj=m, 0< k<N and
ann t 2Ny S m if N < o0.
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In this case, the constant m is exactly the shift we required. As will be
seen from Example 18 below, there may have a little room for improvement.
However, since the estimate m for a necessary shift is often not exact, it should
be permitted to have a smaller (generally speaking, for safe, a bigger one is
safer) perturbation so that m becomes simpler (integer, for instance).

Example 7(Continued) We now illustrate the effectiveness (12) by the present
example. Even though we have seen the given {a;;} are negative enough, which
is however not known in advance, it is meaningful to have a test about condi-
tion (12). For this, since

sup (akk + Z \akjo = 7.0634,
k

j#k

we choose m = 7. Then

—6-7 (8 —64)/5 (8 +144)/13 (18 +44)/17

4| 3toin —55/4—7  (=5+40i)/13 (30 + 351)/17

=l a2—214)5  (-4-324)/5 —13-7 (60 — 6614)/17
(63— 144)/10 (84 —984)/15 (70 + 77i)/13 ~16—7

The corresponding h becomes

24102 4 5356 22620 + 263901 40360 — 443964

o= M T T iear T T 1ear !
The h-transform of Ay,
A := Diag (h)~*A; Diag (h)
becomes
-13 290/103 4036/1339 9601,/1339
A — 309/116 —83/4 2018/377 9601/754
L= 4017/2018 3770/1009 —20 28803/2018
9373/9601  52780/28803  28252/9601 —-23

Clearly, the off-diagonal elements are nonnegative, each of the first three rows
is conservative lgut not the last row. We have arrived at the same structure of
real matrix as A.

We have seen how the matrix A can be isospectrally transformed to the
real one A. Originally, we went in an opposite way, we transformed A to A in
terms of Lemma 8

A = Diag (h)A Diag (h) ™!

by using the (randomly chosen) function h

ho =2+, hy =1+24, hg=3—2i, hy =4 +1.
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In conclusion, for a given A, regarding it as an operator L on some L?(p)
and using Lemma 8, we can obtain a very large class of isospectral operators
A (i.e. operators E)7 conversely, from each resulting A, we can return to the
original A, in terms of Lemma 8 again.

To understand more precisely the role played by the h-transform we have
used several times above, let us return to the matrix A given in (10). Recall
that if we change the sign of some pairs (a;j,a;;) (i # j), the Hermitizable
property is invariant. This leads us to consider the function (hy) taken values
+1 only. Note that by homogeneous property, the vectors h and —h are
equivalent. Thus, up to the equivalence, there are only 7 choices:

Single negative: (_7+7+7+)7 (+7_7+7+)7 (+7+7_7+)7 (+7+7+7_);

and
double negatives: (—,—, +,+), (+,—, —,+), (—, +,—, +).

However, these transforms do not include the simple one: only one pair
(ap1,a10) changes its sign, devote by A; the resulting matrix for a moment.
This is due to the simple fact that

app Go1 o2  Go3 aagy apr A2 Go3
a a a a . aaq a a a
100G G2 @3 p 11 — 10 @11 a2 a3
azo a1 @ a3 aaz G Az a3
asp a1 asy ass aazp azr asy ass
and
app Go1 Qo2  ao3 Bagy Laor Bape Baps
Diag (3,1,1,1) ajp a1 a2 a3 | | a0 e a2 a3
T asy @21 Q2 a3 axpp  az  azx a3y |
asp az1 asp a33 asp a3 a3z 433

and moreover, our matrix is not tridiagonal. (By the way, we mention that
the formulas above are meaningful for general h since

for instance.) More seriously, A; can not be obtained by any similar transform
from the original matrix, since they have different spectrum. Furthermore, it
is impossible to remove the negative sign —(ag1,a10) from A; in terms of our
h-transform. The main key is that the graph of the given matrix contains real
circles. Nevertheless, it is known that A; can be transformed into a diagonal
real matrix by a similar transform since it is symmetrizable.

It may be helpful if we write down the quadratic form used in Lemma 8
explicitly in the context of matrices.
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Remark 11  Let A = (a;;) be Hermitizable with respect to ;.. Then we have

Af f ZN@Z am |f2|2 ﬁf]) +C_lij(|fj|2—fjfi)]

el j>1
2
- Z fi {an’ + Z aij] | fil
i€k j#i

In particular, for real A, we have

—(Af, fu Zﬂzzaij‘fi_fj‘2_Zﬂi[aii+2aij]|fi|2~

el j>i el VE

Proof. It suffices to prove the first assertion, then the second one follows in
view of

\fil? = fifi + 512 = Fifi = (Fi = F))(fi = £3) = |fi = £l
First, we have

—(Af, Py meZZawfj

= —ZluszZan] Z,Uzan‘fz

7 J#1
:Zﬂizaij(|fi|2_ﬁfj Z#Z[all+2alj:||fl .
( J#i Jj#i
Next,
Do Y as(|fiP=fify) =D mi Y aig(|filP=Fify) + D ma D ais (| ilP = Fif)-
i J#1i i Jj>i i j<i

By the Hermitizable property, the second term on the right

= ZZ wjazi(| il — fif;)

i j<i

_ZﬂjZayz |fz ﬁfy)
) i>]

—Zﬂzzaw ‘fj f]fZ)
7 7>

Combining these facts together, we obtain the required assertion. []

To have a more concrete impression about our approach, let us consider a
simple example.
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Example 12  Let

-1 =1 0 0
-1 -5 4 0
A= 0 4 —-13 9
0 0 9 —25

Since the matrix is symmetric, we have u; = 1. Set

Ci = Qy; +Z Qjj-

J#i
By Remark 11, we have

3

—(Af, Pu=lao1(f1 — f0)* + ara(f2 — 1)* + ass(fs — £2)°] = D cufr

k=0

=[ = (fr = fo)® +4(fa — [1)* + 9(fs — f2)°] + 2f3 + 2fT + 163,

By a rearrangement of the sum on the right-hand side, we finally obtain

—(Af, Fu = (fo+ f1)? +4(f1 — f2)? + 9(fa — f3)> + 163
which is clearly nonnegative definite.

The last sentence of the example above is not obvious since there are negative
off-diagonal elements: ag; = a9 = —1. However, these negative terms can be
removed by an isospectral transform used in Lemma 8 with A = (—1,1,1,1)*
or h = (1,—1,1,1)*. This is the main task in the next section.

Here is the final remark about the problem studied in this section.

Remark 13  The co-zero property in Lemma 3 comes from the assumption
of the positivity of the symmetrizing measure . In the case allowing some of
i to be zero, one may divide the space in different subspaces. Hence it is not
essential if we assume that p, # 0 for each k, we can even allow i to be complex
and ignore the positive ratio property in Lemma 3. Then we have to avoid the
logarithm function for using the potential theory, but the path-independence (5),
and further Theorem 5 are still meaningful. The reason we do not handle with
such a general setup is that we are at the moment mainly interested in the real
spectrum. For a complex sequence (1), the spectral theory, if exists, may be
quite different from what we are studying here.

Having Theorem 5 at hand as a key for the complexification of the theory
due to [17] and [23; Chapter 6], it should be natural to extend the results
in the papers just cited, as well as those in [5; §7.2 and Chapter 11] to the
complex context. This idea is justified in the next section for a very special
situation.
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3 Tridiagonal matrices

Let E = {keZ; :k < N+ 1} with N < oo. In this section, we mainly
concentrate on the complex tridiagonal matrix defined on FE. Such a matrix
is described by three sequences {a;}_,, {ck}_,, and {bp}n ' It takes the
following form

—C b(]
aj —C1 bl O
a9 —C9 b2
A= ; (13)
0 .. . .. . bN_l

an —CN

Here we allow N = o0. Actually, the case of N < o0 is truncated from the
infinite one (N = ), ignoring the rows and column containing the subscript

—Cp bo 0
aq —C1 b1
A= as —C2 bg
0

In what follows, we will not mention this point time by time. We may simply
write

A~ (ag, —cp, by)

for simplicity.

Throughout this section, assume that ax1bx > 0(0 < k < N) and the
sequence (cg) is real. By Corollary 6, these conditions are equivalent to the
Hermitizability of A. Thus, in this section, we are concentrated in the isospec-
tral problem of the complex matrix A and a real (having positive subdiagonal
elements, in particular) tridiagonal matrix.

From now on, unless otherwise stated, assume that ¢ > 0 at least for the
first finite number of k, otherwise, simply use a shift. In particular, when
N < o, we may assume directly that ¢ > 0 for each £k : 0 < k < N.

We recall that the important quantity (12) in the present context becomes

m = sup (—cx + |ag| + [bg|) ", (14)
keFE

where we have used the convention that ag = 0 and by = 0 if N < 0. The
main result in this section is the next algorithm for constructing a valuable
isospectral matrix A ~ (dk, —Cp, l;k) of the original A. This not only extends
the earlier results to the complex context but also simplifies an important step
of our earlier algorithms, refer to [9-12] for more details.

Algorithm 14  Assume m < 0. Set uy = axbi_1(= |arbr_1]).
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(1) Let m = 0. Then for each k, ¢y > |ag| + [bk| > 0. Set ¢ = ¢ and
bo = cop > 0. Next, let

- m
by = cp — —— 1<k<N
b )
k—1
a = cp — by, 1<k<N (15)
- u .
aN = = N if N < oo.
bn-1
More explicitly,
( 50 = Co,
~ Uk
b = ¢, — » R 1<k<N,
k—1
Ck—1 — u
k—2
Ck—2 —
< u2
Cy —
Uy
Ccl — —
- Co
a = c — by, 1<k<N,
~ U
aN = = N , N < o0.
L bn-1

(2) Let m > 0. Then replacing (cx) by (& := cx +m) and then repeat the
procedure in part (1) to compute (dk,bk).

Theorem 15  For A defined in Algorithm 14, the sequences (az) and (by)
are positive, the sum of each row equals zero, except the Nth row which is not
positive if N < c0.

The positivity of () and (b) in the theorem are essential for the algo-
rithms introduced in [9-12] for computing the maximal eigenpair. In other
words, we have luckily reduced the computation for complex matrices to the
one having positive sub-diagonal elements which has been well studied.

To identify the spectrum of the matrix A constructed by the algorithm
above and that of the matrix A™) := A — mI, we need more preparation.

In what follows, replace A by A if necessary. Recall that for A, we have
the measure (p,):

=1, fm= a2 l<n<N+L
an
Alternatively,
o =1, un:ﬁb{—_l, 1<n<N+1.
a;
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Since both (dk) and (l;k) constructed in the algorithm are positive. We can
define (fi,) using (dk, bk) instead of (ay, by).
Next, define successively

b b
ho=1, hi = ho-2, ..., hyy = hp1 ==L, 1<k<N+1.
bo’ b1’

Alternatively,

ho = 1, hk:H%, 1<k<N+1
P — J

Since the case of N = 0 is allowed, we have to take care of the domain of the
infinite matrices. Let Z(A) be the domain of A on L*(f). Define the deduced
domain of A on L?(y) as follows.

={fel*): f/he 2(A)}.
Due to Corollary 6 and Lemma 8, we have the following result.

Theorem 16  The selfadjoint operators (A4, Z(A)) and ([1,.@([1)) have the
same real spectrum. More precisely, for each f € Z(A), with f = f/h, we have

(Af, f)u = (z‘if, f),z where
—(Af, Pu= 2 wibi(Ifil? = fifisr) +bi (| for [P = Fisi )]

el
+Z pi(ci —a; — b;) | f:]
ek
—(Af, Pp= ] bl fi - fin ] +n ey in (e —an) | v
ek

We remark that since A, as well as its spectrum, are all real, in the study
of the spectrum of A, it suffices to use real L2-space, rather than the complex
one. It should be pointed out here that, based on Theorem 16, a large part of
the results obtained earlier (see [5-7]) can be extended to the present complex
content.

Before going to the proofs, let us look at some examples to show the
application of the above results.

Example 17  Let

Then A has spectrum

—10.8573, 8.8573, —1.91303, 0.08697.
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clearly, b; = 0. Hence, we use an arbitrarily shift A1) := A — I instead of A.
Then, by using Algorithm 14, we have

Grn=2 by=2, by =3/2, by = —26/3; ay = 1/2, ay = 32/3, a3 = —243/26.

The resulting tridiagonal matrix A has the same spectrum as A() by Theorem
16:
—11.8573, 7.8573, —2.91303, —1.08697.

In this example the off-diagonal elements of the matrix A are not all posi-
tive. This is because the adopted shift is not big enough. It leads to the next
example.

Example 18 Let A be the same as in the previous example. By Algorithm
14, we adopt the shift defined by (14): m = 12. Then, for A, we have

168 ; o247 1 26 _ 1701
13T 20 M T T o BT
Clearly, the off-diagonal elements of the resulting tridiagonal matrix A are posi-
tive. It also proposes the following property:

Gp=13: by =13, by =

The sum of each row equals zero except the last one which is negative.
Certainly, A12 and A have the same spectrum:

—22.8573, —13.913, —12.087, —3.1427.

To keep this property, as mentioned below (12), the shift can often be a little
smaller. For this example, m = 9 is okay but not m € [0, 8.5].

Example 19  Let

—1 2+ 0
22(2 — i) -1 24(2 + 1)
A= 62(2 — 1) -1 342 +1)
122(2 — 1) -1 442 +14)
0 20%(2 — 1) —1

Since the shift defined by (14) equals 400+/5 — 1 ~ 893.427, we choose m = 899
for simplifying the computation. Then, by Algorithm 14, we have

. - 40499 - 36319500 - 168475824
G = 900: by = 900, by = ——2 By = T g, 202004
k » 0 PN T Ty 2T Ta0a99 0 BT T 201775
o1 129600 _ 13121676 6456800000 _
V745 ™7 40499 T 201775 7t T 10529739 v

Here are the eigenvalues of A (or A(899)):
—1655.39, —951.031, —900, —848.969, —144.609.
From which we obtain the eigenvalues of the original A:

—756.391, —52.0308, —1., 50.0308, 754.391.
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The most of the remainder of this section, except the last result at the end
of the section, is devoted to the proofs of the above three results with some
extension.

We review a few of points known from earlier study. In the real context,
when ap > 0, by > 0, ¢ = ag + bg, and m = 0, the h-transform was initially
introduced in [15; §2],

hy—1
hy

. h .
br = by ZH, ax = ag
k

(16)
where h (with hy = 1) is harmonic on the set {k : 0 < k < N}: Ah = 0 on
this set. That is

bphg1 + aghi—1 — cphy =0, 0<k<N, ag:=0.

Equivalently, .
cp = by + ag, 0<k<N, ag:=0. (17)

With 7y := hg/hi41, in [8; §5], we find first a recursive formula of (ry), then
a solution of (hy), and finally the pair (ax, Bk) in terms of (16). We remark
that the discussion from (16) to here, we preassume that hy # 0 for each k.
Equivalently, bi, # 0 for each k. This is however not necessary true as we
have seen from Example 17. We are going to present more details in the next
lemma and its corollaries. Thanks are given to the explicit formulas, it is easy
to see that all these formulas remain the same under the extension from real
to complex tridiagonal A.

We are now going to study the direct construction of the pair (dk, l;k) given
in Algorithm 14. The key point is adopting the recursive method used origi-
nally for (1), now to (Bk) directly. By the Hermitizable property, bx/ax+1 > 0,
we can write

bp = Bre’,  api1 = aprie %, Byi= byl ag = |axl.
It follows from (16) that the h-transform has an invariance:
arbp—1 = apbp_1 = a1 >0, 1<k<N+1. (18)
Thus, we can rewrite (17) as

(16) g Br—1
k — —~=

Bk:ck—dk:c s 0<k<N (19)

br—1

provided by_q # 0. This is a critical observation which enables us to use
the sequence (by) instead of (rg), ignoring (hy). It then deduces a direct
construction of the sequences (bk) and (ay). From this, it follows that by must

pe real once b,_1 # 0, and then a; should also be real. Furthermore, a; and
by, are both real for every k.



1466 Mu-Fa CHEN

Actually, we need to examine the definition of (ax) and (Bk) more carefully.
In the discussion below, we often allow general real (c¢; : k € E). However,
we have assumed that ¢;, > 0 at least for the first finite number of k. In the
special case that supgep(—cg) < oo (which is weaker than (14)), by using a
shift if necessary, one can even assume that (cx) is positive, but we do not
need this condition at the moment.

Lemma 20 We have the following assertions.

(1) 50 =cg > 0.
(2) Suppose that b; # 0 for each j < k — 1. Then by is well defined by (19).
Furthermore by =cr — Fi(co,...,Ck_1):
U
Fy(zo,21,...,04-1) = . (20)
Uk—1
Ti—1 —
Ug—2
Tp—2 —
U
ro —
uy
r1 — —
x

where uy = apbg_1(= ayBr—1). The subscript k of Fj, means the function
has k variables.

(3) @y, is well-defined once by_1 # 0: aj, = uy/by_1. In which case, both ay,
and Bk,l have the same sign.

Proof. The first assertion is obvious by (17). The third assertion follows from
(18).
To prove the second assertion, simply use (19) repeatedly:

~ U Uk

plus the fact that bo = co. [

Lemma 20 provides us a direct way to compute (dk, Bk) defined by (15),
which are real, without using the sequence (ry) and (hy).

Corollary 21  For a given Hermitizable tridiagonal matrix (ay, —ck,bx), a
direct construction of a real one (dk,—ék,l;k) goes as follows. Keep &, = cj.
Let up = apbg_1(= |axbr—_1|) and bo = cp. Foreachk:1<k < N, if Bj #0
for every j < k — 1, then define (dk, l;k) by (15). If otherwise by_; = 0 for some
k < N, then replacing (ci) by (cx + m) for some constant m > 0, and then
repeat the above procedure to compute the new pairs (dk, l;k).
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At the moment, it is rare to use the shift at the end of the corollary.
However, the shift will become much important for constructing positive pairs
(dk, l;k) for our study on the spectrum of the matrices. The aim now is to
look for a condition to guarantee this positivity. Since bo = co > 0, by (19), it
follows that the sequence (Bk) is positive iff

cp > Oqfﬁk_l (or equivalently ¢y > ai) foreach k: 1<k< N +1. (21)

br—1

By using a shift, this can be improved as follows. There exists a constant
mg > 0 such that

o B— -
cr + moy > Ifﬂk L (or equivalently cx + mg > ax)

br—1
for each k: 1 <k < N + 1. (22)

This simple observation looks very nice but it is unfortunately not practical.
Because (dk, l;k) depends on the “harmonic” function A, and then h depends
on (ci) and mg. The problem is that for a given A ~ (ay, —c, bx), we do not
know in advance how to choose mg such that (22) holds for the resulting (Bk)
under an h-transform. What we are going to prove is that mg = m (defined
by (14)) is sufficient for this purpose. Note that the constant m depends on A
only and as we have mentioned in the last section, it is reasonable and can even
be sharp. This conclusion is included in the following corollary. For temporary
use in the next corollary, we introduce the concept of singular point. We call
yo = 0 a singular point of Fy(x¢). If xo # yo, we call y; := uj/z¢ a singular
point of Fy(zg,x1). Successively, if xg # yo, T1 # Y1, - . ., Th—2 # Yk—2, We call
Yp—1 := ug—1/(xp—2 — F(x0,...,2_2)), a singular point of F(zg,...,Tx_1).

Corollary 22  Use the notation given in Lemma 20.

(1) The function Fj is decreasing in each of its components out of the set of
its singular points, provided b; > 0 for each j < k — 1.

(2) For given (ay) and (by), there exists (c;) (0 < k < N) such that b, > 0 up
to N — 1 and so does a; Up to N. A particular choice is ¢, = |ag| + |bg]
for k < N and cy = |an| if N < 0.

(3) The second assertion still holds if the sequence (¢ ) is replaced by (¢, +m),
where m > 0 is a constant.

Proof. The first assertion is obvious in view of (20) and the fact that ug > 0.
From this, one can construct the sequence (¢ ) required in part (2) successively
starting from an arbitrarily chosen positive ¢y. Alternatively, one may check
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that the particular choice by a simple computation.

by = co = |bo| > 0,

z laibo] laibo]
blzcl— = =C1 — :bl>0,
b bl M
5 |lagb: | |lagb: |
by =cyg — —— =g — = |ba| >0
2 = C2 by C2 |b1| |2| )
by_ by_
an = |“{VN ! = laxby 1] = lan| >0 if N < 0.
bN,1 bel

Hence, b, > 0 for each k and so does @ by (18). Actually, we have proved
in the special case that N = o0, (ax) and (bg) are positive, then by = by and
ar = a. The third assertion follows from the first two. [

Proofs of Theorems 15 and 16 The second assertion of Theorem 15 about
the property of the sum of rows comes from the definition of Algorithm 14.
The first assertion of the theorem is the hard part of the algorithm, it follows
from Corollaries 21 and 22.

Theorem 16 is a simple application of Lemma 8. Il

To conclude this section, we study the complexification of the results ob-
tained in [8] for the discrete spectrum in the context of matrices. Even though
we are mainly interested here the case that N = oo but the next result is
meaningful with a slight modification for finite N. For the domain of an op-
erator A, here we are in a simple situation, we use either the maximal or the
minimal domain as in [8].

Given a tridiagonal matrix A ~ (ak, —ck, bg) with a convention ag = 0,
suppose that the sequences are all positive and moreover ¢, = aj + by for
each k € E. Next, let a; and [ be arbitrary positive sequences and (6y) be
arbitrary sequence with —m < 0 < w. Define

B 0 I
b = bpfre” ,  app1 = agp10p41e” "k, Gk = bpBr + agoy, keE
and

b = brBr, Gp+1 = Ak+10k+1,  Ck = DBk + agag(= ), keF.

Theorem 23  The tridiagonal matrices A and A have the same real spectrum.
In particular, when a = 1 and 8, = 1, the resulting A and A have the same
real spectrum.

Proof. By Corollary 6, the tridiagonal matrices A, A and A are all Hermi-
tizable. The isospectral property of A and A, as well as the last assertion,
follows from Theorem 16. []
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We remark that the bounded perturbation of the diagonal elements are
permitted in the above results, using a shift if necessary as we used several
times before.

Having Theorem 23 at hand, it should be not hard to extend the criteria
for discrete spectrum obtained in [8] to the present complex setup, but we
omit the details here.

To conclude this section, we return to our general Hermitizable setup.

Theorem 24  The spectrum of each Hermitizable matrix coincides (up to a
constant shift) with a union of the spectrums of some irreducible birth—death
()-matrices.

Proof. Let A = (a;j : i,j € E)) be Hermitizable with respect to some positive
. That is

Diag(u)A = A¥Diag(p).

From this, it is easy to check that
H := Diag(p)"/? ADiag(p) /2

is Hermitian, which is clearly similar to A. By [25; Theorem 2.4] (see also
[22]), H is similar to a real, symmetric tridiagonal matrix 7. Certainly, T
is Hermitizable. Write T" ~ (ay, —ck, bx) as before. Then the space E can
be divided uniquely into subsets {Ej}: E =} ; Ej, on each of them T' is
irreducible (i.e. agby—1 >0 on each Ej). Replacing T" by a shift 7'+ mI (for
large enough real constant m) if necessary, and then applying the construction
given in Algorithm 14 to T'|g;, we obtain for each j an isospectral birth-death
@-matrix. Since each similar transform is isospectral and the transforms are
transitive, we have thus proved the required assertion. []

4 New algorithms for tridiagonal matrices

In the last section (Algorithm 14 and Theorem 15 in particular), we have
proved that the spectrum of a complex symmetrizable tridiagonal matrix co-
incides with the one having positive subdiagonal elements. As mentioned
before, the last object was more or less well studied in [9-12]. We start this
section with a new problem, and then we will introduce new algorithms.

The problem

As pointed out in [26; §3.3 and Example 4.4], in non-symmetric case, we may
get trouble for large size matrix. To see this more clearly, we look at a simple
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example [26; (4.6)]. Let E = {0,1,..., N} with N < co. Consider the matrix

-3 2
1 -3 2 O
1 -3 2
Q- (23)
0 S

1 -3

Since ¢y > by and ¢y > apn, we need to remove the first one in terms of
Algorithm 14, the resulting matrix becomes

5 22 -1
2 2-1 3
22 2 23 1
i S 0
22 -1 22 1
23 —2 5 24 1
Q= 23 -1 23 -1
0 | 2N+l —1
: : ON _ 1
2N+1_2 2 1
ON+1 _ | =3
Then, we have
~ 2k+2_1 1 ~ 2k+1_2 1
=3 h=grm =2t g =gy oy FEE
fio=1, fin =2""2—4 427" b, =2"—6+2", nekE (24)
where (Z;N::?)—dNand)
Mo al 1
- N N E. 25

The maximal eigenvalue is

™

Ao + 3 = 2v2cos — 24/2 ~ 2.82843 as N — oo.
N +2

To obtain the 6-bit accuracy 2.82843, it is necessary and sufficient that N >
2562. From now on in the discussion about this model, we fix N = 2562.
We also remark that the maximal eigenvector has exponentially decay. As a
mimic of the eigenvector of )\0( — @), we choose

w = /¢

as the initial vector in our algorithm.
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25%107"18 |
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1.5x107"8 |-
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5.x1019 [
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Figure 3: w® on [500, 2000]

2x10°%
1.5x107% -
1.x10'304 L

5.x107%% -

12 - 2020 ‘ 2030 20L10 ZOLSO
Figure 4: w(® on [0,12] Figure 5: w(® on [2010,2050]

From Figure 3, one sees that the curve of w(® on [500,2000] goes down
rapidly from 107® to 107120 and then stay there. To figure out more clearly,
we choose smaller intervals at the beginning and at the end: [0,12] and
[2010,2050]. For the first one in Figure 4, w(® starts at 0.7 and then goes
down quickly. In Figure 5, w(® goes down very fast, starts at 10739 goes
down to 10739, Thus,

Maximum of w(©) N 0.7
Minimum of w© ~ 10—306

> 1039, (26)

The numerical computations for this example are completed by using Math-
eamtica version 10.3. The precision level is made automatically by the soft-
ware.

On the other hand, in computational mathematics, one often treats the
symmetric matrices to which there are a lot of algorithms. Actually, a standard
algorithm introduced in the textbooks (refer to [3; pp. 142-146], for instance)
was used in the author’s first paper [4] (1991) for the study on this topic,
which was also included in the first edition (but replaced by analytic results
in the second edition) of the book [5] (1992). The symmetrizing matrix of Q
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is as follows.

V2 -3 V2 0
V2 =3 42

stm:
V2 =3
20+
15+
860 1060 1260 1460 1660 1860 2060
05+
0.0+
Figure 6: w® on [500,2000]
1.00 - 1.00
0.95 - 095+
0.90 - 0.90
085+ 085
“2‘”‘1“‘(;”‘8‘“‘1‘0“‘1‘2 H‘25‘52”‘25‘54”‘25‘56‘“25‘58“‘25‘60"‘25‘62
Figure 7: w® on [0, 12] Figure 8: w(® on [2550,2562]

Note that for this matrix, in contrast with @, the sum of each row is not
zero. Hence we can not use our analytic estimates developed so far as used
in [9-12]. That leads to the total loss of martial arts. On the other hand,
if we use the isospectral transform again (Algorithm 14), then the resulting
matrix should have zero sum for the first NV — 1 rows, but the resulting matrix
should be asymmetry. We have thus involved in an unsolvable circulation.
This problem has been opened for some years, and luckily we have now found
a solution. That is the new algorithm to be stated quite soon. Before going
to the details, let us now show the results of our new initial vector w(® for
our new algorithm. Figure 6 is the value of w(® on [500,2000]. It is simply
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lying in the straight line 1. Figure 7 shows that on the initial interval [0, 12],
w® starts at 1/4/2 ~ 0.7, increases to 1. Figure 8 shows on the end interval
[2550, 2562], w® goes down from 1 to 1/4/2. Therefore, we have

Maximum of w(©) 1

Minimum of w(© T 07

14. (27)

Comparing (27) with (26), it should be clear the difference of the new algo-
rithm with the earlier one.

Non-conservative case

We now start to state our new algorithm.

For a given complex tridiagonal matrix, by Algorithm 14, using shift if
necessary, we may assume that the resulting matrix on £ ={ke€Z,:0< k <
N + 1} is as follows:

—co by
a —C1 by O
ay —Cy by

L)
[l

O BNfl

an —Cn

where d, > 0(1 <k < N+1),bp > 0(0 <k < N), & = ay, + by, (which means
that Q is conservative at k) for each k < N (with dg := 0), and ¢y = ay. In
general, this matrix @ is non-symmetric. In the particular case that ¢y = ay,
the matrix is conservative (i.e. conservative at each k € F) and so has trivial
maximal eigenvalue 0. We will come back to this case in the third part of this
section. From now on, unless otherwise stated, assume that ¢y > ay.

In the computation of the maximal eigenpair, this form of tridiagonal ma-
trix is essential for which we have explicit and efficient initials, and strong
estimates of the maximal eigenvalue. The initials are expressed by two se-
quences. The first one is the measure (fix):

Bn—l

fio=1, jin=fna=—,  l<n<N+L (28)
n
The second one is
N1
k=n fuicbr

where by := ¢y —ay if N < oo.
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Unfortunately, the resulting matrix @ is often non-symmetric, as men-
tioned before. Certainly, there is a simple way to symmetrizing ). That
is,

Q™™ = Diag(ji)"/* Q Diag(ji) />
—& Vaiby 0
vV dlbo —51~ vV (~12b1 _

vV C~L2b1 —52 vV C~L3b2

\/ aNBN—l

O ELNBN—I _6N

where Diag(u) is the diagonal matrix having diagonal elements (uy). Since it
happens often that

&k = ay + by, # \/&kgkq + \/dk+15ka

as an example, a; = a, b = b, and a # b, the conservative property can be
lost in this symmetrizing procedure. As mentioned before, this may lead to
an unsolvable circulation. It is the main reason that we have not used such a
symmetrizing procedure for more than two decades. In the special case that
C~2 is already symmetric, since jip = 1, the algorithm to be introduced soon
coincides with the original algorithms introduced in [9, 11, 12].

We are now lucky to find a new way to solve the problem. Even though
in the non-symmetric case, we can not use either the A-transform or the sym-
metrizing procedure, individually, but we can couple them together, using
them simultaneously. Let us now state our new algorithm, a specific coupling
of two algorithms originally designed to these matrices separately. In the other
words, the new algorithm couples the advantages of the both algorithms for
the different matrices.

Algorithm 25 (1) Let wgo) = +/[1;9;, i € E. Define

0) w(o) 1

T Vare® 0T 5y
e = 1 ~ .3/2
6o = sup {\/@Z i/ @i + —= Z i ] (31)
i=0 V #Pn !

Osn<N+1 n+1<j<N+1

U(

(2) For each k > 1, solve w®):

(= Q™ =z 1 I) w® = pE1), (32)
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and define
(k)
k) - W~ = — 33
Vin|. = ~— & — _ (k
Op = sup ooy Vi + Y Ve (39
O0sn<N+1 vp i=0 n+l1<j<N+1
Then
v(k)—>g and  zp — Ag as k — oo,
where (N, ¢g) is the minimal eigenpair of —Q*™. Furthermore, the minimal

eigenpair of —(@) equals (g, Diag(71)~'/2g).

We now mention shortly the role played by @ and Q%™ in the algorithm.
The initial (9 and (z;)z>0 come from Q. The vectors (v*)>0 are produced
by using Q%™ plus the shifts (z;). Next, noting that d; defined by (34)
is invariant if the vector v(*) is replaced by cv®) for every constant ¢ > 0,
applying (34) to the vector w®), we return to & defined by (31). Hence, in
what follows, we may ignore (31) and use (34) (for £ > 0) only.

Before moving further, let us make a remark.

Remark 26  One may apply Algorithm 25 in the opposite way. Suppose that
we are given a symmetric matrix, say Q™. In the special case that the sum of
each of the first NV — 1 rows equals zero, then we do not need the h-transform.
Just return to Algorithm 25 by setting C~2 = @Q%™. Otherwise, we can construct
another matrix @ using the h-transform of QQ%Y™. With these matrices at hand,
we can apply Algorithm 25 to compute the maximal eigenpair of )™ (as well
as C~2) This indicates that the algorithm seems to be new for the eigenvalue
computation of symmetric matrices.

Example 27  Apply Algorithm 25 to the matrix defined by (23) with N =7,
the outputs are as follows.

Table 1  Outputs (zn, v(")) of Algorithm 25 at step n =0,...,3
I v |
.304256 | (.28755,.351484, .378148, .388302, .388302, .378148, .351484, .28755)*
.340851 | (.164291, .305267, .407944, .461955, .461955, .407944, .305267, .164291)*
.342146 | (.161233,.303016, .408248, .46424, .46424, .408248, .303016, .161233)*
.342148 | (.16123,.303013, .408248, 464243, .464243, .408248, .303013, .16123)*

We have

aximum of v o000 AXIUm Ot v~ 5 87939,
Minimum of v®)

Minimum of v(©
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Proof of Algorithm 25 Roughly speaking, the starting matrix @ obtained
by the h-transform is used to compute the maximal eigenvalue of the original
Q@ (equivalently, of @*™); while the symmetrized matrix Q™ is used to
compute the maximal eigenvector gy ax (Q Sym) and then

~

9max (Q sym) = Diag(ﬂ)1/2gmax<Q)a

where gmax(Q) denotes the maximal eigenvector of Q.
(a) First, it is easy to check that the matrix Q%™ is symmetric, due to the
symmetrizable property: Diag(f )Q Q*Dlag( ). The proof goes as follows.

(Diag(ji)'/*Q Diag(fz)~"/?)" = Diag(s)~"/*Q*Diag(ji)"/?
= Diag(ji)~"/2Q*Diag(ji) Diag(ji) ~"/?
— Diag(j1)~"/*Diag(jz) Q Diag(fz) "/
= Diag(ji)"/*Q Diag(ji) /2

can be rewritten as

[Diag(2)"/? Q Diag(j1) V%] (Diag(f2)'/*g) = —\(Diag(2)"/*g).

That is
Q™™ (Diag(ji)?g) = —A(Diag(i)"/2g).

Hence, the symmetrizing transform produces a transform of the eigenpairs

(A 9(Q)) — (A, Diag()'*9(Q)) = (A, g(Q™™)). (35)

This is the key point of our algorithm. On the one hand, in the non-symmetric
case, since g(Q) often decays fast, it leads to the use of @*¥™. In par-

ticular, noting that the initial mimic vector for @ is /@, we should use
w® = |/Diag(i)@ as the initial vector for Q™ based on (35). The new
initial vector avoid the serious problem mentioned at the beginning of this
section (Figures 3-8). On the other hand, this also shows that the matrix
@ plays an important role, that is its initial 4/@. Which gives us not only
the initial vector but also the initial estimate zg of Amax (@) = Amax (Q Sym).
Similarly, the present d,, given in Algorithm 25 is translated from [11; (15) in
the preprint or (A9) in the published version of the paper]. In conclusion, in
Algorithm 25, even though it appears only Q®™, but not Q, the initial U(O)
and the shifts z; are all come from Q, they can not be deduced directly from
Q™ as far as we know. []
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Algorithm 28 (Improved) We mention that there are some ways to improve
the computation speed in Algorithm 25. For instance, if we set

My =1, Mj=Mp ;1> [ “’““"'“”e@], 1<k+1<j<N+1,
bj_1 bp---bi_1 My
1 a My
By, = g Pr = — + G _ oo ZH 0<k< N+,
b E+1<j<N+1 by -+ bj k<j<N+1 bj

then we can rewrite (34) as

0 = sup [ Z v m+ Z «/Mnj<1>jvj(-k)}. (36)

o<n<N+1 o 0<i<n n+1<j<N+1

The improved Algorithm 28 is applied by Y.S. Li to the model (23) suc-
cessfully up to N = 10% using MatLab. The number of the iterations needed
by this algorithm is no more than 3. Actually, for N > 4500, up to the six
precisely significant digits, the initial zy already coincides with .

The main computational complexity of Algorithm 25 or 28 comes from the
formulas (34) or (36), which is due to the use of the operator II of double
summation [7; Theorem 2.4 (3)]. To reduce this complexity, we introduce the
following algorithm.

Algorithm 29 (Improved)
(1) In Algorithm 25 or 28, replace d; by the new one:

Ge = sup Z ®

0<n<N+1 U an+1 Un+1 j=0

where ayy1 =0 and 01(\21 =0if N < oo.

(2) Solve equation (32) by using the Thomas algorithm.

Proof. The proof for part (1) is almost the same as the one for Algorithm
25, except for computing (i, here we use the operator I of single summation
instead of the double one II used in Algorithm 25 for computing dy, plus an
application of [7; Theorem 2.4 (2)]. The advantage is the computation becomes
simpler but the price we have to pay is that the convergence speed becomes
slower. This is not serious since the convergence speed of the shifted inverse
iteration is very fast. We will see this point very soon.

In general, the Thomas algorithm may not be applicable in the present
situation which is not diagonal dominant. However, by [7; Theorem 2.4 (2)],
we have \g > {k for every k = 0. Our computation is stopped at some kg if
Ao — Cry < 1079 (o1 [Ckyr1 — Cho| < 1070) for instance. Otherwise, for k < ko,
we have \g > ;- 1 — 2, and moreover the matrix —Q® — 2z, I is invertible.
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Hence there is uniquely a solution to equation (32) which means that Thomas
algorithm is applicable. It is well known that Thomas algorithm is of O(N),
refer to [16] for detail analysis on this point. Note that in our algorithm,
the main quantity one may worried is the array {M;,}, which requires about
N(N — 1)/2 multiplications. However, the array can be regarded as an in-
put, can be fixed at the beginning, without re-computing in the iterations.
Therefore, Algorithm 29 is essentially also O(NN). Refer also to [26] for fur-
ther discussion, in which the algorithm is claimed to be O(1) number of the
iterations. The conclusion is true, due to the fact proved in [7; Theorem 3.2
and Corollary 3.3] that the initials used here produce upper and lower basic
estimates of the eigenvalue up to a universal factor no more than 4 (in terms
of the operator I), and no more than 2 in practice (in terms of the operator

m. 0

To show the power of Algorithm 29, we return to Example 27. The outputs
of the new algorithm are given in Table 2.

Table 2  Outputs of Example 27 by Algorithm 29

(n] 0 [ t | 2 [ 3 |
| 2, | 0.253835 | 0.33544 | 0.342107 | 0.342148 |

Even through the convergence speed is slower but we arrive at the same result
as Algorithm 25 in the same steps.

In the past two decades or so, in the study of the estimation of leading
eigenvalues, we have used three operators: except II and I mentioned above,
there is one more, called difference (differential) operator R (refer to [6, 7] and
references within). Among them, the sharpest estimate is deduced by II, the
next one is by I, and the last one is by R. The computational complexity
goes in the inverse order. In our recent numerical study on the maximal
eigenvalue, we have adopted II only for finest estimates, without consider the
computational complexity. It is the first time in Algorithm 29 we use the
operator I to keep the balance between the sharpness and the computational
complexity. Even though it is the easiest in the computation, we do not want
to use R here, since on the one hand, it is more or less covered by a more
general algorithm, call global one (cf. [11]); and on the other hand, it does not
use much of the advantage of the tridiagonal property. Nevertheless, the initial
vector w(® used in Algorithm 25, as well as in Algorithms 28 and 29, comes
from an mimic of the principal eigenvector, closely related to the operator II,
refer to [7; Theorem 3.2].
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Conservative case

For the remainder of this section, we study the following conservative tridiag-
onal Q-matrixon E ={ke€Z; :0<k <N+ 1}:

—C b(]
ay —C1 b1 O
a9 —C9 b2
O bn—1

where a, > 0(1 <k < N+1),b,>0(0<k<N) and ¢ = ai + by (with
ap := 0 and by = 0 if N < 00). Hence this is a conservative Q-matrix.
Clearly, the maximal eigenvalue for this matrix is A\g= 0 with constant
eigenvector 1. We are now going to compute the submaximal eigenvalue A\ (Q).
To state our algorithm, we need an auxiliary tridiagonal matrix on Ej :=
{keZy :1<k<N+1}: Q ~ (dk,—ék,bk) defined as follows. First, set
b1 = a1 + by. Next, define

= _1bi_ -
bk:ak‘kbkfl_%a ag=ay + bg_1 — by, 2<k<N,
k—1
Cr = ap + br_1, 1< k<N+1, (38)
an = w, if N <oo.
by -1

As analog of (28) and (29), define

anl

o =1, ,&n:ﬂnfla , 2<n<N+1. (39)
n
and
Mo
Py
where

by =¢n —any =an +by_1 —an
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if N < o0. Besides, we need also the following symmetrized matrix on Fj.

Q™ = Diag(fi)'/* @ Diag(i)"/*
& Aah 0
v (~12b1 —52~ Y, C~L3b2 _
Y, C~L3b2 —53 vV (~14bg

(41)

The algorithm below is almost the same as Algorithm 25 with very slight

modification. Here we repeat it for safe. We use [i, ¢, and Q%™ defined by
(38) — (41), respectively.

Algorithm 30 (1) Let w!” = \/fi;3;, i € Ey. Define

(0) 1
o___w - — 49
v D0 T 5y (42)

k
— = 1 .
Jo= sup [\/wkZm bt = > uj¢?/2]- (43)
i=1

lsk<N+1 F k+1<j<N+1

(2) For each k > 1, solve w(®):

(- Q™™ — 21 1) w® = pE~1) on By, (44)
and define
(k) 1
k) - W' - — 45
v wrg® T gy 15)
Vit [ . <0 =k = sk
0p = sup o oo Y VIO Y Ve (46)
1<n<N+1 vy, i=1 n+l1<j<N+1
Then
’U(k) — g1 and zp — A\ as k — oo,

where (A1, g1) is the minimal eigenpair of —Q *¥™. Furthermore, the sub-minimal
eigenvalue of —() equals A;.

We mention that Algorithms 28 and 29 are also meaningful for Algorithm
30.

The next example, closely related to Example 27, is used to illustrate the
algorithm.
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Example 31  The matrix on E with N = 7 is the same as in (23) except
co = 2 and ¢y = 1 for the conservativity. The outputs (zn,v(")) of this example
by Algorithm 30 are given in Table 3.

Table 3 Outputs (zn, v(")) of Algorithm 30 at stepn=0,...,3

Zn ‘ () ‘
342108 | (.313645,.38262,.409984,.417473,.409984, .38262, .313645)*
.385369 | (.194385,.35518,.460762,.497514, .460762, .35518,.194385)*
.386872 | (.191344,.353555,.461939,.499997, .461939, .353555, .191344)*
.386874 (.191342, .353553, .46194, .5, .46194, .353553, .191342)*

The last line of the table represents the minimal eigenpair (A\1,g1) of —Q ™.
While the sub-minimal eigenpair of the original —(Q) is

A1 = .386874,
g1 = (—16, —12.905, —8.8612, —5.12522, —2.26582, —.397825, .613126, 1)*.

It is interesting to compare the difference of their amplitudes for these eigenvec-
tors v3) and g1: 0.3 and 17, respectively, for such a small size of matrices. Thus,
the difference in the computations should be serious for large scale of matrices.
From the table, it follows that

0) Maxi f p®
~ 1.33103, AXMAM 00V~ 2.61313.

Minimum of v®)

Maximum of v

Minimum of v(©

This result is quite close to the comparison given in Example 27.

Proof of Algorithm 30 Suppose we are given the tridiagonal matrix (37)
on E={k:0<k<N+1}, N <. When N = o, one can ignore the
boundary condition by = 0. As in [7; (5.1)], define a dual tridiagonal matrix
@ ~ (G, —Cp, l;k) as follows.

a; = b1,
co=0, ¢ =a;+b; =a; +b;_1,
bo=0, b =a;, 1<i<N+1.

Alternatively,
—é b
a1 —é by 0
az —C2 by
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0 0
bo —(a1 + b()) al O
by —(CL2+ b1) as
- _ _ (47)
O aN-1
by-1 —(an+by_q)
Next, define
[0 1 pa o ] gt g 0]
pi p2 e PN urt gt
M= M2 o0 BN o gl [y —,u2_1

0 ) 0 -

Then, we have @ = MQM~!. To check this, one may avoid the computation
of the inverse matrix M !, but use the dual equation MQ = QM:

0 0 O

pobo  —pobo
MQ = bt —paby = QM.

0 UN-1bN—1 —pN-1bN-—1

This technique was mentioned in [7; Above Examples 7.5]. By Theorem 10,
@ and @ have the same spectrum. In particular, the maximal eigenpair (0, 1)
of @ corresponds to the one (0, M1) of @ By removing the first row and the
first column of @, we obtain a matrix on FEj:

[ ¢ b 0 ]
as —Cy by
Q1 =
o by
| 0 iy iy |
[ —(a1 + bo) aq O ]

b1 —<CL2 + bl) a2

. . anN-1
O bn—1 —(CLN + be1) i
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Now, the spectrum of () ignoring the trivial eigenvalue 0 coincides with the
spectrum of @)1. The sub-minimal eigenvalue of —(Q coincides the minimal
eigenvalue of —@1.

Note that the matrix @1 has bilateral Dirichlet boundaries, at 0 and at
N+1 if N <o. In order to apply our technique, we need to adopt the h-
transform, removing the killing at 1. This transform is presented by (38).
Having constructed the transformed matrix CNQ, one can easily deduce the sym-
metrizing one Q%™ and complete the Algorithm 30, in parallel to Algorithm
25. [

We remark that for a complex matrix, if it is not real, for keeping the
real spectrum, the duality may not be suitable. To see this, simply look at
second matrix in (47). Even though we may assume that a;bg_1 > 0, but then
a, + bp_1 may still not be real and so the diagonals in the dual matrix may
not be real, In general, for a complex matrix, we can apply the h-transform
first, if the deduced matrix is conservative, then we can apply Algorithm 30
to compute the sub-maximal eigenvalue of Q).

5 Differential operators

Throughout this section, denote by €™ (R%) the set of functions on RY with
continuous derivatives up to order m. In the first part of this section, we
study the Hermitizable and isospectral problems for second-order complex
differential operators having the form:

d

L=D*aD)—c= Y. (3 +bj(x))[au(x) (0 + bx(x))] —c,  (48)
j.k=1

where 0; = d/dzj, c is a B(R?)-measurable function, a is a d x d matrix,
assumed to be in €1 (R?), and so is the vector b = (b;(x)). Set D; = d; + b;.
For the later use, we now express L into more explicit forms in the order of
differentials™:

L = 0%(ad) + b*(a + a™)0+ D*(ab) — ¢ (49)
=a-00* + (D*a + b*a*)0 + D*(ab) — ¢, (50)

*The term b*a™0 was missed in each of the two lines below in the published version. To
be careful, we write the details here.

D*aDf = D*(adf + abf)
= 0% (adf) + b*(adf) + 0* (bf) + b*bf (b:= ab)
= (a-00%)f + (0%a)of + (b*a)of +b-of + (9%b) f + b*bf
= (a-00")f + (D*a+b*a™)0f + D*(ab)f.

We have thus obtained (50). This correction costs a little change in Theorem 33 below—
[2019-06-27]
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here for given matrices a = (a;;) and b = (b;;), the product a - b is defined to
be 22 j a;;b;;, regarded as an analog of the inner product of two vectors.

Theorem 32  Let  (maybe unbounded) = R? with Dirichlet boundary con-
dition on 0. Then the operator defined in (48) is selfadjoint (formally) on
L?(dx) iff a is Hermitian: o’ (:= @*) = a, b is purely imaginary: b = —b and c
is real: ¢ = ¢. In this case,

(_Lf7 f):(an7 Df)+(cf7f)

Proof. Let f,g € €?(R%). For each fixed j, we have

<Zajk (O, + bi) f, g) Z(Dkf7 ajk9)
2 fairgl|so = D [(F: Ok(@jng)) — (£ brajig)]

k k
= —Z (0k — by)(@jkg)) (by boundary condition)

= —Z k) (@i59))- (51)

Next, applying this to the identity matrix a, we obtain
(Djf, 9)=—(f, (05— b5)9)- (52)
Thus, for fixed j, with f = 3, a;xDyf and §; = (0; — b;)g, we have
(Dif. 9) = =(f. (35— bj)g) (by (52))
—~ <Zajka f, gj> (by definition of f and §)
k
=5 (@ =B (afia) by GV)

= > (f+ (0 —b) (ak(2; —bj)g))  (by definition of ).
k

Summing up over j and adding the term ¢, it follows that

(Lf,9)=([(2+ b)*(alo+ b)) = clf, 9)=> (f: [(Or—br)(ai;(0— b)) — &g).

j7k
Finally, for the selfadjointness:

(0= B)*[a" (06— B)] — &= (2 + b)*[a(@ + b)] -

we obtain the conditions a = a, b= —-bandé=c. [J
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In the context of Markov processes, as mentioned in Section 2, the sym-
metrizable problem for Markov chains goes back to [19]. For diffusions, it goes
back to [20]. In which, the author adopted geometric approach. A particular
result says that if the diffusion coefficient is the identity matrix, then the pro-
cess is symmetrizable (reversible) iff the drift coefficient should be a gradient
of a (conservative) potential. The operator in (48) is a slight extension of [18].
It is less popular than the special case that b(x) = 0. However, the latter one
is rather restrictive: in dimension one, it has to be real for the selfadjointness.
We use “formal” in Theorem 32 since it is only the first step for the property,
we have not specified a domain of the operator. To which, some additional
conditions on the coefficients of the operator are often required. See [18], [1],
and [2] for more details and additional references. This seems not too hard, as
mentioned in the matrix case, since we are mainly interested in either maximal
or minimal domains as did in [8].

We now study the h-transform in Lemma 8 for the operator having the
form (48). The purpose of the next result is to remove the potential term from
(50).

Theorem 33  Let L be given by (48) and set
L = L — D*(ab) + ¢ = a - 80* + (D*a + b*a*)o.

Next, let h be L-harmonic: Lh = 0, h # 0 (a.e.). Then the h-transform given
in Lemma 8 transfers L to

L=1L° ~|—]l[h¢0] (8h) (a+a*)0 = a-00*+ [D*(H—b*a ~|—]l[h¢0] (0h) (a+a*)] 0.
In particular, when h = exp ),

L =a-00* + [D*a+b*a* + (0¢)*(a + a*)]o.
Moreover, L and L are both selfadjoint or not, simultaneously.

Proof. The final assertion comes from Theorem 9.
By (50), we have

LL(bf) = 7[(a- 30%)(hf) + (D"a+ b*a*)a(hf) + (D*(ab) — )
= [(a 00* f~|—(D*a+b* *)af]
+ %[(a 00*)h + (D*a + b*a™)0h + (D*(ab) — c)h]
%[(ah)*aaf + (0f)*ach|

=1+ I+ 1.
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Note that

I=1°f,

II = %Lh = 0 (by harmonic assumption),

i = %(Oh)*(a +a*)of (since (0f)*adh = (Oh)*a*0f).

Combining these facts together, we obtain the required assertion. []

We now go to the second part of this section. It goes from L to L, as an
analog of [15; Theorem 1.1 (2), Theorem 3.6 and Corollary 3.7].

Theorem 34 Let L = 0*ad — ¢ having domain @(Z) < L?(f1). Then for
each complex function h € €2(R%), h # 0, p-a.e., L is L-isospectral to L = L

2

~ 1
L" = L — Z(0h)*(a+a*)o + {hQ

h
(L) = {f: f/he 2(L)}.

(Oh)*a — %a*a}(ah),

In particular, if we set h = exp[—1], then’ Lh = Ly:

Ly =1L+ (0¢)*(a+a*)o+ [(a L 00* )Y + (O)*a(oy) + a*a((w)},
D(Ly) ={f: fexp[v] € Q(E)}

Moreover, L and L are both selfadjoint or not, simultaneously.

Proof. Again, the final assertion is a consequence of Theorem 9.
Note that

(a@)(%) - d(%&f+f&<%>> _ %d&f+f&&<%>.
We have

(*a0) (%) o (%aaf + f&f?(%))
_ %(a*aa)f + <a<%>>*aaf + fa*m(%) + (af)*aa@)

o) - (1) 0= (2 o

"The term (@ - 00%)y was missed in the published version-[2019-06-27]

Because
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and then

(o(3)) aen + @nrae(3) = (o(3)) @+anien

we obtain

(a*aa)@) _ %(0*&8)]“ + f&*a&(%) + (a(%))*(a + @) (@f).
() =t (o(2)) s eravaa(2)s.

Next, because
1 1 (1 1.

wnaf 1 2 .~ 1
0 a@(—) = ﬁ(ﬁh) a(oh) — ﬁé’ ach,

h
we obtain the expression of
(f
L'f:=hL(%).
Then the expression of L, now follows immediately since?
d*adh = h| — (a- 00* )¢ + (0¢)*a(oy) — d*a(oy)].

Finally, the proof of the isospectrum is almost the same as those of [15; Lemma
1.3]. First, we have

(f~7f~)/1 = (f/hvf/h)ﬂ = (fvf)ﬂ
Next, we also have
(LF.£); = (L(/h), f/h), = (L"), f /), = (LM ),

We have thus complete the proof of the theorem. []

Remark 35 By using the multiplying operator H defined in Theorem 9, the
h-transform defined in Theorem 34 can be expressed by

LM =HLH !

This means that L" is similar to L and hence have the same spectrum. Further-
more, the eigenpair (A, g) of L:

Lg=Ag
is transferred to the eigenpair (\, Hj) of L":
L"(Hg) = HLH™'(Hg) = M(Hg).

*The term —(a- 00* )1 was missed in the published version below
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Applying Theorem 34 to

1
a(x) = 567”'2[,

where [ is the d x d identity matrix, we obtain the following result.

Corollary 36  For each complex function v € ‘52(Rd), the operator
—|:c|2 1 * * 1 % 1 *
Ly=e 50 0+ (Y —x)* 0+ 50 oY + §8¢—x (0)
is isospectral to the Ornstein-Uhlenbeck operator L:
~ 1
L=eloF <§a*a - :c*a>.

Hence L, and L have the same discrete spectrum.

It is clear that, based on Theorem 9, Corollary 36 gives us a typical example
for constructing a large class of Hermitizable complex operators L. We now
construct more explicit examples. As an application of Theorem 34 and [8;
Example 7.6], we obtain the following result.

Example 37  Consider the operator L on R:

1 -1
5 —i@),  oa) = 7la* P+ —lz*?  aeN

with domain Q(E) Then for each complex 1 € €%(R), Lis isospectral to the
operator

Ly =L+ 20/() o + 0/ + @)
D(Ly) ={f: fexp[y] € Q(E)}

Moreover, the spectrum of these operators are both discrete whenever o > 1,
and are not so if o« = 1.

Corresponding to the particular é(z) = 2% in Example 37, we have the
so-called harmonic oscillator L. Then the next result is an application of [8;
Example 7.7].

Example 38  For the harmonic oscillator L, the conclusions of Example 37
hold.

Added in proof After submitting the manuscript, the book [21] caught
the attention of the author. Perhaps the Hermitizable tool introduced in this
article is useful for further development of matrix mechanics.
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Abstract Based on a series of recent papers, a powerful algorithm is reformu-
lated for computing the maximal eigenpair of self-adjoint complex tridiagonal
matrices. In parallel, the same problem in a particular case for computing the
sub-maximal eigenpair is also introduced. The key ideas for each critical im-
provement are explained. To illustrate the present algorithm and compare it
with the related algorithms, more than 10 examples are included.
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1 Introduction. A powerful algorithm and a typical example

Matrix eigenvalues play an important role in many areas, not only in math-
ematics but also in quantum mechanics. In the past 170 years and more, a
large number of publications, as well as libraries have been devoted to the s-
tudy on eigenproblems. Refer to [13, 19] and references therein. An algorithm
which is closely related to the aim of the paper is the so-called Householder’s
decomposition or reduction (with the other two algorithms for matrix eigen-
problems: the Krylov subspace iteration methods and the QR algorithm, they
were selected into [10] as the 10 top algorithms in the 20th century). About
the decomposition technique, six algorithms were surveyed in [17], including
Householder transformation [14]. It transforms an Hermitian matrix into a re-
al symmetric tridiagonal one. There are three aspects of contributions in the
algorithm stated below. The first one is an extension of the Householder trans-
formation from Hermitian to Hermitizable. This is an easier part ([8; Theorem
24]). The wsecond one is reducing further to a birth-death type @-matrix (i.e.
the tridiagonal matrix having positive sub-diagonals). This enables us to use
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some long cumulated results in the study on probability theory. As will be seen
in §4, it takes a long trip to arrive at the present formulation of Algorithm 1
which is very efficient and theoretically complete. An algorithmic program for
birth—death type (?-matrix designed based on computational complexity is the
third contribution to Algorithm 1. The main aim of the paper is to illustrate
the power of the algorithm and to explain the main steps in the development
of the algorithm.
To move further, let us define the Hermitizable matrix [8] first. Let

E={keZ: 0<k<N+1}N < 0).

A matrix A = (a5 : i,j € E) is called Hermitizable if there exists a positive
measure (y; : i € E) such that

HiGq5 = ,u]a]la Z>] € E7
where a denotes the conjugate of a. With p at hand, the matrix (y/miaij/ /1t :
i,7 € E) becomes Hermitian having the same spectrum as A. As mentioned
above, an Hermitizable matrix can be transformed into a real symmetric tridi-
agonal one with the help of Householder transformation. Besides, a reducible
tridiagonal matrix can be decomposed into irreducible sub-matrices. Thus,
we consider only irreducible tridiagonal one in this paper. In what follows,

we focus on the tridiagonal matrices of the following form on finite space
E={0,1,--- ,N}N < o0):

—Cp b()
al —C1 b1
a9 —C9 b2
T= (1)

an-1 —cn-1 by
N N
Here we assume that 7" is Hermitizable( [8; §1]):
(c) is real, (ag) and (bg) are complex but agy1bx >0 (0 < k < N). (2)

As usual, the ‘eigenpair’ means the twins consisting of an eigenvalue and its
eigenvector. In what follows, we simply write the tridiagonal matrix as

T ~ (ak) —Ck, bk)7
since such a matrix is determined by the three sequences
N N N-1
{arti=1, {—cr}ti=o {or} o -

Now, the powerful algorithm for maximal eigenpair, according to [4-7] and [8;
§4], can be stated as follows.
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1.1 Main algorithm

Algorithm 1.  Suppose that T is an Hermitizable tridiagonal matrix of form
(1). Before computing the maximal eigenpair of T', we need prepare three steps
as follows.

Step 1. Let

m = sup(—cg + |ag| + [0])F, 2" := max{z,0},
keE

and
ugp = apbp_1, ke FkE \ {0}

Set ¢, = ¢, +m(k € E) and 50 = ¢ > 0. Next, let

Uk

bk:f(;k—,vi, Ek:’ék—bk, 1<k<N,
br—1
~ UN
aN = = .
by-1
More explicitly,
bo = co,
~ ~ ’U,k
b = ¢ — , 1< k<N,
~ Uk—1
Crk—1 —
- Uk —2
Ck—2 —
~ U2
Cy —
- Ui
1 — —
~ €o
ar = Cp — by, 1<k <N,
- un
anN = = .
by-1

Then the tridiagonal matrix

Q ~ (ag, —cx, by)
possesses the properties: both (@) and (by,) are positive, the sum of each row
equals zero except the Nth row (cy > ay). If ¢y = ay, then T' has the maximal

eigenvalue A\pax = m with eigenvector gy ax = h:

5 kg
ho=1, hp=hj1— [z b?], k € BE\{0}.
- o,

Otherwise set EN =¢ny — ay and go to the next step.
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Step 2. Define the symmetric tridiagonal matrix

as follows:
sym

Cp. = Ek, keE,
aZy = bel = /apbr_1, ke E\{O}

Step 3. Define the upper triangular matrix (Mj;) and the vector (®y) as follows:

My, = 1, Mkj:Mk,j_lfl—j [:M] 1<k+1<j<N,
j-1 b+ bj—1
ak+1 B My;
—+ > = = > =% 0<k<N.
br, k+1<G<N bi -+ bj k<G<N VI

With (Zik,gk), Q>™, M and ® at hand, we can now start our iterations. Note
that one may use the parallel computing the next step.

Step 4. For given v(®) (k > 0), define

(= sup —= Z ,/ k>0, (3
0<n<N  fo o) - MUM =V b

with a convention that ay41 = 0. As in [8; §4], choose

1
o’
where (g is defined by (3) with k = 0. For each k > 1, solve w(¥) :

w® Z VB, 0O Y o

( — Q™ Z(k—l)[)w(k) — v(k—l)’ (4)
and define ®)
O (R

where (; is defined again by (3). Then (v(®), 2(¥)) converges to the maximal
eigenpair of QY™

Step 5. To go back to the original matrix T', denote its maximal eigenpair by
(Amax(T), gmax)- Then we have

Amax(T) = m — lim 2k Jmax = klim diag(h“)v(k),
—00

k—o0

where diag(h*) is the diagonal matrix having diagonal elements (h}):

k-1
br—1

Wy =1, hi = ht AT [ Hr] ke E\ {0}.
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Remark 2. Note that the main aim of the algorithm is for the maximal eigen-
vector, the approximation of the maximal eigenvalue is its by-product. This is
different from the algorithms for computing the eigenvalues only. Actually, as
can be seen from the examples in the paper, the sequence {z(k)} is monotone in
k. Refer to the last two paragraphs of §4.3 for more details. Next, we use the
following Thomas algorithm to solve equation (4).

Thomas algorithm ([12]). Given a tridiagonal matrix T' ~ (ag, —cg, bx), a
constant shift z and a vector v, define

b
- i=0,
di =<K%,
- i=1,2,--- ,N—1
z—ci—aidi_l
Next, define
o
) ZZO?
Cco— <2
& = . y
' vitaibion oy N

c— 2+ aidi_l’
Then, the solution w to the equation

(=T —zHw = on E

is given as follows:

/wNng)
wi:&;—diwiﬂ, i:N—l,N—2,~",1,0.

Combining the well-known Householder Transformation (see [14], [16]) with
Algorithm 1, one can compute the maximal eigenpair of Hermitizable matrices.
The next example illustrates the power of this idea.

Example 3.  Consider the following matrix:

-2 242 1—u 0
0.5—-05: =3 1-0.5¢ 3+
1+7 442 —4 842
0 3—12-051 =95

A=

According to the Improved circle theorem [8; Theorem 5], we obtain the Hermi-
tizing measure = (1, 4, 1, 4) of A: ugare = peagy (refer to [8; Example 7] for
more details). Thus A is Hermitizable and then

-2 144 1—4 0
A . . 1 1—2 -3 2—1 3+
A:=d Ad — | = . . .
iag(v/i) 1ag(\/g> 14+i 2+i —4 4+
3—1 4—1 -9
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is an Hermitian matrix. Now, the Householder transformation says that there exist
a sequence of extended reflection matrices U; having the form

Uj =1+ (k—Luu®,

(where & is a constant with |k| = 1 and u is a unit vector) such that for some /,

l
U:= H U;
j=0

is unitary and R
T .= UAUH
becomes a real, symmetric tridiagonal matrix:

-2 2
2 =25 4.092676
4.092676 —1.977612 2.622282
2.622282 —7.522388

T

Here, we mention that even though the resulting matrix T is real symmetric, the
h-transform in Step 1 of Algorithm 1 is still needed to produce the efficient initials.
Thus, for the matrix T, we have m ~ 4.737347. After Step 1, we get the matrix

—6.737347 6.737347
~ 1 0.5937055 —7.237347 6.643641
@~ 2.521208 —6.714959 4.193751
1.639669 —12.259735

For the matrix —@ with the summation of each line being zero except the last
line, we have efficient approximation of its minimal eigenpair. Next, to leveling
the eigenvector, we turn to compute the eigenvector of Q™ which is obtained
by Step 2 of Algorithm 1:

—6.737347 2
2 —7.237347 4.092676
4.092676 —6.714959 2.622282
2.622282 —12.259735

stm ~

For convenience, we write A ~ B if A and B are isospectral. Since @ ~ QM
the efficient initials of () can be transformed into the ones of Q%™ with the help
of M, ® in Step 3. The efficient initials of Q%™ are as follows:

20~ 1531417, v ~ (0.463553,0.566223, 0.588314, 0.344088)*.

Now, combining the initials with the iterative equation (4) of @Y™, we obtain an
approximation of the minimal eigenvalue of —Q®™. Furthermore, noticing that

Q¥ =T —ml~A—ml,
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we obtain an approximation of the maximal eigenvalue of A (denoted by p(A)) as
follows:

20 ~3.205929, 2N ~2.661892, 2 ~2.628326, 23 ~2.628164~p(A).

From [4-8], one sees a long trip to achieve Algorithm 1. Based on the sharp
estimates of maximal eigenvalue given by [2; Theorems 2.4, 3.2], the efficient
initials were introduced in [4; §3] for Rayleigh Quotient Iteration. To avoid the
dangerous region, the modified algorithm by redefining 2, = 5,:1 was presented
in [6; §A.4]. In the following-up article [7; §2|, an explicit representation of
the solution to tridiagonal equation was proposed. To balance the sharpness
and the complexity, several methods to improve the algorithm were proposed
in [8]. We will outline this trip in §4. Besides, based on [4, 6, 7], Tang and Yang
[18] simplified the computational complexity and proved that the total cost for
computing is O(N).

1.2 Typical example

To illustrate the power of Algorithm 1, we choose the following typical example,
taken from [8; §4] and [18; §3.3].

Example 4. Consider the following matrix on E:

-3 2
1 -3 2
1 -3 2
Q=
1 -3 2
1 -3

We are going to use three algorithms to compute the maximal eigenpair of
the matrix Q. The first one is Algorithm 1, the others are also recent. One
can see the difference of their effectiveness and then understand a part of the
development of the algorithm.

(a) For the matrix @, we have m = 0. After the preparations of Steps
1-3 in Algorithm 1, we start the iterations at Step 4. The computing result for
different IV is given in Table 1.

Here, we mention that the numerical experiments in this article are fulfilled
on a PC with Intel(R) Core(TM)i5-5200 CPU @2.20 GHz and 4.00 GB RAM
using MATLAB (R2014a).

For this example, with the button ‘Run and time’ in Matlab, we record the
running time needed to get the results for larger N and the time ‘s’ denotes
seconds. From Table 1, one sees that the six precisely significant digits are
achieved with no more than three steps. Actually, when N > 4500, up to six
precisely significant digits, the initial (%) already coincides with z(!) ~ g (i.e.,
the minimal eigenvalue of —@Q).
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Table 1. Outputs for different N by Algorithm 1(Example 4)

N+1 »(0) (1) »(2) ~(3)
8 0.253835 0.33544 0.342107 0.342148
16 0.182046 0.21533 0.219673 0.219732
50 0.171577 0.175993 0.176912 0.176937
100  0.171573 0.172686 0.172934 0.172941
500 0.171573 0.171618 0.171628
1000 0.171573 0.171584 0.171587

5000 0.171573  0.171573(1.597s)
10000 0.171573  0.171573 (6.578s)
15000 0.171573 0.171573(29.160s)

(b) For comparison, as in [8; Algorithm 27], we take z(*) = §_ ! instead of
2k = ¢ & L'in Algorithm 1 to compute the same example, where

1
0 = sup (k)[(l)nz ”Z(k) M;,+ Z m®jv§k)],

OsnsNw 0<i<n n+1<j<N
k>0, (5)
and ) 5 := 0. The computing result is given in Table 2.
Table 2. Outputs for different N using Jy instead of (;(Example 4)

N+1 »(0) »(1) 2(2) 2(3)
8 0.304256 0.340851 0.342146  0.342148
16 0.195163 0.217878 0.219722  0.219732
50 0.171632 0.17606 0.176916 0.176937
100  0.171573 0.17269 0.172934 0.172941
500  0.171573 0.171618 0.171628
1000  0.171573 0.171584 0.171587

5000 0.171573  0.171573 (2.814s)
10000 0.171573 0.171573 (15.927s)
15000 0.171573 0.171573 (96.483s)

Comparing Table 1 with Table 2, we know that both the use of (; and d
need no more than three steps to get the expected results. But the use of (i
saves much time. The reason is clear: (; uses a single summation and d; uses
a double summation. Their computational complexity are O(N) and O(N?),
respectively. For further comparison of (; and J;, see Example 9 below.

(¢) We now compare the use of Q%™ in equation (4) of Algorithm 1 with
the earlier algorithm presented in [6; §A.4]. The computing result is given in
Table 3.

Actually, as the problem mentioned in [8; §4], the curve of the initial vector
w(® goes down rapidly at the beginning smaller intervals, and becomes too small
at the end intervals, due to the limitation of computer for calculation accuracy,
we can only get the expected result up to 1023 by using the algorithm in [6;
§A.4].
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Table 3. Outputs using the algorithm in [6; §A.4](Example 4)

N+1 »(0) ~(1) 2(2) 23
8 0.304256 0.340851 0.342146 0.342148
16 0.195163 0.217878 0.219722 0.219732
50 0.171632 0.17606  0.176916 0.176937
100 0.171573 0.17269 0.172934 0.172941
500  0.171573 0.171618 0.171628
1000  0.171573 0.171584 0.171587
1023 0.171573 0.171584 0.171586

(d) It is the position to compare Algorithm 1 with the known ones. As well
known, the maximal eigenpair has a very wide application, such as Google’s
PageRank, the input-output method in economic optimization. Refer to [4-
7] for more information. From Wikipedia or textbooks, one may learn that
there are mainly two algorithms for computing the maximal eigenpair: Power
Iteration and Rayleigh Quotient Iteration. The former one is simpler and has
a wide application. But its convergence speed is very slow and hence is less
practical. The second one is a cubic algorithm, provided the initials are sharp
enough. However, it is a dangerous algorithm, as will be discussed in detail in
§4. A related algorithm is the famous QR Algorithm, which is used to compute
the eigensystem of a matrix. This algorithm is widely used in practice. The
price is the limitation of the scale of the matrix. As an illustration, we now
compare Algorithm 1 with the function ‘eig’ contained in Matlab. Table 4
presents the outputs corresponding to Example 4 for different N using the two
methods.

Table 4. Outputs using Algorithm 1 and eig (Example 4)

N +1 Algorithm 1 eig
100 0.172941 0.172941
198 0.171925 0.171925
199 0.171922 0.171923
250 0.171794  0.171728
500 0.171628 0.172726

The function ‘eig’ is mature for computing all the eigenvalues of a matrix.
Table 4 shows that when N > 199, the outputs are incorrect. In fact, when
N =198, the outputs using ‘eig’ are already complex (for instance, a complex
eigenvalue 5.77283+0.01635457 appears in the outputs of ‘eig’), but this matrix
Q@ only has real eigenvalues because it is symmetrizable. Thus, ‘eig’ is efficient
for medium-size matrices but not for larger matrices.

The typical Example 4 shows that Algorithm 1 is powerful for computing
the maximal eigenpair. In the next section, we introduce additional examples
to illustrate the power of the algorithm.

2 Examples
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In this section, the examples are taken from the papers [2, 4, 6, 8], except
Example 6 which is newly added. To compare the results with Algorithm 1, let
us look at the following example taken from [6; Appendix A.4] first.

Example 5. [6; Example A3] Let

2.334 0.9962
0.5142 2.6725 0.1111
0.2115 2.263 0.1405
0.8442 2.8457 0.7595
0.2347 2.2257 0.0781
0.9837 2.1582

Then the eigenvalues of T" are
3.26753, 3.16247, 2.40182, 2.12632, 1.80416, 1.73679.

For the matrix T, we have m = 4.4494. The outputs using Algorithm 1 are
given in Table 5.

Table 5. Outputs by Algorithm 1(Example 5)

m—2z0 m—20 m—20 m—20 0
3.41401 328721 3.26957 3.26757  3.26753

Comparing the results here with those in [6; Example A3], we know that
Algorithm 1 is as effective as the algorithm presented in [6; §A.4]. Note that
this example is somehow dangerous for Rayleigh Quotient Iteration (cf.[4] or the
first paragraph of §4.3 below) since the first two eigenvalues of 1" are very close
to each other. Now, the dangerous problem is avoided completely in Algorithm
1.

The next two examples satisfy condition (2) and hence have real spectrum.
Then we compute the maximal eigenvalue of the two complex matrices using
Algorithm 1.

Example 6. Let

—2 241
22(2—i) -1 3+i
22(3—14) —3 1+2i
1-2 -2 2+3i
2-3i —4 2—i
4+2i 3

Then the eigenvalues of T' are

—10.0244, —7.26296, —2.65371, 0.243075, 4.50158, 6.19640.
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For the complex matrix T', we have
m =54 4v10 — 3.

The outputs using Algorithm 1 are given in Table 6.
Table 6. Outputs by Algorithm 1(Example 6)

m—29 m—20 m—2 20 50
7.31593  6.34282  6.20382  6.19644  6.19640

Example 7. [8; Example 19] Let

~1 2+
22(2—14) -1 2%2414)
T = 62(2—1i) -1  3%2+14)
122(2—4) -1 4*2+9)
2022 —i) —1

Then the eigenvalues of T' are
—756.391, —52.0308, —1, 50.0308, 754.391.

For the complex matrix T, we have m = 400v/5 — 1. The outputs using Algo-
rithm 1 are given in Table 7.

Table 7. Outputs by Algorithm 1 (Example 7)

N () i () g )
773.836 754.594 754.391

We now compute three examples to explicitly illustrate the power of the
difference in using z%) = Cr Land 2 = 5,;1, respectively, in Algorithm 1.
The examples are birth-death matrices on F taken from [2; §3] satisfying that
cop = by and ¢, = ay, + by, k € E\{0}. Then, we have m = 0.

Example 8. [2; Example3.5] Let by =2(k>0), ar =k (k> 1). Then \g =1
for large enough N. For different N, the outputs are given in Tables 8 and 9,
using (i and g, respectively.

Table 8. Outputs for different N using ( (Example 8)

N+1 »(0) (1) 2(2) 23) 24)
8 0.836045 0.992135 1.01307  1.01355
16 0.834044 0.977037 0.999391 1.00011
32 0.83404 0.976651 0.999245 0.999999 1.0
50 0.83404  0.97665 0.999245 0.999999 1.0
100  0.83404  0.97665 0.999245 0.999999 1.0
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Table 9. Outputs for different N using d instead of (; (Example 8)

N+1 »(0) ~(1) 2(2) ~3)
8 0.943632 1.00843  1.01353 1.01355
16 0918635 0.99231  1.00004 1.00011
32 0.917966  0.99197  0.999921 1.0
50  0.917965 0.991969 0.999921 1.0
100 0.917965 0.991969 0.999921 1.0

Comparing Table 8 with Table 9, we know that when N > 32, the use of
(r needs one more step than that of §, to get the expected result. But usually,
for larger matrices, the time spent in Table 8 is shorter than that of Table 9.
See for instance in the next example.

Example 9. [2; Example3.7] Let
b= (k+1)*  ap=k(k—1/2)(k* + 3k +3).

Then \g = 1/2 for large enough N. For different N, the outputs are given in
Tables 10 and 11, using (. and dg, respectively.

Table 10. Outputs for different N using (;(Example 9)

N+1 20 21 2(2) 2)

8 0.416918 0.627353 0.633461 0.633466
50 0.35708 0.541483 0.548162 0.548169
100  0.347301 0.526674 0.533345 0.533353
500  0.335057 0.507877 0.514489 0.514498
1000 0.332284 0.503583 0.510173 0.510182

5000 0.328655 0.497945 0.504504 0.504512 (2.009s)
10000 0.327808 0.496625 0.503175 0.503184 (8.973s)

Table 11. Outputs for different N using dx(Example 9)

N+1 ,0) ~(1) 2(2)
8 0.616418  0.63343 0.633466
20 0.530028 0.548113 0.548169
100 0.515265 0.533295 0.533353
500  0.496589 0.514436 0.514498
1000 0.492332 0.51012 0.510182

5000 0.486749 0.50445  0.504512(3.383s)
10000 0.485443 0.503121 0.503184 (24.602s)

For this example, we record the time needed to get the result for larger
N. From Tables 10 and 11, it follows that the use of (; needs one more step
than that of J;, but saves much time. The next example exhibits the same
phenomenon.
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In view of Examples 8 and 9, for matrices whose scale is less than or equal to
1000, one may use Jy instead of (. But as we have already seen, the difference
between them is slight.

Example 10. [2; Example 3.6], [4; Example 7] Let
b = (k4 1), ap = k2.

Then \g = 1/4 for large enough N. For different N, the outputs are given in
Tables 12 and 13, using (i and dg, respectively.

Table 12. Outputs for different N using (;(Example 10)

N+1 Z(O) Z(l) 2(2) 2(3)

8 0.406762 0.514094 0.525176 0.525268
100 0.304993 0.36995 0.376269 0.376383
500  0.279999 0.333226 0.33823 0.338329
1000 0.273336 0.322412 0.327148 0.32724

5000  0.26322 0.304128 0.308454 0.308529 (2.088s)
7500 0.261484 0.300603 0.304845 0.304918 (4.711s)
10000 0.260397 0.298305 0.302489 0.302561 (8.516s)

Table 13. Outputs for different N using 6 (Example 10)

N+1 »(0) ~(1) 2(2) 2(3)

8 0.485985 0.52415 0.525267 0.525268
100 0.348549 0.374848 0.376378 0.376383
500  0.310195 0.33686  0.33832 0.338329
1000 0.299089 0.325735 0.327229 0.32724

5000 0.281156 0.306874 0.308514  0.308529 (4.281s)
7500 0.277865 0.303213 0.304903 0.304918 (11.077s)
10000 0.275762 0.300821 0.302545 0.302561 (55.355s)

Examples 8 10 show the reason for choosing z(¥) =1 /(i from the compu-
tational point of view. To conclude this section. we study one more example.

Example 11. [4; Example22] Let

-5 5
3 =7 4
T= 2 -3 1
10 —16 6
11 —11 — by

Then we have m = 0. For different by, the outputs using Algorithm 1 are given
in Table 14.

Table 14. Outputs for different b4(Example 11)
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by 20 21 ~(2)
0.01 0.000143394 0.000278683 0.000278686
1 0.0130396 0.0244922 0.0245175
100 0.102368 0.182367 0.182819
10° 0.109962 0.19468 0.195145

The number of iterations is the same as those given in [4], except when
by = 0.01, for which the use of Algorithm 1 requires one more step.

From the above examples, it follows that Algorithm 1 is efficient for com-
puting the maximal eigenpair. Furthermore, there is a natural way to study
the next to the maximal eigenpair, which is the topic in the next section.

3 Conservative case

In this section, we continue the study on a special case in Algorithm 1. That is
¢y = an. Then the matrix Q) constructed in Algorithm 1 is conservative and so
has a trivial eigenvalue 0. The aim of this section is to study its sub-maximal
eigenpair. By using a shift mlI, if necessary, we deal with the tridiagonal Q-
matrix of the following form:

—co b
ar  —c1 b1
a —C by
Q= ) ; (6)
anN—1 —cN—1 bn—1
an —CnN

where ap, >0 (1 < k< N), b >00<k<N-1)and ¢, = ap+ by (with ag :=
0 and by := 0). Clearly, the maximal eigenvalue for this matrix is A\g = 0
with constant eigenvector 1. Now, we compute the sub-maximal eigenvalue
A1(Q) by the following algorithm, which is essentially harder but formally the
same as Algorithm 1, except the use of a new auxiliary tridiagonal matrix CNQ
on By :={ke€Z: 1<k< N} Recall that E = E;J{0}. The next result is
due to [8; §4].

Algorithm 12.  Suppose that @ is a tridiagonal matrix of form (6). Define a
measure j corresponding to () as follows:

bp—1
po =1, ,un:,unflz s 1<n<N. (7)

n

Before computing the sub-maximal eigenpair of (), we need prepare three steps
1-3 as follows.
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Step 1. Define Q ~ (ay, —6k,gk) on E; as follows:

~ b

b1 = ay + by, bk—ak—i—bk 1—M, 2< k<N,
br—1 ,

G =ap+bo i —bp,  2<k<N, ay= NAON-1

bn-1
Cr = ap + by_1, I1<k<N.

This is essentially different from Step 1 in Algorithm 1, in fact it uses a dual
technique. Other steps are similar to those in Algorithm 1, replacing £ by E; and
recall that in Algrithm 1, we made a convention that by = ¢y — ay.
Step 2. Define the symmetric tridiagonal matrix Q™ ~ (a;"™", —¢"™, b"™)
on Ej as follows:

C]jym—gk, k € Fq,

o™ =0 = Vb, ke B\{1}.

Step 3. Define the upper triangular matrix (My;) and the vector (®) on Ei:

My, =1, Mkj:Mk,j—lflij [: W], 2<k+1<j<N,
bj—1 b+ -bj_1
1 p, T Mo
br, k+1<G<N br - - by E<j<N bj

With ('dk,gk), Q™, M and ® at hand, we can now start our iterations.
Step 4. For given v(®) (k > 0), define

n

k) | Mijn
Cp=sup v;
1<n<N \/CTH%H = by
©) _

with a convention that ayy; = 0. As in [8; Algorithm 29], choose w;~ =
vV®;, i€ Eq. Define

ERVORTON Co
where (g is defined by (8) with k = 0. For each k > 1, solve w(¥) :

( Qe Z(k—l)])w(k) — k1) on Fq, 9)

and define
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where (j is again defined by (8). Let (A\*™,g¥™) be the minimal eigenpair of
—Q%™. Then
AY™ = Jim 2% g¥™ = lim v,

k—o0 ’ k—o0

Step 5. Furthermore, denote the sub-maximal eigenpair of @ by (—A1, f). Then
A= A (k) — -1 _ li -1 (k)
1= oo~ f=4"g Froo (2g™),

where .# is a matrix on E x E (recall that E = E;(J{0}) of the following form:

Mo p1 2 ot BN
H1 p2 0 BN

%: M2 .”/“’LN ,
0 0N

w is defined by (7), g and (g(k)) are vectors on F satisfying

sym

90 =0, g|lp, = diag(h*)g™™,

and .
g((J ) _ 0, g(k)|E1 — diag(h“)v(k).

Here, diag(h*) is a diagonal matrix on E; having diagonal elements (h}):

a—1 a;—1

k
bj— bi_
Ry =1, hi=hi_, kol [—H 31], ke B\ {1}
j=2

Remark 13.  We also use Thomas algorithm to solve equation (9).

For the remainder of this section, we introduce three examples to illustrate
the power of Algorithm 12. The next two examples are closely related to Ex-
amples 4 and 10, respectively.

Example 14. Consider the matrix on F :

—2 2
1 -3 2
1 -3 2
Q= .
1 -3 2
1 -1

The computing result for different N using Algorithm 12 is given in Table 15.

Table 15. Outputs for different N using Algorithm 12(Example 14)
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N+1 ,(0) ~(1) ~(2) ~3)

8 0.284681 0.37967  0.386839 0.386874
16 0.184834 0.221395 0.225864 0.225920
50 0.171578 0.176176 0.177128 0.177154
100 0.171573 0.172709 0.172961 0.172969
500  0.171573 0.171618 0.171628 0.171629

1000 0.171573 0.171584 0.171587
5000 0.171573 0.171573
10000 0.171573 0.171573
15000 0.171573 0.171573

Comparing Table 15 with Table 1, we know that when N > 1000, the
outputs are the same, which reflect some probabilistic idea.

Example 15. [4; Example25] Consider the matrix

-1 1
1 -5 22
22 —13 32
Q= . '
(N—-1)2 —N?2—-(N-1)? N?
N2 —N?2

For different N, the outputs using Algorithm 12 are given in Table 16.

Table 16. Outputs for different N using Algorithm 12(Example 15)

N+1 ,(0) 2(1) ~(2) ~3)
8 0.60449  0.80318 0.820402 0.820539
16 0.481611 0.638168 0.650021 0.650141
50 0.379585 0.494848  0.5035  0.503596
100  0.344814 0.444154 0.451895 0.451977
500  0.299131 0.373782 0.380427 0.380497
1000  0.287724 0.354814 0.36116 0.361228
5000 0.270961 0.324518 0.330299 0.330367
7500 0.268149 0.318939  0.32459  0.324659
10000 0.266398 0.315346 0.320907 0.320976

Example 16. [4; Example26] Let

-5 5
3 =74
2 -3 1
10 —16 6
11 —-11

Q
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The eigenvalues of —@Q) are
22.348, 10.6857, 5.92951, 3.03673, O.

The outputs using Algorithm 12 are given in Table 17.
Table 17. Outputs using Algorithm 12(Example 16)

) 2D Fe) ey
2.4808 2.97585 3.03569 3.03673

Comparing the result here with the outputs given in [4], we need one more
iteration using Algorithm 12. This often happens for smaller N. From Exam-
ples 15 and 14, it follows that Algorithm 12 is as powerful as Algorithm 1, since
they have the same computational complexity O(N).

The story of the development as well as intrinsic points are presented in the
next section.

4 Development and proofs

This section sketches some key points of the development of Algorithm 1. A
complete exploring would take a hundred of pages and hence is out of the scope
of such a survey article.

Let us begin this section with the well-known Rayleigh Quotient Iteration.
Rayleigh Quotient Iteration (RQI) For a given real matrix A defined on

E x E, with nonnegative off-diagonal elements, let (Amax, gmax(A)) be the max-
imal eigenpair of A and (2(9,v(9)) be an approximation of (Amax, gmax(4)). At
the kth step (k > 1), solve the linear equation in w(®):

(Z(k—l)] _ A)w(k) — U(k—l)’
where [ is the identity matrix and define
wk)

W = T ) ) gy,

Then v(*) converges to gmax and 2(k) converges to Amax(A) as k — oo, provided
(209, 5(9)) is close enough t0 (Amax(A), gmax)-
In what follows, we will often use some probabilistic ideas. Our first object
is the @Q-matrix:
where g;; > 0 for every pair i # j and ) ¢;; < 0 for every i € E. For simplicity,
JjEE
we assume at the moment that

0 <A <[M|< A <00
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where {);} is the sequence of the eigenvalues of —@Q. Suppose that the orthog-
onal eigenvectors corresponding to {\;} are {g;}. We now introduce RQI for
(Q-matrix.

RQI for @Q-matrix The algorithm is almost the same as the original one
except A is replaced by —(@Q, at the same time, the original iteration equation
is replaced by

(-Q — Z(kfl)])w(k) — k1)

We know that RQI is fast for computing the maximal eigenpair but can be
dangerous because there are many pitfalls. To get the maximal eigenpair, there
is a strict restriction for the initial (z(o), U(O)). Fortunately, some basic analytic
estimates of the maximal eigenvalue and some mimics of its eigenvector were
obtained for many years of accumulation in the study of stochastic stability
speed. See [1, 2| for instance. Based on this, Algorithm 1 has been developed
in [4-8], and then Algorithm 12 is presented in [8]. Fig.1 exhibits the diagram
of the development from RQI to Algorithm 1.

’ Tridiagonal @ ‘

2016 | h-transformation (2014)

iti 2018 [~ . ... i i
Hermitizable Q. Initial (v(©), 2(0)) | 2016 Basic estimate

T, A 2014 (2010)
2016 2018
Coupling of Q 2018, (I tegg‘f eq&a_tli;:);) 2(B) = G !
- —z
& Q™ (1991) ) i) (2010)
A/ 2016HDefau1t %
L.H. Thomas shift z(¥) = 2017 (k) — 5];1
algorithm (1949) k) EQV)U(’C) (2010)

Fig.1 Diagram of development of Algorithm 1.

For the remainder of this section, we are going to explain this diagram by
six steps:

. 2014 ~ . 2018
isospectral operators. Q — Q,T =— Q;

initial (v(©), 2(0);

Rayleigh quotient — §; !;

coupling of non-symmetric matrix ) and symmetrized @™,
computational complexity;

Thomas algorithm.
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At the end of this section, we introduce the proof of Algorithm 12.

4.1 Isospectral operators. Q 2014 é, T 2018 (2

Before moving further, let us recall the so-called birth-death ()-matrix.

Definition 17. The matrix Q ~ (ax, —ck, b) is called birth-death Q-matrix
defined on £ x F if

ap >0, b >0, cr=>ap+ bg.

Let T be an Hermitizable tridiagonal matrix of form (1) and Q be the one
defined by Algorithm 1. Recall that an isospectral transformation (h-transform
) was introduced in [9] which allows us to study the Q-matrix having arbitrary
diagonals. Then, an explicit construction of isospectral transformation in tridi-
agonal case (3 steps) was presented in [3], which is the h-transform used in
[4]. Nevertheless, there is quite a distance to arrive at the explicit formula of
h presented in Algorithm 1. For which, we need to say a little more. In the
study on the sub-maximal real part of eigenvalues, a question appears: when a
complex matrix has real spectrum? This triggered the study on Hermitizable
complex matrix [8; §2]. In which the direct explicit representation of isospectral
transformation in tridiagonal case is deduced [8; §3]. This completes the proof
of T'— C~2, that is quite hard. Furthermore, in terms of a modified Householder
transformation, it can be proved that a general Hermitizable complex matrix
is also isospectral to a birth-death matrix @ [8; Theorem 24]. For tridiagonal
matrix, the transformation can be explained roughly by Theorem 18.

Theorem 18. Assume 7' is a complex matrix of form (1). Set A =T —ml,
where

m = sup(—cy, + |ag| + [bg|) T
keE

Let h be A-harmonic on E'\ {N} with hg =1, i.e.,
(Ah)(k) =0, ke{0,1,...,N —1}.

Define Q = diag(h) ! A diag(h), where diag(h) is the diagonal matrix having diag-
onal elements (hy). Then @Q is a birth-death matrix of the form Q ~ (ay, —cy, bx.),
as presented in Step 1 of Algorithm 1.

Proof. By the explicit representation of the h-transform in [3; §2], we know
that the A-harmonic function h is positive. Since @ = diag(h) A diag(h), we
have

- ~ ~ h
Cr = C +m, ap = LClk, b = kil bg. (10)
hi hi,
According to (Ah)(k) =0,k € {0,1,...,N — 1}, we get
hi— ~ h
ap L g g, Mt

h, hi
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Combining this with (10), we have conservativity:

a'k:Ek—Ek, 1<k <N,

and invariance:

agbp—1 = apbp—1 = lagbp—1| = up, 1<k <N,

where u is the one given in Algorithm 1. Thus,

~ ~ ~ - br— - U
bo = co, kaCk—ak#:Ck—i, 1<k <N,
k—1 br—1
and
~ uN
aN = =< .
bn_1

Furthermore, according to [8; Theorem 15], the sequences {a;} and {by} are
positive, provided m < oco. [

Remark 19. For the matrix @ in Theorem 18, the sum of each row equals
zero, except the Nth row which is not positive.

Now, for a given Hermitizable tridiagonal complex matrix 7', in terms of
Step 1, we can transform its spectrum to the one of a birth-death @-matrix
(). After completing this procedure, we need only to deal with the maximal
eigenpair computation for the birth-death @-matrix Q. In what follows, unless
otherwise stated, we omit ‘~’ in the notation of ), ag, ¢, and by.

4.2 Initial (v(©), 2(0)),
About the study on maximal eigenpair of Q-matrix, there is a long accumulation
on the estimation of stability speed. To illustrate this fact, here, we introduce

a couple of results which play a crucial role in the current algorithms. For this,
with (ug) defined by (7), let
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To distinguish §,, used in this paper, set
f(n+1)

1

%y, = sup
icE f(")

1

; n =0,

where the superscript ‘o’ means ‘original’. Dually, we also have a sequence
{%],}, but its expression is omitted here (cf. [2; §3]). Now, our basic estimates
given in [2; Theorem 3.2] say that

05k—1T < )\0 < lo(s;c—l'

Furthermore, by [2; Corollary 3.3], we have

VAR
50

Moreover, the upper bound is actually no more than 2 in practice. At the begin-
ning of paper [4], we adopted the initial (w(©), 2(0)) := (f(o),"&al). Based on the
basic estimates just mentioned, our initial is good enough in most situations,
hence in [4], we simply set z(¥) for k > 1 to be the Rayleigh quotient:

20 = ®r (@) o™ kE>1.

4.3 Rayleigh quotient — 6,;1.
RQI can be used in many cases due to its simplicity, the danger going into
pitfalls is its limitation. Given the symmetrizable matrix @) for example, we

usually have
v B (=) v > Ao

There may be another eigenvalue )\/(> Xo) nearer v®)*(—Q) v*) than Ay, then
the algorithm will converge to \ % Ag, i.e. falling into the pitfall \'. Because of
this fact, in [6, 7], when k > 1, the Rayleigh quotient v(*)*(—Q) v*) is replaced
by 2k = 5,:1:

1

OsnsNwv 0<i<n n+1<G<N

By [2; Theorem 2.4 (3)], 6, " is a lower bound of A\g. That is, 5, ' € (0, \o]. Now,
since there are no other eigenvalues on (0, \g), our modified algorithm becomes
safe, never falling into pitfalls. It is quite remarkable that if we set f(*) = ¢(*)
n (11), then the resulting %), coincides with 5 in (12) (cf. [2; (3.6)]).

The difference of the sequences {0y} and {%} should be clear now. For
{6}, the sequence {v(®¥)} comes from the shifted inverse iteration:
k)

(
—0 — SE=D (R — ,(k=1) )
( Q z )’U) v ’ v w(k)*w(k)
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For {%}}, the involved sequence {f(™} defined in (11) comes from the ordinary
inverse iteration (without shift):

(—Q)fk) = pk=1), (13)

Actually, for given f*=1) the solution f*) to the Poisson equation (13) has an
explicit representation as written by (11). Therefore, we can also write

F = (-t
Similarly, for w(*), we have the representation
w®) = (=@ — =D )~ yk=1),
Thus, for given v, these two iterations produce two outputs
F=(=Q v, w=(-Q-zI)"y,

for some z € (0, ). Corresponding to these two functions f and w, we have
the following estimates of Ag, % and &, respectively:

Rt 1 ! ZJ: e ((=Q) 1),
e (=Q)710): j=i L Rt F
1 N 1 J
- e I e
’= fgfg ((—Q — 21)~t); Jz::l 11;b; kzzo/‘k(( Q —zI) U)k.

Since the convergence speed of the shifted inverse iteration is much faster than
the one of ordinary inverse iteration, we believe that

5 < %. (14)

Perhaps, 0 = d(z) is decreasing in z on (0, \g). But there is still no analytic
proof for (14).

Nevertheless, we can prove that the sequence {dx} defined by (12) is de-
creasing in k. The proof will be published elsewhere.

4.4 Coupling of non-symmetric matrix () and symmetrized Q ™.

In [18] and [8; §3], the computational trouble caused by non-symmetric matrix
was illustrated in detail. On the one hand, in non-symmetric case, the eigen-
vector we concerned increases (or decreases) very fast, which is the problem
that the computer cannot deal with. On the other hand, if we replace @Q by
Q™ the spectrum remains, but it often happens that the sum of some of the
first N rows is not zero, which makes the use of {§;} and w(®) meaningless.
If we now use the isospectral transformation in §4.1 on @™, then we return
to the non-symmetric ). This leads to an unsolvable circulation. To be brief,
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the advantage of @ is that for which we have good estimates d;, and w(®, and
the advantage of Q™ is that for which there are many mature algorithms.
However, these two are not compatible. This hard problem troubled us for a
couple of years. The method we used here is to “let the two get married”,
which means to use both of their advantages simultaneously. For mathematical
details, see [8; §4]. Clearly, this coupling technique should be meaningful for
other algorithms of non-symmetric and symmetric ones.

In order to go back to the original matrix 7', let (Amax(7"), gmax) denote its
maximal eigenpair. From Steps 1-3 of Algorithm 1, we have taken the following
two isospectral transforms:

A=T-mI - Q= diag(h) ™' A diag(h) Wi Q™™ = diag(f1)"/?Q diag(f1) /2.

Noticing that the output (z,v) from the last iteration in Step 4 is an approxi-
mation of the minimal eigenpair of —Q*™, we have

)\max(T) ~m -z, Imax ~ diag(hﬁ_1/2)v.

By (10), we have

ho=1, hy = hk_ll)’“;l.
br—1
By the definition of 1, we have
po =1, pp= ﬁk—1bgkl-
Since
by (B )1 R Vi
br—1 ( ag, ) Ty VR T sy
we have
pm D g VR ey

\/er k_1E7

Then, we get the last assertion of Algorithm 1.

4.5 Computational Complexity

Based on the computational complexity, two improvements are made to arrive
at Algorithm 1. The first one is the use of the matrix M and the vector ®
stated in Step 3 of Algorithm 1, which are used to leveling the quantities we
required and then fasten the computations.

The second improvement is replacing d; in §4.2 and §4.3 by ( appeared in
Step 4 of the algorithm. This is somehow strange since in general, the estimates
using (j, is poorer than the use of 0 (refer to [2; (2.22)]):

G <o < o
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Hence, we usually do not use (i to estimate Ao (refer to [2; Theorem 3.2] for
instance). However, such a replacement is reasonable since in the expression
of §x, one uses double summation, it has complexity O(N?), but (. uses only
a single summation, having complexity O(N). Therefore, the use of (i saves
much computation time especially for larger N.

4.6 Thomas algorithm

The algorithm goes back to L.H. Thomas (1949), referring to [15] for a short
history. The algorithm is designed especially for tridiagonal systems. It is
famous since it is an unusual O(N)-algorithm (see [11]). Nevertheless, it is
not surprising that the algorithm may be unstable, as pointed in [12]. Very
fortunately, our algorithm costs no trouble since at each step of the iterations,
it keeps us in the safe region. See [8] for more details.

4.7 Proof of Algorithm 12
From [8; Proof of Algorithm 29|, we have @ = HQ. N, where

0 0 0
by —(a1 + bo) ap
. by —(az + by) as
Q= ) )
bn—2  —(an—1+bn_2) an—1

bn_1 —(an +bn_1)

Then @ and @ have the same spectrum. By removing the first row and the
first column of ), we obtain a matrix on Fy x Fy:

—(a1 + bo) a
by —(ag + b1) as

)
I

bn_2 —(an—1+bn_2) an—1
bn—1 —(an +bn-1)

Now, the spectrum of @ ignoring the trivial eigenvalue 0 coincides with the
spectrum of Q1. The sub-minimal eigenvalue of —@Q coincides with the minimal
eigenvalue of —(@)1. Applying Algorithm 1 to the matrix ()1, we get Algorithm
12. Here, we prove the assertion about the sub-maximal eigenvector in Al-
gorithm 12. Let (z,v®™) be the output from the last iteration in Step 4 of
Algorithm 12. Note that the development of Algorithm 12 goes as follows:

@1 ~ (dky _ék:a l;k) — Q ~ (aka _gk)gk) — stm ~ (a]jymv _C]:ymv b]iym)



Development of powerful algorithm for maximal eigenpair 1517

Following the proof given in the last part of §4.4, replacing F by E1, we have

br_ br_

hy =1, hy, = hj_q == = hy_ ——,
k—1 k-1
bi—1

pr =1, iy = flg—1—
af

Noting that

b1 (bp_1\ ? 1 -1 L b
—_— = agbg—1 = ——\/apbp_1 = ;
ag ag—1 ag—1

ap—1 ap—1

we obtain
i, br—1

5 = p -, k=2 Rt =1.
vV Ik =1\ ag !

Then, it follows that the eigenvector of @1 corresponding to Aj is

hf: =

g~ diag(h“)vsym.

The eigenvector of @ corresponding to A1 is g:
90=0, glp, =g~ diag(h*)o™™.

Combining this with @ = MQ.N ", we get the eigenvector of @) corresponding

to Ay is .4/ 1g.

To conclude this paper, we make two remarks. First, even though we con-
centrate on tridiagonal matrix here, there are some ways to extend it to the
general one, as did in [4; Appendix of §3 or §4], except the general Hermitizable
matrices mentioned above. Next, we also have global algorithms presented in
[6] to deal with general matrices, especially for those having nonnegative off-
diagonal elements. Here is a very simple example to show the importance of
the last algorithm.

Example 20. Study the maximal eigenpair of the matrix

A= (ay), ap; = (2" —1)279, 1<k, j<N.
Here we adopt three different approaches.

(a) By using the package ‘Eigensystem’ in Mathematica (version 10.3 or 11.3)
on PC, it works well up to N = 11. Starting from N = 12, the output
of the components of the vector have different signs. Since A is positive,
this is clearly impossible by the well-known Perron-Frobenius theorem.

(b) Next, we use the package ‘eig’ in MatLab, similar result appears. Starting
from N = 173, the output of the components of the vector have different
signs.



1518

Mu-Fa CHEN, Yue-Shuang LI

()

However, when we use [6; Algorithm 5], it is well done up to N = 2104 by
saving 107% precision (max(Aw);/w; — min(Aw);/w; < 107, where w is
the output of the corresponding eigenvector). It takes 235 iterations to get
the stable approximation of the eigenvalue: 5.82832. The larger number
of iterations is due to the fast decay of the approximating eigenvector,
up to 10731%. For more larger N, the outputs increase to 5.828335 at
N = 2145, which seems incorrect since then we have

max(Aw); /w; — min(Aw);/w; > 107°.

This application of the global algorithm just mentioned leads to some
improvements of [6]. The results will be published elsewhere.

Hopefully, this paper proves the value of the algorithms developed in [4-8].
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Abstract

This paper is a continuation of our previous paper [Front. Math.
China, 2017, 12(5): 1023-1043] where global algorithms for computing
the maximal eigenpair were introduced in a rather general setup. The
efficiency of the global algorithms is improved in this paper in terms of a
good use of power iteration and two quasi-symmetric techniques. Finally,
the new algorithms are applied to Hua’s economic optimization model.
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inverse iteration, quasi-symmetrization.

1 Introduction.

Let A be a nonnegative matrix. Given v (vector) and z (constant), there are
three main points for the main algorithm proposed in [5]. The first one is
solving the linear equation:

(zI —A)w =v
in w. Analytically, one may rewrite it as
w= (2I — A)" o,
and hence it is called the shift inverse iteration. The second one is the choice

of initial vector v(®) (regarded as a mimic of the maximal eigenvector). For
the global use, it was simply chosen to be the uniform one 1 (the column
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vector having components 1 everywhere). The third point is Collatz—Wielandt
formula (variational formula for the maximal eigenvalue):

Azx); Az);
sup min (Az), = p(A) = inf max ( $)Z.
>0 €E  I; >0 ek Z;

(1)
Due to the fact that the convergence speed of the shift inverse algorithm is
faster than the inverse one, the algorithm is often practical. The advantage of
the initial () = 1 and the formula (1) is that they can be used in common.
But they are clearly not as effective as we can imagine.

Clearly, each of the three points mentioned above is actually not new in
the field. However, the following example proves the value of [5; Algorithm 2].

Example 1 Let H = (hkg)ﬁezl with

Qk/\ﬁ -1
hyp = T + 1{g§k}.
In what follows, we adopt three methods to compute the maximal eigenpair
of the matrix H.

(a) By using the package ‘eig’(eigenvalues and eigenvectors) in MatLab (ver-
sion R2016b) to compute the maximal eigenpair of H: (g, \g) =eigs(H, 1).
The correct eigenpair can be computed up to N = 45 in terms of

max{(Hg);/g;} — min{(Hg);/g;} < 107°

to confirm the result.

(b) Next, when we use the package ‘Eigensystem’ in Mathematica (version
11.3) on PC, similar result appears. Starting from N = 40, the compo-
nents of the output of the vector have different signs.

(c) However, when we use [5; Algorithm 2](which is reviewed right after
Algorithm 2 in Section 2), it is well done up to N = 1795 by saving 106
precision

Huw); Huw);
max 7( w)J — min 7( w)j < 10_67
Wi wj

where w is the output of the maximal eigenvector approximation. It
takes 234 iterations to get the stable approximation of the eigenvalue:
8.99978. The larger number of iterations is due to the fast decay of the
approximating eigenvector, up to 107317, But for N = 1796, the output
seems incorrect since then we have

(Hw); . (Hw)

max ~——2 — min ——2 = 1076,
wj wj
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Example 1 cshows that [5; Algorithm 2] is meaningful but also illustrates
that some skills are still needed to improve [5; Algorithm 2]. It is a challenge
for us to find some way to improve the algorithm. Very fortunately, we can
now answer partially the question in the present paper.

Since it takes a non-trivial way to obtain the improved algorithms, we use
several sections to describe step by step with illustrations, the progress of the
improvements. For the reader who is in hurry to see the main result, one may
simply have a look at Sections 3 and 4. In Section 2, the improved algorithm
with the help of the power iteration is introduced and its effectiveness is illus-
trated. In Section 3, the main algorithm of the paper is presented. For which,
we adopt a quasi-symmetrizing technique to leveling the amplitude of the ma-
trices. Furthermore, a technique to symmetrizing the maximal eigenvector is
given in Section 4. In Section 5, an improved algorithm corresponding to s-
parse matrices is presented and three examples are computed to illustrate the
power of the algorithm. In Section 6, we first prove two assertions: the first
one is the positivity of the inverse (Q-matrices, the second one is the conver-
gence of the algorithms. Besides, the explicit representation of the inverse for
a single birth @-matrix or a single death one is presented. In Section 7, an
application of our algorithms to Hua’s economic optimization is included.

2 Good use of power iteration

In what follows, let the matrix A = (a;; : 0 < 4,5 < N) be irreducible and
nonnegative: a;; = 0. Here, we omit the trivial case that )| j Gij = constant m >
0. There is a natural improvement of [5; Algorithm 2] using power iteration.
Throughout the paper, we often use the ¢?-norm |[v|| of a vector v. Certainly,
one is free to use other norms.

Algorithm 2 (Improved algorithm with power iteration) Let A = (a;;) be
given.

(i) Initials. (y(©,2®): let

1 w(o) x(o)
0 _— 4 <> ©_ g —— 0 _ = ©) — 440
w , X , U y Y U,
1] |w©] |z

Replacing A with A*(the transpose of A), we have:

‘S)
‘&)

1

IS
)

I’

(0) y” Yi

— ? )

SR =75 O A (orsnii)ziv al> '
(2

Here, for given two numbers a and b, a Ab = min{a, b}, a v b = max{a, b}.

|z

Next, define
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(ii) lterations. (y(™,z™) (n > 1) : given y = y™ Y and z = 2"V, let
v =y/|ly| and set w = w(™ to be the solution to the equation

(2 — A)w = v. (2)
Then, define
(n)
2(n) — £7 n) _ % 7 y(n) — Ay

|lw| |z

(n) (n)

") — min % 2™ — max y]—

0<j<N ug.”) ’ 0<j<N ug@

If at some n = 1, 2(® — 2" < 1077 (or 2" — 2(**1)| < 1077)(say!), then
stop the computation. At the same time, regard (z(”), y(”)) as an approximation
of the maximal eigenpair of A. Then the sequence {(2(™,y(™)},>¢ converges
to the maximal eigenpair of A. Moreover, the resulting {z(")} (resp., {E(”)}) is
decreasing (resp., increasing) in n.

For simplicity, in what follows we say that “use row for z(9” in the case
that the first term in the definition of z(9) is smaller or equal to the second one,
since then we mainly use the rows of A in the products with a fixed column
vector. Otherwise, we say that “use column for z(9)”.

In Algorithm 2, the approximation {y(™} of the maximal eigenvector is
different from those in [5]. Here (™ is not normalized. The precision setting
to be 1077 is for safe to a designed precise level of the outputs, but all the
examples in this paper are computed with the precision of 1076, Algorithm 2
is obtained by adding two steps of power iteration to [5; Algorithm 2]. Since
the shift inverse iteration depends heavily on the initial z(*) (as well as v(?)), a
natural way to look for an improvement of the global algorithm is examining
the development of the study on the estimation of the maximal eigenvalue for
nonnegative matrices. Meanwhile, we found a nice progress has been made
in recent years, see for instance [1, 13, 20]. In particular, we found that the
estimates provided in [20] does improve our original algorithm of z(%). The
three papers just cited started at the same initial estimates, which were given
by (1) with the simplest choice = 1, as we did in our algorithm. After
working for some weeks along this line, we realized that the method in both
[1] and [20] is more or less a modification of the power iteration, since the main
tool used in these papers is the power A21 or more general A™1 (m € N). For
this, we simply choose A™1 instead of 1 as a new initial v(©® and adopt once
again (1) with x = v(® to produce new initial z(?). This is actually a round way
in our study. From the first example in [4], we learnt that the power iteration
is nearly impractical since its convergence speed is too slow. However, we
also know from the example that the convergence speed is not so slow at the
beginning iterations. This leads us to come back to the power iteration.
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For later use, we fix a phase “2 iterations for v(©)”. That is at the begin-
ning part (i) in Algorithm 2: we use the power iteration twice, in w(® and
2O respectively, ignoring the successive 4. Usually, we use the phrase “2
iterations” only in what follows. Occasionally, we adopt “4 iterations for v(9)”,
which should be now understandable and so we are not going to state the de-
tails here. Let us look at some examples to illustrate the effectiveness of power
iteration used in Algorithm 2. Examples 3-5 are computed using MATLAB

R2016b.

Example 3 (Circulant matrix)  Consider the matrix

1 2 3 o N-—1 N
2 1 2 v N—-2 N-1
3 2 1 -+ N—-3 N-2
A=
N-1 N-2 N-3 .- 1 2
N N—-1 N-2 ... 2 1

For this model, A is positive and symmetric, and its maximal eigenvector is
symmetric. Tables 1 and 2 present the approximating outputs (z(*)) of the
maximal eigenvalue of A corresponding to the fixed phases 2 and 4 iterations
for v(0) respectively.

Table 1. Approximating outputs (2(¥)) for different N using Algorithm 2
(2 iterations for v(?))

MO 20 Ne)

8 29.7241  29.638

32 388.542 386.326 386.325
100 3594.75 3570.32
000  87974.7 87334.7 87334.5
1000 350950 348374 348373
1600 897520 890911 890910

Table 2. Approximating outputs (z(¥)) for different N using Algorithm 2
(4 iterations for v(?))

N L0 20 [ N 2O 20
8 20.6396 29.638 | 500 87355.6 87334.5

32 386.386 386.325 | 1000 348459 348373
100 3571.08 3570.32 | 1600 891129 890910

In Tables 1 and 2, the results of N = 8 are checked by both Mathematica
and MatLab. As a comparison, the outputs using [5; Algorithm 2] are pre-
sented in Table 3 below.
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Table 3. Approximating outputs (%)) for different N using [5; Algorithm 2]
N 2D 22 23 2@
8 30.519  29.6602 29.638
32 414.272 387.922 386.331 386.325
100 3883.74 3591.51 3570.43 3570.32
500 95577.5 879274 87338.1 87334.5
103 381553 350778 348388 348373
1600 976051 897098 890948 890910

Example 4 (Sequential array)  Consider the matrix

1 2 3 ... N—-1 N
s N +1 N +2 N+3 ... 2N—1 2N
N2-N+1 N2-N+2 N2-N+3 ... N?2_-1 NZ

When N = 4, it is better to use column than row for the initial 2(°). By
Algorithm 2, the computation is done in 1 step:

(2} : 36.2222,  36.2094.

This was done in [4; Example 14] in 4 iterations.
When N = 50, by Algorithm 2, the computation is also done in 1 step:

(z} o 62938.6, 62938.6.

For this example, the results of N = 4 and N = 50 are checked by both
Mathematica and MatLab. For different N > 100, the outputs {z(™} of
Algorithm 2 are given in Table 4. All the computations need only 1 steps.

Table 4. Outputs {z(™} for different N using Algorithm 2
N 2(0) PO) N 2(0) )
100  501710.85 501710.82 | 1000 500167110.85 500167110.82
500 62541888.63 62541888.59 | 2000 4000667555.3 4000667555.26

Example 5 (Continued) Let H be the same as the one in Example 1.
Suppose that H = (hyy) is obtained from H by omitting the term 1,y

2k/\€ -1

hké - T

Using Algorithm 2, let iter denote the iterations needed to get the expected
stable result 2'*", and v!**" denote the expected stable eigenvector approximation.
Tables 5 and 6 present the final outputs using Algorithm 2, where iterQ denotes
the iterations needed using [5; Algorithm 2] to get the same expected result.
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Table 5. Outputs of H for different N using Algorithm 2

N iter0 iter Ziter max v'*" / min v

10 8 4 6.357802 2.239986 x 10~ 12
100 28 17 8.934787  7.743369 x 107?
500 89 61 8.997203  6.594556 x 1078
1000 150 107 8.999295  9.026395 x 10~8
1500 204 149 8.999686  1.617165 x 10~7
1795 234 173 8.999781  2.762561 x 1077
1796 234 173 8.999781  1.291966 x 106

Table 6. Outputs of H for different NV using Algorithm 2
N iterO iter iter max v'*" / min v'ter

10 6 3 3.950588  3.838872 x 107
100 25 15 5.784423  2.677261 x 1077
500 80 55  5.826557  9.008915 x 1078
1000 133 96 5.827956  5.365588 x 107
1500 181 134 5.828217  6.120925 x 1078
2000 226 169 5.828309  9.745920 x 10~7
2099 235 176 5.82832 9.718122 x 1077
2100 235 176 5.82832 1.727677 x 1076

The above three examples show that the power iteration works well in
choosing the initial (v(9), 2(9). Now, we want to show that the conclusion may
fail in some cases. Examples 6 and 7 are accomplished using Mathematica.

Example 6 ([5; Example 7])  Define

—1 1
a —a2—2 2 O
as —a3—3 3
Q=
anN-—1 O —any_1—N+1 N-1
an —CLN—N

on E = {1,---,N}. For simplicity, we specify a; = 1/k. Next, define a positive
shift of @:

A=Q+(N+NHI
Then, A is a nonnegative matrix.

First, we want to know the effectiveness of the power iteration for A. To
do so, let

o _ 1 L0 — g A
VN’ 1N L0 7

J
(h=1) A )Y
() _ 4 (k) _ (Av™);
v A||U(k o TS W

Yj
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Clearly, v®) and 2*) are the mimic of the maximal eigenvector and the cor-
responding maximal eigenvalue, respectively. When N = 50, the outputs of
the power iteration are given by Table 7. The outputs are checked by both
Mathematica and MatLab.

Table 7. Outputs of power iteration for Example 6

E [
1<k<93 50.02
94 < k<98 | 50.0199

99 < k <100 | 50.0198

50.0201

50.0201 -

50.0200§
50.0200;
50.0199 *
50.0199 *
50.0198 *

50.0198 F

85 90 95 100
Fig.1 Figure of 2% for k=0,1,---,100

Fig.1 shows that it is too slow for the sequence (2(¥)) to converge to the
maximal eigenvalue p(A) = 49.6592. Now, what is the reason? To see this,
recall that the iteration is mainly designed for the convergence of the ap-
proximating sequence (v(¥)) of the maximal eigenvector. We now look at the
outputs of v(®):

(7.37395, ---, 7.37395, 1.38646, .0825569, .0100788, .00601827, 0.0029484).

This says that after 5 iterations, among the 50 components of the vector
v®), only its last 5 components are changed, all the others remain to be the
same 7.37395. Next, if we look at the outputs of v(19), then only the last 10
components of v19 are changed. The numbers of modified components are
actually decreasing in k. This is due to the fact that the matrix A is very
sparse and its conservativity except its last line. Hence, the resulting (z(k))
can keep to be the same 50.02 until £ = 93.
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So far, we have seen that for positive matrices (Examples 4, 5), the power
iteration is powerful enough, however, for sparse matrix (Example 6), it is
rather poor. To confirm this conclusion, let us give a revised example: reset

Ag = (-Q)~".

Then, as will be proved later (Lemma 21), Ag is positive. We now apply our
algorithm to this Ag. By Algorithm 2, we arrive at the required result at the
second step:

(N2 . 2.83409, 2.77215, 2.77174. (3)

This example was computed in [5; Example 7] with 5 iterations.

Example 7 (A single death model) Let Qz(qij)fyjzlz

722 2 2 1
32 33 3 7 3N-1 3N 3N
2 72 2 2 1
3 32 3 3Nz 3N-1 3Nl
2 7 2 1
332 3N-2 3N-2

3 32 32
2 2
3 3
and
7
A=Q+§I.

Clearly, A is nonnegative. As in Example 6, we now apply the power iteration
to the present A. When N = 50, the outputs are given in Table 8.

Table 8. Outputs of power iteration for Example 7

2 | )
1<k<4d | 7/9~0.777778
ki = 45 0.777728
ke = 46 0.777308

k = 50 0.77263

The critical point here is k = 45, smaller than that in Example 6. This is
reasonable since the matrix A in Example 7 is much less sparse than the one
in Example 6.
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Again, following the previous example, we now apply our algorithm to
H(= Ag) = (—Q)7!. It seems rather strange that we need 10 iterations
to achieve the required result, much more than 2 iterations for the previous
example. The outputs of {z(*)}10 = are listed below:

27.7745, 19.2867, 14.3267, 11.7687, 10.3249, 9.49169,

4
9.03474, 8.8256, 8.76758, 8.7628, 8.76276. )

The different iteration numbers in (3) and (4) is due to the different ampli-
tudes of Ag and H in Examples 6 and 7, as shown in Table 9.

Table 9. Amplitude of the matrices in Examples 6 and 7

Example ‘ Amplitude

Example 6 | min Ag = 8.16327 x 1075, max Ay = 1.802
Example 7 min H = 8.88178 x 1071, max H =2

In conclusion, our algorithm becomes less efficient if the amplitude of the
matrix is bigger. The main task of the next section is to overcome this diffi-
culty.

The next section introduces a method to leveling the amplitude of the
bigger matrices. Algorithm 8 given in the next section is the main algorithm
of this paper.

3 Quasi-symmetrizing technique for matrices

Recalling that an efficient algorithm for tridiagonal matrices was introduced
in [4; §3] to compute the maximal eigenpair of matrices, later, improved algo-
rithms were proposed in the following-up articles [5] and [9]. Refer to paper
[10] for the development of the powerful algorithm for maximal eigenpair of
Hermitizable matrices in [4; §3], [5; §A.4] and [9; §4]. Among which, the
symmetrizing technique plays a crucial role.

The main algorithm of the paper is to use all the techniques mentioned
above to improve the efficiency of [5; Algorithm 2]. In what follows, for given
vector u = (uy), Diag(u) denotes the diagonal matrix having diagonal elements

(uk)-

Algorithm 8 Let A = (a;j) be given. Define a conservative Q-matrix
Q = A — Diag(A1),
denote by = (uo, 1, -, pun) with g = 1 the unique solution to the equation

pQ = 0.
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Then, define the quasi-symmetric matrix ASY™ :
A®™ = Diag(u'/?) ADiag(p~1/?).

With the preparations AS™ and p at hand, we can now give the initials and
iterations to get the maximal eigenpair of A . In fact, everything is the same as
Algorithm 2 except replacmg A with AY™_If at some n > 1, 2(® — (") <1077
(or |2(") — 2("+1)| < 10~7)(say!), then stop the computation. At the same time,
regard (z("),Diag(ufl/z)y(")) as an approximation of the maximal eigenpair of
A. Then the sequence {(z(”),Diag(,u_lﬂ)y(”))}n;o converges to the maximal
eigenpair of A. Moreover, the resulting {z(")} (resp., {E(”)}) is decreasing (resp.,
increasing) in n.

To have a more concrete impression of the influence of the amplitude in
the eigenproblem, let us consider a very simple model first.

Example 9 (Continued) Let

~ ~ ~ oknj _ 1
H = (hig)i o1, hijg = —55—

Then H is positive, its elements Tzkj have exponential decay in j.

As mentioned in [10; Example 20], to compute the maximal eigenpair of
this model, the package ‘Eigensystem’ in Mathematica is available only up to
N = 11; and the package ‘eig’ in MatLab works only up to N = 50. However,
[5; Algorithm 2] works well up to N = 2102. While the result in Example 5
shows that it is well done up to N = 2099 using Algorithm 2.

Actually, the matrix H is symmetrizable in the following sense: there is a
positive measure () such that

pihij = phji, 1<i,j <N (here pij = 277).
This is equivalent to the symmetry of the matrix
H = Diag(p"/?) H Diag(u ). (6)

Therefore, the computation of the maximal eigenpair of Ais reduced to the
one of H. Using Mathematica, applying Algorithm 2 to the matrix H when
= 2043, we obtain the required result at the second step:

(z032_ . 5.82843, 5.82834, 2(® = 5.82831.

For the final v( (i.e., the approximation of the maximal eigenvector of H ),
rewrite it as v* for simplicity, we have maxv*/minv* = 648.912. The figure
of v* is given in Fig.2.



IMPROVED GLOBAL ALGORITHMS FOR MAXIMAL EIGENPAIR 1531
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0.020

0.015

0.010

0.005

1 1 1 1 1
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1

Fig.2 Figure of the final v*.

Furthermore, it is easy to check that

2 -3 1
2 -2
Hence, the computation of the maximal eigenpair of H is reduced to the one
for @, which is the birth—death type and is studied in detail in [10]. Hence, it
is not hard now to solve the problem for large N, say N = 15000 for instance.
But we are not going to the details here.
Anyhow, in the symmetrizable case, by (6), we have already reduced our

problem to the symmetric one. Now, a new question arrives. How to handle
with the non-symmetrizable case? For this, we introduce a notation.

Definition 10  For a given positive measure i, the matrix H defined by (6)
is called a quasi-symmetrizing of H with respect to pu.

A basic fact, as already mentioned above, is that H is symmetrizable with
respect to p if and only if the matrix H defined by (6) is symmetric. Therefore,
the quasi-symmetrizing method is an extension of the symmetrizing technique.
In our recent study on the same topic for triDiagonal matrices [9, 10], this
technique plays an important role.

Now, the problem is that for a given A with nonnegative off-Diagonal el-
ements, how to find a positive measure p such that the quasi-symmetrized
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matrix A becomes as symmetric as possible. For this, we return to the sym-
metrizable situation. In this case, the analytic solution of y was presented in
[9]. Here, we introduce a computational construction.

Definition 11 (computational construction) Let Ay be the matrix ob-
tained from A by removing its Diagonal elements. Next, let

@ = Ap — DiagonalMatrix[Ay1].
Finally, let i solve the equation

The measure p is called the harmonic measure of Q).

Clearly, the matrix @ is a conservative @-matrix (i.e., @1 = 0), once Q is
irreducible, the harmonic/invariant measure p is positive and unique.

To justify the effectiveness of the quasi-symmetrizing idea, we return to
Example 7. For this, we use an expression of H = (—Q)~! (for @ defined by
Example 7) as follows.

2k‘/\j -1
H=(hij)k =1, hij=—57—+ Lij<hy- (8)
This result is obtained from oral communication with Y.H. Zhang and Y.T.
Ma, based on [14; Theorem 9.3.3]. See also Single death processes with
DN boundary at the last part of §6. Comparing (8) with (5) in Example 9,
there is a newly added term 1;<y.

Example 12 (Continued) Corresponding to Example 7, let H be defined
by (8). Then by Algorithm 8, when N = 50, we obtain the required result in 4
iterations. The outputs are as follows:

{z})_, : 9.10864, 8.8773, 8.78454, 8.76351, 8.76276.

Usually, it should be enough to use the harmonic measure as the quasi-
symmetrizing measure. Actually, it is the basis used in the examples in §4. In
the symmetrizable case, this is quite natural. However, it is not completely
necessary. For instance, the matrix H defined in (8) is closely related to (5),
one may simply use the symmetrizing measure u; = 27 of (5) as the quasi-
symmetrizing measure for the matrix defined by (8). Denote the resulting
matrix by Hi. Then, our algorithm works well until N = 523. If one want to
go further for large IV, it is natural to look for the harmonic measure for H;.
However, the harmonic equation (7) is solvable if and only if N < 303 (< 523).
Hence, we need a new idea.

It is a suitable position to have a random test of our main Algorithm 8.
We would like to know not only the effectiveness of the algorithm but also to
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count the percent of random examples which fail, as illustrated by Example 12
or by Example 13 in §4. We use the package “rand” in MatLab to produce the
random data of the elements of the matrices, the data is chosen from (0, 10).
In an ordinary Notebook PC [Intel(R) Core(TM)i5-8350U CPU @1.70GHz(8
CPUs),~1.9 GHz and 8192MB RAM], We have done two tests.

(1) Take N = 5000. The total 2,326 of examples are worked out in 7 hours.
In average, each example costs less than 11 seconds.

(2) Take N = 1000. Then total 36,448 examples are done in two hours. In
average, each one costs less than 0.2 second.

The computation goes fast, since we need only one iteration in the second part
of the algorithm. In both tests, there is no failed example. The result of the
tests is quite unexpected for us.

4 Quasi-symmetrizing method for maximal
eigenvector

For the matrices with larger amplitude, the quasi-symmetrizing technique in-
troduced in Section 3 is often practical for computing the maximal eigenpair.
However, as illustrated by Example 13, sometimes, additional work is needed.
In the following Examples, the initials use columns without mention again.
Besides, all the examples in this section are completed using Mathematica.

0.20
0.15
0.10

0.05

100 200 300 400 500

Fig.3 Figure of v*.
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Example 13 (Continued) As mentioned by the remark after Example 12,
it is natural to adopt y, = 27" as the quasi-symmetrizing measure of (8), and
the resulting matrix is denoted by H;. Then, our algorithm takes 18 iterations to
arrive at the required approximation v* of maximal eigenvector (cf. Fig.3) when
N = 523:

As an approximation of the maximal eigenvector, we have
max v*/ min v* ~1.79 x 1014,

Hence, the maximal eigenvector of H; is far away from being symmetric. This
leads to the next quasi-symmetrizing procedure. Recalling that our algorithm is
essentially concentrated on the eigenvector, it is certainly important to make the
maximal eigenvector to be as symmetric as possible. Even though in general we
do not know how to solve the problem in a precise way, it is natural to make the
value at the two endpoints of v* to be as close as possible. In this way, by using
optimal sequential search for instance (refer to [8] and references therein), we
find a new quasi-symmetrizing measure as follows:

e = (2 x 102397,

We repeat that this p is designed at N = 523 but used for each N listed
in Table 10. Applying Algorithm 8 to the matrix H; and replacing p in the
Algorithm by px = (2 X 102/39)7’6, denote the new quasi-symmetrized matrix by
Hy, the outputs of our new quasi-symmetrized algorithm are given in Table 10.

Table 10. Approximation {z("),%(”)} of maximal eigenvalue for different N

N 523 800 1000 1500 1700
2 8.96625 8.97632 8.98126 8.98993 8.99111
21 899793 8.99911 8.99943 8.99975  8.9998
3@ 899734 8.99885 8.99926 8.99967 8.99974
22 899746 8.99891 8.9993 8.99969 8.99976
23) 899744 8.9989 89993 8.99969 8.99976
23) 899744 8.9989  8.9993 8.99969 8.99976

The figure of the final stable maximal eigenvector approximation v* of our new
quasi-symmetrizing matrix Ho for N = 1700 is given by Fig.4. It is quite sur-
prising that the outputs look very much symmetric, and the figure is very much
the same as Fig. 2.
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Fig.4 Figure of v*, maxv*/minv* ~ 480

Here, we remark that the amplitude of the second quasi-symmetrized ma-
trix max /min may become worse. Table 11 presents the amplitude of the
three matrices: the original matrix H, the one-step quasi-symmetrized matrix
H; and the two-step quasi-symmetrized matrix Ho.

Table 11. Amplitude for different matrices when N = 1700

max H x 10726 /min H | 1.1 x 10%°
max Hy x 10726/ min H; | 2.12345
max Hy x 1072°6/min Hy | 2.6 x 10%3

0.6

O.SF

0.4

10 20 30 40 50 60 70 80

Fig.5 Figure of v*. Use measure ui xexp[k/9.13], max v*/ minv* ~ 15.2
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We now introduce briefly more examples. In what follows, u denote the cor-
responding harmonic measure.

Example 14 (Continued) Returning to Example 6, when N = 80, the
figure of the final stable maximal eigenvector approximation v* of the quasi-
symmetrized matrix Ag is given by Fig.5. The approximation of the correspond-
ing maximal eigenvalue is as follows:

(zN2_ . 2.98274 (row), 2.83914, 2.83862.

Here “row” in the last line means “use row for z(?)” . When N = 400, the figure

of the final stable maximal eigenvector approximation of the quasi-symmetrized
matrix Ag is given by Fig.6.

06

i

0.5f

0.4f
0.3}

0.2r

0.1

50 100 150 200 250 300 350 400

Fig.6 Figure of v*. Use measure py x exp[k/35.7], max v*/minv* ~ 85.86

The approximation of the corresponding maximal eigenvalue is as follows:

(z032_: 3.23091 (row), 2.95922, 2.95732.

Example 15 (Continued)  Finally, we return to Example 4. When N = 80,
the figure of the final stable maximal eigenvector approximation v of the quasi-
symmetrized matrix A is given by Fig.7.
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Fig.7 Figure of v*. Use measure p x exp[—k/17.288]

The approximation of the corresponding maximal eigenvalue is as follows:
{z0}_ 0 257208 (row), 257102.

For this example, the power iteration works well. When using 2 iterations for
v(o), need only 1 iteration; when using 4 iterations for U(O), no further iteration
is needed.

5 Improved algorithm for ()-matrix

Now, we have already explained every step of the improved Algorithm 8 in
§2-63. Besides, as can be predicted, for nearly positive matrices, solving the
linear equation (2) by machine is harder than the one for sparse matrices. We
now introduce another algorithm replacing A in (2) by sparse ). Recalling
the definition of Q)-matrix:

Q (Qz]) 1,j=01

where ¢;; > 0 for every pair i # j and —00 < Z gij < 0 for every ¢ = 0. In

what follows, we often assume that @ is 1rredu01ble

Algorithm 16  Let Q = (g;;) be a sparse ()-matrix. Set

A= (ay) = (-Q)7".
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Everything is the same as Algorithm 8 except equation (2) is replaced by
(=™ — 2lw = v, (9)

where
Q™™ = Diag(p'/*)QDiag(u~"/?).

Besides, (™) (n = 0) and 2(")(n = 1) here are the inverse of those in Algorithm
8, which means at step n,

u® = W m) _ gevmy (),
]|
(n) (n)
(") — max Y 2" — min Y
0<j<N ,,(n)’ 0<j<N ,,(n) "
Yj Yj

If at some n > 1, 2™ — 2 < 1077 (or |2(" — 2+ < 1077)(say!),
then stop the computation. At the same time, regard (z("),Diag(,u_l/Q)y(”))
as an approximation of the minimal eigenpair of —(). Moreover, the resulting
{z™} (resp.,{Z(™}) is increasing (resp., decreasing) in n.

Examples 17-19 illustrate the power of Algorithm 16 using MATLAB
R2016b.

Example 17 (Continued) Let @ be the same as that in Example 6, Table
12 presents the outputs using Algorithm 16 for larger matrices.

Table 12. Outputs using Algorithm 16 for larger matrices

N RO ey N E) ME)

100 0.344177 0.349006 0.349197
500  0.330312 0.336506 0.337186
1000 0.327542 0.333984  0.33501
5000 0.324294 0.330556 0.332632 0.332635
10*  0.323673 0.329604 0.332181 0.332188

Example 18 (Continued) Let @ be the same as that in Example 7. Noti-
cing that (—Q)~! = H, where H is defined by (8). Table 13 presents the outputs
using Algorithm 16.

Table 13. Outputs using Algorithm 16

N 50 ey e 0 7@

10 0.153758 0.157099 0.157287

20 0.121057 0.125727 0.126405 0.126417

40 0.11059  0.11425  0.11546  0.11564 0.115643
55 0.109324 0.112008 0.113244 0.113609 0.113631
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Here, the reason we do not go to large matrices is that we meet the same
problem in solving p when N = 56, the resulting p by Definition 11 appears
complex. In fact, for this example, even though the matrix ) has nearly half
number of zeros, it is still not sparse enough.

For comparison, another example is given below which comes from [5;
Example 9].

Example 19  The example is motivated from the classical branching process.
Denote by (pi : k = 0) a given probability measure with p; = 0. Let

—1 pa p3 ee- PN-_2 PN-1 k=N Pk
2p0 =2 2pg --e-- 2pN-—3 2pN—2 22 k=N-1Pk
3pg —3 . E 3pN-_3 3 ZkzN—Z Pr
0= . . . : : ’
—(N=2) (N=2)p2 (N=2)3 =3Pk
(N=1)po —(N—1) (N—1)>=0Pk
0 Npo —Npo
where
po=%7pl=0,pk=2;€&,k=2,3,~--, ae(0,2).

Using Algorithms 8 and 16, we get the same result. Table 14 presents the
approximation of the minimal eigenvalues of —Q when o = 7/4 .

Table 14. Approximation of the minimal eigenvalue of —Q)
N ~(0) (1) e ~(3)
8 0.607604 | 0.637006 | 0.638152 | 0.638153
16 0.58672 | 0.623429 | 0.625536 | 0.625539
50 0.583721 | 0.622556 | 0.624995 0.625
100 | 0.583719 | 0.622555 | 0.624995 0.625
5000 | 0.583719 | 0.622555 | 0.624995 0.625
10000 | 0.553387 | 0.620935 | 0.624987 0.625

In fact, one may regard Algorithm 16 as a generalization of the tridiagonal
algorithm in [10]. The next two sections collect the main theoretical part of
the paper.

6 Proofs

In this section, we prove the convergence of the iteration sequences in the
algorithms and the existence and the positivity of (—@Q)~!. At the same time,
for two classes of Q-matrices often used in practice, the explicit expressions of
(—Q)~ ! are presented.
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Some preparations

First, we need a convergence result for the power iteration.

Lemma 20 Let v(9) be a positive column vector and A be a nonnegative and
irreducible matrix. For the power iteration

(n—1)
n) _ 4 Y
Aoy "2
define )
A n
2 _ qup w.
k v]gn)

Then {z(”)} converges decreasingly to the maximal eigenvalue p(A) of A as
n — .

Proof.  First, by assumption, v(?) is positive, and then so is v(™) for each
n = 1.

Next, there is nothing to do if 2("™) = c0. Otherwise, assume that ng is the
first integer among {0,1,--- ,ng} for which 2("0) < o0, For simplicity, assume
that ng = 0.

For nonnegative sequence {«;}, real {a;} and {b;}, if there is a real constant
z such that

a; < zbj, Y3,

2 QR < 2’2 apbg.
k k

If furthermore »}; ab, > 0, then

then we first have

Zk Qpag .
Spowbr

Noticing that in the definition of (™), the normalizing constant [v(~ | plays
no role, hence we may rewrite the power iteration as

v = Ay n>=1.

Therefore, by the elementary fact just proved, we have

(Av(”))j (Av(n))j 2ok ik (A”(n_l))k; < (A”(n_l))k (n—1)
= — = p— < sup = z .
SRR TR W LR

Making supremum with respect to j, we obtain 2" < 2(n=1) a5 required. [

Next, we also need a conclusion about the inverse of a ()-matrix.
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Lemma 21 Let @ be a -matrix (not necessarily conservative) on a count-
able set E, corresponding to some semigroup {P(t)};>0. Then G := SSO P(t)dt €
[0, 0] (pointwise). If moreover, @ is irreducible, {P(t)} is transient and satisfy-
ing both the backward and forward Kolmogorov equations, then (—Q)~! = G is
finite and positive (pointwise).*

Proof. In the weak topology (i.e., the pointwise convergence), we have the
resolvent R(\) of the semigroup {P(t)}:

According to [19; §4.3, Theorem 5] or [12; Theorem 1.7], in the weak topology,
we have R(\) = (A\] — Q)~!. By the monotone convergence, we obtain G =
limy o R(A\) = SSO P(t)dt. Now, the irreducibility implies that G > 0, and the
same property plus the transiency gives us G < 0. One may refer to [11; §2.2].
To check that (—Q)~! = G, it suffices to show that

lim(~Q)R() = lim RA)(-Q) = 1.

This follows immediately by the Kolmogorov equations:

(=Q)R(\) = R(M(=Q) = I = AR(})
(cf. [2; §2.2]) plus the transiency: limyjg AR(A) = 0. [

The following result contains a shift z. Note that the minimal eigenvalue
of —() can be zero in the case of N = oo. Then the shift z in —Q — 21
is meaningless except z = 0. In which case, the conclusion we required is
included in Lemma 21.

Lemma 22 Let () be a Q-matrix on E. Assume that the minimal eigenvalue
Ao of —@Q is positive. Then for every z € (0,\), (—Q — zI) is invertible. If
moreover, (—Q) ! is finite and positive, then so is (—Q — 2I)~!,

Proof. Because \g > z > 0, the module of each eigenvalue of —Q — 21 is
bigger than or equal to A\g — z > 0. It follows that (—Q — zI) is invertible.
Now, since the eigenvalues {);} of (—Q) satisfy

z z

Z <2<,
Al Qo

it follows that |z(—Q)~!|| < 1. Hence,

(T=2(=@)7) " = > [2(-)~']". (10)
n=0

* A little modification is made to the published version
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If moreover, (—@Q)~! is finite and positive, then so is (I— z(—Q)*l)*1

Now, the required assertion holds since

by (10).

-1

(~Q—zD)"'=(-Q) (I —2(-Q)7") . O

Finally, to prove the monotonicity of {z(")}, we need a convergence result
for the shift inverse iteration. Before moving on, let us give some notation
first. Under the assumptions of Lemma 21, let v be a given positive vector.

Set 0
z = OQLHNW‘ (11)

By the Collatz-Wielandt formula corresponding to @-matrix(c.f. [4; Corollary
12]), for each positive function g, we obtain

. (=Q)g(0)
AO?oégng gty -

Replacing g by (—Q)~'v, we obtain \g > z. If A\g = 2, then there is nothing
to do (which is actually ruled out in our algorithms with restriction 2(n) —
z(n) < 10~7). Thus, without loss of generality, assume z < Ag. Next, set
w = (—Q — zI)~'v which is positive by Lemma 22. Define

z1 = min w(l)

o<t<N (—Q)~lw(f) (12)

For the same reason above, assume z; < Ag. We have the following assertion.

Lemma 23  For z and z; defined by (11) and (12), respectively, we have

0<z<2z1 <A

Proof. By the definition of z, we have

z(—Q)’lfu(é) < v(l). (13)
Hence
0<w(t) = (-Q—=)""o() P (=) Y [2(=Q) "), (14)
n=0
and
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Combining this with (14), we get

(—Qw.

1
w < —
z

According to Lemma 21, (—Q) ™! is a positive operator, multiplying both sides
by z(—Q)~!, it follows that
2(—Q)'w < w.

Dividing both sides by the positive (—Q)~!w (pointwise), we obtain

L w(
S Q)T w()
Making the infimum in both sides with respect to £, it follows that
: w(f)
<inf —————— = 2.
S Qe ~ P

For {0x} used in [5; A.4] and [9; Algorithms 25 and 28], noticing that
oIl (v) = (—Q)"'w and & = max; II;(v®), the monotonicity of {3} follows
from Lemma 23.

Proof of the convergence in the algorithms

With Lemmas 20-23 at hand, we can prove the monotonicity of the algorithms.
In fact, Algorithm 8 is equivalent with Algorithm 2 by adding the quasi-
symmetry procedure. Thus, we just need to prove the monotonicity of {z(")}
and {Z("} in Algorithm 2. The next result describes a tight relation between
Algorithms 8 and 16.

Remark 24  The sequences (z(™),v(™) obtained by Algorithms 8 and 16,
respectively, are determined each other, as shown in (15) below.

Proof. To show the differences of Algorithms 8 and 16, we need some notation:
for a given Q-matrix @, set A = (—Q)~!. Given initials (2¢,v) and (z4,v)
satisfying that z4 = 1/zq, solve the equations in wg and wy :

(—Q — zgl)wg = v and (zal — A)wy = v,
respectively. Define wg = Awg,

(1) . wq(k) 1 WQ
25/ = min — , vy =
@ ko wg(k) @ g

and write w = Awy, wa = Aw,
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Then )
ZS) = 0 US) = US). (15)
7\

In fact, Lemmas 21 and 22 ensure the existence, the nonnegative and finite
properties of (—Q)~! and (—Q — zgI)™!. According to the equations above,
we have

-1

wg = (—Q — ZQI)_I’U = (fQ)_1 (I — zQ(*Q)_l) v=A(l - ZQA)_I’U,

and
wp = (2al — A)ro =2 (T — 2 A) ho = 2(1 — 29A) M

since z4 = (2¢) ™! by assumption.
Hence, we have the identity

2oug = Awa.
By the definition of W¢g and w4, we have

2QUWq = WA.
Making normalizing in ¢2, it follows that

L _ Wo _ ZQiq _ wa — oD
¢ agl  zeugll  @al

by definition. Furthermore, we have

wg(k) _  wo(k) _<mmw>zrmwyf

wo(k) — (Awg) (k) — (A(Awa)) (k) [ w(k)

Making infimum on both sides of the equality, we obtain zg ) =1 /21(41). O

As mentioned in the proof of Lemma 20, we can ignore the normalizing pro-
cedure at each step for the approximating eigenvectors. Combining Lemmas
20 with 23, one can easily understand that inserting several power iterations
into the shift inverse iteration can accelerate the convergence of z(™). This
idea is explained as follows.

Under the assumptions of Lemma 21, for a given positive vector w, let

A=(=Q)7, @=A"wim>1), v=

Next, make a convention that A° = I (the identity matrix), set

z = min 7(14”“1“;) ©
o<t<N  (A™w) (£)
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According to the explanation before Lemma 23, we assume z < Ag. Set
wg = (—Q — 2zI)~tv, which is positive by Lemma 22. Define

(Am—le) (5)

7T oiey  (Amwg) (0)

(17)
and assume z; < Ag again. Then we have Proposition 25 below, which is a
generalization of Lemma 23.

Proposition 25  For z and z; defined by (16) and (17), respectively, we have

0<z< 2 < Ao

Proof. Applying power iteration to the positive eigenvector wg, by Lemma
20, it follows that
!/
o> min e

o<t<N (Awg) (0)

According to Lemma 23, we have

we(f) v(6)

. : . (A™w) (¢
min —————— = min = min

)
0<t<N (Awg) (£) ~ o<t<N (Av) (£)  o<t<N A (A™w) (£)

Thus,
Zz1 = min (A™w) (£

)
o<t<N A (Amw) (£) (18)

Again, by Lemma 20,
(A™w) (£) o (Amw) (O

. > -
02i<n A (Amw) (0) ~ osten  (Amw) (6)

Combining this with (18) and Perron-Frobenius theorem, we obtain the final

conclusion. []

From the proof above, we know that Lemmas 20 and 23 play a crucial role.
By setting m = 1 in Proposition 25, the monotonicity of {z(™} in Algorithm
16 is proved. Combining the proposition with Remark 24, the monotonicity
of {z(} in Algorithm 8 is also obtained. Besides, the monotonicity of {Z(")}
in the Algorithms 2, 8 and 16 can also be obtained in a similar way.

Explicit formulas of inverse matrices

In what follows, we show that the inverse of some sparse (-matrices, such as
single birth and single death, can be written explicitly.

Single birth processes with ND boundary Let

E={keZ:0<k<N +1}, N < .
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The matrix @ = (gij)i jer is called single-birth Q-matrix if

Gii+1 >0, ¢ :=—q; >0, i€ E,

Now, suppose that the given Q-matrix @ = (g;;) is irreducible (i.e., connected
matrix), totally stable (0 < ¢; < o) and satisfy the ND boundary:

4o = qo1,

G = Do ek + Gees1, 1<{¢<N,

aN = fo:& dNk +CN ey >0, N < oo,
Zé\[:o Fj(o) < 00, N = c0.

Here, F j(o) is defined by (19) below. In what follows, we make a convection
that gn n+1 = ¢y whenever N < 00. Define two sequences as follows:

k
qgk)zz%j, 0<k<n<N+1,
§=0

1 n—1 )
FO -1 B9 = LSO o<ken (o)
Gnn+1 ;=3

Proposition 26  Let () be the irreducible and totally stable single-birth Q-
matrix defined above. Then, with ND boundary, the inverse of —( can be
represented as H = (hyy) with

N

1
hie = Z F-(é), 0<k¢{<N+1.

J
dee+1 =tk

Dually, one can give the inverse of the single death -matrices. The details
are given as follows.
Single death processes with DN boundary Let

E={keZ:1<k<N+1}, N < o0.
The matrix @ = (¢ij)i jer is called single-death Q-matrix if
Gii-1 >0, qi:=—qu >0,
qij = 0, ,jeE, j>1>=0.

Now, suppose that the given Q-matrix @ = (g;;) is irreducible (i.e., connected
matrix), totally stable (0 < ¢; < o) and satisfy the DN boundary:

N
Q1 = Dp—o 1k T C1, c1 >0,

N
QU = 2ip—ps1 ok + qee—1, L€ E\{1},
gN = gN,N-1, N < oo,

Pk[T()<OO] <1, ke FE.
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Here, 79 is the hitting time of the process {X;} corresponding to the above
matrix Q = (gi;):

70 = inf{t > 0: X; = 0}.
In what follows, we make a convection that gq19 = ¢1. Define two sequences as
follows:

N
qgk): Eq"j’ 1< n<k,
j=k

1 : :
Z dPGY nkieE,1<n<i.
Inn—1 k=n+1

a =1, Q=

At the moment, we do not have a criterion for Pg[7y < 0] = 1, but there is a
sufficient condition, due to [21; Theorem 5.1], as follows.

Assume that the above single death (Q-matrix is regular and irreducible.
Suppose in addition that

G, = lim " <00, n>=1
m—+00 Ggm)
and
2 Gn = 100,
n=1
then
Pk[TQ<OO]:]., k>=1.

Proposition 27 Let () be the irreducible and totally stable single-death Q-
matrix defined above. Then, with DN boundary, the inverse of —( can be
represented as H = (hyy) with

One can prove the above two propositions directly by checking

H(-Q) = (~QH = 1.

where [ is the identity matrix. Certainly, to find out these two formulas, more
work is needed but we are not going to the details here.

7 Application to economic optimization

In this section, we first make a remark on two algorithms for L.K. Hua’s
economic optimization model. Then, based on the algorithms presented here,
we specify an algorithm for the economic model (or two models more precisely).
A theoretical analysis on the effectiveness of the algorithm is included, and
then illustrated by examples.
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A remark on the application to economic optimization

Remark 28  As mentioned several times before ([4; §2], [6; §1], [7; §1]), one
of the motivations for the study on maximal eigenpair is L.K. Hua's economic
optimization model (cf. [15],[16],[18] or [3; Chapter 10] and references therein
for details). We now show that this paper can be considered as a complement
to the important Hua's theory, especially on the computational aspect.

The key point of the model is using the maximal eigenpair (especially the
maximal eigenvector) of an nonnegative matrix. Theoretically, if one knows
either the maximal eigenvalue or its eigenvector, then one can compute the
other. Certainly, it is easier to compute the eigenvalue first. For this, Hua
(1984) introduced the following formula for computing the maximal eigenvalue:

o /¢
p(A) = lim <Tr(A )> , N := Order of A.
{—0 N

Of course, for a fixed A, it is the same as

p(A) = lim (Tr(A%)""

{—00

In [18], Hua introduced a nice improved algorithm

p(A) = lim (Tr(A%))"?",

k—0o0

and claimed that the number of the matrix products is O(k). The point goes
as follows. To get AQk, we need only k iterations:

Ax A=A2 A2x A2 = A2, A% x A® = 4% ...

)

Actually, it is rather easy to see that the convergence speed is at least 27%, as
shown by the next result which strengthens the above formula of p(A).

Proposition 29  We have

(A p(a)| < S,

Proof. Let
p(A) =: A1 > [N = -+ = | AN]

denote the eigenvalues of A (maybe repeated). If k is large enough, then

(Te(A™)) "™ = {gv]um =M {1 +§2 (t)m]

1/m
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Noticing that
N m m
() =en()
o A1 A1

there exists a large enough mg such that

xo = (N )('if')mo < 1.

Here for simplicity, we use xg to bound the exponentially decay term on the
right-hand side above. Thus, we have

M1 —20)Y™ < (Te(A™) ™ < M1+ 20)Y™, m = my.
Equivalently,
M1 = 20)Y™ 1] < (Te(A™) ™ = A < M[(L+20)Y™ =1],  m=mo.
Because

(1+x9)*—1 . log(1 + zo)
iOéxo il’o

, a—0,

we obtain the required assertion. []

Comparing with the direct approach just discussed, the algorithms in-
troduced in the paper are rather involved. The reason is that here we are
concentrated on the computation of the maximal eigenvector, the maximal
eigenvalue is simply a by-product of the eigenvector. The opposite way may
not work: with the eigenvalue at hand, it may not be practical for computing
its eigenvector, as we have seen at the end of §3 (Example 12, which shows
that some high-order linear equations cannot be solved). The speed of our al-
gorithms are based on the shift inverse iteration, which are usually very fast.
Anyhow, good estimates of the maximal eigenvalue are still very importan-
t, since they can be used as the shifts in the algorithms and accelerate the
convergence speed of the algorithms. For this, we need to examine the compu-
tational complexity more carefully, not only the iteration number k£ but also
the size N of the matrix A.

Because for vectors v and v with order N, the product u-v has N products
(of numbers). Thus, for each matrix B with order N, the product B x B
requires

N2 x N = N3 products.

Therefore, the above algorithm requires
O(k x N?) products.

Clearly, once the size N is ignored, we return to what discussed before: we
have a very good asymptotic behavior of the convergence to p(A) as k — oo.
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However, even though the number of the computation for the matrix prod-
ucts is O(k), its elements of the products can be exponentially increasing or
decreasing. Refer to the last part of Example 30 below, for instance. Rough-
ly speaking, we are working on the direction of k& « N rather than N « k
discussed above.

Recall that our estimate on the maximal eigenvalue is mainly based on the
Collatz—Wielandt formula, which is quite rough. Our improvement is due to
the use of the power iteration. As discussed before, for a given vector u, the
computation Au requires N2 products (of numbers). Thus, in k iterations, we
need

O(k x N?) products.

Here, we emphasize that the computational complexity for (A?)u is O(N?3) but
the one for A(Au) is O(N?). This shows the serious difference between the
analytic mathematics and the computational one. As we have seen from the
examples presented in the paper, the number of iterations by our algorithms
is usually no more than 5. Here, the leading order of the complexity is O(IN?),
but not O(N3). This is especially meaningful for the economic system since
for which N is often rather large.

Finally, based on the Collatz—Wielandt formula, by Lemma 20, our 20
chosen from a sequence produced by the power iteration is always located in
the safe region [p(A), ). However, the sequence

& 1= (Tr(a?"))

is not necessary monotone and can even locate in the dangerous region: [0, p(A))
(see Example 30 below). Therefore, choosing the initial 20 from the sequence
{¢,} is dangerous, for which our algorithms may fall into a trap.

Example 30 (Continued) Consider Example 6 again. When N = 50,
p(A) = 49.6592 and

(&2, 200.558, 87.525, 61.0271, 52.735, 50.0956,
49.5633, 49.6321, 49.6597, 49.6592, 49.6592.
When N = 150, p(A) = 149.662 and
(& 1100 1054.92, 349.387, 212.247, 171.075, 156.532,
151.312, 149.735, 149.564, 149.649, 149.662.

Next, if we replace &, by &:
;AN
gn = T )
then for V = 50, we have

{61100 28.3632, 32.9147, 37.4241, 41.2965, 44.3309,
46.6244, 48.1381, 48.9066, 49.2812, 49.4699.
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Each of them is smaller than p(A). Similarly, for N = 150, we have

{61100 86.1335, 99.8353, 113.457, 125.078, 133.844,
139.918, 143.986, 146.665, 148.191, 148.931.

Thus, generally speaking, neither {£} nor {{;} can be used as the shifts in
our algorithms. By the way, we mention that when N = 150, the numerical
computation using Mathematica shows that

the minimal element of A2 = 8.96436939807476 x 102220
the maximal element of A2 = 1.127062180214639 x 102227,

In general, the computational softwares would refuse to handle with such a huge
number. Recall that this model was treated in [5; Example 7] up to N = 10%.
Refer also to Example 17 above.

The detailed analysis given above shows that the nice formula for p(A) in
terms of the trace of A seems less practical in computations. Hence, in the
next part of this section, we will return to the algorithms developed in the
previous sections.

Application to Hua’s economic optimization

It is the position to apply our new improved algorithms to Hua’s economic
optimization more carefully. Recall that A = (a;; : 1 < i,j < d) is a given
nonnegative, irreducible matrix. To avoid the trivial case, we often assume
that A~! is not nonnegative. The optimization starts at a positive row vector
g, and then there are two different ways to move on.

I. The ideal model (without consumption). At the nth step, let
Ty = 2gA™", n=1.

II. The practical model (with consumption). The consumption coefficient is
denoted by « € (0,1). Set

B=(1-a)A"l +al.
Then the economy goes as follows.

Tp = voB", n>=1.

The main difference of the two models is that the first one has a faster
increasing speed but is easier to collapse, that is, the collapsing time

T := inf {n : there is a j such that the component :1;1(3) < O}
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can be finite, even quite small. The second one has a slower increasing speed
in the case of p(A) < 1 which is meaningful in economics, but it is more stable
in the sense that the collapsing time becomes larger: the bigger «, the larger
T. Refer to [15, 16] and [3; Chapter 10] for more details. Obviously, in the
extremal case that a = 0, Model II returns to Model I.

The lucky point of these two models is as follows. Look at the transforms:

A— A5 B;
the maximal left-eigenpair (p(A), g) of A
— the minimal left-eigenpair (p(A)7, g) of A™1
— the eigenpairs of B are the set
{(1—a)X +a, g): () g) is an eigenpair of A},
with the assumption that A is invertible.
Since || < p(A) for each eigenvalue A of A, it is clear that (1 —a)p(4)™! +a
is the minimal eigenvalue of B among the set
{(1 —a)|A|"! + a: \is an eigenvalue of A}.
In general, for the eigenvalue A of A, the comparison of |(1 — a)A™! + a
and (1 — a)p(A)~! + « is not trivial, as we will see soon below. Thus, even
though, the leading eigenvalues are transformed from one to the other, the

corresponding eigenvectors remain the same. Therefore, we have the following
algorithm.

Algorithm 31  There are two steps.

(1) Compute the maximal left-eigenpair using the algorithms given in Sections

3-5.
(2) Use the final stable vector output »(*) in part (1) as the input xo of
Models I and II.

The main new part of Algorithm 31 is Model II, comparing with increasing
the consumption rate, it turns out that the precise level of part (1) is more
essential which means a well-designed input is much more important for the
economic stability. This is realistic: the economy model is sensitive to the
precise level of initial input.

For the algorithm, some additional theoretical analysis on the stability is
helpful. We begin with a detailed analysis on a condition to be used subse-
quently.

Lemma 32 Let r > 0 and z € C satisfy |z| < r.

(1) Assume « € (0,1). Then the inequality

+ a, (20)

does not hold for each z > 0.
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(2) Otherwise, let z % 0, then (20) holds if and only if
r? —|z|?

r2(1 —2Re(2)) +|2[2(2r — 1)

0<®(z):= <a. (21)

Proof. Note that
-« oo [(1 — a)Re(z) N a] . (1-— a)Im(z).

z |22 |22

Thus,

(1|;|2a)2+042+ 20(1 = )Rez) _ (1= )" +a2+M-

20
(20) < 22 r2 r

Collecting the terms in «, it follows that the above inequality at the right-hand
side is equivalent to

2r—1 2Re(z)—1 11
[

>—— — (>0).
CEEENE R I e A
2r—1 2Re(z) -1

This means that the term 5 5
r |2]

} must be positive and so the

above inequality is indeed equivalent to

(L _1\[2r—1 2Re(z) -1 ‘1>0
Q —5 — 5 - .
2> 2L r? |22

We have thus proven the required assertion. []

We remark that the function ®(z) defined in (21) is independent of «.
When ®(z) € (0,1), we rewrite ®(z) as a.(z) to indicate a critical point of .
Then each a € (a.(z),1) satisfies (20). It is obvious that ®(z) = ®(Z) and
hence a.(z) = a.(z). This simplifies the computations below.

The first part of the next result is taken from [17; Theorem 2], the second
part is then a consequence of Lemma 32.

Lemma 33 Let r = p(A). Then we have the following results.
(1) The free-degree of z( (for Model Il) equals
m =#{\; : z = \j satisfies (20), repeated for the eigenvalue with multiplicity}.
(2) Alternatively,
m = #{\;: either z := X\; < 0 or z is not real, which satisfies ®(z) € (0, 1),
repeated for the eigenvalue with multiplicity}.

As usual, # = 0.
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The “free-degree” in Lemma 33 (1) means that the initial zg can be select-
ed freely from an m-dimensional linear space (with some additional linearly
independent vectors if necessary in the case that some eigenvalues have the
smaller geometric multiplicity than the algebraic one), plus a term of the max-
imal left-eigenvector (up to a positive constant).

To understand Lemma 33 better, look at the following example.

Example 34 Let
10

_= o O
O = Ot N
= Ot O N
oo O

Then A has eigenvalues
{/\j}?:l : (6+ V11, 5, 5, 6 — \/11) ~ (9.31662, 5, 5, 2.68338)
with the corresponding left-eigenvectors

(0.431662,0.3,0.431662, 1), (0,1,0,0.),
(0,0,0,0), (—0.231662,0.3,—0.231662, 1).

It follows that A has an eigenvalue 5 with algebraic dimension (or multiplicity)
2 but its geometric one is 1. Hence the eigenspace dimension is 3 but not 4.
To obtain a basis of the 4-dimensional space, one may simply replace the above
zero vector by a newly added one choosing from the kernel space Ker(A) of A.
Denote by {gk}izl the resulting independent vectors. Then, every positive xg
can be expressed as

4
o = Z Ye 9k with Y1 > 0.
k=1

Therefore

AN\" A"
vo( ) =D w(55) o> me, n—ow
<A1> <A1>

k#3

In other words, here we have free-degree 3 but not 2.

Here we introduce some additional remarks about ® given in (21). First, it is helpful to
rewrite ® as follows: ®(z)=[1+ f{fs‘(;‘é ]_1(|z| <r), where ¢(2) = |z|*~rRez.
Then, with » = A1, it is obvious that ®(z) < 1 iff ¢(z) > 0 and hence
®(z) € (0,1) iff ¢(z) > 0. Thus, one can make a modification for the
assertion: replacing “®(z) € (0,1)” by “¢(z) > 07. This simplifies the
computation of a.(Ay): it suffices to compute ®(A4) for those Ay with
P(Ag) > 0.

The geometric explanation of the effective eigenvalues goes as follows (cf. [16]). The
eigenvalues are located at the crescent shape produced by two circles, Circle((0,0), A1) and
Circle((A1/2,0)), A1/2)) (which comes from the equation ¢(z) = 0), where Circle((a, b), r)
denotes the circle with center (a,b) and radius r. [Chen, 2021/01/16]
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Certainly, the above example is simpler than Model II we are working
on. However, once the eigenvalues have multiplicity, the conclusion should be
parallel, on the free-degree counting the multiplicities of eigenvalues.

Lemma 33 shows that we have more freedom in choosing xg once m > 1.
In which case, model II is more stable. Note that in computing the collapsing
time, taking Model II for instance, it is reasonable to use the normalizing
procedure

B n

= xo((l — ) A (A) L+ a) !

where Apax(A) is the maximal eigenvalue of A. To have a concrete impression,
let us look at Hua’s original example [15, 16] with a little correction.

1 (25 14
A_100<40 12>'

n=1,

Example 35 Let

Then we have eigenvalues
1

B 1
200

A —
! 200

(37 + v2409) ~ 0.430408, Ao (37 — v/2409) ~ —0.0604078.

The maximal left-eigenvector is
5
(7(13—1—\/2409), 20) ~ (44.3440, 20).

Starting at xg = (44, 20), the different « and its corresponding collapsing time
T are listed in Table 15.

Table 15. The parameter « and its 7" with xg = (44, 20)

a0 04 06 08 0.8768
T3 4 9 9 >500

Note that by Lemma 32(2), with 7 = \;, here a.(\2) = 185/211 ~ 0.8768.
Hence, when a > a.(\2), the free-degree is 1 and so the corresponding 1" should
be almost infinity.

Example 35 shows the influence of « for the stability of economics. The
next example is quite interesting.

Example 36 Let

OO = O N
O = NN DD DN
SN =N DNDO
— N = =N
NN = O
N = O OO
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Then we have eigenvalues

1 1
NS 3+2vE, 3, 5(1+\/5), 3-2v5, -1, 5(1—x/5)
~ 747214, 3, 1.61803, —1.47214, -1, —0.618034.
The maximal left-eigenvector is

(1, 2.23607, 2, 2, 2.23607, 1).

Using Lemma 32 (1) with » = A\; and z = Ay, it follows that Ay and A3 do not
satisfy (20), and then by Lemma 32(2) we have

ae(Ag) ~ 0.214286,  a.(As) ~ 0.302205, .(Ag) ~ 0.425981.

Therefore, we have the free-degree corresponding to the parameter o in Table
16.

Table 16. The free-degree corresponding to the parameter «

Interval of @ (ac(A4), ac(X5)]  (c(As), ac(Xs)] (ae(Xs), 1)
Free-degree 1 2 3

With initials g = (1,2,2,2,2,1) and zy = (1,2.23607,2,2,2.23607, 1), respec-
tively, some « and its corresponding collapsing time 1" are listed in Table 17.

Table 17. The parameter « and its T with different xz

z0=(1,2,2,2,2,1) 0= (1,2.23607,2,2,2.23607, 1)

a 0 02 04 06 08|a 0 02 04 06 0.8
T 2 26 77 138 323|T 9 30 78 140 330

Clearly, the increase of o improves the stability rapidly for this example. Besides,
the free-degree here is 3 (< 5). Note that for smaller «, the precise level of xg
makes a serious effectiveness on the collapsing time for this model.

The next example has a bigger free-degree. Let

1 2 3 4 5 6 7 8
9 10 11 12 13 14 15 16
17 18 19 20 21 22 23 24
25 26 27 28 29 30 31 32
33 34 35 36 37 38 39 40
41 42 43 44 45 46 47 48
49 50 51 52 53 54 55 56
57 58 59 60 61 62 63 64

(sequential array) (22)

Since this matrix is not invertible, for our purpose, a modification is necessary.
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Example 37 Letu={1,2,2,2,2,2,2,2}, and A = Ay — Diag(u). Then, the
eigenvalues of A are given as follows:

{1320 269.409, —11.7803, —4.34532, —2, —2, —2,
— 1.14163 + 0.4340687, —1.14163 — 0.434068 i.

The maximal left-eigenvector is
(0.814386, 0.874183, 0.865275, 0.920913, 0.919165, 0.94611, 0.973055, 1)
By Lemma 32(2) with r = A1, we obtain

ac(A2) ~ 0.0390049, a.(A3) ~ 0.101697,
ac(Ag) = ac(As) = ac(Ae) ~ 0.19881,
ac(A7) = ac(Ag) ~ 0.303548.

Starting at a rather good initial
xo = (0.814386,0.874183, 0.865275,0.920913,0.919165, 0.94611, 0.973055, 1),

some « and its corresponding collapsing time T are listed in Table 18.

Table 18. The parameter a and its T’

a 0 01 02 0.3 0.4
T 3 9 18 469 > 500

Note that the left-eigenvector corresponding to A4, A5 and Ag are
(0, 2,0, -3,0,0,0,1), (0, 1,0, =2,0, 1, 0, 0), (0, 1, 0, =3, 2, 0, 0, 0),

respectively. They are linearly independent. Hence the free-degree for this ex-
ample is the whole dimension 7. From this, it should be obvious that the model
goes to stable rapidly when « increases.

In general, we may be not so lucky to expect the free-degree to be > 1.
The following corollary can be deduced from Lemma 32 (1) immediately since
for which the eigenvalues are all nonnegative.

Corollary 38 Let A = (—Q)~!, where Q satisfies the conditions of Lemma
21 and is moreover symmetrizable with respect to a positive measure. Then the
free-degree equals 0.

Proof. By Lemma 21, A is finite and positive. Next, by the symmetrizable
assumption, the spectrum of —(@) is positive. The assertion now follows from
Lemma 32 (1). O

The next two examples are not symmetrizable, we again have zero free-
degree. The first one below is the same as Example 6.
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Example 39 (Continued) Let A = (—Q) ™!, where Q is defined in Example
6. Then —Q has eigenvalues

8.237127, 0.452339, 7.031610 + 0.779594 %,
7.031610 — 0.779594 7, 4.885853 + 1.465494 %, 4.885853 — 1.4654941 ¢,
2.596732 + 1.25156214, 2.596732 — 1.251562 4.

Their inverse give us the eigenvalues {)\j}§:1 of A. Except the complex ones
{)\j}?:?), the others are positive, which do not satisfy (20) by Lemma 32(1).
Next, by (21), we have

®(\3) = B(N\4) = 1.358659 > 1,
®(\s) = B(Ng) = 1.523203 > 1,
B(\7) = P(\g) = 2.123888 > 1

which do not satisfy condition (21). From Lemma 33(2), it follows that the
free-degree m = 0.

Example 40 (Continued) Let A = (—Q)~!, where Q is defined in Example
19 for a = 7/4, N = 8. The eigenvalues of —(Q are all positive:

8.84941, 7.46811, 6.07934, 4.73839, 3.4828, 2.35115, 1.39264, 0.638153,

and so are of A. By Lemma 33(2), we have once again the free-degree m = 0.

In view of the last two examples, as well as Corollary 38, it is clear that one
cannot expect in general a positive free-degree. In this case, the improvement
of the stability by increasing « goes quite slowly, as shown by Example 35.
This is somehow reasonable since the algorithm used in these two models is
essentially the power iteration which often converges very slowly. Thus, a
good way to improve the algorithm is improving the initial xg. We are going
to illustrate this by the following example.

Example 41  Set A = Ay + Ig, where Ig is the identity matrix with order 8,
Ay is the matrix of (22). Then A has eigenvalues

{Aj}?:1: 272.391, —9.17325, —1.17606, 1.95873, 1, 1, 1, 1.
The maximal left-eigenvector is
(16.2289, 17.4847, 17.3063, 18.419, 18.3838, 18.9225, 19.4613, 20).

We have
ac(A2) = 0.050035, a.(A3) = 0.297413.

Denote by T3, 15, and T3 the collapsing time with respect to the initial xq in
three different cases
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zo = (16, 17, 17, 18, 18, 19, 19, 20),
zo = (16.23, 17.48, 17.3, 18.41, 18.38, 18.92, 19.46, 20),
zo = (16.2289, 17.4847, 17.3063, 18.419, 18.3838, 18.9225, 19.4613, 20),

respectively. Corresponding to different «, the outputs of {Tj}?zl are listed
below.

Table 19. The parameter « and its {1}};5:1

o 0 02 04 06 08 09
7 1 2 3 5 11 22
T, 2 5 8§ 14 32 68
3 3 7 13 22 50 105

Clearly, the precision level makes a serious influence on the collapsing time.

Let us mention that even though Lemmas 32 and 33 are crucial in theoret-
ical analysis, they are not practical in application since one cannot compute
the whole spectrum of a very large matrix. As pointed out in [16], to check
the effectiveness of an initial zy, one may simply use a direct optimal search.
Actually, we may avoid this heavy job, by increasing the precise level of the
output in part (1) of Algorithm 31, as just illustrated by Example 41.

Note that if we denote by A the matrix used in Example #, then we have

A41 - A37 = Diag({Q, 3, 3, 3, 3, 3, 3, 3})

Thus, Examples 37 and 41 are quite close to each other. However, as we
have seen that the stability for them are very different. This shows that
the economic models are very sensitive, and moreover, the improvement of
the economic structure (i.e., the matrix A) is quite effective to improve the
stability. Besides, the examples in this section justify again the importance of
the global algorithms proposed in [5] and the improved ones in this paper.
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Abstract

This paper is devoted to the study on the spectrum of Hermitizable
tridiagonal matrices. As an illustration of the application of the author’s
recent results on Hermitizable matrices, an explicit criterion for discrete
spectrum of the matrices is presented, with a slight and technical restric-
tion. The problem is well-known, but from the author’s knowledge, it
has been largely opened for quite a long time. It is important in vari-
ous application, in quantum mechanics for instance. The main tool to
solve the problem is the isospectral technique developed a few years ago.
Two alternative constructions of the isospectral operator are presented,
they are helpful in theoretical analysis and in numerical computations,
respectively. Some illustrated examples are included.

1 Introduction
Let
E={keZi:k<N+1}

with N < oo. Throughout this paper, we consider the tridiagonal matrix,
denoted by T or (), having the following form

—C0 bo
al —C1 bl O
T az —ca b
_ , (1)
Q
0 ay_1 —Cn_1 by

an CN
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where for T', the sequences {bj};V: oL and {aj}jyzl are complex and {cj}év:o is
N-1
j=0
and {aj}ﬁvzl are positive and moreover ¢; = a; + b; for each j (ag = 0 and
by = 0 if N < oo by convention), except cy = ay if N < oo.

real. The matrix ) denotes a particular T" for which the sequences {b;

Here we allow N = co. In which case, the matrix takes a simpler form:

—co by 0
T ar —ca b
Q - as —cy by
0

In what follows, we will not mention this point time by time. Since the matrix
is determined by these three sequences {ax}, {—ck} and {bx} only, we may
simply write

T (or Q) ~ (ak, —ck, bk)

for simplicity. The matrix @ is called birth—death @-matrix which corresponds
an important and basic class of stochastic processes, the birth—death processes
(refer to [2] for details).

Recall that a complex matrix A = (a;;) is called Hermitizable [4l: if there
exists a positive measure p = (y; : ¢ € F) such that

HiQij = (LG Vi, 7, (2)

where a denotes the conjugate of a. For the tridiagonal case, the criterion for
the Hermitizability is quite simple: {cx} is real, either ag; 1 = 0 and by = 0
simultaneously, or ajy1by > 0 for each k (cf. [4; Corollary 6]). In the first
situation, the matrix can be divided into two submatrices and so they can
be treated separately. Hence, in what follows, we will ignore this reducible
situation. Since agy1bg > 0iff a1 # 0 and by /agy1 > 0, under this condition,
we can define a positive measure p:

br—1
po =1, pp = pg—1——, k
a

> 1. (3)
Therefore, we have the complex L2-space: L?(u). The Hermitizability defined
by (2) is simply saying that as an operator, the matrix A (or 7', in particular)
is self-adjoint on L?(u), provided a domain Z(A) C L?(u) of A is specified.

Having the self-adjoint operator T' at hand, by [4; Remark 16], we can
consider the quadratic form

DT(f?f) = (Tfaf)M
= ZM (b (1£i1? = fifisr) + bi(| fira]® = fixrfi)]

i€E
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+ ) pile —ai = bi) | fil. (4)

i€l

For real T, the first sum on the right-hand side of (4) becomes
> wibilfi = fona
i

This is a standard first-order difference operator, the second sum of (4) comes
from the potential function V; := ¢; —a; —b;. Hence this is indeed a Schrédinger
operator once V = (V;) # 0. It is known that in the study of spectral anal-
ysis, the latter is often much harder than the former if the potential V' does
not vanish out of the boundary. To overcome this difficulty, we introduce an
isospectral birth—death @-matrix @ ~ (EL, —¢, l;) having the properties men-
tioned below (1), for which, the potential function V' vanishes except at the
boundary N when N < oo. The quadratic form defined by (4) for @ defined
by (1) is as follows.

Do(f. f)i=—(Qf. f),= > mibi| fir1 = filP + Lincooypin (e —an) Ifn . (5)

ieE

Replacing @ by @, we obtain the quadratic form DQ for QV

Before moving further, let us introduce the construction of @ Set

m = sup(|ag| + |bk| — cx) T (6)
keE

For finite N, we certainly have m < oo. Otherwise, it may be a restriction.

Definition 1 Assume that m < co. Set u, = apbr—1 (> 0), 1 <k € E.
Define () ~ (EL, —c, b) as follows.

ck=m+ci(k€E)
U

bo=2¢y, bp=0r———, 1<k<N
0 0 k k bk_l (7)
~ u
ap=¢,—bp, 1<k<N, ay=—2"/if N< o0.
bn-1
In the simplest case that
cx = |bk| + |akl, keF,

the construction becomes

(l;ka —ék,ak) = (|bk|a —Ck, ‘a’k‘), k€ E.
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Clearly, for each n, b, depends only on {uj}?zl and {éj}?zo and so does

an, except ag = 0. It is quite easy to check the last assertion in the definition
above, as we will do so subsequently. B

One may get some feeling about the construction of @ given in (7) from

the proof of Theorem 2 in Section 3. Furthermore, in the second paragraph

of the proof of Theorem 3, we will explain more on the sequence {hy : k € E'}

below: _
T T 1<k<N+1 8
0=1b =Ry = SrE<N+ L (8)

For a given domain Q(D@), we adopt a domain for & (DT) induced from
.@(D@) by the function h:

2(Dr)={feLl?):h'fe 2(Dg)}- (9)

We can now state a result taking from [4; Theorem 16] which is a key for the
present study. Define a measure i by (3) replacing @ by @. From now on, we
often write Diag (u) for the diagonal matrix having the vector u as its diagonal
elements.

Theorem 2  Let m < co. Then the operator T —mI on L?(u) with domain

Z2(Dr) is isospectral to Q on L2(fi) with domain .@(DQ). Furthermore,

Q = Diag(h)~ (T — mI) Diag(h). (10)

To study discrete spectrum, we need more notation. Since every compact
operator has discrete spectrum, we need only consider the infinite case that
N = co. Then for @ defined by (1), we have ¢, = ay, + by, for every k, and so
the quadratic form defined by (5) takes a simpler form:

Do(f) = mrbr(farr — fr)?.
k>0

Define two domains of Dg as follows.

9maux(DQ) = {f € L2(:u) : DQ(f) < OO},
Drnin (DQ) =smallest closure of {f €L2(u): f has a finite support}

wrt. |- Ing. where [[£%, = /1By + Do(f).

For simplicity, in what follows, we write Spec (Qmax) to denote the spec-
trum of (DQ, Dinax (DQ)). Similarly, we have Spec (Tiax), (DT, Dinax (DT)),
Spec (@max) and (D@, Drinax (D@)) and so on. Let us mention an alternative
form of the measure fi defined above (will be checked in Proof of Theorem 3
given in Section 3):

~ ~ ~ Egz—l ~ |bn—1 ’ Bn—l 2
po =1, fin = fin—1 = fin—1 : n = 1. (11)
Un, |an| 1]
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Define another measure v as follows.

1 Up—1 o _ 1), or alternatively
]; =, ]} = n 12
& T, Ja [\bn_lr \bnr] . 12)
n— = = = 1.
’bn‘ bn—l bn

Note that the sequences {fi,} and {75} can be expressed in terms of the
sequences {u,} and {¢,} only, since so does {b, }. In the simplest case (Defi-
nition 1), they have the following form:

_ . _ bn—1
fo =1, Hn:,un—lwv n>1;
|an|
17()—L Up=", 1M n>1
- s n—Vn— s = 1.
|bo |bn|

Combining Theorem 2 with [3; Theorem 2.1] (see also [5]), we easily obtain
the following criterion for the discrete spectrum of matrix 7.

Theorem 3  Assume m <oo. Write i[0,n]=3"7_ fi; and similar for 7[0,n].
(1) Let 9]0, 00) <oo. Then Spec (Tiin) is discrete iff le [0, n] D[n, c0) =0.
(2) Let 1[0, c0)<oo. Then Spec (Tax) is discrete iff le [0, n] fi[n+1, 00)=0.

(3) Let ;2][0,00) =00 =0[0,00). Then Spec (Tiin) = Spec (Timax) is not dis-
crete.

In particular, if Y72, 7 f1[0, k] = oo, then the Q-process is unique ([1; Corollary
3.18]), hence Ziax (D@) = .@mm(D@) and furthermore Toin = Thax-

Theorem 3 is on a quantitative property rather than the qualitative one,
usually the former is easier than the latter. Besides, the discrete spectrum
depends only the boundary at infinity since on a finite space, each operator
is compact and hence the property is automatic. Thus, a local modification
of the operator does not make influence to the property. Even though, the
infinite matrix makes some difficulty for the study, but only the asymptotic
behavior is required. This makes the study easier, as shown in the next section
of the paper.

To go further, we introduce two alternative algorithms of (7). The next
result should be helpful for the asymptotic analysis of sequences {by}, {é}
and {a}, such as in the application of Theorem 3.

Lemma 4  We may re-express b,, as

by =én— P 0<n<N,
dn
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where

0 0 |an
(p()):(), <">: 1 Cn-1 (p”—1>, 1<n<N+1. (13)
q0 1 n boo1]  [bn_y| | \dn—1

Alternatively, we have the explicit expression:

0 |an| 0 |an—1] 0 |ai 0
" = 1 Cn—1 1 Cng | --- 1 Co .
n bual Touoal )\ Toual  Toul bol  fbol ) \!
Note that the expressions for {p,, g, } here depend only on the given three positive

sequences {|an|}, {|bn|} and {¢,}. In the simplest case (see Definition 1), we
have

Pn = lan|, a0 =1, 1<n<N+1.

Proof. By definition, we have

Pn _ Un Un Un, _ UnGn—1

qn bn_1 Cn_1 — un,l/l;n,g B Cn—1 — pnfl/anl B Cn—1Gn—1 — pnfl'

DPn _ 0 Un Pn—1
dn -1 ¢ dn—1

Since we are interested only in the ratio p,/q,, we may divide the last matrix
by |bn—1/|, which then leads to the explicit solution stated in the lemma. [

Hence

The choice |b,_1|~! in Lemma 4 avoids the extra factor |b,_1| in u, and
using the explicit known |a,|, |b,—1| and &,—; only in the resulting matrix.
This has an advantage in theoretical analysis as will be seen several times sub-
sequently. Noting that such a factor can improve the blowing up problem only
if |bp—1| > 1 (see Example 8), it can be quite poor in numerical computation
(see Example 11). Next, there is a problem of the cumulative errors in the
iteration of (7), especially for large matrices. The next result is a little bit
more complicated than the iteration (7) or Lemma 4, but it not only avoids
the blowing up problem but also provides a possible way to decrease the cu-
mulative errors. See the illustrated Example 11 in the next section for more
information.

Lemma 5  Except the simplest case (see Definition 1), we may re-express by

as

by =én— P 0<n<N,

an
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where

Po _ 0 , Pn _ 0 ~UnfUn Pn—-1 ’ 1<n<N+1,
q0 1 dn —Un Cn—-1Un dn—1

and
1
S [@L_l - /52_1—4%] it &2 > duy;
n
Up = 1<n<N+1.
1
if &2_, <4uy,

5

In the first case that é2_; >4u,, there is a good numerical approximation of v,,:

Q

Un

2 4
(0.615411 — 0.286195 2% + 0.660784 1), 2 := —"

Cn—1 Cn—1

Alternatively, for each n: 1 <n < N 4 1, we have the explicit formula:

Pn) 0 UnUn 0 Un—1Un—1 0 U1v1 0
dn —Un  Cp—1Un —Up—1 Cn—2Un—1 —vp  Coup 1)
Again, the matrices here depend on the sequences {u,} and {¢,} only.

In practice, one may simplify the matrices used in Lemma 5. For instance,

in the case that 6%_1 > 4u,,, we have

Cn1 =Gt &, (1-yT—2)

UnUp = = 9 )
~ 2(1-v1-2%) 4uy,
Cn—1Vp = ———— Z =

z o2

n—1

We will come back to this point in Remark 12, at the end of the paper.

In the next section, we will illustrate the applications of Theorems 2 and
3, as well as Lemmas 4 and 5 by some examples. The proofs of these results
are delayed to Section 3.

2 Examples

A simple example to illustrate the use of Lemma 4 is the following one which
was used several time before, see [4; §4] for example.

Example 6  Consider
T~ (1,-3,2)

Then, we have
2n+2 -1
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Proof. By Lemma 4, we have

0 1
In 5 2 1
Because
1 1
0 1 ' 71+ n—1 2 n—1
L3 = 2 1 2 1 | nz=1,
2 2 —1+2—n 2—27
it follows that
1
n 2- on—1
= 1 , n = 1.
Gn 92 _
2TL

Therefore, applying the lemma again, we obtain

B Dn on+2 _
b, =cn — —

o o "0

as required. [
The next example is an extension of [3; Example 2.5].

Example 7 Let {3,}°°, be a given arbitrarily real sequence,

b, =n’en, an+1:(n(n+1))267iﬁ”, cn=|bn|+]anl, n=0,
a():O, a] = 1, b():l,

Then for the matrix T' ~ (ag, —cg, br), both Spec (Tiin) and Spec (Thax) are
discrete.

Proof. Note that in the present simplest case,
& = o = |ag| + |brl.

By Theorem 2, T' and Q ~ (|ag|, —cx, |bi|) have the same spectrum. Then,
the assertions follow by the first two parts of Theorem 3, as known from [3;
Example 2.5]. O

Example 8 (Continued) Everything is the same as in Example 7, except the
sequence {c,} is replaced by {&, := ¢, + n?}.
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Proof. Note that the sequence {u,} is the same as in the last example. Since
én > ¢y, for every n, by (7) and induction, we have b, > |b,| every n. Thus,
Up < vy, for every n by (12) plus induction, and then

7[0,00) < [0, 00) < o0.

To estimate fi[0,00), it is necessary to estimate by /bn. To do so, we study
the ratio p,/q,. From the proof of Theorem 2 given in Section 3, we will see
that the ratio is in general bounded from above by |a,|. However, what we
need now is the harder part, a lower bound of the ratio. For this, we employ
first a numerical test using Lemma 5, from which, we guess that p,/q, >
|an|(1 —1/n). For this example, we are in the second case “¢2_; <4u,” in the
lemma. Besides, we mention that when n = 103, the the outputs of (p,, q,) are
approximately (10'4,10%) and (10'!,10~!) by Lemmas 4 and 5, respectively.

The renormalizing factor used in these two lemmas are |b,_1|~' = (n — 1)~*

and up 1z _ n~1(n — 1)73, respectively. The former is a little bigger than
the latter. This result comes with no surprising since Lemma 5 can avoid the
blowing up trouble but may not Lemma 4. We are now going to prove the
conjectured lower bound. First, we have

7
{‘ pT } = {1, 0.5, 0.727273, 0.811475, 0.855765, 0.88315, 0.901775}.
G |dn

n=1
Clearly, our conjecture holds at n = 3,4,---,7. Suppose it already holds at
n—1(n=>4):

1
poor > (1= 2 Yot anon = (0= 2% = Do

By (13), we have

n ~ ’an’(}n—l
= Cn—1 dn1 — Pn—1
on B 7 Touc]
Hence
lan_1| +(n—1)2 (n—2)3 n3 —2n? +2
In < <1 + b 1| BNCESE In—-1 = W%—l-
Furthermore,
o o (=D | wo3ne3 | 1n-3n43
lanlgn = n3 —2n2+2 nd—2n2+2 nn?—2n+2/n’

The right-hand side is clearly > 1 — 1/n once n > 3.
Combining the above estimate with Lemma 4, we obtain
|an|

~ 1
(|bn] <) by < — ]an]<1 — > = |by,| +n?4+ 0= by, | +n? +n(n— 1)2.
n n
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This means that

?‘@z
ElE
Il
—_
+
Q
7 N
S|+
N—

Then by (11), we get

o ol PR 1 1\]* 1 1
= =—|1 — =1 1.
fin—1 Up  |bp—1|>  n? +0 n n? +0 n

We arrived at fi[0,00) < co. Again, the required assertion follows by the first
two parts of Theorem 3. [

In view of the proof above, it seems that much more perturbation of (¢é,)
is allowed, not only n?, to keep the same conclusion.
The next example is an extension of [3; Example 2.6].

Example 9 Let v > 0,

by =n"er, anH:nVe_w", cn=|bn|+]|anl, n>=0,

CLO:Oa ap = 1a b0:17

where {$3,,}°°, is again a given arbitrarily real sequence. Then for the matrix
T ~ (ag,—ck,by), Spec (Tmin) is discrete iff v > 2. In particular, if v € [0, 1],
then Spec (Tinin) = Spec (Tmax) is not discrete.

Proof. As noted in Example 7, in the present simple case, m = 0, and so
6k:ck:\ak\+]bk|, k> 0.

By Theorem 2, T and Q ~ (|ax|, —c, |bi|) have the same spectrum. Hence
the conclusion follows from [3; Example 2.6]. O

Example 10 (Continued) Consider the special case of Example 9 with spe-
cific v = 4, and replacing {c,} by {¢, := ¢, +n%}. Then Spec (Tiin) is discrete.

Proof. The proof here is quite closed to the one of Example 8. Because of
cr < 2y/ug, k > 3, we are in the second case in using Lemma 5. Next, since
|br—1| = \/tn, the iteration of Lemma 5 coincides with Lemma 4. By a test of
numerical computation using Lemma 4, we guess again

Dn 21_1‘

lan| qn n

Note that

7
{ Pn } = (1, 0.5, 0.780488, 0.866197, 0.905112, 0.926899, 0.940706).

|an‘ dn ) =1
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Our guest is true at n = 3. Assume that the guest is also true at n—1 (n > 4).
Then we have

1
n—1

n—2)°
)‘an—l‘ dn—1 = ( ) dn—1-
n—1

Pn—1 2 (1 -

By Lemma 4, it follows that

4 5 —1
Pn n—2 n—2 1
> |1 _ .
[anlan [ +<n—1> (n—l) +(n_1>z]

Thus, it suffices to show that
Ly (2 Yon—2 5+ N S
n—1 n—1 (n—12] ~ n n’

1> i + ) >3-
n/

By Lemma 4, we have thus arrived at

o 1
(|bn] <) bp= &= — |bn| + |an| [1— ‘ pT }—i—nQé |bn | —i—;\an\ +n?, n=3.
n mn n
Then
bn 1an| = n? (n—1)% 1 1
s My 1 =140 =),
ool Tl T T Tz T O

From here, as an application of Theorem 3, it is rather easy to prove the
required assertion. [

The next example exhibits both p, and ¢, in Lemma 4 can blow up very
fast. It also compares the algorithms given in (7) with Lemmas 4 and 5 in
numerical computation.

Example 11 (Continued) Consider the special case of Example 9 with v = 2,
and replacing {c,} by {é, := ¢, +n?}. When n = 1000, the output is

(3.383125991265680 x 10%2!, 8.869971727917625 x 10*1°)
(Pn, qn)= (by Lemma 4),
(3.26965 x 106, 8.57245) (by Lemma 5).

Then, we have the ratio

Pn {381413.3905993774 (by Lemma 4),

an | 381414 (by Lemma 5).
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Hence, we have

n =

P 2.6166 x 10° (by Lemma 4),
2.61659 x 10° (by Lemma 5 or (7)).

By using the algorithms given by (7) or Lemma 5, for n = 10, the output is

b, = 2.61789 x 108.

Proof. When applying Lemma 5 to this example, for n = 1, we are in the
second case of the lemma. For n > 2, we are in the first one. Note that
we use Mathematica v.11.3 in the computation, which has an automatical
control for the precision level and so the different algorithms produce very
close outputs. Because of this, the cumulative error may be avoided. Since
there is a limitation on the number of the iterations by the software, in the
last step, when N = 10%, we actually separate the computation into ten parts,
at each of them, we adopt 103 iterations only. [

The advantage in theoretical analysis and the shortcoming in numerical
computation of Lemma 4 should be clear now. See also the alternative proof
of Theorem 2 in Section 3 for an illustration of its advantage. We are now
at the position to analyse the algorithms given in (7) and Lemma 5 more
carefully.

First, we analyse their computational complexity. In the computation
of {l;k}fy:_ol, having the known {ux} and {¢;} at hand, at each iteration by
(7), only one multiplication (division) is needed. Thus, for {l;k},]f:_ol, only N
multiplications are required.

Next, at each iteration by Lemma 5, the work is done in three steps.

(a) First, we have three multiplications for the product

0 UnUn Pn—1 _ Dn
—Un En—lvn gn—1 dn

(b) Next, for the first case in Lemma 5, to compute vy, three multiplications
are required. Here we count the square-root as one multiplication, in view of
the numerical approximation, it may cost 9 multiplications.

(¢) Finally, to arrive at b,, one more multiplication (division) is required.
Therefore, for {l;k}]kvz_ol, the algorithm of Lemma 5 needs (7+)N multiplica-
tions.

In conclusion, the algorithm by (7) has a simpler computational complexity
and so is faster than the one given by Lemma 5. However, they are at the
same level of complexity: O(N).

We now turn to compare the cumulative errors of the algorithms of (7) and
Lemma 5. For the first algorithm, the problem is obvious, the error at step
n — 1 makes influence to the next step n immediately. Hence, we are worrying
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about the possible cumulative errors, especially when deal with large matrices.
Fortunately, such problem does not appear up to n = 10* in Example 11. It
indicates that the algorithm is safe in the most cases. Let us now look at the
errors produced by Lemma 5 at each step of an iteration. At the last step (c) to
compute b, in terms of p, /@n, even though there would have an error as usual,
but the computation here is independent of {I;k}k;ﬁn, and so this step does not
make cumulative errors, which is essentially different from the algorithm of
(7). One may worry about step (b), which may make more errors. Actually,
these errors can be simply ignored, even though they do make influence to the
pair (pn, ¢n), but do not interfere the ratio p,/g,. Therefore, we need only to
study the cumulative errors produced by the following iterations (from step

(a))
ont
dn " dn—1 ’

where H,, is an explicitly given matrix having spectral radius p(H,) =1 (due
to the use of the renormalization procedure in terms of v, for avoiding blowing

up, here a small perturbation is allowed), independent of Pk for k<n-—1.
dk

It seems the cumulative errors made here could be less serious than what
made by (7) since only simple products of matrices and vectors are used here.
Sometimes, the errors may influence the pair (py, ¢, ), but not its ratio p,/qp.

Refer to [3] for more illustrated examples and for a partial history of the
study on discrete spectrum. The author is regretted for being unable to find
supplementary literature related closely to the complex context of this paper.

3 Proofs

Proof of Theorem 2 For simplicity, throughout this proof, we assume that
m = 0 and so ¢ = ci. Otherwise, simply replace ¢ by ¢ everywhere in the
proof. The proof consists of three parts.

(a) {i)k} is positive,

(b) {ax} is positive and an invariant,

(¢) T and Q are isospectral.
(a) Prove that {l;k} is positive. First, we consider the simplest case men-

tioned in Definition 1. ¢ = |ag| + |bg|. Then the required assertion can be
checked step by step as follows. Recall that

0 <up =apbp_1 = |akbk_1|.
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Then by definition of {b;}, we have

by = co = |bo| > 0 (since ag = 0 by assumption),

- b
51=C1—g201—|a1 o =1 — |a1| = |b1] > 0,
0 [bo
. b
b2262—2202—|a2 1 = c2 — |ag| = |ba] > 0,
by |01
- _ _1bn_
by_1=cNn_1— ELN ! =CN-1— |aNblN2| = ’bel‘ >0 if N < o0.
bn—2 |bn—2]

Hence the assertion holds in this special case. The proof in this part shows
that even though the choice of {l;k} is not unique, our choice is rather natural
and economic.

Next, consider the general case that c¢; > |ag| + |bg|. Again, we start our
study at the simplest situation that ¢y > ¢o but ¢ = |ag| + |bx| for £ > 1. For
a moment, denote by {I;k} the sequence used in the last paragraph and denote
by {bx} the sequence produced by the new triple (aj, —¢x, bx). Then

60:50>60:l~)0.
Furthermore, by induction, we obtain
by > b, >0, k=1

In general, let

ko = min{k L Cp > ]ak] + |bk‘}
Then we have by = by, for 0 < k < ko —1 and by induction, b > by, for k > k.
In conclusion, the sequence {bk} in the theorem is increasing in (cy).

_ (b) Prove that ay is positive and an invariant. By definition of {a} and
{bx}, we have

&kzck—ékzck—<ck—~Uk>:~uk, 1<k <N.
br—1 br—1
Therefore,

~ Uk

ax = = > 0, 1<k<N.

bi—1
By definition of aj, this assertion also holds at £ = N whenever N < co. We
have thus proved not only the positivity of {aj}, but also the nice invariant:

aki)k,1 =up = apbi_1, 1<k<N+1. (14)

(¢) Prove that T and Q are isospectral. Recall the sequence {hg}_, defined
by (8), we have
. h
b = by uasy (15)
hi
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Hence -

h 15) ap+1br (14) apy1b -

- k (:) k+10k (:) k410K _ s (16)
hk+1 bk bk

Finally, it is easy to check that
(15) and (16) <= Q = Diag(h)~'T Diag(h),

and so the required assertion follows. From this, we obtain the last assertion
of the theorem.

To finish the proof, we mention a technical point. The function h defined
by (8) is an isospectral mapping from L?(p) to L?(f), it maps the measure
w to |h|2u. We claim that the last measure coincides with ji defined by (3).
This is somehow simple since the mapping keeps the Hermitizability and the
Hermitizing measure for @ should be unique, up to a constant. Since {p}s
{fir.}, and {hy} are all explicit (see (3) and (8)), a direct check for the identity
it = |h|?p is also easy. To show this, it suffices to check that

hail2 s b2 bi b (s
( !J|2/’LJA :) i1 ,JA1:J~11<:~/%J >, 1<j<N+1.
Pj—1Ppj—r ) bjabjia a4 flj—1

Or equivalently, @;b;_1 = @;b;j_1. This is obvious by the invariant (14). [

Alternative proof of Theorem 2 Having Lemma 4 at hand, we can now
introduce an alternative proof of Theorem 2. Actually, here, we prove only
the positivity of {Bk}, the other parts of the proof remain the same as in the
previous proof.

First, it is easy to check that ¢, > |ag| + |bg| for each k. Hence, we set

Ck |ag|

— =14 —+ B for some S = 0, 0< k<N. (17)
|| | b |
Then
0
p\_( % Y 0\ _( el \_(laal4a0)
a) \ g 1T\ N1+ s l+m )
0 a
[ e arl(1+30) _ (laal1+7)
@) \ "o YT T\ 1+ )
where

7 = Bo = 0 =: 7, (18)

|ai|

Yo =(1+61)1+m)+ m(’)’l —v0)—1z2m+f(l+m)=2mn (19
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From here, by induction, it should be easy to prove that

< n) _ <|an|(1+7n1)> for some T > V-1 > 0.

An 14+
Hence -
p Yn—1
= = |an| " € (0, |anl]
dn 14+

Therefore, by Lemma 4 and (17), we have

7 p
b = |an| + (1 + Bn)|bn| — q—” > (1+ By)lba| = |bn| >0,
n
as required. [
From the proof above, it is also easy to figure out the following mono-
tone property. For a new sequence {¢,} with Né; > Cp for every n, then the
corresponding p!, /q), < pn/qn and furthermore b/, > b, for every n.

Proof of Theorem 3 To prove the theorem, we need to check (11) and
(12). The first one is easy:

) boo1 () bR, !bn_ll(Bn_1>2

fn = flp—1—= = HMn-1 = MUn—1
a u |br—1]

n n |an‘

For (12), recall the usual definition (used in [3] in particular) is

- . 1 1
Upi= —= and so p==—=—.
:u'nbn bO €o
Furthermore,
) i Up_1 (fn — 1| (by (7)), or alternatively
1 = 1 -n o _ n
n n—1 ~n P Un, (14) p IM |:|bn_1’ ‘bn|:|
n—1% = = n— = = )

as required. As mentioned Section 1, the expressions of the sequences {/ix}
and {7} can be expressed by the sequences {uy} and {¢} only, which come
from the original matrix 7. Unlike the coefficients {ay} and {by} in T', which
are complex, here {uy} and {¢;} are positive. The expressions of the sequences
{fir} and {7} in terms of {uy} and {¢x} are clearly quite complicated, this
may be the main reason such a result has not been appeared before. However,
the criterion depends only on the behavior of the sequences at infinity, and
hence is applicable in practice, as illustrated in Section 2.

Before we really go into the proof of Theorem 3, let us explain the function
h defined by (8) and the related Definition 1. Even though it looks very simple,
but each by, is actually a continued fraction (cf. [4; Algorithm 14]). Hence, the
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expression of h is indeed quite complicated. In fact, this is the main difficulty
of the story. To explain roughly the trip of the story, let us denote temporarily
by Qo be a real matrix on £ = {k € Z; : k < N + 1} having the following
two properties (for saving notation, in what follows, we simply write [0, N)
instead of [0, N) N Zy):

(i) the off-diagonal elements of Qo > 0, pointwise.
(ii) Qol < 0, where 1 is the column vector having components 1 everywhere.

Next, let A be Qo-harmonic: Qph = 0 on [0, N) (noting that if N < oo, then
the endpoint on the right is excluded). Then, by [5; Theorems 2.1 and 2.5],
we can construct an isospectral new matrix 1 satisfying the above property
(i) but replace property (ii) by

(i) @11 = 0 except at N: Q11(N) < 0if N < oo.

In other words, the potential function V := @11 vanishes except at N if
N < oo. For tridiagonal g, a preliminary solution of the harmonic h was
presented in [3; above Theorem 2.1]. Recall that for the complex tridiagonal
T, the harmonic equation (Th = 0 on [0, N)) corresponds to a second-order
differential equation with complex variable coefficients, and its general solution
is unknown, even for the operator with real coefficients. Correspondingly, the
general solution to equation Th = 0 is unknown. Therefore, what we need is
to find a particular solution. As we all know, there is no common practical
way to do this. Anyway, we are lucky to find the solution h, as shown in (8),
which is a trick to be expressed in terms of the sequence {b;,} given in (7). For
the current general T', the solution was obtained until [4; §3], four years later
than [3].

Once having h at hand, the current Theorem 3 is actually a copy of [3;
Theorem 2.1] (by setting hy = 1). To be more precise, Theorem 3 is only a
modification of [3; Theorem 2.1]: the @-matrix used in the last theorem is
replaced by @) used in the previous one. According to Theorem 2, this means
that the conclusion given in Theorem 3 can be applied to the operator @),
as well as to the operator T" — ml. Because the shift ml does not interfere
with the characteristics of discrete spectrum, hence T — mlI and T have or
do not have discrete spectrum simultaneously. In view of this conclusion, the
condition “m < ©c0” seems to be technical and can be avoided by using a
limiting procedure. So far, we have proved Theorem 3. [

To finish the proofs, we make a remark on an approximation of v,,.

Remark 12  Noting that in the case of ¢2_; >4u,, we have

1 7. 5 21 —vV1-2) duy,
Up = oY [Cn—1— cn_1—4un} =— zi= 5.
Un, Cn—-1% Cn—1

The idea is approximating the function

fley=1—-vV1—-z
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by
g(x) := 0.615411z — 0.286195 x> + 0.660784 2°.

Figure 1 shows that these two functions f and g are quite close each other.
More precisely, their difference (< 0.08515) is shown by Figure 2. Two curves
are crossed at four points: 0, 1/2, 3/4 and 1.

10/
[ 0.08F
0.8‘“
[ 0.06+
0‘6;
0.04F
0.4j

t 0.02
02

0.00 ‘ ‘ : ‘
02 04 Ngg_J/ s 10

Figure 1: curves of f and g on [0, 1]. Figure 2: curve of g — f on [0, 1].

To conclude the paper, we mention that for finite matrix, one can re-
place the tridiagonal matrix 7" in Theorem 2 by a general Hermitizable one in
terms of the Householder transformation (see [4; Theorem 24]). However, at
the moment, the extension to the general infinite Hermitizable matrix is still
unknown.
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Abstract. The first aim of the paper is to study the Hermitizability of second-order
differential operators, and then the corresponding isospectral operators. The explicit
criteria for the Hermitizable or isospectral properties are presented. The second aim of
the paper is to study a non-Hermitian model, which is now well known. In a regular
sense, the model does not belong to the class of Hermitizable operators studied in
this paper, but we will use the theory developed in the past years, to present an
alternative and illustrated proof of the discreteness of its spectrum. The harmonic
function plays a critical role in the study of spectrum. Two constructions of the
function are presented. The required conclusion for the discrete spectrum is proved
by some comparison technique.

Keywords. Hermitizable, isospectral, differential operators, non-Hermitian model,
discrete spectrum.
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1 Introduction

Denote by €™ (R%) the set of functions on R? with continuous derivatives up to order
m. Let a = (aij(x))ﬁjzl and b = (b;(z))l_; be given complex matrix and vector on
RY, respectively. Assume that a;; € €1 (R%, C) for each i,j. Next, let V € (R4, R)
and dp = eVdx. Thus, the first part of the paper is an extension of [5; §5] replacing
the Lebesgue measure by u. Consider the following complex second-order differential

operator
L :Zﬁi(ai]ﬁj) +Zbiai -G (1)
i,j i

where 0; = d/dz; and ¢ € L?(u). We say that L with domain 2(L) is Hermitizable
with respect to the measure p if L is a self-adjoint operator on the complex space
L?(p) with inner product (f,g), = § fgdu:

(Lf,9)u = (f,L9),  f.g€ 2(L) < L*(p).
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For vectors F' = {fi}7, and G = {gx}7~,, set

m

(F, G = Z (frr 9r) -

k=1

We have the following result for the Hermitizability. The main part of the result
is given in [9]. An alternative proof of the result is delayed to Section 4 of the paper.

Theorem 1  The operator L is Hermitizable with respect to the measure p iff

a is Hermitian (i.e., aff := a* = a) and
Reb = (Rea)(dV), (2)
2Ime = —((0V)* + 0*) ((Ima)(dV) + Imb), (3)

where z* denote the transpose of z. If so, its quadratic form is as follows.
(=Lf,9)u = {adf,09), + vV—1{(Im b + (Im a)(oV)) f, ag>u + (f, 9)pu,
frge 2(L)c L*(n), (4)
where Im ¢ satisfies (3).

We now make a remark on the ordinary form of the second-order differential
operator. Noting that

0i(ai0;f) = ai; 05 f + (Giai;)0; f,
we have

Zai(aijajf) = Zaijazgjf +Z (Z@%i)(@f} (5)

Hence
a5 + D 00 f) = ), dilaii o  f) + ), (bi = 3jaji> (i f)-
i, i i, i j
Noting that as a product of the row vector 0* and matrix a, Zj Ojaje = 0*a is a row
vector, we can write the drift coefficient on the right-hand side as a row vector:
b* — 0%a =: b* (equivalently, in column b = b — (9*a)*).

Then, as an application of Theorem 1: keeping (a;;) to be the same but replace b by
b we obtain the following result.

Corollary 2  Under the assumption of Theorem 1, the operator
L= Zaijafj + Zbial —C
i,j i

is Hermitizable with respect to the measure p iff a is Hermitian and

Reb = (Rea)(dV) + (0*(Rea))*, (6)
2Ime = —((0V)* + 0*) ((Ima)(dV) + Imb — (0*(Ima))*). (7)
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The main advantage of the Hermitizable operators is having the real spectrum.
This is essential for quantum mechanics. However, the potential term ¢ in the oper-
ators makes much difficulty for studying their spectrum. The goal of the next result
is removing the potential term using a modified operator. The idea goes back to [7].

Theorem 3 Let
L=V(@V)+b-V—c

be the operator given by (1) with domain 2(L) and let h # 0 be p-a.e. harmonic
of L: Lh =0, p-a.e. Then L is isospectral to the operator (L, Z(L)):

L=V(aV) + (b+ Ippoh ™ (a + a*)Vh) - V,
(L) ={feL*(p): fhe 2(L)}, fi:=|n]p.
In particular, in the Hermitizable case, a + a* = 2Rea.

In Section 4, Theorems 1 and 3 are extended to a more general class of operators
including the so-called ferromagnetic potential. _

We now go to an opposite direction: from L to L, as an analog of [7; Theorem
1.1(2), Theorem 3.6 and Corollary 3.7]. It is very close to [5; Theorem 34]. In this
way, we can construct a lot of models which have the same spectrum as those of the
given one. The operator L used below has the same form as given in Theorem 3.

Theorem 4 Let L = 0*ad + b*0 with domain 2(L)  L?*(fi). Then for each
complex function h € €2(R%), h # 0, fi-a.e., L is L2-isospectral to L = L'

D(L") = {fe L (un): f/he D(L)}, = |h|"%0
Moreover, L and L are both selfadjoint or not, simultaneously.
Applying Theorem 4 to L with
a(x) = I, ba) = -z = dji(z) = e 171"/2da,
where I is the d x d identity matrix, we obtain the following result.

Corollary 5  For each complex function h € ¥?(R%), h # 0, ji-a.e., the operator
b~ o*o— (x* + 2(8h)*)6 . (m* + 2(8h)*> (oh),
h h h
(L") = {f e L*(un): f/he 2(L)},  pn o= |B| 7
is isospectral to the Ornstein-Uhlenbeck operator L:
L =0%0—a*0,
7(L) = {f e L*() : [V f] € LA (@)}

Hence L" and L have the same discrete spectrum.
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The proofs of the above results are delayed to Section 4. We are now going to study
the discreteness of spectrum for a non-Hermitian model, which is not Hermitizable
in the sense we have studied so far but it is so in a different sense. Hence, we have a
chance to look at a slight different story.

The operator is )

d 3
L=t - (V-Ta)
defined on the real line. For which, the eigenequation becomes

[_ - (\/Tlx)g]gk(x) = Aeg(z).

The serious problem is the complex Hamiltonian 4/—1 3. By Theorem 1, correspond-
ing to this Hamiltonian, the operator is not Hermitizable and hence it is not clear
whether it has real spectrum or not, and also about the discreteness of its spectrum.
Actually, this is the original model (cf. [2]) leading to the study on non-Hermitian
quantum mechanics. There are now quite a number of publications in this field, see
for instance [8, 10, 11, 1] and reference therein. Certainly, it is impossible for us to
review the details of the study on the topic, what instead, is to show that its spectrum
should be real and discrete.

As shown in [8; Appendix B], the first step is a simple change of the variable:
2z = 4/—1x. Then the eigenequation becomes

@, \
[dz2 -z ]Qk(z) = Ak gk (2).-
Now, the variable z varies on the line /—1R. Since we are interested in the real
spectrum {\;}, one may regard the operator on the left-hand side as a real one.
Thus, the original complex problem is reduced to the real one. The latter is a standard
Schrodinger operator, which is clearly symmetrizable/Hermitizable by Theorem 1, and
so has real spectrum. Thus, we only need to prove the discreteness of its spectrum,
which is down in the next section, and more details are given in Section 3 below.
Now, let us rewrite our equation in the real context as follows.

2
[;2 — x”]gk(x) = Apgr(x) zeR. (8)
x

According to [8; Appendix B, for the original complex model mentioned above, there
is a restriction for v: v € (2,4), and v = 3 in particular. The problem was solved in
the cited paper with some extension on the potential function. The exact solutions of
the eigenpairs are constructed there in terms of some special functions including the
Bessel ones. Certainly, such a nice solution can be worked out only for some special
models. Here, we concentrate on the qualitative rather than quantitative aspect: the
discreteness of the spectrum. For the specific model given in (8) with c(z) = 23,
fixing 8 € R, and replacing c(z) with ¢(z) — ¢(5) = 0, then the modified operator on
the interval (8,00) having discrete spectrum iff the following Molchanov’s criterion
(cf. [4; above Example 7.7]) holds:

x40
for each 0 > 0, J c— 0 asx — .
xr

Here, we present an alternative proof to illustrate an application of our general result
presented in [4].
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2 Examples

This section is mainly devoted to prove that the spectrum of the real operator given
in (8) is discrete, see Example 11.
To begin with, we state a general criterion that we already have in dimension one.
For which, we need some notation. For a given elliptic differential (diffusion) operator
d? d
L= a(z)@ +b(z)— — c(x), a(x) >0, b(x) eR, ¢(x) =0

on E := (0,00) or R. Define three measures

C(z)
u(dz) = Z(T)dx, v(dz) = e€@dz,  p(dz) = e ¢ da, (9)

where C(x) = {; (b/a)(y)dy and 6 is a reference point. As usual, write u(f) = §, fdu.
Our criterion is based on the p-a.e. harmonic function h: Lh = 0, p-a.e. having
property h # 0, p-a.e. For simplicity, we fix E = [0,00). Then the other part (—oo, 0]
may be handled in parallel (cf. [4; Theorem 7.13]). The next result is taken from
[4; Part (1) of Theorem 7.1]. There are two more parts in the cited theorem but are
omitted here for simplicity.

Lemma 6 Let #(E) < . Then the spectrum of L is discrete iff

x 0 1
: 2 ~H—2 . 2 ~
Jim (1L (0.0)) 2 (R 1(90,00))[ = Jim | h duL hng] =0. (10)

(b W) o)

Then the function h can be obtained by the following result. Note that G > 0 and
F(0) given below is nonnegative, the solution given in the next lemma is meaningful.

Let

Lemma 7 Let F* be the minimal nonnegative solution to the equation:

F—F)+ L GF, weE,  F() - (3) (11)

h
F* = (ech/>.

In the present real context, the parameter v is allowed to be bigger or equal to 2,
especially, v > 2. In the special situation we are working, a = 1, b = 0, and ¢(x) = 7.
Hence u, v and © are simply the Lebesgue measure on the line. Having Lemma 7 at
hand, the function h follows by the second successive approximation scheme of F™*
given in [4; Theorem 7.4], plus a use of the induction. From which we obtain first the
sequence {F'(k)}:):l, and then the sequence of the first components of {ﬁ’(k)}zo:l:

Then

xa(kfl)

il(zk) (l‘) = Oa E(l)(‘r) = 1; il(2k71)(93) = (]{ _ 1)] a2(k—1)(1 _ 1/04)16—17
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where a = v+ 2, (2)g = 2(z+1)---(z+ k —1), (2)p := 1. We can write down the
function h explicitly:

pok e Ot/a )
h =1 —_——— 12
(z) = +Zk“a2k(1fl/a Z:: (1= 1/a) (12)
Thus,
1z +1 xYt?
h(z) =oF1(1——, — | =0l Lvﬁ
o« v+2 (y+2)
where oF7 is the confluent hypergeometric function:
0 Zk
OFl(Oé,Z) = Z .
k=0 (Oé)kk"
Since (1 — 1/a); = (1 — 1/a)*, by(12), it follows that
ak @ ~+2
x x 0 T € R+.

7)< ;0 HaE (1 —1ja)k  “Pota—1 PHrmq+1) =7

In the next section, we will introduce a simplified construction of the harmonic func-
tion h and a proof of (12).
Before moving further, let make a remark about Lemma 7. Let f be L-harmonic:

af’ +bf' = cf.
Equivalently,
prae =ty (13)
a a
Define

then we can lift equation (13) as

—GF, F(0) = (é) (14)

which is clearly equivalent to (11). We mention that the harmonic function construct-
ed by solving the equation (13) can be different from those obtained by Lemma 7, in
terms of some successive approximation schemes, since in the former case we do not
require f' > 0. The essential condition we need is that f # 0, p-a.e. (cf. [5; Lemma
8]), as mentioned before.

Applying (13) to f = exp 1, it reduces to solve the equation:

W+ + 91// == (15)
a a

Since a = 1,b = 0 here, if we reset y = 1)/, then we arrive at the Riccati equation

Yo =~y +c
In the special case that ¢(z) = a7 for arbitrary real number v # —2, the equation is
solvable (refer to [12; 1.2.2-1, case 4]). Moreover, the solution can be expressed in two
Bessel functions (infinite series). Clearly, such a solution, as well as the one given in
(12) are not convenient to apply our criterion (Lemma 6). Therefore, we will look for
some simpler solutions and illustrate the use of this idea.
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Example 8 The operator

& gl (v +4)

= (2 + V2=l =2
da? (z 21+ ) 6(1+22) 7

on R, has discrete spectrum.

The main task in the proof is the construction of a required harmonic function h.
To apply Lemma 6, we still need an elementary lemma.

Lemma 9 Let p e 4?(0,0).
(1) Assume that

x /"

lim | e =00 = lim @’716“’ and lim % # 1.
xr—00 0 xr— 00 r—00 SOI
Then
xr
‘[e“’~gp' e¥ as T — 0.
0
(2) Assume that
a0 1 s0//
lim e?=0=lim ¢ e and lim — #1.
z—0 J,. T—00 T—00 SD/

Then

0
-1
Je“"~gp' e¥ as T — 0.
x

Proof. It suffices to prove part (1) only. By assumption, we have

§o €? 1 B 1
w/—lew 1 + (@/—1)/ 1 _ SD///(@/)Q.

(m]

The next result is helpful for using (10).

Corollary 10  Under the assumptions of Lemma 9,
r— 00

i o0
lim e“"J e =0
0 T

iff lim, oo @’ = 0. In particular, for a fixed ¢, the conclusion is independent of
lower order perturbations.

Proof. Under the assumptions of Lemma 9, we have
* * 1 1 2
Je“’f e P~ et et~y T ~0 as x> 0. o
0 T

We are now ready to prove the conclusion of Example 8.
Proof of Example 8 First, we construct the required harmonic function. Let
a = 2 and > 0 to be specified later. Define

Yale) = ~a® — Flog(1 + ). (16)
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Then
B

bh(x) = x>t B H(z) = (@ —1)z*2 + Arap

142’

Hence

e ) - 00 ¢ (a1 2 Yyos BG4

1+ 1+ x)?
a—1

2
_ .2(a—1) a—2 a”—1 t B=(a—1)/2
T T +4(1+$)2 (set B = (a—1)/2)

=: co(x).

Combining this with (15), by setting a = /2 + 1, it follows that the function hg :=
exp o is L-harmonic.
Setting ¢ = —21)9 in part (2) of Lemma 9, it follows that

V(E) = J e 22 ~ J e 27 < v (since o > 1).
E E

Then (10) holds by Corollary 10 whenever a > 2. o
Recall that we are mainly interested in the special case that v = 3 in the next
model.

Example 11  The operator

on R, has discrete spectrum.

The potential here ¢o(z) := 27 is simpler than what given in Example 8. The prob-
lem is that for this potential, even though the explicit solution of the corresponding
harmonic function h is founded out, given by (12), but it seems not practical for the
use of Lemma 6. More seriously, it is usually impossible to get an explicit harmonic
function h for a given general potential ¢(z). Hence, we do need a different approach,
independent of the exact solution of h. The approach we adopt is similar to what
used in [6; §2]: regarding the given model as perturbation of some solvable models.
Let us start at a simple choice: f = exp with ¢ (z) = 2%/, then

( /12 +947)(z) = 22D (o —1)2272 = ¢y (2).
By setting o = 7/2 + 1, we can rewrite the above term as
cr(z) =27 + %x”ﬂ_l. (17)

This means that the function exp; is harmonic of the operator L with potential
c¢1(x), for which the function h is solvable. One may regard the original model with
potential ¢o(z) = a7 is a perturbation of the solvable one with potential ¢;(x). Next,
we have a solvable model at hand, Example 8, for which its potential ¢(z) is more
complicated than c¢;(x). This is due to the reason we required: the solvable models
should be as close as possible to the model we are interested. Comparing the model
given in (17) with the one given in Example 8:

~—

Y g1y Yy +4

7 oA/2-1,
v 21 + ) 16(1 +2)2°

c(x) — 2" = ; co(x) — 2" =
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it follows that the growth rate of the latter is one order less than the former.
As an accompany, we now introduce another solvable model with A = exp 13:

1
P3(x) = axa — (a—1)log(l + z). (18)
Correspondingly, we have

(5° +95) (@) = &*7) 4 (a - 1)[1—2Hc - 1]330‘_2 +

ala—1)
(14 2)?
Denote by hg the function given in (12). Then we can set 1pg = log hg. By, Lemma

7, we have 99 > 0 and ¢, > 0. We now have four pairs (¢5, cx);_,, combining them
together, we obtain Table 1.

=:cz(x). (19)

Table 1 Functions v, and cg

k Y () ck(x)
0 [ 0@ = logho(@) 2o =
1 r 22D 4 (o — 1)z*2
o
x*  a—1 a—1 a?—1
9 s 1 1 2(a—1) a—2
« 2 og(1 + ) . +1+zx +4(1+x)2
x® 2 ala—1)
3] — —(a—1)log(1 2(a—1) -1 —1|zo 24 —
- (a—1D)log(1+x) | = + (« )_1+$ _x 4—(1+90)2

When a > 2, we have
(Ui} _o >0, {Y }i_o >0, and {cx}i_y >0 forall z>0.

Besides, we also have

c2(z) = co(x) = es(),
except a small neighborhood of = around 0, say (0, 1.8) when « € [2, 3] for instance for
the second inequality ¢g = c3. Thus, in terms of the comparison theorem (cf. Lemma
13 (1) below) for the minimal nonnegative solution, up to a constant, we should have

exp ¢y = ho = exp .

Similarly, we should also have hg > expts, up to a constant. Note that the local
problem does not interfere our goal since we are interested in only the asymptotic
behavior at infinity.
We are now ready to prove the assertion of the example.

Proof of Example 11 Note that the case of v = 2 is the classical harmonic os-
cillator model, for which the answer is well known, see for instance [4; Example 7.7].
Thus, in what follows, we may assume that v > 2, or equivalently « > 2. Since 15
and 13 have the same leading order and so do v and %, we have

0

exp [21/12] J exp [ — 21/13]

x

T

1(h*1(0,)) 7 (h *La.00)) < C(Q)JO

(for some C(«) independent of )
~ (5) " exp [2¢2 | (¥3") "t exp [ — 243 |
~ (") P exp [2(v2 — ¥3)]
~ x—Q(a—l)xa—l

~0 as x — o0,
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once x>1. o

Note that in the proof we adopt upper and lower bounds s and 3 of 1y, we
need not only the same leading terms of 1o and 13 and also the second leading terms
of them. That is the reason we have to choose 19 and 13 carefully.

Finally, we have proved the discreteness of the operator given in (8) for v > 2
and furthermore for the corresponding complex operator with v € (2,4) mentioned in
Section 1.

The approach used in this section is taken from [4; §7]. A new simplified one is
given in the next section.

3 New simplified approach

First, we present a simplified construction of the harmonic function A given by Lemma
7. The observation goes to the special structure of the matrix G:

G(@:(O g) (say!).
“(5) - ()
()-(9)

Since we are only interested in the first component of the resulting vector, this suggests
us to combining the first two steps into one:

o1 2) 0 ()-(3)

This leads us to use one-dimensional function A instead of the two dimensional one
F'. To do so, we compute the double integration of the original G given in Lemma 7:

Then we have

and in the next step, we obtain

J, wew [ eee= e [ wower

0 z

z z £(2)eC®)—Cw) 0
= a
L dzL dy 0 € (y)eCw=C ()
a

We need the first component at the first line of the matrix on the right-hand side:

J dz_[ dyf(z)eC(z)_c(y)=J dz [(2)60(2) J dye‘c(y)].
0 z a 0 a .

Therefore, we define the following kernel:

\%
w
WV
e
©
=

k(z,2) = E(z)ec('z)f dye €W, x
a

z
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Then, we have the following successful approximating procedure:

o) () = f dek(z,2)f™ (), n=1, [fO@) =1 (21)

0

Therefore, the required harmonic function h* is given by
) ~
@)= 3 f @),  weR,. (22)
n=1

Here is the new construction of h*.

Lemma 12 Let k be defined by (20). Then h* is the minimal nonnegative
solution to the equation

f(z) = Ja dz k(z, 2)f(2) + g(x), reR,, (23)

0

with g(z) = 1. It can be obtained either by using the first successive approxima-
tion scheme h* = lim,,_,, 1 f™ (pointwise):

FOrD () = fp dzk(z, 2)f™M () +1, n>1, () =1. (24)
0

or by the second successive approximation scheme defined in (21).

Before moving further, let us mention that the construction of h given in Lemma
12 corresponds [5; Algorithm 14] for (bx) in the discrete case; while the construction
in Lemma 7 corresponds [6; Lemmas 4 and 5].

The proof of Lemma 12 is given in the next section. We are now ready to prove
(12).
Proof of (12) In this case, we have a = 1,b = 0 and ¢(z) = 27. Then C(z) = 0.
Hence k(z,z) = 27 (z — z). By (21), we have f(V(z) =1 and

fre - |

0

T

dz27(z — 2)f™(2) = :cfr 2V (2) — Jz AT (), nx 1.

0 0

In particular,

f@)(x):xfzy _ fzwlz
0 0

which is the special case of n = 2 in the following formula:

Y2 Y2 Y2 e 9
— = = , 0=
v+1 ~v+2 (vy+1)(v+2) o?(1-a) K

xa(n—l)

() = (n— )la2-D(1 —1/a)n_1

In view of this, it is easy to prove the required assertion by induction. o
To make additional details to the proof of Example 11, we need some simple
properties of the minimal solution to equation (23).

Lemma 13
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(1) (Comparison). Let k >k and § = g (pointwise). If
0> | k@) +i@),  acRe,
0

then f > f*, where f* is the minimal solution to (23).

(2) (Linear combination). Let B, > 0 and g = 0 and f* be the minimal solution
to (23) with g = gi, k = 1,2, then f* := B, ff + B f§ is the minimal solution
to (23) with g = Big1 + f2g2.

(3) (Localization). Let f* the minimal solution to (23), g € (0,0), and {f*(z) :
x = xo} be the minimal solution to the equation

L0

f(z) = Jw dz k(z,2)f(2) + J dz k(z, 2) f*(2) + g(z), T = xg.

0
Then f* = f* on [zg,®).

Refer to [3; Theorem 2.6, Corollary 2.8 and Theorem 2.13], respectively, for the
proofs of these assertions. Actually, the proofs are rather elementary.

We are now ready to come back to the proof of Example 11. Note that as men-
tioned in [4; Theorem 7.4 (1)], the solution to (11) and then (23) is indeed unique,
hence we simply write h* as h if there is no confusion. Because ¢y > cg, it follows
that he = hg, or equivalently, 12 > 1)g by Lemma 13 (1). Then we have

T

#(hglio.m) < L exp[2¢2], x>0 (25)

It is not so easy to control the other part ﬁ(h521(x7oo)). For this, we need more work.
Corresponding to each ¢;, we have a k; defined by (20). Then we have the solution
hj to equation (23). What we need is a lower bound of hy by hs. Unfortunately, it
seems not trivial to prove the inequality hg > hg since ¢y may be smaller than c3 on
a small neighborhood of the origin, see Figure 1: €1(o, ) = ¢o(z) — cz(x). On the
right, from top to button, three curves correspond to a = 3, 2.5, 2, respectively.

15}
1.0

05F

-1.0F

-1.5§

Figure 1 €1(a,z) on [1, 2.5]
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Hence we look for a weaker estimate that hg > chs. To do so, recall that by
Lemma 13 (3), (h;(x) : z € [1,00)) is the solution to the equation

hj(x) :dez ki(z,z)h;(z) + L dzkj(z,2)h}(2) + 1 (le g(z)=1), z=1,j=0,3.

Noting that even though we do not have ¢y > c3 in a neighborhood of origin, but we
do have C(a)cy > c3, where C(a) = %, The resulting

a?co(x) — c3(x)

ea(a, x) := 1

are shown by Figures 2 and 3. Again, the three curves from top to button correspond
to a = 3, 2.5, 2 respectively. The minimum of €3(2,2) = 0.838312 achieved at
x = 0.171663. We remark that there is a lot of freedom in choosing a suitable C(«),
which is the advantage of the present approach. Mainly, two conditions are required:
to guarantee the difference €5 defined above to be positive; easier for computation.
This is based on the fact such a modification does not interfere our conclusion.

3.0k
25}

20}

15f

10—
| N N N | s n T 4 .

0.05 0.10 0.15 0.20

Figure 2 es(a, ) on [0.01,0.2]

0.4 0.6 0.8 1.0

Figure 3 ez(a,z) on [0.2, 1]



HERMITIZABLE, ISOSPECTRAL OPERATOR AND NON-HERMITIAN MODEL1593

Let L
o = @) [ skl 05 + olo)|

Note that here not only ko but also g is enlarged by the factor C'(a). Regarding g(*)

)

as a new g and consider the minimal solution, denoted by hél , to the equation

T
ho(z) = f dz ko(z, 2)ho(2) + g (z), x> 1.
1
Because ko > k3 and g™ > 1 on [1,0), by Lemma 13 (1), we have hél) > hs on on
[1,00). Moreover, By Lemma 13(2), we also have h(()l) = C(a)hg on [1,00). Hence
ho = h3/C(a) on [1,00). Therefore, we have
D(hg*Lism)) < C()?0(h3*L(am)), 2> 1 (26)

Combining this with (25), we arrived at the first step in the last formula of the original
proof at the end of Section 2.

To conclude this section, we mention there is actually a simpler but rough way to
make the comparison given in the last paragraph. For this, let

1
gj = J dzk;(-, 2)h3(2) + g, j=0, 3.
0

Since go and g3 are finite and positive, there exists a large enough C' (a) depending
on « only such that

~

go :=C(a)go = gs-
Replacing C'(«) by the unexplicit C () in the last paragraph, we obtain the required

estimate.
4 Proofs and extensions

In this section, we prove the theorems introduced in Section 1, as well as Lemma 12
given in Section 3. Besides, we extend Theorems 1 and 3 to a more general class of
operators.

Proof of Theorem 1 Note that

(L+0¢)f.9)u=(0%(ad)f,g), + (b*0f,g), = T+1L
Under suitable condition at infinity, using the integration by parts formula, we obtain

1= = | Sau@noae”) = ~ads. 29~ (@V)"adf. ;.

Hence

I+ 11 = —(adf, dgy, + ([b* — (oV)*a]of, g)u.

For the convenience of the following, we denote b* = b* — (OV)*a, that is, b =
b—a*(dV). We obtain

(L +0)fs )= —Cadf, 29y, + (b*0f. g),, = T+ X. (27)
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Similarly, we have
(f, (L +e)g)u = —0f, adgyu + (f, b*g),, =1V + V. (28)

Clearly, the first terms on the right-hand side of (27) and (28) are coincided iff a
is Hermitian. We assume this in what follows. However, the second terms on the
right-hand side in (27) and (28) are not easy to compare since the factors (0;f)g and
f(0:g) are different. Note that the term X in (27) is equal to

-X hreae - ) | ey sa
= —(bf, dgy — ([((OV)* + 0*)b]F, 9) -

Thus, we can rewrite (27) as

(L+)f, 9)u = —<adf, 0y, — bf, o — ([((2V)* +0)b]f, g),
=: I + VI + VIL (29)

Keeping a = @ in mind and combining the last three formulas together, since III =
IV, by (28) and (29), it follows that

—(Lf, 9)u + (f, L)y
=V-VI-VII+ ((c—2)f, 9)u
= {(b+)f, 000 + ([c— e+ ((QV)* + 29)b] 1, g),,
= 2(Red)f, o+ ([2vV~=TTme+ ((9V)*+ 0%)(Reb+v/~1Imb)]f, g) . (30)

From the first term on the right-hand side, we obtain (2) since Rea* = Rea and
=b—a*(0V), then (3) follows from the last term on the right-hand side, since

Ima* =Ima = —Ima.

Finally, we compute the quadratic form of the operator L. Using (2) and (3) and
the analysis in (30), from (29), we deduce that

(~Lf. g)u=(adf, gt~/ ~1{(Im bt (Im a)(@V)) . 29D+ (ef. g) . (31)

In more details, the second term on the right-hand side of (31) comes from the one
of (29):

VI ={bf, 2g) @ V=1{(Tm b+ (Im a)(@V)) £, o),

The third term on the right-hand side of (31) comes from the one of (29) plus the
term containing c:

(cf, 9)u) — VIL = ([c+ ((oV)* + 0*)(b— a*(0V))] g)u
2 (c+F ((OV)* + 0%)(Imb + (Ima)(@V))] £, 9),,
(

[
: [Rech\/iImeZ\/iImC]f, )
:(Cfa )N'

=
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This proves the third term on the right-hand side of (31). At the same time, we have
proved (4).
Similarly, from (28), we obtain

(f, =Lg)u=<0f, adg),—~=1{(Imb+ (Ima)(V)) f, dg) + (f, 9)u- (32)

Because
Im b+ (Im a)(0V) = —(Imb+ (Ima)(oV)),

the second term on the right-hand side of (32) coincides with the one of (31), and so
we checked again (—Lf, g), = (f, —Lg), by (31)and (32). ©
Proof of Theorem 3 First, we have

V(aV(hf)) = V(haV | + faVh)
= hV(aVf) + fV(aVh) + (a + a®)(Vh) - (V).

Hence

1 f 1
I[h;éO]EL(hf) = (L + C)f + I[h;éo] ELh + I[h#o]ﬁ(a + a*)Vh -Vf

1
=(L+c)f+ I[h;éo]ﬁ(a +a*)Vh-Vf (since Lh =0, py-a.e.).

The assertion now follows from [5; Lemma 8]. o

In parallel to Theorems 1 and 3, respectively, we have two theorems below. Let
D denote the column of operators {0; + v; }?:1, where v = (7;) is the ferromagnetic
potential. In view of (34) below, one may deduce the required result from Theorem
1, but we prefer to present a direct proof given below for a quadratic form different

from Theorem 1.

Theorem 14  The operator

L = D*(aD) +b*0—c¢ (33)
= 0%(ad) + (v*(a + a*) + b*)0 + D*(ay) — ¢ (34)
=a-00* + (D*a +~v*a* + b*)0 + D*(avy) — ¢ (by (5)) (35)

on €2?(R?) is Hermitizable with respect to p iff aff = a, ¥ = —, and
Reb = (Rea)(dV), (36)
Imc = —(Im~)*(Rea)(dV) — %[(6V)* +0*|[Imb + (Ima)(oV)]. (37)
In this case, we have the symmetric form:

(—=Lf, g)# = {aDf, D9>u + \/?1<(Im b+ (Im a)(aV))f, ag>u + (ef, g)m
frg€ 2(L)c L*(w),

where Im ¢ satisfies (37).

By setting v = 0 in Theorem 14, we return to Theorem 1. Similarly, we have the
following isospectral operator for the operator L defined in Theorem 14.
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Theorem 15  The operator (L, Z(L)) on L?(i1) defined in Theorem 14 and let
h be L-harmonic Lh =0, u-a.e. Set

L= a-00*+ (D*a + v*a*+ b*)d = 0% (ad) + (v*(a + a*) + b*)0  (by (35)).

Then the operator (L, Z(L)) is isospectral to the following one:
~ 1
L= LO + I[h;éo]ﬁ(ah)*(a + a*)@
1
= 5*(&5) + [b* + (’7* + I[h;,go]h((?h)*> (a+ a*)]&

L) ={feLl*(@): fhe 2(L)}, p:=|hPp.

Proof of Theorem 14 Noting that under suitable boundary condition, using the
integration by parts formula, we obtain

(@+)*(al@+)f.9),

= —(a(@+7)f, OV + ) gy +<a(@+7)f, Y9u
= ~a(@+f, (@ =g — (0V)*adf,g)u — ((OV)*arf, 9)u-

Hence, we have
—(Lf, 9= Ca@+ N, (0 =FNgu— (" = (eV)*a)df, g),+ ((c+ (@V)*an)f, g),,
=: 1+ II + IIIL.

H

Thus, for some type of symmetriy of the first term I, we should have ¢ = a and

4 = —=, which are assumed to be held in what follows. Then

I={aDf, Dg), =<{Df, aDg),.

For the second term II, we need more work. For the convenience of the following, we
let again b* = b* — (dV)*a. By integration by parts formula, we have

I = —<af, §g>u _ (f7 E*ag)u + (f7 (OV)* + a*)z?g) .

©w

Next, we have
~(f, Lg)u =@ =A)f, al@+ 1) — (£, b*0g), + (£, (c + (V) ar)g),,.
Recall that a” = a,5 = —v, that is, 7 = v/—1Im~. Hence
—(Lf; 9)u+ () Lg)u
= (1, (b + i*)ag)# +([e—c+ (@V)*(a+a)y + ((@V)* +3*)b]f, g),
= (/. 2(Reb)*ag), + ([2v=1 (Tme + (0V)*(Rea)(Im 7))
+((@V)* + 0*)(Reb + v=1Imb)|f, g) ,-

The required condition (36) follows from the first term Reb = 0 on the right-hand
side, and then (37) follows from the first assertion plus the second term there

2V-1 (Imc + (0V)*(Rea)(Im7)) + ((8V)* + 0*)(Reb + v/~ 1Im b) = 0,
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since Imb = Tmb + (Ima)(dV). o
Proof of Theorem 15 Similar to the proof of [5; Theorem 33], replacing the
original b by ~, we have

L(hf) = (a-00*)(hf) + (D*a + v*a* + b*)O(hf) + (D*(avy) — c)hf
= h[(a-00*)f + (D*a + v*a* + b*)(0f)]
+ fl(a-00%)h + (D*a + v*a* + b*)(0h) + (D*(ay) — c)h|
+ [(@h)*a(of) + (0f)*a(oh)].

Hence
I[h;eo L(hf)
= [(a 00*)f + (D*a + v*a* + b*)(0f)]
+ I[h¢0]£[(a 00*)h + (D*a + v*a* + b*)(0h) + (D*(ay) — ¢)h|
+ 1[,#0]%[(%)*@(@ £) + (@) *a(on)]
=: 1+ II + III.
Because
I= Lofa

I = I[h;éo]%[,h = 0 (by harmonic assumption),

11 = I[h#)]%(ah)*(a +a*)(0f) (since (8f)*a(0h) = (Oh)*a*(2f)).

Combining these facts together, we obtain the required assertion. o
Proof of Theorem 4 The final assertion is a consequence of [5; Theorem 9].
Following the proof of [5; Theorem 34], we have

(a@)(i) - a(}ll(af) + f&(i)) - %a(af) + fa&(lll).
Hence

an(f) - (jen ()
%(a*aa Vf+ ( <}11) a(of) +fa*aa< ) + (af)*aa(ill)

o enrao(;) = (ao(; 0f)=(0<,11>>*d*(0f),
and then

(o(3)) aen +@nrao(3) = (o(3)) @+ e,
we obtain

(@*a@)(i) - %(8*&6)f + f&*d&(i) + (a(i»*(a + @) ().
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Hence

hi(z) . h(a@))*(am*)(af) + h(a*d+5*)6<;)f.

Next, because
1 1 1 1.
o*ao( LY = 2 (ony*a(on) — - o*a(on)
h h3 h? ’

—nilf
th._hL<h>.

The proof of the theorem is now completed. o
Proof of Lemma 12 First, we prove that the function h* defined by (22) is a
harmonic one we required. Note that

we obtain the expression of

d - . @ .
S I0@) = k) oD @)+ [ 4z (@0 fo )

= ¢@ J dz g(z)ec(z)f(”_l)(z) (since k(z,z) = 0);
0

d’ ) () = ! —c@ [T g, € C(z) f(n—1) € (g) Fn—1)
1l @) = =€l @) |z 2 ()OI + @)Y @)
b d -
= (@) @) + @) J @)
We obtain
d? & & 1
Epel *(x) = ?TEQf(”)(J:) (since fV) = 1)
LS e+ L) 3 @)
o dx = a =
b d
= — (@) (@) + S (@) h* (@)

Therefore, we arrive at the harmonic equation

d? d
a—h*—l—b—xh* —ch®* =0

as required.

The remainders of the assertions are standard, see for instance [3; §2.1]. For
example, to show that the two successive approximation schemes given in the lemma
lead to the same solution h*, simply check that

o) = zn: f)
j=1

for each n > 1, by induction. o
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Abstract

The top eigenpairs at the title mean the maximal, the submaximal,
or a few of the subsequent eigenpairs of an Hermitizable matrix. Re-
stricting on top ones is to handle with the matrices having large scale,
for which only little is known up to now. This is different from some
mature algorithms, that are clearly limited only to medium-sized matrix
for calculating full spectrum. It is hoped that a combination of this pa-
per with the earlier works, to be seen soon, may provide some effective
algorithms for computing the spectrum in practice, especially for matrix
mechanics.

This paper is a continuation of [6] which surveys partially the results (algo-
rithms) presented in [3-5], plus some additional materials. The main context
in [6] is on real tridiagonal matrix, except few comments on the complex situ-
ation. In the real context, the theoretical study on the leading spectrum of the
infinitesimal matrix operator is reviewed in [2]. This paper starts at a com-
putational technique for checking the Hermitizability and then goes to study
the Householder transformation, and furthermore the submaximal eigenpair
for Hermitizable matrices. The algorithms can also be used to compute a few
number of the other subsequent eigenpairs. The price we have to pay is mainly
for the Householder transformation (Algorithm 3) which is a famous algorith-
m having complexity O(N?3). The other algorithms in the paper are mainly
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O(N) algorithm. In Section 4 of the paper, except some remarks on our al-
gorithms, a proof of a key result, an isospectral property of the Hermitizable
matrix and a Jacobi (birth-death) one, originally given in [5], is presented.
The last section of the paper is devoted to the practical implementation of
the results obtained in the previous sections on large scale matrices. Some
additional analysis and the programs in MatLab of the algorithms, as well as
a number of tests in comparison with the known programs are presented.

1 Checking the Hermitizability

Let A = (aij)z]'Yj:O be a given complex matrix. We are going to check by
computer its Hermitizability introduced in [5]: there exists a positive measure
1 such that

WiGi; = pag; Vi, 7, (1)
where a denotes the conjugate of a. Note that we have a very simple nec-
essary condition for the property (1): for each pair (i,j), either a;; = 0 and
aji = 0 simultaneously, or a;jaj; > 0 (cf. [5]). In particular, (a;)Y, must be
real. However, for the criterion of the Hermitizability, one more condition is
essential: the so-called circle condition. The analytic method for checking the
circle condition was given in [5; Theorem 5]. Here we introduce an algorithm
for checking the condition by computer. Define a column vector 1 having el-
ements 1 everywhere and denote by Diag(u) the diagonal matrix with vector
u as its diagonal elements. For simplicity, let B = A — Diag (fl]l). Denote by
B\last line} 1o matrix obtained from B by removing its last line.

The checking procedure consists of three steps.

Algorithm 1 (1) Computing the harmonic measure. Consider the (row-)
harmonic equation: uB = 0 with o # 0. Assume that there exists at least
one non-zero solution p. Equivalently, the equation

B*\{last line}M* -0

has at least one solution (ug, - , un) with fixed boundary condition, say
po = 1 for instance. Actually, in the Hermitizable case, the resulting
measure p must be positive (and is indeed unique under the irreducible
condition, cf. [5]), then we can go to the next step. Otherwise, the matrix
A is not Hermitizable.

(2) Define the quasi-Hermitizing matriz as follows.

A = Diag(u'/?)ADiag(n V%), = ma/yE;  Yig (2)

(3) Hermitizability criterion. Now, A is Hermitizable iff A = A where the
superscript H means the conjugate transpose.

The next example illustrates an application of Algorithm 1.
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Example 2 ([6; Example 3]) Let

-2 2420 1—i 0
1/2—i/2 -3 1-i/2 3+i

1+i 4420 —4  8+42i
0 3—i 2-i/2 =5

A=

Then w1 =1, us =4, pus =1, and g = 4. Furthermore,

-2 1+ 1—1 0

1—7 -3 2—1 3+1

1+7 247 —4 441
0 3—7 4—7 =5

Diag(u)'/? A Diag(u)~'/* =

which is clearly Hermitian. Its eigenvalues are as follows.

—9.1026, —5.75255, 2.62816, —1.77301.

Proof. Note that

-3+i 2+2i 1-i 0
s V22 92 1-if2 3
N 144 442i —13+5i 8+2i
0 3—i  2-i/2 —5-3i/2
and then
-3+ 1/2—1i/2 I+1 0
p*\{last line} _ 2492 -9/2 4421 3—1

1—i 1—i/2 —13+5i 2—1i/2

Now, the conclusion follows from Algorithm 1. [

2 Reducing Hermite matrix to tridiagonal one

We have in the last section reduced the Hermitizable matrix to an isospectral
Hermitian matrix A given in (2). In this section, we further reduce a Hermitian
matrix to some isospectral symmetric tridiagonal matrix with nonnegative sub-
diagonal elements, in terms of Householder transformation. Thus, throughout
this section, we fix a Hermitian matrix A = (aij)f-yj:l. We are going to use
some unitary similar transformation, making the off-tridiagonal elements to

be zero. The algorithm is running column by column. Let Ap_; = (ag?_l))

(Ag := A) and b®) be the kth column of A;_; given in Fig. 1. Replacing the



TOP EIGENPAIRS OF HERMITIZABLE MATRIX 1603

first & components of b¥) by zero, we obtain the vector z(¥). Next, define y*)
by the following procedure: replacing each component by 0 in %) except the
element bgle is replaced by sj,:=Va(k)H (k)

b\ 0 0
b 0 0
k) _ k k)._ k k)._
0 = 4, o= 40, = |
k k
it bt 0
b\ b 0

Figure 1 Construction of two vectors: ) and y*)

Algorithm 3 At the k(> 1)th step, suppose that the matrix obtained after
k — 1 transformations is A;_1. Then, we want to transform z(*) into y¥) =
(sk0i k+1:1<i<n) by a unitary transformation defined by using z*) and y(k):

Ug=1+ UUH/O[, U = :E(k) - y(k)’ o= Sk(bgﬁzl - Sk)v

or in pointwise form:

1
Uk (i, 5) = 6ij + — N (!E,(k) — 5k0ik+1) (fgk) — 510j k41)-
Sk (bk+1 — s1)

Furthermore, we obtain the transformed matrix A at step k:

Ay, = U A UH.

Note that in the special case that s, = 0 or s, = b,(izl > 0, the U}, defined above
is meaningless, we can simply ignore this step (or reset Uy, = I) and jump to the
next step at k+ 1. At the last step k = N — 1 (at most), we obtain the required

real symmetric tridiagonal matrix Ay_1.

We mention that the unitary matrix I + uu!? /o is Hermitian iff o is real,
or equivalently, so is b,(ﬁzl. If a # 0, then
H _(k) _(k _(k k
utu = Z :L'g )3:§- ) + (331(9421 — sk)(:E,ile — Sk)
jAk+1

k _(k
= 23% — sk(az,(ﬁzl + x,(wzl)

k 7(k
= 25} — Sk(bz(wh + 512421)

=—(a+a).
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Hence,
H

U,kaZI—i-%(a—i-d—i-uHu):I.
ao

Equivalently, UkUlff = I in view of the operation H : A — A". Thus U, is
surely unitary.

The following algorithm is for computing the maximal eigenvector gmax(A),
which can be run in parallel to Algorithm 3 above.

Algorithm 4  Starting at V7 = UIH, update V; step by step in parallel to
Algorithm 3:
Vi=Ve U, k=23,...,N—-1

Denote by (Amax(T"), gmax(T)) the maximal eigenpair of T':= An_1. Then the
maximal eigenpair of A can be expressed by

()\max(A)a gmax(A)) - ()\maX(T)y VN—l gmax(T))-

Similarly, one can compute the other eigenpairs of A using the ones of T with
the same transform Vy_j.
Alternatively, gmax(A) =: g(© can be obtained by the following procedure:

gD =UHg®  k=N-1N-2,... 1.

The first method in Algorithm 4 does not need to store, step by step, the
whole sequence {V]};V: !, but it requires about N(N + 1)(N + 1/2) times of
multiplications. Here is a careful analysis on the complexity of gmax(A) of the
method. First, we compute the complexity of V. Note that Uy = I +uu'? /a,
we have U ,f = I +uu Ja. As usual, we count only the multiplications. Since
at the kth step, the first & components of u are zero, and so are u/a and u'?,

it follows that

U
z := — requires N — k times of multiplications

@
Z :=Vj_1z requires N(N — k) times of multiplications

Zul requires N(N — k) times of multiplications.

The last step needs a little explanation. As a product of the column vector Z
and the row vector uf, one often requires N2 times of multiplications. Here
the first & columns of the resulting matrix are zero and so can be ignored,
since the first k components of u' are zero. Hence the total multiplications
are reduced to be N(N —k) as given above. Thus, it means that Vj, = V;,_1U ,f
requires (2N + 1)(N — k) times of multiplications. Next, for k varying from 1
to N — 1, we obtain Vjy_1, which requires

— N(N - 1) 1
;(2N+1)(N—k) — (ON41) | N(N=1) — f} _ N(N-1) <N+§>



TOP EIGENPAIRS OF HERMITIZABLE MATRIX 1605

times of multiplications. Finally, for gmax(A) = VN_19max(T), it requires
additionally N? times of multiplications. Therefore, for gmax(A), it requires
totally

N(N -1) <N+%> +N2:N<N2+g—%> = N(N +1) <N—%>
times of multiplications.

Comparing the first method just discussed above, the second one (given at
the end of the algorithm) goes on the opposite direction: we have to store the
sequence {xV)} (or plus {s; = ||z)||}) which generates the sequence {U;}, but
the iterative computations require only N(N —1)/2 multiplications. Thus, the
second method is more effective than the first one, at least for large matrices.

We will come back to this topic in Algorithm 7 below.

The Householder transformation goes back to [10]. The representation
here is taken from Wang [17] which is based on [16]. Since s = y¥Hu, the
expression of Uy, here fits [8; p. 2375, the formula right above part II1].

We now illustrate the algorithm by some examples.

Example 5 (Continued) Let A be the Hermitian matrix given at the end
of Example 2. Then, we have

[ 2 2 0 7
, 5 Ve
2 2
Az = V6T 265 27T
2 134 67
0 oyTTIT 504
i 67 67

Notice that the sub-diagonal elements of the symmetric tridiagonal matrix As
are positive. We have thus reduced the computation of the maximal eigenpair
of Hermitian A to the real tridiagonal one A3. Furthermore, we have

Amax(A) = 2.62816
gmax(A) = (51569 + 1374264, 1.07178 + .09438144, .969716 + .439587 4, 1)*.

Proof. At first step, we have

e =0, 1—i, 144, 0%,

[ 0 0

1/2—i/2 1/241i/2

1/24i/2 1/2—1i/2
0 0

i=U =

= o O O

o o o =
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(2 2 0 0o |
4|2 —5/2 2402 T/24i)2
0 2-i/2 —9/2  T/2+3i/2
0 T/2-i/2 T/2-3i/2 -5 |

At the second step, we have

2 = (0,0, 2—14/2, 7/2—i/2)",

Vo = ViUH
(10 0 0

0 .5—.5i .305424 + .183254i .106015 + .601577
0 5+.5¢ .183254 — 3054247 601577 —.1060157 |
0 0 .855186 —.1221697 —.38067 — .329881i

I 0 ]
5 V67
3 N
Ay = V67 265 (81 — 344) (V67 — 4 +1i)?
2 134 134 (21 — 2V/67)
0 (81+43414)(v/67 — 4—1)? 504
L 134 (21 — 2V/67) 67

Finally, at the third step, we have

«® = (0, 0,0 (81+341)(v/67 — 4—1i)? |
134 (21 — 2V/67)
Vs = VoUH
1 0 0 0
0 .5—.50 .305424 4+ .1832547 .148807 + .592445

0 .5+.57 .183254 — .3054247 .592445 — .148807¢

0 0 855186 — .1221697 —.403308 — .301785¢

and then Aj given in the example.
Because A\pax(As) = 2.62816 and

gmax(Asz) = (1.60558, 3.71545, 3.87088, 1)*.
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We have Apax(A) = 2.62816 and
gmax(A)
- ‘/3 gmaX(AB)
=(.51569 + .1374264, 1.07178 4 .0943814 i, .969716 + .439587 4, 1)*.

The conclusion is checked by

Agmax(A)/Amax(A) = gnlax(A)-

For the computation of the maximal eigenpair of tridiagonal matrix, refer
to [6], and see Section 4 of the paper for analytic details. The next example
shows a blocking phenomenon which seems not treated before carefully.

O

Example 6 Let
72 8L 200 50 500 70 60i ]
289 289 289 289 289 289 289
8L 813 20 40P 30 50i
A= 289 289 289 289 289 289 289
50 . 504 20 i 404 648 91 71
289 289 289 289 289 289 289
70 604 30 501 91 7 41
L 289 289 289 289 289 289 17 _
Then the deduced tridiagonal matrix is divisible:
[ 732 32310 O i
289 289
32310 713
Aq = 289 289
’ 64 170
27 27
O V170 71
L 27 27 -
Proof. At the first step, we have
) 81 271 50 507 70 607\"
€T = 0 _—— — _— _— _— _—
7280 2897 289 2897 289 289 )
Vi=Uf
1 0 0 0
0 .561769 4 .1872567 .254965 + .418919:7  .373346 4 .519098¢

346771 — 346771 ¢

485479 — 4161254

—.84819 4 .018202¢

199173 4 .00848164 ¢

195533 + .03884361 —.741923 + .0309434 ¢
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732 3v/2310 O i
289 289
3v/2310 713
A = | 289 289
64 13 i
27 27 21
0 B i 1
i 27 27 27

The second step can be ignored since for which we have z(2) = 0. Then we
have Us = I and so Vo = V;. We now go to the third step.

23 = (0, 0, 0, 13/27 4 i/27)"

Vs = VUL
1 0
0 .561769 4 .187256

0 .346771 — .346771¢

)

0

.254965 + 418919

—.84819 + .018202¢

0

.332433 + .546204 ¢

197936 + .0237325 4

195533 + .03884367 —.742111 — .0260506 7

0 .485479 — 4161251

and Ajz given in the example. Clearly, the matrix A3 can be reduced to two
2x 2 matrices and so it has two repeated pairs of eigenvalues {3,2}. The reason
is as follows. First, for an irreducible (or unreduced) tridiagonal matrix, its
eigenvalues are distinct. This classical result is included in many textbooks,
see for instance [1; p.97, Theorem 3.3|, or [11; p.36, Theorem 2.2|, or [14; p.134,
Lemma 7.7.1]), or [18; pages 300-302]. In this case, the block decomposition
for the matrix can be ignored. Hence, A3 should have multiple eigenvalues and
the multiplicity should be less than or equal to 2. Otherwise, there would have
more blocks, not only two. If there are three distinct eigenvalues, then there
would have two submatrices with size 3 x 3 and 1 x 1, respectively. Hence we
are not in this situation. The conclusion can be easily checked by computing
the eigenvalues of these two 2 x 2 submatrices separately.
To compute the maximal eigenvector of A in the above example. Let

() 1 732 3v2310 @ 1 64 V170
A3 — @ 5 A3 — ﬁ .
3v2310 713 v170 71

Then, with the same maximal eigenvalue 3, the maximal eigenvectors for them

are
1 /154 \° @) 10 \°
/== 1 d = (/=1
<3\/15’ ) e 9 ( 7 >

o =
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respectively. Thus, the matrix As has the maximal eigenvalue 3 with multi-
plicity 2 and independent eigenvectors as follows.

1 /154 * /10 *
(1) — | = —. 1 d ) = —. 1 .
g <3 15 M M 07 O) a‘n g <O7 07 177

By Algorithm 4, the similar assertion holds for the original A with independent
eigenvectors

Vag™M) = (1.06805, —.561769 — .1872564, —.346771 + .346771 1,
— 485479 + .4161257)* and

Vag@=(0, —.527982 — 86754, .452596 — .03769284, .592145 — .003741034)*,

respectively. Clearly, these two vectors are linear independent. Let us mention
that each N-dimensional Hermite matrix has N linear independent eigenvec-
tors, and so does each Hermitizable one. [

It is the position to come back to the computation of the maximal eigen-
vector. From the last two examples, we have seen that the computation of the
sequence {V;} costs heavier work (actually has a higher complexity). We now
show that in some cases (the matrix has a smaller size or is rather sparse, for
instance), it is possible to use directly the shift inverse iteration.

Algorithm 7 Let A = (aij)ff;:l be a given Hermitizable matrix. Set z =
Amax (A)+¢ with small £ > 0 (say 10~® for instance) and choose a suitable vector
wyp. For a given vector w (may have subscript), here we fix the normalization of

w in terms of its first w(1) or last components w(NV):
v=w/w(l) or w/w(N).

Now, for given v := v_1, the shift inverse iteration goes as follows. Let w = wy
solve the equation
(2 — A)w = v.

Then define v;, as the normalization of wj just defined. Continue the iterations
until the solutions become the same up to six digits of precision.

The reason we add a small constant € in Algorithm 7 is to avoid the
singularity of the matrix zI — A. The main price we have to pay is for the
linear equation involved in the algorithm. Thus, once there is an effective
algorithm for solving the equation (when A is symmetric, or sparse, or having
smaller size, for instance), the algorithm should work well.

Example 8 (Continued) We now apply Algorithm 7 to Example 6. Set
2z =34 1078. We have chosen three initials for vg:

(1) (1,1,0,0)*.
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(2) (0,0,1,1)*.
(3) (1,1,1,1)*.

Since the eigenspace of the maximal eigenvalue 3 has dimension 2, there is some
freedom for the solution of the algorithm. After one iteration, the outputs of the
vector vy in the corresponding cases are as follows:

(1) (1,1.73539 — 1.011724, —.44239 + 1.3965 i, —. 714757 + 1.77121i)*.
(2) (—.588235 — .504202i, —.252101 — 4201684, .764706 — .0588235i,1)*.
(3) (—.577029 — .140796i, —.0872077 — 9708794, .764706 — .0588235i,1)*.

It is checked by the eigenequation Av;/3 = v; so that these three solutions are
all the eigenvectors of A. The first two are quite different from those produced
by V3 as seen above. Each pair of them are linear independent.

Originally, the next example was designed as a complex matrix. Since it is
too big for the output, we choose a real one. However, the story is very much
similar.

Example 9 Due to the multiplicity of the eigenvalues, the tridiagonalized
matrix of the next symmetric one

8074 271 373 746 1355 169 676 959
2601 5202 1734 2601 5202 367 2601 5202

271 31483 373 373 1355 169 338 959
5202 10404 3468 2601 10404 1734 2601 10404

373 373 2787 475 1865 271 542 _ 245

1734 3468 1156 367 3468 578 867 3168

746 373 475 7102 1865 542 2168 245

A= 2601 2601 367 2601 2601 367 2601 2601
1355 1355 1865 1865 37987 845 1690 4795

5202 10404 3468 2601 10404 1734 2601 10404

169 169 271 542 845 1223 268 1673

867 1734 578 867 1734 289 867 1734

676 338 542 2168 1690 268 11476 3346

2601 2601 867 2601 2601 867 2601 2601

959 959 245 245 4795 1673 _ 3346 46123

L T 5202 10404 3468 2601 10404 1734 2601 10404

has a block decomposition with three blocks. Moreover, the distinguished eigen-
values are all included in the largest block of the decomposition.

Proof. At Steps 1-3, the outputs are standard. Here is the output in Step 3.
23 = (0, 0, 0, .122312, —.565458, —.20606, —.274746, —.781817)*,

(310419 581915 0 0
581915 6.43398  1.2267 0 0
0 12267 3.6022 1.03145
| O 0 1.03145 2.85964
3= 272146 —.20848 —.277973 —.283237|
—.20848 3.48396 —.688054 —.211994
0 _277973 —.688054 3.08259 —.282659
I 283237 — 211094 —.282650 2.71199 |
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Note that here and in what follows, once the output is less than 107, we

simply reset it as zero, because it usually comes from the computational errors.
Step 4 can be omitted since z(*¥) = 0. Here is the output of Step 5.

2®) = (0, 0, 0, 0, 0, —.20848, —.277973, —.283237)",
310419 581915
581915 6.43398 1.2267
1.2267 3.6022 1.03145
1.03145 2.85964 0
0 2.72146 .448281
448281 2.27854 0
0 3.88097 .323827
323827 3.11903

We do not need to move further since As has already arrived at the required
tridiagonal form. Actually, it reduces into three submatrices:

310419 581915 0 ]
() _ | 581915 643398 1.2267
° 1.2267  3.6022 1.03145|’
i 0 1.03145  2.85964 |
[92.72146 448281
AD — ,
| 448281 2.27854
() _ 388097 323827
° 323827 3.11903]

Clearly, the eigenvalues of A?) and Aég) are all included in those of Aél).

Thus, in the case we are only interested in distinct eigenvalues, ignoring their

multiplicity, it suffices to study the eigenvalues of the largest submatrix Aél).

More explicitly, the eigenvalues of Ag), A?) and Aég) are {7,4, 3,2}, {3,2} and
{4, 3}, respectively. Corresponding to each distinct eigenvalue, one eigenvector
can be deduced from those of the largest Aél). Note that the eigenvalue 3 has
multiplicity 3, this is the reason why we have 3 submatrices and also the reason

we can omit several steps in the computation. [

In the past two examples, we have seen that the Householder transforma-
tion transfers an irreducible matrix into a reducible tridiagonal one. This is
reasonable as explained before, due to the multiplicity of eigenvalues. Note
that the Householder transformation is a unitary one and hence keeps the
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Hermitizability (symmetrizability), and furthermore the spectrum. By [5;
Corollary 6], for the Hermitizability of a tridiagonal matrix, the matrix can
be reducible. This property is remarkable since then for which, the Perron—
Frobenius theorem may not be true. Therefore, the same theorem may also
not true for Hermitian matrix.

To conclude this section, we mention that in practice, for improving the ef-
ficiency of computations, one may adopt some artistic design for Algorithms 3
and 4. See for instance [15; pages 106-108]. See also [15; pages 582 and 583, in
particular], for some analysis and algorithms on Householder transformation.
Besides, refer to [13] for concurrent algorithms.

3 Sub-maximal eigenpair
In this section, we introduce two approaches to compute the submaximal (or
its next) eigenpair. For the first one, we need the following result.

Lemma 10 Let A be Hermitian. Denote by (Ao, go) its maximal eigenpair
(Amax, 9max) With A\g > 0 and gé{go = 1. Define

Ay = (I - gogth)A. (3)

Then A; is also Hermitian.

Proof. We need to prove that Ay = A{{ . Equivalently,
9095’ A = A" gogg.
First, we have
gogtt A = gogtl AH (since A = AM)
= Xogogy’  (since Ago = Xogo = g’ A = Xogp')
= Xogogd!  (since the spectrum of A is real).

Next,
AHgog(I]{ = Agggéf (since A = AH)
= ogogd!  (since Agy = Aogo)-
We have thus proved the required assertion. [J
We now consider a simple example. Let
[—1 1

2 -3 1 O

2 -3 1
Q= € R® x R®.
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Since the symmetrizing measure of @ is (pu, = 275+, k=1, ,8), we have

Q" = Diag()"/*Q Diag(1) /2

R ]
V-3 2 0
V2 -3 V2
— . - - € R® x RS,
0 NG 3 A
i V2 o -3]

Example 11  Define A = Q%+3 I. Then the eigenvalues of A are as follows.

Amax = 2.99799, —2.63352, 2.50514, —2.07511,
1.79552, —1.22867, .847221, —.208572

and the maximal eigenvector g is as follows.

Imax = (715152, 504673, .354704, .247264,
169471, .111997, .0679521, .0320544)*.

We are now going to study the sub-maximal eigenpair of A. Actually, there
are at least two approaches to do the work: the deflation technique and the
optimal search approach, to be studied below.

Deflation technique

First, we use the known deflation technique introduced in [12; Theorem 2.2].
That is, studying the matrix A; defined by (3). With g just obtained above,
by (3), the matrix A; takes the following form

[ 466701 332185  —.760492 —.530139 —.363349 —.240124 —.145691 —.0687252 ]
332185  —.763572  .877545  —.374111 —.25641 —.169452 —.102812 —.0484984
—.760492 877545 —.377192 1.15127 —.180215 —.119098 —.0722602 —.0340866

—.530139 —.374111  1.15127 —.183296 1.28859  —.083023 —.0503726 —.0237618
—.363349 —.25641 —.180215 1.28859 —.0861034 1.35731 —.0345246 —.0162859
—.240124 —.169452 —.119098 —.083023 1.35731 —.0376049 1.3914  —.0107628

—.145691 —.102812 —.0722602 —.0503726 —.0345246 1.3914 —.0138432 1.40768
—.0687252 —.0484984 —.0340866 —.0237618 —.0162859 —.0107628 1.40768 —.00308039

which is symmetric by Lemma 10. The eigenvalues of A; are as follows.

— 2.63352, 2.50514, —2.07511, 1.79552,
—1.22867, 0.847221, —0.208572, —1.33596 - 10~ %°
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Hence Apax(A1) = 2.50514. In other words, the submaximal eigenvalue of A
now becomes the maximal one of A; (cf. [12]). We remark that at this point,
the condition Apax(A1) > 0 is necessary. Otherwise, a shift of A is required.

By Lemma 10, we now come back to the starting point treated in §2. By
using the Householder transformation, it follows that A; is isospectral to the
following tridiagonal matrix

[.466701 1.08875

1.08875 .852645  1.49569 O
1.49569 —.727517 1.21056
1.21056  .38967  1.44937
1.44937 —.592352  1.12888
1.12888  —.147293 1.25861

0 1.25861 —1.0249 .333798
333798 —.214945 |

We have thus reduced our problem to the setup treated in [6].

From the discussion above, it is clear that the Householder transformation
can also be used to study the submaximal eigenpair, provided the given matrix
is not sparse. However, at the moment, we are not in such a case. Hence it
is too heavy to use the transformation again for computing the submaximal
eigenpair, since then the sparse property of A is lost. Fortunately, we have a
different approach given in the next part.

Optimal search approach

Actually, in the present situation, there is an easier way to handle with this
problem, which uses the main advantage of the (symmetric) tridiagonal matrix.
Following [1; p.146], we adopt the method of bisection. To fix the notation,
as before, let A ~ (ay, cx, bk)ff:l. Throughout the remainder of this section,
assume that A is irreducible (i.e., agy1b; > 0).

Method of bisection
To state the method, we need some notation. Define
si(a) =c —

wp(a) = 4@ @ b/si(e) ifsi(a) 0
2 —c(0<ex]) if s1(a) =0

e —a—0b7 /sp-1(a) if sp_1(a) #0 and sg_o(a) #0
spla) = Qe —a if sp_92(a) =0
—c(0<ex) if sp_1(a) = 0.
Next, define

v(a) = #{sk(a) 20, k=1,--- N}
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Then, by [1; p. 142, (2.16) and Theorem 2.1; p.146, (2.23) and the remark
below it], we have

Lemma 12  The number of eigenvalues of A on [a, 00) equals y(a).

The application of the bisection method, given in the remainder of this
section, is mainly based on Lemma 12. To state an algorithm, we need a little
preparation. Define

=max4 min (¢; —a; — b; min (¢; —a;4+1 —bj— } b1:=0, a = 0.
n {1<i<N( 1 7 2)7 1<i<N( 7 i+1 ) 1) ) 1 s UN+1

In the present setup, there are N distinct eigenvalues, listed as
A1 > Ay > > Ay

By Gershgorin Circle Theorem for the spectral radius, we have Ay > 7. To
study the top eigenpairs of A, we start at the top eigenvalues. The compu-
tation goes one by one of the eigenvalues. The computation of (A1, g;) was
done in [6]. Starting from which, we study the subsequent top eigenvalues.
For instance, based on A\; and 7, we can compute Ao by using the bisection
method. The algorithm given below consists of two parts. The first one is
constructing an initial interval (B2, 1) for the bisection method. The second
one is the standard sequent search of the method.

Algorithm 13  Let n be defined as above. Suppose that \x_1 (k > 2) is
given and we are going to compute .

Step 1 Define
§o = Ag—1,

1
flzm[(]v_k)&"i‘?ﬂa

gm = max{?)fm_l - 2§m—27 77}7 m = 2.

Compute (&) successively until for the first m = mg such that

Y(&mo) = k. Then take [B2,51] = [Emo, Emo—1) as the initial inter-
val for using the method of bisection.

Step 2 Set z = (2 + 51)/2 and compute y(z). We update the test interval
by making the following changes, step by step. In details, if v(z) > k,
then replace 35 by z; and otherwise replace 31 by z.

v(z) | Change
2k | P2z
=k-1 51 — Z

Repeating the recursive procedure until the outputs are the same up to
six digits of precision, and y takes value k at the final tested point.
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Because
27 ~ 5.96046 x 1078,

for the six/seven digits of precision, the method of bisection requires about 24
times of steps (tests), independent of the matrix size N. Of course, at each
step, in computing y(«), it requires N times of computations. Hence, the
complexity for using the method of bisection is O(N).

The second (submaximal) eigenpair

(a) We now return to the matrix A given by Example 11. Keeping Apax(4) =
2.99799 in mind and using the method of bisection, after 16 steps, the outputs
are the same up to six digits of precision, we obtain the submaximal eigenvalue
~ 2.50514.

(b) Next, we compute the submaximal eigenvector using the shift inverse
iteration. Recall that in the present tridiagonal situation, we have the more or
less explicit Thomas algorithm for solving the required linear equation (cf. [6]).
By (a), we can fix the shift to be z = 2.50514—¢ (¢ = 10~® for instance). Here
and in what follows, the small modification € is for avoiding the degeneration
in using the shift inverse iteration, and also for avoiding the next eigenvalue.
Note that the maximal eigenvector of A is

Imax = (22.3106, 15.7443, 11.0657, 7.71389, 5.28698, 3.49398, 2.1199, 1)*.
Its normalized vector is
g=1(.715152,.504673, .354704, .247264,.169471,.111997, .0679521, .0320544)".

Our initial vy is chosen to be
vo:=g —1/(g*1) (then vy € Span (g)*)

= (.261281, .0508014, —.0991675, —.206607, —.284401, —.341874,
—.385919, —.421817)".

After one iteration, the output of the computation is as follows:

g2 1 = (.341037, .121815, —.125255, —.343691,
— 483561, —.512889, —.424972, —.239907)*.

This is checked by using the second iteration, its output is exactly the same.
A simpler way to check this conclusion is simply using the eigenequation:
Ago = Aags, where Ny = 2.50514. Therefore, g5 can be regarded as the
submaximal eigenvector as we required.
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The third (next to the submaximal) eigenpair

To conclude this section, we remark that the same method can also be used to
compute the subsequent eigenpairs. Here we mention shortly the computation
for the next to the submaximal eigenpair for the same example as above.
Rewrite A\; = Apax(A). Then, we have known the eigenpairs (A1, g1) and
(A2,92). We are now going to compute the next one (A3, g3). By using the
method of bisection above, we obtain A3 = 1.79552. Now, to apply the shift
inverse iteration, choose shift z = 1.79552 — . For the initial vector vy, we
choose the form
v=~1, =z z, x, v, vy, y, L.1)*

with z and y determined by the conditions vy L g1 and vg L gs:
x = —.753323, y = .238242.

Here, the components 1 and 1.1 in vy are chosen randomly. If these random
numbers are replaced by x and y, respectively, then the homogeneous equations
have only trivial solution z = y = 0. In one step (iteration), we obtain the
required eigenvector

g3 = (—.350163, .0506296, .414444, 475559, 189337, —.235171,
— 487917, —.3843)*.

To conclude this section, we mention that Algorithm 13 can be naturally
extended to concurrent computing, simply replacing the bisection method by
the equisection one, which is a generalization of the method of bisection in the
optimization theory.

4 Remarks and Proofs

This section is mainly devoted to the analytical aspect of the algorithms intro-
duced in the previous sections. Besides, it also provides a detailed exploration
on [5; Theorem 24]. At the end of this section, we present a simplified proof
for a key result concerning with the isospectral property of a Hermitizable
tridiagonal matrix and a birth-death one (see Theorem 14 below).

Remark on Algorithm 1

Before moving to the main text, let us make a remark on Algorithm 1 (1). Let
A = (a;j) be a given complex matrix. By (1), we have

Z Hilij = [ Z aji-
i i

Equivalently, (uA)(j) = (uDiag (A1))(j). From this, we obtain uB = 0 as
stated in the algorithm.
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Proof of Algorithm 4

Let g®) £ 0 be the eigenvector of Ay, (0 < k < N) with Ag = A, corresponding
to a fixed eigenvalue A:

ApgW=X g®) = (U, A1 U ) g B =X g = Ay (U gB)= (U gV)).

This implies that ¢*~Y = U ,f g®). Then the last assertion in the algorithm
follows. Furthermore,

g0 =UflgM) =UufHuHy®...... =UHUuf ... Ul ¢V,

In other words, the eigenvector ¢ = ¢(¥) of A corresponding to the eigenvalue
A can be expressed by

N—-1
g= < 11 Uf)Q(N‘”-
k=1

Thus, the recursive formula of {V};} given in Algorithm 4 is an alternative
algorithm of the product above:

N-1
V=0 Vo =UFUf =vif', viy_.1 = [ UF =VvoUK 1. O
k=1

Remark on Algorithm 13

First, we explain the main idea in the special case that k = 2. By assumption,
& = A1 and Ay > 1 give us the upper and lower bounds of the eigenvalues
{)\j}é\f:l, respectively. The left-endpoint £; of the test interval should be an
approximation of Ao, even a rough approximation is still okay since the con-
vergence of the bisection method is quite fast. Actually, a little smaller one
is better since then we can ignore a subinterval on the left. If so, we do not
need the double extension of the test interval on the left-hand side. For this,
we may assume that Ay = 7. Then, there are exact N — 2 eigenvalues located
inside of the interval [, &]. Suppose that these eigenvalues are located on
N — 2 equal points. Because the length of each equal division is

1
N 7& —m.
Hence, the submaximal eigenvalue Ay should be located around

§o — ﬁ(fo—ﬁ) = ﬁ((N—m&ﬁ-ﬁ)-

That is the & given in the algorithm corresponding to k& = 2. Very often,
&1 is enough as the left-end point of the initial interval. If not, we need the
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subsequence {&, }m>2. To which, the construction is as follows. Suppose that
we are at &,—1. Then choose &, so that

gm—l - gm = 2(6m—2 - gm—l)-

This gives us &, as in part (1) of the algorithm, in terms of the natural
control by 1. The factor 2 used above is optimal, simply based on the method
of bisection.

For general k£ > 2, suppose that A;_ is known and we are going to compute
Ai. In this case, the first k — 2 eigenvalues Aq,...,Ax_o play no role. The
number of the eigenvalues decreases. Therefore, we need to make the following
change:

N—->N-k+2, AN = A1,

in the formula just obtained for k = 2. We have thus arrived at the expression
of & presented in part (1) of the algorithm. The change from k = 2 to general
k > 2 stated in part (2) of the algorithm is now obvious.

Proof of reduction to tridiagonal matrix

We now come back to the main text. In the matrix form, the Hermitizability
of A can be expressed as

Diag (1) A = A" Diag (1) <= Diag (1) A Diag (n) ' = A" (4)

(actually, it is better to rewrite Diag (1) as Diag (%) in computation). As
used in parts (2) and (3) in Algorithm 3, it is easy to see that

A is Hermitizable <= H := Diag (u/?) ADiag (1~"/?) is Hermitian. (5)

The assertion is clearly important since then every property and algorithm for
the Hermitian matrix can be transferred to the Hermitizable one.

Next, for the Hermitian H, as shown in §2, there exists a unitary matrix
U, as a product of some Householder transformations {Uj} (unitary), such
that

T := UHU" becomes a tridiagonal, real and symmetric matrix. (6)

As also shown in §2, the tridiagonal matrix 1" can be blocked. In other words,
T may be reducible, it can be divided into several irreducible blocks, say
T = Diag({7};}), where T} is irreducible tridiagonal, real, symmetric matrix.
In general, the sum of some row of T' can be positive and so is not a Q-matrix.
Let m = sup,(T1)(k) < oo (which may be a condition when the matrix is
infinite). Then the sum of each row of 7' — m I is not positive, so is each row
of T; —m 1. Fix j for a moment. By [5; Theorems 15 and 16], there exists a
positive nearly (7; — m I)-harmonic function h; such that

Q; := Diag(h;")(T; — m I)Diag(h;)
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is a birth-death @-matrix. In particular, T; — m I and @); are isospectral. To
return to the original setup, combining the family {h;} into a single vector h
with the same ordering as the blocking of {7}. Then, we can combine the
family {Q;} into a single one with the same ordering just mentioned, denoted
by @ = Diag({Q,}). Furthermore, from the last formula, we obtain

Q = Diag(h™)(T — m I)Diag(h).

Equivalently,
Diag(h™!)T Diag(h) = Q + m I =: Q™. (7)

Combining (5)—(7) together, we obtain the following similar transformation of
A:
Diag (h~!) U Diag (1'/?) A Diag (u~/?) U" Diag (h) = Q™).

Set

M = Diag (u~'/?) U" Diag (h) <= M~'= Diag (h') U Diag (1'/?).  (8)
It follows that

MTAM = Q™ —= A = MQ"™ M~!
Therefore,
Ag=Xge MQUMg=Ag e QM (M~'g) =X (Mg).
By [5; Theorem 10], with the inner product
(fig) = (vaMg)ﬂ
and f:= M~'f L*(E,u) — L*(E, (-,-)), we have
(fs 9)u=(f, 3) and (Af,9), =(Q"].3). (9)

For this specific M defined by (8), we have here more explicit formulation.
Note that

(M f,Mg), = (Diag (1 ~1/2yUH Diag (h)f, Diag (1~ "/?) UM Diag (h)g)u
= (U" Diag (h)f, U™ Diag (h)g ) de
= (Diag (h)Diag (h)f, )dw (Since Ut = I)
(f g)m
where ji = |h|?dz and dz means the uniform measure in the discrete case:

ur = 1. More precisely, here in the first equality above, we have used the fact
that

(Diag (u~'/?) f, Diag (n="/?) g) ,= (Diag (u'/)f, Diag (1= g),,
= g""Diag (u~/?) Diag (u'/?) f
= (f7 g)dra
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and in the second equality, we have used the fact that
UHf, U g)ar = g"UU™ f = (f, 9)da-

Hence, we have

(f.9)=(Mf.Mg), = (] 3);
Therefore, we indeed have L*(E,{(-,")) = L*(E,f1). Thus, for the mapping
f=M71f L*(E,u) — L*(E, i), by (9), we have the isometry:

(f,9)u= (£, 9)

)

=

and furthermore, the isospectral property:
(Af.9)u = (@, 3) = (@™, 9),-
Here is our final conclusion.

Theorem 14  For given Hermitizable A, define M by (8). Then the mapping
f o= M_ljf from the complex L?(E,u) to the real L?(E,ji) is an isometry:
(fs9)u= (f, g)ﬂ. Furthermore, it owns the isospectral property: (Af,g), =

Remark on the computational complexity

Now we mention the computational complexity of the algorithms used in the
paper. The quasi-Hermitizing procedure in (2) requires 2N? multiplications.
The computation for the maximal eigenpair of the tridiagonal matrix using
the method given in [6], as well as the one of bisection plus Thomas’ algo-
rithm for computing the other eigenpairs requires only O(/V) multiplications.
The main work we need is Householder transformation which requires 2N3/3
multiplications. Refer to [18; page 244].

5 Practical implementation on large scale matrices

In this section, we present some practical implementation of our algorithms on
large scale matrices. For counting the number of computational operations, the
additions and the multiplications are all collected together, and denote it by
“fops”. All experiments were performed by MatLab on a personal computer
with the configuration: Intel(R) Xeon(R) CPU E5-2630 v3 @2.40 GHz and 32
GB of RAM.



1622 Mvu-Fa CHEN, ZHI-GANG Ji1A, HONG-KUI PANG

Householder-based tridiagonalization

Assuming that the Hermitized A of the Hermitizable matrix A is at hand, we
are going to propose the details of the Householder tridiagonalization of the
Hermitian matrix A.

We use the following notation: Let N, k (< N) and j (< N) be given
three positive integers. Denote by Iy the identity matrix of order N, and by
er the kth column of the identity matrix. Next, for given 0 < k < N, an
N-dimensional vector z and an N x N matrix A, set

e x(k+1:N): the vector of order N — k obtained from z by deleting its
first k entries;

e a(k+1,j): the entry of A at the (k + 1)th row and the jth column;

e a(k+1:N,j): the vector of order N — k obtained from A by deleting
its first k entries of the jth column;

o A(k+1:N,k+1:N): the (N —k)x (N —k) submatrix of A by deleting
its first k rows and columns.

Suppose that Householder matrices Uy, -+ ,Uir_1 have been determined
such that if X X
Ay = (Upey - U)A(Ug—y -+ U,

then
By Bz 0
Aj_1=| Bn By By |,
0 Bsx Bss

where By € (C(k_l)x(k_l), Bis € (C(k_l)XI, By = Bg, By € C, By €
CIX(N=k)  Bsy = Bg), and B33 = B?g e CIV=k)x(N=k)  The kth Householder
transformation is computed by

U = In_i + v0" /a, a= sk(b,(ﬁzl — Sk), (10a)
0#£v=a®k+1:N)—y®(k+1:N). (10Db)
Define
I O
Uk == k ~ .
0 Uk
Then
By B 0

Ay = U AU = | By By B23ﬁ;§{
0 UpBsy UpBssU

Notice that it is not necessary to compute ngﬁ ,f and ﬁkng, since

UpBsa = || Bsa|l2e1 = sper € RVF, BosUl!T = (U Bsp) ™.
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Thus the leading k-by-k principal submatrix of Ay is a tridiagonal matrix. In
the calculation of Ay, it is important to exploit the Hermitian structure during
the formation of the matrix. Note that

~ ~ voll v\
UypBs3Uy," = IN—k‘i‘T B3| IN— + —

«
H H H H
VU Bszvv VU vV
=B33+—DB33 + ——— + B3z —
« a «

Replacing the last term on the right-hand side by the sum of half and half of
it, we obtain

[ 7 HB HB B HB
UkB?»BU/f:Bgerv(v 3840 331)1)H>+< 330 Y 330>UH

2aa 2aa
= Bsz 4 vw + wol, (11)

where
ng?} ?)Hng?}
w = —+ v .

Q 20
Since only the upper triangular portion of this matrix needs to be calculated,

the transition from A;_; to Aj can be accomplished in only about 4(N — k)2
flops.

Algorithm 15 (Householder-based Tridiagonalization) Given a Hermi-
tian matrix A € CV*V | the following algorithm overwrites A with T'= U AU,
where T' is tridiagonal and U = U; - - - Uy —_1 is the product of Householder trans-
formations.

Stepl fork=1:N-1

Step 2 z=alk+1:N,k), s=VaHz

Step 3 v=uzx,v(l)=v(1) —s

Step 4 a=s(z(l) —s)

Step 5 p=Ak+1:N,k+1:N)/a

Step 6 w=p+ (pv/(2a))v

Step 7 alk +1,k) = s ; a(k, k+1) = a(k + 1,k)

Step 8 A(k+1:N,k4+1:N)=A(k+1:N,k+1:N)+ovw +wo!
Step 9 end

The transition from Ag_; to A, totally costs about Zsz_12 4(N —k)? flops.
This is O(N?) flops. This is implemented in Algorithm 15 by

Ak+1:N,k+1:N)=A(k+1:N,k+1:N)+vw +wvt.
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This main step makes the total cost of Algorithm 15 to be O(N?). This
algorithm requires 4N?3/3 flops when Hermitian is exploited in calculating the
rank-2 updating as in equation (11). The matrix U is stored in factored form
in the subdiagonal portion of A It U is explicitly required, then it can be
formed with an additional 4N3/3 flops.

Remark that the Householder transformation here defined by (10) is dif-
ferent to the traditional one given in [9, Pages 234-237, 243-244],

Up=1In_p, — Boo™, B=2/(v"v), (12a)
0£v=a+ e||z|zep, z=2®(k+1:N). (12b)

The differences stay at two aspects: (a) £ in (12) is always set to be real, while
a in (10) may be real or complex; (b) the resulted vector of (12) is real or
complex, while the resulted vector of (10) is set real. If we use alternatively
the traditional Householder transformation (12) in Algorithm 15, then we get
a complex tridiagonal matrix. Thus, we need to generate not more than N —1
necessary rotations to transform conjugate complex (not real) entries on upper
and down subdiagonals to real numbers.

Example 16 In this example, we reduce a Hermitian matrix to a real sym-
metric tridiagonal matrix by Algorithm 15. We compare the Householder trans-
formation (10) with the traditional Householder transformation (12), denoted
by HR and HC, respectively. The testing matrix is produced by the command
“rand” in MatLab and the elements of the matrices are chosen from [0, 10]. More
precisely, let A = 10 - rand(N) and Ay = 10 - rand(N), where N is the matrix
size. Then we take

B A1+A{+,'A2—Ag

A 7
2 2

Proof. We apply the Householder-based tridiagonalization on A in three
cases: NN = 1200, 2500, and 5000. For each case, the whole procedure is
carried out for 100 times and the average values of results are output. The
numerical results are given in Tables 1 and 2. Note that the output display
format is chosen as the scaled fixed point format with 5 digits. For instance,
4.5937e+2 represents 4.5937 x 102. Table 1 presents the average CPU times to
work out the Householder transformation. The symbols “CPU-U” and “CPU”
refer to the CPU times in seconds with and without constructing the unitary
matrix U, respectively. Both of them are tested by the MatLab command
cputime. Table 2 displays the accuracy of the methods, in which we adopt
some average errors:

o err-U: |[UUH — I||o/||U]| oo
o err-UAU-T: [|[UAUT —T|oo/l|Allcos
o err-A-UTU: |[UHTU — Alloo/||All o,
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where U is a unitary matrix arising in the Householder transformation and
I is the identity matrix. Here, for vector x = [r1,x2, -+ ,xn]* and matrix
A = [a;j] € CV*N | we define
N
Tlloo = max |z;| and ||A|lcc = max agil.
oo = max foi] and Al = max > ag]

9 9 ]:1
Table 1: Comparison of HC and HR with respect to the CPU time for Example
16.

N CPU-U CPU
HC HR HC HR
1200 2.8727e+2 2.8064e+2 1.1235e+2 1.1122e+2
2500 2.8840e+3 2.8689%¢+3 1.1577e+3 1.1514e+3
5000 2.1321e+4 2.1264e+4 9.2617e+3 9.2376e+3

Table 2: Comparison of HC and HR with respect to the accuracy for Example
16.

err-U err-UAU-T err-A-UTU
HC HR HC HR HC HR
1200 2.5599e-15 2.5140e-15 4.1728e-14 3.9616e-14 2.3152e-14 2.0504e-14
2500 3.3557e-15 3.2936e-15 7.9696e-14 7.4699¢-14 4.6707e-14 3.8897e-14
5000 4.4415e-15 4.4061e-15 1.5283e-13 1.4406e-13 9.0779e-14 7.7541e-14

N

From the numerical results in Table 1 and Table 2, we see that the perfor-
mances of HR and HC are comparable with each other. HR saves a little bit of
CPU times costed by HC. For instance, when N = 1200 HR saves 2.31% CPU
times of computing T and U together, and 1.00% CPU times of computing
T, respect to HC. Two average residual errors of HR are smaller than those
of HC. Taking N = 1200 for instance, HR improve “err-U”, “err-UAU-T”
and “err-A-UTU” by 1.79%, 5.06% and 11.4%, respectively. These numerical
results successfully indicate the high efficiency of the proposed Householder
transformation (HR), which directly transforms a Hermitian matrix into a real
tridiagonal matrix with nonnegative subdiagonals. [

Top k eigenpairs

Now we concentrate on computing top k eigenpairs of large scale matrices.
After Hermitizing and tridiagonalizing, we reduce a Hermitizable matrix A to
an isospectral symmetric tridiagonal matrix 7. The core work of computing
top k eigenpairs of A becomes the calculation of top k eigenpairs of T
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Note that for any tridiagonal matrix 7', we can find a shift m such that
the diagonal entries of T'— ml/ are negative. Without loss of generality, we
build our algorithm on the following irreducible tridiagonal matrix,

[ —Cp bo O ]
aq —C1 b1
T = : (13)
bn—1
L O aN —CN ]

where the sequences {b; };-V:_Ol and {a; }é\le are positive and {¢; }j’vzo is nonneg-
ative. Let
E={jeZ: 0<j<N+1} (N < o).

We may write T" ~ (a;, —c;, bj) for simplicity. If a; = bj_1 (j € E\{0}), then
T is symmetric.

We now present a new two-stage method of computing top k eigenpairs of
the irreducible tridiagonal matrix 7'. In the first stage, we compute the largest
eigenpair, denoted by (A1, g1), of T, for instance, applying Algorithm 1 in [6].
In the second stage, we compute the other top k& — 1 eigenpairs, denoted by
(A2, 92), -+, (Mg, 9k), applying Algorithm 13 in this paper and the inverse
iteration. These two stages are not separated strictly, but are jointed tightly.
For convenience, we gather above steps into Algorithm 17 with a subroutine
in Algorithm 18.

Algorithm 17 (Computing Top k Eigenpairs) Suppose T ~ (a;j, —c;,b;)
is an irreducible tridiagonal matrix of the form (13). The following algorithm
computes top k eigenpairs of T, denoted by (A1,91), -+, (Ak, k).

Step 1 Letag=0, by=0,

_l’_

m = sup(aj + b; — ¢;) T, 2" = max{z, 0},

JjeEE

and
uj = ajbj—1,  j € E\{0},

Step 2 Specific Isospectral transformation. Set ¢; = ¢; +m (j € E) and
bop = ¢p. Let

bj:Cj—~ , aj:cj—bj, 1<j<N,
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Then the tridiagonal matrix

T ~ (a;,—¢;,b;)

possesses the properties: both (a;) and (bj) are positive, the sum of each row
equals zero except the (N + 1) th row (cy = ay).

Step 3 Symmetrizing. Define the symmetric tridiagonal matrix

sym sym _ _sym j;sym
T (CLJ ’ j I b] )

as follows:
M=% (Gek), o =b"=u; (jecE\{0}).

Step 4 Computing the maximal eigenpair. If ¢y = apy, then TSY™ has the

maximal eigenvalue \J*™ = 0 with eigenvector ¢;"™ = \/Ji:
_ I .
po =1, K = Hj—17%> j € E\{0}. (14)
j

More economically,

G0) =1, gP™() = g — 1)13—;_;, jeEV{0).  (15)

Otherwise, set ZN = ¢y —ay. The jth approximation of the maximal eigen-
pair is computed by Algorithm 18. Then (—zj,v(j)) converges to the maximal
eigenpair of T"5Y™:

AP = — lim z;, g™ = Tim o).
]—)OO ]—)OO
Step 5 Computing the subsequent eigenpairs. Compute k — 1 eigenvalues,
AT DAY, of T™ by the bisection method (Algorithm 13).
For each j (2 < j < k), compute the eigenvector ¢g:>™ corresponding to

A7 of T™, by the inverse iteration with the shift A\>*™ and an initial vector

v® . The initial vector v(¥) is generated as follows: choose a vector z() ¢

span{g;"", - ,gjszrf}, and compute v(©:
0) S 0) w
wHe =Ty — ;[(92 )" @59, v = W-

The modified version of the Gram-Schmidt method [9, Pages 254-255] is used in
the practical implementation.

Step 6 Returning to the original top k eigenpairs. To go back to the original
matrix T, the top k eigenpairs are

sym

)\j = )\;ym +m, gj = diag(h“)g] ,
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where diag(h*) is the diagonal matrix having diagonal elements (h?)

Uq .
=1, W= hg_lg, j e B{o). (16)

Algorithm 18 (The jth approximation of the maximal eigenpair)  With
computed a;'s and b;'s, this algorithm computes the jth approximation of the
maximal eigenpair: (z;, v\9)).

Step 1 Define the upper triangle matrix (M;;) and the vector (®;) as follows:

M;; =1, M;; = Mz‘,j—1~a—j = Mi,j—1~u—j7 1<i+1<j<N,
bj—1 b?—1

M;;

P, = Z Y 0<i<N
i<jen Ui

Step 2 Choose
(0)
w® =V, 20— Y
w(o)*w(o)

Step 3 For a computed vector v\9) (j > 0), compute (;:
1 N M;
(j= sup — : <Zv§y) ~—Z>, 720,

with assuming an4+1 = 0.
Step 4 With setting z; = Ci solve wlU+1D)-
J

(=T™ — 20 )+ = (),

Step 5 Compute v\+1):

EESY wi+y

w(j+1)*w(j+1)

Remark that if ¢y = ay, the way of computing the maximal eigenpair,
(M, g1), in Algorithm 17, is different from that in Algorithm 1 in [6]. But
their results are the same: if ¢y = ap, then Algorithm 17 shows that 7" has
the maximal eigenvalue A\; = m with eigenvector g = h:

b .
ho=1,  h;= hj_lbf_—i, j € E\{0}. (17)
i
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These two algorithms are coincided since

s
Rt = —L i € E\{0}.
e A
With applying equations (16) and (17), one can simplify the computation of
g™ in (14) into the economical formula in (15).

One important point is that the non-symmetric matrix T and the symmet-
ric matrix 7™ are coupled together in Algorithm 17. This coupling idea has
been introduced in [5, Section 4] and [6, Section 4.4]. For a short explanation,
the spectrum of 7" — m/ is transformed (in step 2) to the one of 7', which is
a birth-death Q-matrix (see [6, Definition 7]); and then the non-symmetric
matrix 7' is symmetrized to a symmetric matrix 7™ in step 3. The maximal
pair is computed by coupling 1" and T"5™; see Algorithm 18 and step 4 of Al-
gorithm 17. The subsequent eigenpairs are computed by applying Algorithm
13 and the iteration method on T%Y™. We have two reasons: one is that 7'5Y™
is symmetric and has eigenvectors which are orthogonal to each other; another
one is that T'%™ has been generated during the computation of the maximal
eigenpairs, and it does not rise extra computational flops. At last, the top k
eigenpairs are generated for the original matrix 7T'.

Clearly, we don’t have to go to the last step 6 every time when using
Algorithm 17. Actually, for very large N, this step is risky. Especially for
non-symmetric matrices, the overflow happens very often. This is due to the
limitation of the accuracy of the machine. At this time, if you still want to
calculate, then one may use the above iterative formula (17). Because the
sequences {Z;k} and {by} are known, and so is the ratio b;/b; which does not
overflow (see [7] for more related details on Hermitizable complex tridiagonal
matrices).

Example 19 In this example, we compute top k eigenpairs of a symmetric
tridiagonal matrix of the form (13),

T ~ (aj, —Cj, bj) S RNXN,

where a; and c; are random positive integers which are less than or equal to IV,
generated by the command “randi” in MatlLab, and b;_1 = a; for j =1,--- | V.

Proof. We apply Algorithm 17 and the MatLab functions, eig and eigs, to
compute top k eigenvalues and corresponding eigenvectors of T', respectively.
For comparison, we set £k = 3, and N = 5000, 10000, 15000, 20000. We run
the whole process of each case for 1000 times and take the average numerical
results. Note that eig computes all eigenpairs, and eigs is called by the com-
mand eigs(T,k,’LA’). For the iterative methods (Algorithm 17 and eigs),
the convergence tolerance is set as tol = 107! and the maximal number of
iterations is 100.
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Let V denote the matrix consisting of eigenvectors and D the diagonal
matrix with eigenvalues on the diagonal. The numerical results are given in
Table 3, in which “CPU” refers to the CPU time in seconds, “Res” represents
the relative residual error || TV —V D||oo /|| T|| 0o, and “NaN” refers to no answer.

Table 3: Numerical results of Example 19: CPU times and residual errors.

Algorithm 17 eigs eig
CPU Res CPU Res CPU Res
5000 2.2367  4.2206e-11 6.4821e-1 3.3668e-12  2.1670  6.5837e-15
10000  6.8966  7.787T7e-11 9.3459e-1 3.4931le-12  5.1046  7.1151e-15
15000 7.9176e+1 5.8389e-11  2.4787  3.5428e-12 4.5517e+1 7.1183e-15
20000 3.6226e+1 9.0249e-11 3.3654e-1 NaN 2.2656e+1 6.7109e-15

N

From the numerical results, it follows that Algorithm 17 and the MatLab
function eig correctly compute the top 3 eigenpairs in all cases, and they
cost almost same CPU times. The MatLab function eigs successfully obtains
the top 3 eigenpairs in the first three cases. But when N = 20000 it fails
to converge at one time of 1000 tests and no result is obtained. Thus we
can conclude that the proposed new method is more reliable than the Mat-
Lab function eigs. Moreover, Algorithm 17 also has the comparable level of
accuracy with the MatLab function eigs in the first three cases. O

Example 20 In this example, we compute top k eigenpairs of a Hermitizable
tridiagonal matrix of the form (13),

T ~ (CL]', —Cj, bj) S RNXN,
where a; = a, b; = b and ¢; = c are positive. We test the following two cases:

Casel a=2,b=1, and c=3;
Case 2 a=1,b=2, and c = 3.

Proof. Let (A", g&*") and ();, g;) denote the exact and computed eigen-
pairs of T' ~ (a, —c, b), respectively. They are defined by

)\ixa“ =2vabcos <Nj——7|t1> -,

1 ..
exact -\ __ ﬂ ; (XXl ) —
9; (z)—<\/;> sm<N+1>, 1=1,---,N.

For comparison, we define the error of the computed eigenvalues by

ERR= max [\ — )\;’fxacw.
j=1,-k
Let s; denote the sign changing time of the jth eigenvector and the vector
SCT = [s1,- -, s denote the sign changing times of each of the top k eigen-
values. Remember that the jth exact eigenvector has j — 1 times of sign
changing.
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Table 4: Numerical results of Example 20: Errors of eigenpairs in Case 1.

N Algorithm 17 eigs eig
ERR SCT ERR SCT ERR SCT

51 4.4409¢-16 [0,1,2] 3.4233¢-7  [0,1,2]  6.7230e-11 0,1,2]

52 3.6082e-16 [0,1,2] 5.8039%-6 [0,1,2] 1.4893e-10 [0,1,2]

83 1.8874e-15 [0,1,2] 5.0430e-5 [0,1,2]  5.4506e-7 [0,1,2]

84 1.4710e-15 [0,1,2] 1.0336e-2 ~ [0,1,1]  1.0819e-6 [0,1,2]

103 1.3323e-15 [0,1,2] - - 1.0916e-4 [0,1,2]

104 1.9706e-15 [0,1,2] - - 5.6538 [102,102,103]
10000 3.3307e-16  [0,1,2] - - - —
20000 1.6037e-13  [0,1,2] - - - —

Table 5: Numerical results of Example 20: Errors of eigenpairs in Case 2.

N Algorithm 17 eigs eig
ERR SCT ERR SCT ERR SCT
44 1.6653e-16  [0,1,2]  1.8505e-7 [0,1,2] 4.1633e-16 [0,1,2]
45 2.7756e-16  [0,1,2]  5.6594e-6  [0,1,2] 6.6613e-16 [0,1,2]
104  1.9706e-15 [0,1,2] 1.0453e-3 [0,1,2] 1.0112e-11 [0,1,2]
105  1.8041le-15 [0,1,2] 7.7746e-3  [0,2,2] 3.3805e-11 [0,1,2]
106 1.5821e-15  [0,1,2] - - 1.2713e-11 [1,3,2]
160 9.9920e-16 [0,1,2] - - 3.2369¢-9 [30,33,36]
161 7.4940e-16 [0,1,2] - - 5.6561 [160,160,157]
10000  3.3307e-16  [0,1,2] - - - —
20000 1.6037e-13  [0,1,2] - - - —

In the two cases listed above, we set kK = 3 and apply Algorithm 17 and
the MatLab functions, eig and eigs, to compute the top k eigenvalues and
corresponding eigenvectors of 7', respectively. Note that eig computes all
eigenpairs and eigs is called by the command eigs(T,k,’LR’). For the it-
erative methods, Algorithm 17 and eigs, the convergence tolerance is set as
tol=10"% and the maximal number of iterations is 300.

From the numerical results in Tables 4 and 5, we see that Algorithm 17
correctly computes the top k eigenpairs in all cases; but both eig and eigs
fail in most of cases, even when the size of T' is very small. We underline the
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values of ERR which are larger than 1075, and also underline the values of

SCTs if they are not correct. The notation

«

means that it is not necessary

to compute.

Now we give a detailed analysis as follows.

e Algorithm 17 computes correctly the top k eigenpairs in both Case 1

and Case 2. The maximal errors of the computed top k eigenvalues are
always less than 1079, and the times of sign changing of the computed
eigenvectors are also correct, that is, SCT = [0, 1, 2].

e eigs computes correctly the top k eigenpairs when N < 51 in Case

1 (or N < 44 in Case 2). The maximal errors of the computed top k
eigenvalues become larger than 1076 when N > 52 in Case 1 (or N > 45
in Case 2). Moreover, the times of sign changing of the computed
eigenvectors become wrong when N > 84 in Case 1 (or N > 105 in
Case 2).

e eig computes correctly the top k eigenpairs when N < 83 in Case 1

(or N < 105 in Case 2). The maximal errors of the computed top
k eigenvalues become larger than 107 when N > 84 in Case 1 (or
N > 161 in Case 2). Moreover, the times of sign changing of the
computed eigenvectors become wrong when N > 104 in Case 1 (or
N > 106 in Case 2).

For Case 1 with N = 84, the signs of the top £ = 3 exact and computed

eigenvectors are shown in Figures 2-5. In Figure 2(a)-(c), the signs of the
first, second and third maximal exact eigenvectors (from left to right) are
drawn; and the times of sign changing are 0, 1 and 2, respectively. That is
SCT = [0,1,2]. In Figure 2 (d)-(f), three parts of the third eigenvector are

1 1 1
08 08 08
06 06 06
04 0.4 0.4
02 02 02

0 0 0
o02F 10 20 30 40 50 60 70 80 5| 10 20 30 4d 50 60 70 80 _o,| 10 20 fo 40 50 60 70 80
-04 04 04
-06 -06 -06
-08 -08 -08

-1 -1 — -1

(a) First eigenvector (b) Second eigenvector (c) Third eigenvector
4 7 11
10 10 10

ITX 8f" 8f"

0 6 7

aF s 10015 20 25 H

.§ 4 5

G 2 4

-5 0 3

% 338 B~ 3 [8 2

K5, 2 1

-8 4 o

65 67 69 71 73 75 77 79 81 83

(d) First part from 1 to 34 (e) Second part from 34 to 58 (f) Third part from 64 to 84

Figure 2: (a)-(c): The sign of the top k = 3 exact eigenvectors of T' ~ (2, —3,1)
with N =84. (d)-(f): Three parts of the third exact eigenvector.



TOP EIGENPAIRS OF HERMITIZABLE MATRIX

1633

drawn. The two points at which the signs of the third eigenvector change are
shown in Figure 2(d) and Figure 2(e).

Figures 3-5 indicate the signs of the top 3 eigenvectors, computed by Al-

gorithm 17, eigs and eig, respectively; and the SCTs are [0,1,2], [0,1,1]
and [0,1,2]. From Figure 4, it follows that the sign of the third eigenvector
computed by eigs is not correct.

0.8 08 08
0.6 0.6 0.6
04 04 04
02 02 02
0 0 0
02} 10 20 30 40 50 60 70 80 _gof 10 20 30 44 50 60 70 80 _,| 10 20 PO 40 50 [60 70 80
04 -04 -04
-0.6 -0.6 -0.6
-0.8 -0.8

(a) First eigenvector

(b) Second eigenvector

(¢) Third eigenvector

Figure 3: The sign of the top k = 3 eigenvectors computed by Algorithm 17
of T ~ (2,-3,1) with N = 84.

0.8 0.8 08
0.6 0.6 0.6
04 04 04
02 02 02
0 0 0
.02} 10 20 30 40 50 60 70 80 _5of 10 20 30 40|50 60 70 80 _,| 10 20 30 4p 50 60 70 80
04 -04 -04
-0.6 -0.6 -0.6
-0.8 -0.8

(a) First eigenvector

(b) Second eigenvector

(¢) Third eigenvector

Figure 4: The sign of the top k = 3 eigenvectors computed by eigs of T ~
(2,—3,1) with N = 84.

0.8 0.8 08
0.6 0.6 0.6
04 04 04
02 02 02
0 0 0
02} 10 20 30 40 50 60 70 80 _gof 10 20 30 4Q 50 60 70 80 _,| 10 20 PO 40 50 [60 70 80
04 -04 -04
-0.6 -0.6 -0.6
-0.8 -0.8

(a) First eigenvector

(b) Second eigenvector

(¢) Third eigenvector

Figure 5: The sign of the top & = 3 eigenvectors computed by eig of T' ~
(2,—3,1) with N = 84.

As in Example 19, we list the CPU times (“CPU”) and the relative resid-

ual errors (“Res”) of Case 1 and Case 2 in Tables 6 and 7, respectively.
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Comparing these two tables with Tables 4 and 5, respectively, it follows that
the error estimates by using “ERR” plus “SCT” are more precise than using
“Res”. Note that the CPU times are obtained by running the programs for
100 times and taking the average values. The relative residual errors of Algo-
rithm 17 are less than those of eigs and eig. Algorithm 17 costs less CPU
times than eigs and has comparable speed with eig.

From above numerical results, we conclude that Algorithm 17 performs
better than eigs and eig, and is very feasible and reliable to compute the top
k eigenpairs of large scale matrices. [

Table 6: Numerical results of Example 20: CPU times and residual errors in
Case 1.

Algorithm 17 eigs eig

CPU Res CPU Res CPU Res

51  1.5200e-2 2.7062e-16 3.0200e-2 3.2479e-11 4.3000e-3 1.1148e-15
52 8.9000e-3 3.1456e-16 4.6400e-2 7.6735e-11 4.7000e-3 1.1125e-15
83 1.5500e-2 6.0137e-16 6.9300e-2  3.4396e-11 1.5700e-2  1.5400e-15
84  1.5800e-2 6.1987e-16 4.7600e-2 1.9611e-10 1.8100e-2 1.6283e-15
103 3.0800e-2 7.0777e-16 - - 2.4100e-2  2.6738e-15
104 3.4000e-2 6.5688e-16 - - 2.7500e-2  7.5496e-15

N

Table 7: Numerical results of Example 20: CPU times and residual errors in
Case 2.

Algorithm 17 eigs eig
CPU Res CPU Res CPU Res
44 1.2900e-2 1.7810e-16 2.8100e-2 3.1130e-12  3.6000e-3  1.8735e-15
45  8.9000e-3 3.1456e-16  4.6400e-2 7.6735e-11  4.7000e-3 1.1125e-15
104  3.4500e-2  6.8695e-16  9.9700e-2  7.5717e-11 2.4300e-2  3.2867e-15
105 3.0000e-2  6.1525e-16  6.7300e-2  2.5779e-11  2.0000e-2  1.7139e-15

N

106  3.2800e-2  6.2913e-16 - - 2.6600e-2  1.5451e-15
160  3.9500e-2  4.1402e-16 - - 1.2860e-1  1.7278e-15
161 3.9900e-2 4.0246e-16 - - 1.2930e-1  2.5905e-15
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Abstract

This paper is devoted to the study of an extended global algorithm
on computing the top eigenpairs of a large class of matrices. Three ver-
sions of the algorithm are presented that includes a preliminary version
for real matrices, one for complex matrices, and one for large scale sparse
real matrix. Some examples are illustrated as powerful applications of
the algorithms. The main contributions of the paper are two localized
estimation techniques, plus the use of a machine learning inspired ap-
proach in terms of a modified power iteration. Based on these new tools,
the proposed algorithm successfully employs the inverse iteration with
varying shifts (a very fast “cubic algorithm”) to achieve a superior esti-
mation accuracy and computation efficiency to existing approaches under
the general setup considered in this work.

1 Introduction. Extended global algorithm

The top eigenpairs of matrix play an important role in many fields. In partic-
ular, for the maximal eigenpair for instance, there are well-known algorithms
in several different fields. For web-search, it is called PageRank. For economic
optimization, there is so called left-positive eigenvector method (cf. Chap-
ter 10]). For statistics, there is principal component analysis (abbrev. PCA)
which is also used in quantum mechanics computation (quantum chemistry in
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particular) and Al In the last case, one needs not only the maximal one, but
also a couple of the subsequent eigenpairs. Certainly, for such a well-developed
field, there are some powerful algorithms in common use, the “singular value
decomposition” (abbrev. SVD) for PCA for example. However, as mentioned
at the beginning of @; p.65, §2.6]: “In some cases, SVD will not only diagnose
the problem, it will also solve it, in the sense of giving you a useful numer-
ical answer, although, as we shall see, not necessarily ‘the’ answer that you
thought you should get.” This happens for a number of known algorithms (see
[7} Example 1] for instance) and so more careful study is valuable.

This paper is motivated by the study on the global algorithms given in
[3, [7], where some effective algorithms were presented for computing the max-
imal eigenpair of a rather larger class of matrices. Roughly speaking, two
approaches are adopted there: the power iteration (abbrev. PI) and the in-
verse power iteration with varying/fixed shifts (abbrev. IPI,/IPI;). The PI
has only a little restriction on the initial vector and so has a wide range of
applications. It is also economical (having lower computational complexity),
but has a quite slow convergence speed, especially near the target eigenvalue.
The fast convergence speed of the algorithms given in [3], [7] is mainly due to
the use of IPI, (having higher computational complexity). It is however quite
dangerous if the initial is not close enough (from above) to the target eigen-
value. The last problem was avoided in [3| [7] mainly due to the assumption:
the off-diagonal elements of the matrix are all nonnegative. This is essen-
tial: it implies the existence of the maximal eigenpair (as an application of
the Perron—Frobenius theorem, by a shift if necessary). Then we have some
important variational formulas for the upper/lower bounds of the maximal
eigenvalue, i.e., the Collatz-Wielandt (abbrev. C-W) formula (cf. §1 and
Corollary 12]). For nonnegative matrix, the formula takes the following form:

(An)(k) (Az) (k)
supmin =y = A= b maxnaT

where A is the maximal eigenvalue of the matrix A and z(k) is the kth com-
ponent of the vector . The upper bound in the formula is very important in
using IPI, for avoiding the pitfalls (cf. §4]). Now, a challenge appears:

Question: What can we do without the assumption of the nonnegative prop-
erty of the off-diagonal elements?

A typical model led to the question is PCA, for which some of the off-
diagonal elements can be negative. The question is quite serious since almost
each advantage introduced in the previous paragraph is lost. We do not have
the Perron—Frobenius theorem; more seriously, we do not have the C-W for-
mula; and furthermore, the IPI, is not practical.

Certainly, the answer to the above question is not obvious. If you have
luckily produced enough courage, you may look for a way to find a substitute
of the C-W formula. Assume that the given matrix A is real. Assume also
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for a moment that the maximal eigenvalue \ we are working is positive. Of
course, at the present case, the corresponding eigenvector g is not necessarily
positive, and it may have negative or zero components. Because we are now
bare-handed, to find an exit from the darkness, we have to go back to the
original position: all we know is the eigenequation:

Ag = Ag. (1)

That is, g is an eigenvector corresponding to the eigenvalue A of A. It follows
that once g(k) # 0, we must have (Ag)(k)/g(k) > 0, here we have preassumed
that A > 0. If a vector = produced by our iterative method (either PI or IPI)
is close enough to g, then in one iteration, we have

rr~g=— Ar ~ Ag = A\g.

We now arrive at the first localized estimation technique: check sign and
locally bilateral estimates (abbrev. CS-LBE). Due to the property given above,
on the set

N o= {k : |z(k)| > 0}, (2)

we should have

Av . Ax(k)
> 0= (k)
since A > 0 by assumption. As usual, here “k € .4,” means “for each k € 4,”.
The procedure checking is called “check sign” (abbrev. CS). Once this
holds for a few of iterations, then we do not need to check it again, just
continue the PI until the relative difference (abbrev. RD)

1 — min &(k:) max &(m <e (4)

keNy X keNy T

for some sufficiently small €. Under condition A > 0, assertions and are
actually due to the convergence of PI, assuming for a moment that the maximal
eigenvalue coincides with the maximal one in modulus. In practice, one has to
take care for the initial vector in using PI to guarantee its convergence. Next,
using condition A > 0 again, by , we have

A A
either (0 <) —x(k) <A or —x(k) >\ foreach ke ..
x x

> 0, ke A, (3)

Hence under condition with € « 1, we obtain the following locally bilateral
estimates (abbrev. LBE):
Ax Ax
0< in —(k) <A< —(k), 5
(0<) min —=(k) max —= (k) (5)
the equalities in ([5]) hold once z is taken to be an eigenvector of the correspond-
ing eigenvalue A\. We now regard as a substitute of the C-W upper/lower

estimates, and adopt
Ax
= Nk 6
2 1= max — (k) (6)
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as an upper bound of A for the use in IPI, or IPI;. Condition guarantees
the validity of LBE and then @ Thus, in f@, we use only those x
in a small neighborhood of the eigenvector of A in the corresponding vector
space. That is the meaning of “locally” used above.

In the above paragraph, we preassume that the maximal eigenvalue coin-
cides with the one in modulus and is positive. This is important not only in
computing the ratios above but also an essential point in the use of PI, since
for which, the leading term in the algorithm is determined by the maximal
eigenvalue in modulus, one cannot ignore the point “in modulus” here. Cer-
tainly, if one has known in advance that the spectrum (at least the top six
eigenvalues) of A has satisfied the assumption, then the step we are working
can be ignored. Otherwise, to remove the assumption, we simply use a shift
operator: replacing A by

A=A+ g[, (7)
7 0 if the order of A is bigger than 6 and 6 is an integer,
[6] otherwise

where [z] denotes the minimal integer that is greater or equal to =, and the
constant 6 is an upper bound of the spectral radius. Here, the use of 6 instead
of 0 is to simplify the computation. Clearly, the spectrum of Ay is nonnegative.
Therefore, working on A;, the assumption just mentioned holds automatically.
The reason that we choose the top six eigenpairs is to compare with the “eigs”
package of MatLab, which is designed for the same aim (See section 4 below).
Certainly, one can continue the algorithm for additional subsequent eigenpairs.
There are two ways to obtain an upper bound of the spectral radius of
general complex matrix A without additional restriction. The first one is a
theoretic result, deduced by the Gershgorin Circle Theorem (cf. [10]):

0 = min {[Ale, [Al1}, Ao := sup Y] faisl, [Alr = A%
P

where A* denotes the transpose of A. In the symmetric case, the two terms
in {---} are the same. The disadvantage of this method is that the result is
usually quite rough. We now introduce the second numerical method which is
similar to the technique deducing - @ above. Since we are now interested
only in the modulus of the eigenvalue A, instead of ([1]), we should start at

|Agl = |\l lg]-

Next, we follow the analysis between and @ The output x produced by
PI, with suitable initial and after enough iterations, should have the following
property. With the same .4, defined by , replacing

Ax Ax

— by |—/|, A by [\, and =z by 6,
x T
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we obtain the analogs of - @ as follows:
Ax

A
1 — min (k)/max —x(kz)<s,
ket | T ket | T
A A
min | 22| (k) < |\ < max |~ |(k),
ke, | T ke, | X
Ax

Starting from 1/|1|, where 1 is the constant column vector having its compo-
nent 1 everywhere and ||z| is the Lo-norm of z. The resulting 6 defined by
is what we need for . This method is especially good for PI, it converges
economically to A\*, the maximal eigenvalue in modulus, but not the real max-
imum, effective enough unless it is too close to A*. Hence this method is good
enough for our purpose. The value of 6 is noticeable since a larger 8 makes
the lower convergence speed of PI:

/\2+aT

A1 > X >0 0,1
1> > 0= (0, >9/\1+a

as a(>0)1.

We emphasize that the constant 6 defined by is used only in for produc-
ing a matrix with nonnegative spectrum having positive six top eigenvalues.
In the subsequent estimation of the eigenpairs, one does not use it again. In
the special case that the given matrix already has the required property just
mentioned above, one can simply ignore this shift procedure.

Usually, one needs to run the IPI, only for a few of iterations since its
convergence speed is very fast. Otherwise, the calculation will overflow quick-
ly. The computation can be finished once the output arrives at the required
precision level:

max — (k) — min — (k) < ¢, (9)

the left-hand part above is called the amplitude of LBE. If we do not want
to compute the next eigenpair, then we can stop the computations here. If
otherwise, one has to improve the precise level of the output of the eigenvector.
For this, one should continue the work, using IPI; instead of IPI,. This is
important since for computing the next eigenpairs, we will go to the subspace
which is orthogonal to this eigenvector. The computation of orthogonalization
often requires a higher level of precision. Failure to achieve such a precision
often leads to error propagation and thus incorrect final results.

We now discuss the construction of the initial vector used by PI. First, for
the maximal eigenpair, simply choose the initial vector

zo = 1/[1]. (10)

Once the computation of the maximal eigenpair is done, we obtain the first
(maximal) eigenvector, say gi. After k — 1 steps, we have k — 1 eigenvectors
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{91, ,gr—1} (normalized with respect to their Lo-norm, respectively). Then
the initial vector for computing the kth eigenpair can be chosen to be the
projection vector of xy defined by on the space which is orthogonal to
Span {g1,--- ,gr_1}. In general, for a given linear space .Z, let £+ denote its
orthogonal space. Then, the projection Proj (z, k) of a vector x on the space
Span {vy, - - - , v} is defined by

k
Proj (z,k) = x — Z(v;‘:c)vj (11)
j=1
for normalized orthogonal family {v1,...,vx}, where v* (row vector) is the

transpose of v (column vector).

To study several eigenpairs, one may assume that the matrix A has real
spectrum. Otherwise, for a complex eigenpair, one may have a conjugate one.
This poses some difficulty.

At the last step, return to the original matrix:

Eigenpair (), g) of A] — Eigenpair (A—0, g) of A. (12)

Input: Construct 4; by (7)) and

}

Run IP using initial .
If at some iteration, holds,
then look at @ instead of

l

If @ holds with e = 1072, then use
(z, Az) in (6) as initial (zo,vo) for IPI,

Run IPL, until (9) holds with e =10~°

Stop )IV Continue
With (2, vp)

Return to Repeat the diagram obtained as new

original A for computing sub- (20,v0), run IPI;
by sequent eigenpairs until (9) holds

with e = 10712

Figure 1: Flowchart of the preliminary version of the extended global algo-
rithm
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We now make some additional analysis on the preliminary version of the
extended global algorithm in Fig.[T} as well as on the three algorithms used
there: PI, IPI, and IPI;. While the localized estimation technique “check
sign and locally bilateral estimates” (CS-LBE) mentioned above looks rather
simple, the simplicity is precisely its biggest advantage — it can be applied
to a rather wide range of applications, as we will see soon in the subsequent
sections. The CS-LBE presents new opportunities to use techniques from
a variety of fields such as optimization theory, machine learning, etc., since
almost no theoretical results are available in this general setup. What we
propose here is the (modified) PI. One may see a concrete example in the next
section. Note that the choice of ¢ used for or @ in Fig. may be changed
according to different types of matrices used in various applications. Roughly
speaking, one may use ¢ € [0.01,0.1] instead of ¢ = 0.01 in (4]) for medium size
matrices. At this beginning step, we have used the main advantages of PI: it is
safe and allows quite general initial vector, it has a good enough convergence
and computing speed, except close too much to the target eigenvector.

Having the initial vector vg produced by the CS-LBE technique and the
initial shift given by @ at hand, we are ready to apply IPI, to accelerate the
computing speed. Under the conditions and , instead of , we have

. Az z* Ax Ax
min — (k) < < max — (k).
ke, T r*x ketVy T

z¥*Ax

Replacing the term z given on the right-hand side by the middle one N
the IPI, becomes the so-called Rayleigh Quotient Iteration (abbrev. RQI),
which is well-known a cubic algorithm (i.e., the iterative solutions generated
by the algorithm converge cubically). Note that RQI is practical only if z is
close enough to the target eigenvector, and hence is also a local algorithm. In
particular, it is actually in a dangerous region once

*
v A € [min &(k), A).

x*x ke, T

However, since the precise local region over which the RQI is effective is not
known, practical use of RQI often runs into the issue of converging to other
eigenvectors that are close to the target ones. The last point is the main
difference between our IPI, and RQI. The proposed IPI, ensures the algorithm
robustness and allows convergence to the target eigenvector by adapting the
shifts automatically. As verified by the practice in [4] [7] and the subsequent
sections, the difference given in goes to zero very fast. then so is the

difference
Ax z*Ax

max — (k) — o

Hence, it is believable that IPI, and RQI should have the same order of con-
vergence speed, once RQI works.
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For IPIy, the initial vector v is similar to those of PI; the initial shift z of
IPI; should be bigger than the target A. Otherwise, the algorithm becomes
dangerous. Certainly, IPIy is more effective if the initial pair (z,v) is closer
to the target one. In Fig. IPI; is used in the last step to improve the target
eigenvector. For which, IPI, may no longer be practical since the inverse
matrix would be degenerated too fast. The convergence by IPI; can be faster
than PI whenever the shift is close enough to the target A from above.

We now summarize roughly the comparison the three algorithms: PI, IPI,
and IPI;. Let

2(U) = Domain of suitable initial (vector, shift) of algorithm U,
s(U) = Convergence speed of algorithm U,
t(U) = Computational complexity of algorithm U.
From low to high is ordered by “<”.

Certainly, for PI, the shift variable is free in Z(U). Then, roughly speaking,
we have the following comparison

2(P1) > 9(IP1;) > 9(IPL,),
s(PI) < s(IPI;) < s(IP1,),
t(PT) < t(IP1;) < t(IPL,).

A mixed algorithm of PI and IPI, was used in [4, [7]. In the present
paper, we introduce some extended algorithms which have more mixture of
the above three algorithms, making best use of the advantage and bypassing
the disadvantage of each of these three algorithms.

The next section is an exception where the algorithm is applied to the
so-called Hermitizable complex matrix, not the real one treated in most part
of the paper, to illustrate the wide use of the algorithm. Certainly, from the
preliminary version to more general situation, additional work is required, as
shown in by the algorithm for large scale sparse matrix. The powerful
algorithm is then illustrated by two examples in If a reader is eager to
take a look at the power of the proposed algorithm introduced in the paper,
he or she can skip Sections and go directly to section

2 Application to Hermitizable matrix

Consider the following complex matrix (cf. [5; Example 7])

8 61 144 18 41
—6 5% Bth ntw
94 55 403 30 351
a_| 2t -1 R R
07| 12_20i _4_32i  _33 60 _ 66
5 5 5 5 17 17
63  7i 28 _ 98i 774 _
-5 51 D+5 16
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A complex matrix A = (a;;) is called Hermitizable if there exists a positive
measure p = (pg) such that p;a;; = pjaj; for each pair (7,7) (due to [5]).
It is called symmetrizable in the real context. It is easy to check that Ag is
Hermitizable with respect to u:

10 20

8
=1 = = = -
Ho , M1 15 H2 39’ M3 119

In general, from the proof of Theorem 20], it is known that a complex
matrix A = (a;;) is Hermitizable w.r.t. measure p = (p,) iff

A = Diag (u) A Diag (n) [AH := A%]. (13)

Equivalently, R
A := Diag(p)">ADiag (n) /2 (14)

is Hermitian. Clearly, the transformation of the eigenpair (A, g) of A to the
one (A, g) of A goes as follows.

(\.g) = (A, g=Diag(u)"*g). (15)
At the moment,
—6 U-30y/8  @+Tn/E  O+200/E
\/% - — 216 (6 + i),/ 4
(U-Tin/& -G ~13 (10 - 110) /52
VE 6Ty /H (10+110)/52 16

Due to , for computing the eigenpair of Ag, it suffices to study the one for
Ap. Hence, from now on, we need only to consider the matrix Ag.

The maximal eigenpair

We now start the algorithm given in Fig.[l The computation in this section
is done by using Mathematica (version 11.3) on PC.

Step 1. Construct A;. The upper bound produced by the first method
given in {1|is H(flo) = 29.957. We now consider the second method.

Starting at wy = 1/||1| (cf. (10)) and use the following PI:

wy = Agvp_1, n =1, Up 1= wy/|wy|, n=0.

Let
A (w) = {k : |w(k)| > 0},

Aowy,
Iy =

Wn

(k). keMwn)},

n — i nk7 n — nk'
Y=, in wa(k),  za= wmax  za(k)



TorP EIGENPAIRS OF LARGE DIMENSIONAL MATRIX 1645

Then in 5 iterations, the outputs are as follows.

{(zZn, yn )2y (21.2379,5.26626), (27.0853,17.7591), (27.2742,17.6156),
(21.9304, 17.52740), (21.6953,17.4757);
(1= yn/2a}5_1: 752035, 344325, 354132, 200772, .194493.

Clearly, PI converges very well. Since z4 and z5 are closed each other, for them
we have the same 6 = 22 which is an upper bound of the spectral radius of A
and is obviously smaller than the one obtained by the first method. Actually,
if we continue PI for more iterations,

z5 = 21.6953, z19 = 21.5148, 290 = 21.7481, 230 = 21.4567, 240 = 21.3927,

then we get the same @, since the convergence becomes rather slow when z, is
close to the modulus of the maximal eigenvalue A* = —21.3806. Thus by ,
we have

A1=A0+§I
16 (4=3i)/35  (@A+Ti)/& (9 + 2i)y/ &
(44 3i)4/ 3 33 —2=16¢ (6 4 Ti)y/ 22
. 42
(10 — 11i)4/ 52
= (6-Ti)y/5 (104 110)y /5 6

To justify the effectiveness of the shift used here, let us compute the eigenvalues
of A1:

21.8344, 12.5542, 4.24189, 0.619429.

It follows that there is only a little room (about 0.6) for the improvement
of the shift § = 22 to keep the positivity of the spectrum of A;. The
transformation of the maximal eigenpair (A\1(41), g1(A1)) of Ay to the one
(A1,91) = (A1(Ao), 91(Ap)) of the original Ay is as follows.

At =Xi(41) =0, g1 = Diag(p) g1 (A1) (16)
Step 2. Run PI.  As in Step 1, we use the following PI:
wy, = Avp—1, n=1, Up 1= wy/|wy|, n=0.

However, the original initial 1/|[1| is replaced by wg = (1 +14)1/(v/2|1]). The
reason is that for non-real A1, since the eigenvalues are all real, the eigenvectors
should be non-real and so as a mimic, it is better to choose wgy to be non-real.
However, this is useless in Step 1, since a nonzero constant factor a can be
ignored in the equation

[A(aw)| = [Al|av].
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We now come to the essential different point from the real case. Actually,
for non-real A1, instead of the single equation , we have two:

Re(A419) = ARe(g),  Im(A419) = AIm(g).

Thus, it is naturally to split the original vector = (corresponding to g in the
eigenequation) into two: z® and x! (corresponding to Re g and Im g, respec-
tively). Similarly we have A% and .47 defined as follows.

(Ai(w) = {k : [Rew(k)| > 0}, Ai(w) = {k : [Imw(k)| > 0};
Pn = Arwy;
£ {Reant0 ket ko {0 vt
weak (Aeorman #8E)) A (At 75 9)). (17)
“n = <\/ket/VR(wn) xff(k;)) V (\/ke/i/](wn) %Uf));
strong n = (/\kEJVR(wn) xﬁ(k)) \ (/\kem(wn) wﬁ(k)),
( on = <\/k€JVR(wn) xﬁ(k)) A <\/kzew,(wn) xﬂ(k));

where o A f = min{«, 5} and a v = max{«, 8} for real « and 3. The last two
parts “weak” and “strong” need some explanation. First, the only difference
is exchanging the “A” and “v” in the middle of definition of (yn,z,). To
understand its essential difference, recall that condition is now split into
two:

. Re(Aix) Re (A1x)
Re,) : 2OV k) < A < 2OVRT) ey,
(Rea) i ) "Rew WSS 0% "Rea Y
Im (A Im(A
(Im ) : min M(/{) <A< max m(k)
keti(z) Imx ketp(z) Imzx

Now, for the “weak” case in we simply adopt a weaker estimate of (yy, 2,)
from (Reg,) and (Im,,). And then the “strong” case should be clear. The
weaker version of (yn, z,,) plays the main role for the safety of converging to the
required eigenpair, but makes a little slower convergence. While the stronger
version makes a faster convergence but it requires that we are at the position
close enough to the target eigenpair. Keeping these ideas in mind, one may
adopt a mixture of these choices in designing the algorithms.

To fix the idea, throughout this section, the weak version of (yn,z,) is
adopted at the first use of PI only in the computation of each eigenpair. For
the other steps, we adopt the strong version.

It is the position to start the PI. In 6 iterations, the outputs are as follows.

{zn,yn}S_1 ¢ (22,6771, —8.15858), (92.2205, 21.1287), (25.9135, 20.2681),
(23.4485, 18.5274), (22.6331, 19.0585), (22.2652, 19.8867);

{zn — yn}S_1: 30.8357, 710918, 5.64541, 4.92104, 3.57468, 2.37847;

{1 —yn/za}5_1:  1.35977, 770889, 217856, .209866, .15794, .106825.
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Note that here y; < 0. The outputs show that not only the components of
Rew,, and Rew,_1 have the same sign once n > 2, but also the sequence of
relative difference decreases quite quickly. We choose n = 6 (¢ ~ .1) as the
final iteration. Then, we have

v =(.363237 + .4912094, —.00786884 + .44046 ¢, .488441 — .0516616 1,
326973 + .2907764)*.

Step 3. Run IPI,. Starting at (z0,v9) = (26, vg) obtained in the last step,
run IPI,. Here we adopt a little different notation. Let w,, solve the equation

(anll - Al)wn = Un—1, n =1

and set v, = wy/||w,| again. Next, define Ax(w), A7 (w) and {zf 2L y,, 2,}
by with the strong version of (yy, zp).

Note that z, and 1 — y,/z, are analogs of @ and in the complex
context, respectively. Then, in 2 iterations, we obtain

(Zns yn)?_1: (21.8358, 21.8324), (21.8344,21.8344),

(20 — yn)2_1: 00346973, 5.22045-1077;

{1 —yn/2n}2_;: 000158901, 2.39093 - 1075,

vy = (.359825 + 4940924, —.0061931 + .44037 i, .488017 — .054044 1,
328093 + .289324 1)*.

Moreover, 1 — yo/z9 ~ 1078, This is not too small for the use of IPI; in the
next step.

Step 4. Run IPI;. In the case we want to improve the above result fur-
thermore, we adopt the IPI;. Now, we take (z2,v2) from the last step as our
new initial (29, v9). The only change to the last IPI, is using the fixed z,, = z.
In 3 iterations, if we adopt the same precise digits as the last step, then we
get the same outputs of (z,,y,) as the last one:

{(2n, Yn)}2_1: the same pair (21.8344, 21.8344);

{Yn — 20> _1: {10.6581, 0, 3.55271} - 10715

{1 —yn/2}3_ 2 {5.55112, 1.11022, 2.22045} - 107 1°.

v3 = (.359825 + 4940924, —.00619309 + .440374, .488017 — .054044 1,
328093 + 289324 1)*.

In what follows, we rewrite (z3,v3) as (A1(A1),91(A1)) which is regarded
as the maximal eigenpair of A;.
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The submaximal eigenpair

From the last part, we have obtained the maximal eigenpair (A1(A1), g1(41)),
at the machine level of precision, as follows.
A1 (A7) = 21.834441785286337,
91(A1) = (.35982503686976175 + .49409186313969483 1,
—.006193088194633169 + .44037016603620777 1,
.48801737987976945 — .054043998846425696 1,
.3280927162424674 + .2893240204637148614)*.

Step 1. Run modified PI. As an analog , the projection of the vector
w on the space Span (g1 (A1))* is as follows.

g1(ANHw H . %
U A g Ay @A) =

The modified PI means the use of the usual PI with the modification by the
projection above at each step. That is

w (1+4)1
0 = ;
V21
gl(Al)Hwn
Up = Wy — A1), n=0,
@A) T (A" ()
wy, = A Un-1 n>=1.

Y
/. H
Uy Un—1

Next, similar to , replacing w and w,, by u and u,, respectively, we can
define AR, A7, pn, &, o and the weak version of (yy,z,). Starting at wg
and running the modified PI, in 5 iterations, we obtain

{(zn, yn)}2_y+ (13.3067, 1.07981), (12.7854, —32.9231), (18.4212, 10.2147),
(13.9055, 11.5768), (12.9665, 12.1958);

{zn — yn}3_,: 12.2269, 45.7085, 8.20655, 2.32871, .770683;

{1 = yn/2}>_,: 918852, 3.57505, 445495, 167467, .0594367.

Note that here yo < 0. We stop at n = 5 since 1 — y5/z5 is small enough, even
though it is bigger than 10~2. Then, we have
z5 = 12.9665,
vy = (0677311 — 7861814, —.190409 + .215294, .356539 + .247925 1,
0428153 + .3229651)*.

Step 2. Run IPI,. Taking (z5,v5) from the last step as new (zp,vp), run
IPI,. Let w, solve the equation

(anll - Al)wn = Un—1, n =1,
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and define first v, = wy,/|wy|, and then Ax(w), A7(w) and {zf 2L 4., 2,}
by with the strong version of (yy, z,). Now, in 3 iterations, we obtain

{(zn, yn) Yo _y + (12.5546, 12.5507), (12.5542, 12.5542), (12.5542, 12.5542);
{zn — yn}3_, 1 .00385406, 1.50454 - 1077, 3.55271 - 107 1%;
{1 —yn/za}3_; : 000306985, 1.19843 - 1075, 3.33067 - 10716,
vy = (.604525 — 5085174, —.301145 + .0168374 4, .0761289 + .417867 1,
— 196423 + .25691)*.
v3 = (.604525 — 5085174, —.301145 + .01683744, .0761289 4 .417867 i,
— 196423 + .25691)*.

In the case we do not want to go further, we can stop here at n = 3 since
1 — y3/23 ~ 10716 is sufficiently small. It is actually too smaller to go to the
next step, otherwise it would cost some computational error.

Step 3. Run IPI;. To have a test, setting (2o, vg) to be (22,v2) obtained
in the last step, run IPI; also in 3 iterations, we obtain the same output
Zn = Yn = 12.5542 for n = 1,2, 3, and

{zn — yn}3_, : {3.55271, 3.55271, 8.88178} - 10 17;
(1= yn/2a}3_, : {3.33067, 3.33067, 6.66134} - 10716,

Moreover

vz =(.6045251632662887 — .5085174051419706 ¢,
—.3011448284487476 + .016837350902488956 ¢,
.07612884589652998 + .4178669662768421 7,
—.19642273529356236 + .2568995483366027 7).

The present v3 has a much higher precise level than vo obtained in Step 2. We
now regard (z3,v3) as the submaximal eigenpair (Ay(A1), g2(A1)) of A;.
Similarly, one can compute the other eigenpairs of A; but we are not going
to the details here.
Finally, we return to the original eigenpairs of Ag by :

A= A (A]) — 22 = —.165558,
g1 = Diag(p)"2g1 (A1) = (.359825 + .494092 i, —.00848024 + .603002 i,

963757 — 1067284, .800304 + .7057371)*
A2 = Ag(A;) — 22 = —9.44576,

g2 = Diag(p) Y2g2(A;) = (.604525 — 508517 i, —.41236 + .0230555 i,
150342 4 8252214, —.479127 + .626645)*

It is nice chance to learn some thing from the above computation.
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1) In the earlier papers [3] and [7], the sequence {z,} should control the
maximal eigenvalue from above, due to the Perron-Frobenius theorem and the
C-W formula mentioned in However, this may not be true in the present
general setup, as can be seen from Step 1 of computing the maximal eigenpair,

21 < |A\*(Ag)| = 21.3806 < 25 < z3 > 24 > 25 > |A\*(Ap)|,
the sequence {z,} arrives its maximum at z3. In Step 2, we have similarly,
/\1(A1) = 21.8344 < 21 <Z29>23>-> 26> /\1(A1).

In this case, it follows that the sequence {z,} arrives its maximum at z,, and
then it goes down. In both cases, the sequence {1 — y,/z,} is decreasing in n
quickly.

Step 1 in computing the submaximal eigenpair is much more interesting.
It illustrates the unstable property of {z,} at the beginning. Here we adopt
the modified PI. We have

21 > 29 > AQ(Al) = 12.5542 < 23 > 24 > 25 > AQ(Al)
Correspondingly, for &, := 1 — y,,/2z,, we have
{6,101 .918852, 3.57505, 445495, 167467, .0594367.

A big jump happens at z3 since as mentioned earlier, yo < 0 and so the
check sign (CS) is necessary. At n = 5, even though & ~ .059 > .01, but
z5 = 13.0168 > A9(A1), and so the use of IPI, in the subsequent step is safe.
Roughly speaking, one can stop PI at the mth iteration, if starting from z,,
the sequence {z,}n>m converges decreasingly. It is the case if the matrix has
nonnegative off-diagonals, as studied in [3, [7], or the examples given in §4.
In view of this point, one may reduce the number of iterations in using PI
at the beginning of the computation for the maximal/submaximal eigenpair.
More precisely, the PI (Step 2) for computing the maximal eigenpair needs
only 6 — 2 iterations and for submaximal one, it requires only 5 — 1 iterations.
For subsequent IPI, or IPI;, the number of iterations remains the same as the
original in the both cases.

2) All the computations above show that the sequence {1—y,/z,},, may be
except a few of terms at the beginning, is monotone decreasing and converges,
much stable than the other sequences, {z,} or {|1 — 2,,/2,—1|}, in the present
general setup. Among the computations above, the exceptional part of the
sequence {{, = 1—y,/z,} appears mainly in the last case just discussed above.
For which, the first 2 terms are unstable, especially the second one is bigger
than 1 since yo < 0 as mentioned before. The stability starts at the third
term. It follows that the use of the sequence {1 —y,,/z,} is more practical and
is actually adopted in the preliminary version of the algorithm given in Fig.
1. For this reason, it seems more precise to rename the “CS-LBE” technique
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by adding the relative difference (RD): CS-RD-LBE technique in the general
situation.

It is hoped that the algorithm given here could be used in the quantum
mechanics computation (cf. [6]).

For the remainder of the paper, we return to real matrices for which Her-
mitizable becomes symmetrizable. By , we can reduce a symmetrizable
matrix to a symmetric one. Then, by using (16), we can assume that the given
symmetric matrix has a nonnegative spectrum.

3 A version of the global algorithm for large scale
matrices

As remarked at the end of the last section, we need only to study the symmetric
matrix having nonnegative eigenvalues. In this section, we describe the ex-
tended global (or global for short) algorithm for computing the top eigenpairs
of a large sparse matrix. This algorithm computes the eigenpairs sequentially,
starting from the top eigenpair and then uses the previously computed (i — 1)
eigenpairs to compute the next ith eigenpair. The flowchart of the algorithm
for computing the ith eigenpair is shown in Fig.
We first summarize the key points of the proposed algorithm as follows.

e The inputs to the algorithm are the first ¢ — 1 eigenpairs {()\;,v;),
j =1,---,i— 1} that have already been computed using the same al-
gorithm. Here, A; denotes the jth largest eigenvalue and v; denotes the
jth eigenvector.

e At the initial iteration n = 0, we initialize with yg given by .

e Starting from the initial vector gy, run a procedure called “Check sign
with locally bilateral estimates (CS-LBE)” to determine initial shift zg
and the corresponding eigenvector estimate xg. This procedure involves
running multiple power iterations with projection and check sign, and
estimating zo based on the locally bilateral estimates (an analog of ().
Details of the CS-LBE procedure will be described later.

e Given x, and z,, determined by the CS-LBE procedure, we then perform
one iteration of the IPI,: (z,/ — A)y, = x, to solve for the updated
eigenvector estimate y,,.

e Given y,, we will run the CS-LBE procedure to determine the next shift
zn+1 and the corresponding eigenvector estimate x4 1.

e Given x,41, we will check whether the accuracy of x,4+1 has improved
compared to that of earlier iterations. Detailed criterion used to evaluate
the accuracy of the eigenvector (which corresponds to the amplitude of
LBE given in §1) will be described later.

e If the accuracy of x,,+1 has not improved compared to earlier iterations,
then the algorithm has converged. It then outputs the ith eigenpair
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Ai = Zn+1, Vi = Tpy1 and proceeds with the computation of the (i + 1)th
eigenpair. On the other hand, if the accuracy of z,4; has improved
compared to earlier iterations, then the algorithm proceeds with the
next iteration of IPI,.

e Note that for the nth iteration of the IPL,, if the condition |z, — z,,—1| <
10~% is met, then we stop updating the shift and set z, = z,_; instead.
That is, we turn to IPI;.

[Input: first ¢ — 1 eigenpairs {(\;,v;),j =1, -+ ,i— 1}}

n = 0; Initialize yo = 1/|1||

Start from yp, run CS-LBE
to determine xg and shift zg.

Given x,, z,, perform one IPI,
(zn] — Ay, = x, to find y,.

l

If |2, — zn_1| < 1078, [ Start from Yn, Tun CS-LBE to )
set z, = 2Zn_1. determine x,,,1 and shift z, 1.

|

o Check if accuracy parameter ¢

[ n=n+l }— of 11, defined in ((19), remains

| the same in the last 5 iterations. |
yesl

[Output: ith eigenpair \; = 211, v; = xn+1}

Figure 2: Flowchart of the main algorithm for computing the ith eigenpair.
Assume that the previous ¢ — 1 eigenpairs have been computed.

Next, we provide more details of the global algorithm. We will first de-
fine the CS-LBE procedure. This procedure requires the following two basic
operations.

Projection operator This is defined by . It ensures that after pro-
jection, the vector Proj(z, k) is orthogonal to the linear space Span ({vj,j =

17...’]{;})‘

Shift Evaluation Given a current estimate of the eigenvector x, we aim
to determine a proper shift based on the locally bilateral estimates. For large
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sparse matrices, the components of x may decay to zero very quickly. Thus, es-
timation of the shift using all components of z can be unreliable, and sensitive
to the estimation errors of those components of  with very small amplitudes.
In our algorithm, we propose to calculate the shift based on only the principal
components of x such that |z(i)| = t(x), where #(z) is a threshold value to
be determined. Estimating the shift based on only principal components with
larger amplitude improves the estimate of the shift. Let x be a unit vector in
the Lso-space of dimension N. Given x, we define the shift evaluation func-
tion, denoted by z(x), as follows. Let x, denote the sorted vector of |z| in the
descending order. Let n’ be the smallest integer such that Z?;l 74(1)% = €.
Typically, we set ¢g = 0.9. This means that the first n’ components of vector
xq captures 90% of the energy of vector x. Let t(z) = |z4(n’)|. Given z and
y = Az, we define the shift evaluation function z(z) by considering only the
major components of z such that |z(7)| = t(x):

sz)= max  2(i) [y(i)::,]. (18)

{i:|lz())|=t(x)} T

[Input: m=0; x1 = x}

( 0
m = m + 1;
\ J
( 0
Run one PIL: y,, = Ax,,
\ J
[ Check Sigl’l: check if ) No Y :Proj (ymv k)7
Zm (i) > 0 for all |zm(i)] > € | Zsr = Y/ |y

\

yes
( 0

Evaluate shift z(x,)
\ J
( )
Chedk T [l fellam) — 1] < ¢ No

\ J

yes

[Output: %, and shift z(xm)}

Figure 3: Flowchart of the compute-shift with locally bilateral estimates (CS-
LBE) procedure.
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This is a modification of @ for the large scale matrix. Note that in , we
adaptively determine the principal components of the estimated eigenvector x
over iterations. This is important to obtain good estimates of the shift z(x).

In Fig. 3] we show the flow-diagram of the CS-LBE procedure in using the
modified PI (cf. Step 1 of computing the submaximal eigenpair given in §2).
The input to this procedure is an initial estimate of the eigenvector x. The
subscript m is the index of the PI. At the mth PI, we calculate y,,, = Ax,.
This is followed by a check sign step in which we check whether the condition
that

i—m(z) > 0 is satisfied for all |z, ()] > €1 (analog of (3)).

m

If check sign fails, then we conduct a projection step on y,, to make sure that
the resulting vector is orthogonal to the linear space generated by the first
k — 1 eigenvectors. Then we set Tpm4+1 = Ym/||ym| and then proceeds to the
next PIL. If the check sign is successful, then we compute the shift z(z,,) in
the next step. The shift evaluation function z is defined as in . We will
compare the newly computed shift z(x,,) with the previous shift z(z,,—1) to
see whether the shift values have converged. If so, we will finish the procedure
and output the updated estimate of the eigenvector z,, and the shift z(x,).
Otherwise, the algorithm will proceed with the next PI.

Check eigenvector accuracy Most works in the literature use Lo norm of
the error vector between the true eigenvector and the estimated eigenvector
to evaluate the accuracy of the eigenvector estimation. However, since Lo
norm is obtained by summing over all components of the error vector, it can
not accurately describe the accuracy of the individual components. In this
work, we adopt a different metric by examining the accuracy of component-
wise ratios of y = Az and x. By the definition of the eigenvector, for each
component z(k) # 0, then the ratio y(k)z(k)~! should equal the eigenvalue
A. This is a challenging task for the setting of large matrices due to the
high matrix dimension and the rapid decay of the eigenvectors. Typically,
when the amplitude of a component x(k) is large, the estimation tends to be
more accurate, and thus the ratio y(k)z(k)~! will be closer to the eigenvalue
M. For small z(k), the ratio y(k)z(k)~! tends to deviate away from A due
to estimation inaccuracy. Hence, it is meaningful to consider the amplitude
range of (k) over which all y(k)z(k)~! are close to \.

We now arrive at the second localized estimation technique: Accuracy of
the principal components of the approximating eigenvector.

Consider an estimated eigenvector x of dimension N. Let I denote a
permutation of {1,2,---, N} obtained by sorting the components of |z| in the
descending order. Given I, we define Z as (i) = z(1(z)), i = 1,--- , N. Given
the same I, we let y = Ax and define g as g(i) = y(I(¢)), ¢ =1,--- ,N.

e Let m/ = max {z dE(e)] > O}.

)
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e The accuracy parameter ¢ of the estimated eigenvector specifies the num-
ber of reliable components of Z. It is defined as

¢ = max {z maxg(j)— min %) < 106}. (19)

1<ism/ Igj<i @

e Based on the definition of £ in , we see that the estimated eigenvector
x achieves a high accuracy for the largest ¢ components (in absolute
value). In other words, the components of = have high accuracy for all
components z(i) such that |z(7)| = |Z(¢)].

Note that in the proposed algorithm shown in Fig. [2| we calculate the ac-
curacy parameter ¢ for the estimated eigenvector x,,+1 according to As the
algorithm proceeds, ¢ will increase over iterations. We terminate the algorithm
if £ no longer increases over five consecutive iterations.

4 Application to large scale sparse matrices

In this section, we provide two examples of using the global algorithm to com-
pute the top 6 eigenpairs. The two large matrices come from the SuiteSparse
Matrix Collection, publicly available at https://sparse.tamu.edu. We will
compare the proposed algorithm with two other methods. One is the Matlab
Figs function, which computes the top six eigenpairs of large, sparse matrices.
The other is the modified power iteration method, where we perform the s-
tandard power iteration together with the projection step to compute the top
six eigenpairs. All the experiments presented in this section are executed on
an AMD Ryzen 5 2600 Six-Core Processor with single core CPU speed 3.85
GHz, Memory 32 GB. Matlab version is R2015b Windows 10. Related work
on computing the top eigenpair for large sparse matrices include [12], [11], [8].
In particular, [12], [IT] consider the use of inverse iterations using fixed shifts.
This work differs from [12], [I1] in the use of the proposed (CS-LBE) proce-
dure to adaptively compute the shifts. Furthermore, the estimated eigenvector
accuracy considered in [12], [I1], [8] (for the largest eigenpair only) is similar
to that of the Matlab Eigs function, which only guarantees the accuracy of
a small number of large principal components. In comparison, the proposed
global algorithm achieves a high accuracy for even eigenvector components
with an exceedingly small magnitude.

dixmaanl dataset

This matrix has a dimension of N = 60000. The number of nonzero ele-
ments (abbrev. nz) is 299998, This matrix is nonnegative, symmetric, and the
range of the elements is between 0 and 154.8089. The sparsity pattern of this
matrix is shown in Fig. 4(a).


https://sparse.tamu.edu

1656 Mu-FA CHEN AND RONG-RONG CHEN
7 %10%
§
2
Al
4
5
6 I . S e e ss y 3 -
0 1 2 3 4 5] 6 0 5 10 15

nz = 299998 «10% nz = 5533214 %10°

(a) (b)

Figure 4: Sparsity of the two datasets. (a) dixmaanl (b) roadNet-CA

Table 1: dixmaanl dataset. Computed top 6 eigenvalues using the Global
algorithm, eigs, and modified PI.

global eigs PI
A1 | 317.0152899359881 | 317.0152899359666 | 317.0152899359881
A | 317.0058090659085 | 317.0058090659162 | 317.0058090659074
A3 | 316.9980633932568 | 316.9980633932683 | 316.9980633932562
Aq | 316.9912300516546 | 316.9912300516576 | 316.9912300516548
As | 316.9849936226963 | 316.9849936226929 | 316.9849936226971
A¢ | 316.9791911040992 | 316.9791911040974 | 316.9791911040990

In Table [T we show the estimated top 6 eigenvalues obtained by each
method. We see that all three methods provide similar eigenvalue estimates
that agree with each other up to 10 decimal points.

In Table [2| we provide detailed comparisons of the three methods in terms
of the accuracy of the eigenvector, the complexity, and the running time. Each
row corresponds to results associated with the ¢th eigenpair. For instance, the
row corresponds to A; reads as follows. The global algorithm estimates the
largest (in magnitude) ¢ = 56515 components of the eigenvector v; accurately
(see (19)). This represents accurate estimation of all components of v; with
a magnitude that is greater or equal to |vi(¢)| = 8.1 - 107316, The triple
(288,40, 5) means that in order to achieve this accuracy, the global algorithm
took a total of 288 power iterations, including 40 iterations for inverse power
iterations (35 of IPI; and 5 of IPI,). The global algorithm took 5.1 seconds
to compute the first eigenpair while achieving this high level of accuracy. In
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Table 2: dixmaanl dataset. Results and complexity using the Global algorith-
m, eigs, and modified PI.

Global eigs
14 |Z(0)| # iteration | time 14 |Z(€)| | time
Ist | 56515 | 8.1e-316 | (288,40, 5) | 5.1 | 3311 | 3.7e-08
2nd | 57294 | 8.7¢-316 | (319,45, 6) | 5.8 | 3883 | 3.2¢-08
3rd | 57936 | 9.2¢-316 | (244, 40, 5) | 4.6 | 4306 | 4.1e-08

(
( 30
4th | 58515 | 8.7e-316 | (274,45, 7) | 5.2 | 4599 | 8.6e-08
5th | 59020 | 1.2e-315 | (276, 45, 5) | 5.4 | 5138 | 2.9¢-08
6th | 59536 | 9.1e-316 | (312, 45,6) | 6.3 | 5401 | 5.2e-08
Modified PI
14 |Z(0)] time # PI

1st | 56460 | 1.9e-315 | 894 | 1.5e4-06
2nd | 57246 | 1.8e-315 | 1173 | 1.5e+4-06
3rd | 57896 | 1.7e-315 | 1442 | 1.5e+06
4th | 58472 | 1.7e-315 | 1718 | 1.5e4-06
5th | 58988 | 2.0e-315 | 1998 | 1.5e+06
6th | 59480 | 2.0e-315 | 2292 | 1.5e+06

comparison, the Matlab eigs function, which computes all 6 top eigenpairs
all at once, has a much inferior eigenvector accuracy. Only the largest ¢ =
3311 components of estimated v; achieve the desired accuracy of and
these components are at least |v1(f)] = 3.7 - 107® in magnitude. The total
computation time of the eigs function for all 6 eigenpairs is 30 seconds. This is
comparable with the total computation time of the global algorithm, however,
with a significantly lower level of eigenvector accuracy. For the modified PI,
we see that it can achieve an accuracy that is comparable to that of the global
algorithm. However, the computation time is significantly longer. Due to its
slow convergence, it takes 894 seconds and a total of 1.5 - 10° PIs in order to
attain a similar accuracy as that of the global algorithm. Similar observations
are made for the estimations of the other 5 eigenpairs. The proposed global
algorithm achieves the best accuracy with the shortest computation time. We
note that the main difference between the Global algorithm and the modified
PI is that the former uses inverse power iteration with adaptive shifts, whereas
the latter uses standard power iterations. Our results shown that the proposed
CS-LBE procedure for computing the variable shifts is crucial in accelerating
the convergence speed of the algorithm.

In Table |3] for each eigenpair, we show the value of the shifts used in the
Global algorithm. The shifts are generated using the CS-LBE procedure. For
instance, the column labeled as “1st” lists 5 values of the shifts z;, ¢ = 1,--- , 5,
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used in the estimation of the 1st eigenpair. We see that z; approaches the true
A value (shown in the last row) quickly. For the first eigenpair, only 5 different
shifts are needed. In comparison, for the 4th and the 6th eigenpair, more shifts
7, and 6, respectively, are needed.

Table 3: dixmaanl dataset. Shifts used by the Global algorithm.

1st 2nd 3rd
z1 | 317.2018759831095 | 317.0149029206981 | 317.0054220600994
zo | 317.0220587013249 | 317.0412999365110 | 317.0056140237707
z3 | 317.0165531440067 | 317.0183499796456 | 316.9974443732343
z4 | 317.0152788610227 | 317.0044840756761 | 316.9980602821128
z5 | 317.0152899359775 | 317.0057627487807 | 316.9980633932562
Z6 317.0058090643057
A | 317.0152899359881 | 317.0058090659085 | 316.9980633932568
4th 5th 6th
z1 | 316.9976763951934 | 316.9908430604246 | 316.9846066377027
zo | 317.0174070334262 | 316.9924907259373 | 317.0002253316557
z3 | 316.9879937432648 | 316.9843539028472 | 316.9767242599030
z4 | 316.9896903234464 | 316.9849885385036 | 316.9784124921462
z5 | 316.9910317369073 | 316.9849936226933 | 316.9791679223474
zg | 316.9912298325970 316.9791911036812
z7 | 316.9912300516546
A | 316.9912300516546 | 316.9849936226963 | 316.9791911040992

roadNet-CA dataset

For this dataset, the dimension of the matrix is N = 1971281. This matrix
corresponds to a graph of the road network of California. Each element is
either 0 or 1. The sparsity pattern of this matrix is shown in Fig. 4(b). The
number of nonzero elements in the matrix is nz = 5533214, see Fig.[d|(b). In
Table 4] we show detailed comparisons of the three methods in terms of the
accuracy of the eigenvector, the complexity, and the running time. We see
that the Global algorithm reaches very good accuracy in terms of ¢ and |Z(¢)]
for all 6 eigenpairs. Due to the increased matrix dimension, the computation
time increases compared to that of the dixmaanl dataset. The eigs function
can compute the top 6 eigenpairs quickly, using only a total of 38 seconds,
but with a much inferior accuracy in ¢ and |Z(¢)|. The modified PI algorithm
can achieve a very good accuracy for the top 3 eigenpairs, despite a longer
computation time for using a high number of PI. The accuracy of the remaining
3 eigenpairs is much worse for the given number of PI.
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Table 4: roadNet-CA dataset. Results and complexity using the Global algo-
rithm, eigs, and modified PI.

Global eigs
14 |Z(0)| # iterations | time 14 |Z(¢)|] | time
Ist | 1933344 | 2.8e-317 | (244, 35, 3) 309 | 1543 | 8.7e-10
2nd | 1926704 | 3.0e-317 | (245, 35, 3) | 322 | 1413 | 1.1e-09
3rd | 1957027 | 2.8e-295 | (226, 30, 3) | 276 | 2004 | 1.0e-09 38
4th | 1948213 | 2.2e-317 | (243, 30, 3) 285 | 2190 | 5.3e-10
5th | 1956156 | 2.3e-317 | (242, 30, 3) 293 | 2409 | 2.9e-10
6th | 1923583 | 2.7¢-317 | (282, 30, 2) 296 | 1648 | 7.8e-10
Modified PI
14 |Z(0)| # PI time
Ist | 1933452 | 2.0e-317 | 1.0e4+04 | 381
2nd | 1926900 | 2.0e-317 | 2.5e+04 | 1432
3rd | 1957027 | 2.8e-295 | 2.7e+04 | 2062
4th | 49653 1.6e-33 5e+04 | 4700
5th 62901 1.8e-33 7e+03 776
6th | 1923767 | 1.9e-317 | 5.0e4+04 | 6671

Table 5: roadNet-CA dataset. Computed top 6 eigenvalues using the Global
algorithm, eigs, and modified PI.

global eigs PI
A1 | 4.638361867351406 | 4.638361867351387 | 4.638361867351406
Ao | 4.527027931848926 | 4.527027931848909 | 4.527027931848924
A3 | 4.451588326941737 | 4.451588326941750 | 4.451588326941737
Ag | 4.390275021532836 | 4.390275021532792 | 4.390275021532837
As | 4.383736144475813 | 4.383736144475774 | 4.383736144475815
A¢ | 4.325729176980614 | 4.325729176980572 | 4.325729176980615

In Table |5 we show the estimated top 6 eigenvalues using the three algo-
rithms. They all find similar eigenvalues.
In Table [6] we show the shifts produced by the CS-LBE procedure. We

observe that, despite the higher dimension of this dataset, the shift values
converge to the eigenvalues quickly. Up to 3 shift values are sufficient to
approach the eigenvalues.
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Table 6: roadNet-CA dataset. Shifts used by the Global algorithm.
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Abstract. This note discusses a long debated question: whether there is
randomness in quantum mechanics or not? A. Einstein’s view on the
question is “God does not throw dice”. Our starting point for the dis-
cussion is the classification of products in the economic system, called
ProductRank, which seems an analog of the “principal component anal-
ysis” in statistics. But the former is much more elaborate than the latter.
Interestingly, we find an intrinsic common point among economic sys-
tem, statistics and quantum mechanics, which then leads to a successful
classification of the products in economy, as well as a mathematical view
of “wave probability” in quantum mechanics. An application to the algo-
rithm for eigenpair is included.
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The problem mentioned above was motivated from M. Born’s sugges-
tion (1926) saying that the Schrodinger’s wave function describes “waves of
probability”: “the square of the amplitude (of the wave function) represents
the probability density of finding the particle in a certain place at a certain
time”(cf. [9; p.114]). Refer also to [4] for a survey and references therein.
Here we introduce a mathematical view of Born’s annotation based on our
recent study on the classification of the products in economic system. For
which an advanced probabilistic tool — Markov chains is adopted. Howev-
er, as can be seen very soon that there is essentially no randomness in the
story.

The main results of the note are stated in the next two sections. First on
economics (§1), then on quantum, and finally on algorithm (§2). Their proofs
are delayed to the last section (§3).
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1 Ranking the products in an economic system

Denote by x = (x(l),x(z),...,x(d)) the vector of products we are interested in
the economic system. Then the evolution of the system is mainly determined
by its structure matrix A= (az-]- :i,j=1,2,---,d) which means that to produce one
unit of the ith product, one requires 4;; units of the jth product. Thus, once
we have an input x¢, then the output x; in one year satisfies the equation
xo=x1A. In general, we have xo =x, A" and then

Xp=x0A7", nx=1,

assuming that A is nonnegative, irreducible and invertible. This is the well-
known input-output method.
Denote by p(A) the maximal eigenvalue of A, the corresponding left- or
right-eigenvectors are denoted by u (row) and v (column), respectively.
From the above simplest idealized model, one can already see the main
points of L.K. Hua’s optimization of global economic system (the result was
appeared firstly in 1984; refer to [5, 8] for a short history on the topic):

e For fastest growing rate of the system, the optimal solution of the initial
input is xo = u, for which we have x, =xpp(A)™",n>1.

e If A has at least one positive diagonal element, then to keep x, to be
positive for each n>1, the optimal solution (actually the only one) is
again xo =1u.

The first assertion above is not so surprising, simply an application of the
Perron-Frobenius theorem plus the min-max strategy. The second one is the
main contribution of Hua, never appeared before as far as we know. It is
even more serious that the system will be collapsed exponentially fast once
xo # u. Therefore, it is important to know the classification of the products
in the economic system: the pillar products, the intermediate products and
the disadvantaged products, since the system can often be collapsed at some
disadvantaged products.

Following Google’s PageRank (appeared in 1998), a natural way to order-
ing the products is using the maximal left-eigenvector u of A. However, since
the matrix A in economy is quite far away from the matrix used in the net-
work, where one has a nice graphic structure. Especially, it is far way to be
a transition probability matrix. More seriously, the economic system is very
sensitive, much more precise computations are required, and thus we should
examine the corresponding ProductRank more carefully than the PageRank.
Recall by Perron-Frobenius theorem, every nonnegative irreducible matrix A
has three characteristics:

e Its maximal eigenvalue p(A) is positive and simple.
e Its maximal left-eigenvector u is positive and one-dimensional.

e Its maximal right-eigenvector v is also positive and one-dimensional.
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Note that the eigenvector u owns two of the above characteristics only, not
three of them. To go further, we adopt a key transform: transforming A to
a transition probability matrix P (which means that the elements of P are
nonnegative and the sum of each row of P equals one).

Lemma 1. T ([1, 2, 5]) Given a positive vector w, denote by D, the diagonal matrix
with w as its diagonal elements. Next, defin%4

Aw:DZ_Ul @Dw.

Then, we have
e Ay becomes a transition probability matrix P iff w=1v.

e The maximal left-eigenvector of P is equal to y:=u@®v (the vector con-
sists of the products of the components of u and v). The normalized
measure 77:=}/(uv) is the stationary distribution of P: t=nP", n>1.

The second assertion of Lemma 1 shows that the left-eigenvector (or the
invariant measure) y has combined the three characteristics of A together,
and hence is more essential to describe the ProductRank of A, for which we
adopt u (or equivalently 77) instead of the use of u mentioned above. More-
over, u(®v owns an important economic meaning: u represents the vector of
the amount of each product, v represents the vector of the true value of each
product in per unit [8; Chapter1, §7] (often different from the price in mar-
ket). Thus, u®uv gives us the vector of the total true value of each product.
Hence we now have the unified unit for different products. This shows that
the ProductRank here is reasonable. Furthermore, from probabilistic point
of view, the stationary distribution 77, as the normalized one of y has a very
important property: it is the only stationary distribution of P. For A, we do
have similar stationary property that u =u(A/p(A)), but not y = A except
in the unusual case that p(A) =1. Furthermore, for P, we have the ergodic
theorem:

lim P" =17, (1)
n—oo
where 1 is the column vector having constant 1 everywhere. The matrix on
the right simply means that each row is the same vector 7. However,

n—00 n—00 p(A) 0 ifp(A)<1,
since as an application of (1), it is not difficult to check that
lim (A) " =ou (afinite positive matrix).
=\ p(A)

Therefore, P" and A" have completely different limiting behavior and hence
have completely different stability. This is essential in the study on economy.

TDifferent to the published version, here all the propositions (lemmas, examples, et al) are
laberated by unified single code. Similaely for formulas.
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To show our ProductRank is meaningful, let us examine some practical
examples. The first figure below is the ProductRank of 42 products produced
by the input-output tables of China in 2017 (red), 2012 (blue) and 2007 (black).
It covers 15 years of the economy in the country. For details, refer to Chapter 4
in the monograph [7]. We produce in our country one table in each of 5 years.
Surprisingly, the shapes of the curves are quite closed each other. Here is a
remark about the input-output tables. Keeping the 2012’s one at hand, the
others are slightly modified for their consistence. Thus, the 24th product is
missed in 2007, which is somehow reasonable since in the earlier period, the
statistical data may be missed or less completed. Hence there is a dotted
black line between 23th and 25th products. According to the blue curve, the
top 6 products are marked with blue circled numbers. It is clear that the
blue and black curves have the same top 6 ranks among them. The main
difference to them is the red curve, for which the top product is the 20th one
(communication, computer, etc.), but not the 12th (chemical products). The
reason is clear that the mobile phone was rapidly developed during 2012-
2017. The ranks 30, 33, 34, 35 are increasing in the three period.

®7 — Year2017
— Year 2012
1 — Year 2007

X ‘ 20:Communication, Computer, etc.

12:Chemical Products

14:Metal Smelting
1 Q@

8
I I

I 30:Transportation
! @ 33:Finance

| 34:Real Estate

s 35:Leasing & Business
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Products serial number

1/ mean()

Figure1 ProductRank by u of 42 products in 2017, 2012, 2007

The next two figures are the cumulative distribution function produced
from 7t. We order the components (py:k=1,...,42) of 7 in increasing order
p1<p2<...<ps2. Then we obtain the discrete cumulative distribution function
as F(n): F(0)=0, F(n) =", pj, F(42) = 1. From Figure 2, one sees that the
top 6 products occupy the above half of the probabilistic distribution. This
is reasonable since they are the pillar products. On the other hand, from
Figure 3, one may choose the first 17 or 10 products as the disadvantaged
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products. These figures show the value of ProductRank for understanding

the economic systems.
The Figure 3 is a local part of the above one.
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We have seen the application of the transform A — P to the ProductRank.
Actually, the technique was firstly used in [2] to prove the Hua’s collapse
theorem for economic system. Actually, it has much more application to the
analysis on economics, including stability analysis, forecast and adjustment,
algorithms of eigenpair, optimization of economic structure, and so on. Refer
to [1, 5] and references therein for details. The three figures used here are
taken from [10], updated partially from [1]. A new theory of the economic
optimization is presented in the monograph [7].

2 Hermitian and hermitizable matrix

We now go to complex matrix. Certainly, in such a general setup, we may
have some generalized version of the Perron-Frobenius theorem, but the known
results are quite restricted. However, a key point in the last section: the trans-
form from A to P still has a meaning.

Definition 2. A complex matrix A is called SR1-matrix, if A1=1. That is, the
sum of each row of A equals one.

Before moving further, we note that by using a shift if necessary, we can
assume that the eigenvalue A in the study is not zero (cf. Lemma 8 (1) in §3).
Thus, in what follows we assume that A #0. We may also assume if necessary
that A is simple, for instance in sorting the ProductRank.

Now, as an analog of Lemma 1, we have the following result.

Lemma 3. Suppose that the matrix A has the right-eigenpair (A,v): Av=Av with
no zero component of v. For given vector w with no zero component, define

LA
szlewa. ()

Then, we have
(1) Ry is a SR1-matrix iff w=0.
(2) R, has the left-eigenpair (A,u®v): (UOV)R, =A(u®D).

Applying Lemma 3 to a Hermite matrix A, since for which, the corre-
sponding u =70 (the conjugate of v) and so u®v=0"v, we obtain the following
result.

Corollary 4. Let A be Hermitian satisfying the hypotheses of Lemma 3, then
the corresponding left-eigenvector of R, equals .
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In words, the vector 7®v combined the three characters of the Hermitian
A, its eigenvalue A and the corresponding left- and right-eigenvectors u and
v. Since 9(Ov represents the square of the amplitude of the wave function (e-
quivalently, the eigenvector) v of A, we have explained the key reason why
we should use “the square of the amplitude” rather than “the amplitude”
only for the Born’s annotation in the context of matrix mechanics. The vec-
tor 9Ov describes the ProductRank which provides not only the sort of the
products but also a suitable value to each of the product, up to a factor. E-
quivalently, one can replace 7®v by its normalized probability measure 7t and
talk about the probability of a product (particle) appears, which is the same
as Born’s suggestion cited at the beginning of the note. Anyhow, it is just an
interpretation of the same thing in two different languages, there is no objec-
tive randomness here. It is just like Einstein said, “God does not throw dice”.
Note that in the special case that the matrix A is nonnegative, symmetric, and
A=p(A), even the “the square of the amplitude” or “the amplitude” provide
the same ordering but they often have very different amplitudes. Next, since
the equivalence of the matrix or wave mechanics, it follows that the same
conclusion holds for the wave mechanics.

To conclude this section, we study an extension of Corollary 4.

Definition 5. A complex matrix A is said to be Hermitizable if there is a positive
measure p such that DyAzAHDy (AH is the conjugate and transpose of A).
Equivalently, A:=D}/>AD, "/* is Hermitian.

Refer to [3] for a criterion for the Hermitizability and for the construction
of the measure y, or refer to [6] for a short review on the topic.

Lemma 6. Given a Hermitizable matrix A, we have A as shown in Definition 5.
Corresponding to A and A, define R, and R (where 7 is the right-eigenvector of
A) respectively, as in Lemma 3. Then, we have R, =Rs. Hence both of them
have the same left-eigenvector u©O0©v. Furthermore, the left-eigenvector of A
equals u©D.

It is the position to remark that since the eigenvectors u and v of A are
symmetric in the vector u®v given in Lemmas 1 and 3, as well as in the one
uOIOU (Where 9 =u) given in Lemma 6, our ProductRank is invariant under
the transform: A — transpose of A.

The last result of the note is an application of the approach introduced
above to the computation of eigenpairs. Actually, this is the original way in
the note we come to quantum from economy. The classical approach to the
goal is the power iteration (PI) and the inverse power iteration (IPI). Both
are iterations of the (right-)eigenvector. However, as we have seen from Fig-
ure 1 for instance, the eigenvector is usually very complex, oscillating. The
question is: is it possible to reduce the original matrix to the one having near-
ly constant eigenvector? If so, then the computation should be much easier,
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simply start at the trivial initial vector 1. Once again, the main problem, as
those discussed above, is that one does not know at the beginning a way to
solve such a simple question. However, once walked up, the solution be-
comes quite simple: recall that we have a tool to reduce the eigenvector to be
a constant 1 for a new matrix, that is Lemma 3. The next lemma is an exten-
sion of [5; Lemma 16 in §6] where it is called the second quasi-symmetrizing
technique.

Lemma 7. As a modification of (2), define

Qu=D,'AD, (3)

where v = (v(l),v(z),...,v(d)) is the right-eigenvector of A corresponding to the
eigenvalue A and w= (w(l),w(z),...,w(d)) is a vector having no zero components.
Then, once

w®

max W

k

—1‘<8, 4)

for sufficient small €, then the right-eigenvector w~'®v of Qy, is nearly a constant
vector.

Recall that the transform: either A— P or A— R,, both need to compute the
right-eigenvector of A, and often require high precision. This is one of the
typical applications of the above lemma. Its main function is to accelerate the
convergence speed of the iterative method. This is especially important for
large matrices, because the inverse power iteration used for acceleration may
fail. More seriously, one may meet too large/small numbers which can not be
handled by machine directly or ignored by software. Note that Q, defined
in (3) has only 242 pointwise products, very low computational complexity.
The main steps of usage of the lemma are as follows:

e First use PI or IPI to iterate enough times or use software to compute an
approximation of the eigenvector, which is recorded as wy. In the case
that wy is very close to a constant, then one can terminate the computa-
tion. Otherwise, go to the next step.

e Compute Qy, by (3). Take 1 as the initial value, and then use PI or IPI
iteration for Qy, to get wy. Again, if w; is very close to a constant, then
one can terminate the computation.

e Repeat the above steps until the resulting vector is very close to the
constant vector. Suppose we have stopped the computation at w,,, say
w3, then by Lemma 7, we can compute the required eigenvector v of A
by the formula:

U =w3OWrOwW1 OwWy. 5)
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For more details, refer to [5; §6] and [1; Example 9].

To conclude this section, we mention that in [3], we have proved that the
spectrum of a Hermitizable matrix can be described by the spectrum of a
special class of tridiagonal transition probability matrices. Once again, we
have used the probabilistic language to describe the conclusion. However,
there is no randomness at all, as mentioned in [3,6]. For information along
this direction, refer to the papers just cited and references therein.

3 Proofs of the results

Let us start at an elementary result.

Lemma 8. Consider the right-eigenpair only.

(1) Shift transformation: The transform A=A+ (7 is a constant) makes
the eigenpair (A,g) of A to the eigenpair (A+7,g) of A. That is, the
eigenvalue is changed from A to A+ but the eigenvector becomes the
same.

(2) Similar transformation: A=B~'AB, where B is invertible. The eigenpair
(A,g) of Ais transformed to (A,B~1g) of A. That is, the eigenvalue remains
the same but the eigenvector is transformed to Bilg.

Proof. For the first assertion, note that

Ag=Ag == (A+9D)g=(A+7)g==Ag=(A+7)g.
For the second one, note that

Ag=A¢+<=B 'AB§=A§ < A(Bg)=A(Bg). O

Proof of Lemma 3 and Lemma 1.
Without loss of generality, assume that A =1 for simplicity. Then for Lemma
3, we have

Rol=D;'AD,1=D;'Aw<1 < Aw<D,l=w.

The last part of the line above gives us the required assertion: w =v. Having
proved part (1) of the lemma, the part (2) follows by a simple computation.
Now, by Lemma 3, we obtain Lemma 1 immediately. O

Proof of Lemma 6.
Applying Lemma 8(2) to B=D,, Y2 it follows that for fixed eigenvalue A,

the right-eigenvector v deduces the one of A: ¢ = D}/ 2y = #2Gv. By Corol-
lary 4, the corresponding left-eigenvector of A is o1 = 5D;/ 2, Hence, the first
assertion of the lemma comes from

A
A

D;”ZAD}/ZD b1 A
7}\ v= VVZ@UX

A R
D200 =D5 ' =Ds=Rs.

R,=D;! 1

D,=D;!
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Since A is Hermitian, by Corollary 4, the left-eigenvector of Ba equals iZ'o!
= u®0@v. This proves the second assertion of the lemma. Then the last
assertion follows, which can be also verified directly:

(@D, A= (0" A)D}/* = (Ao")D,/*=A(aD,). ©

Proof of Lemma 7.

By (3), we have Q1 = A. Since the eigenvalue A of A is fixed, for each w, Qy
has the same A. In the proof below, we consider only the right-eigenvector of
Qu, denoted by gy,. Clearly, we have g1 =v. Applying Lemma 8 (2) to B=D,,,
it follows that the eigenvector of Q,, equals Dy, 'v=w~"'®v, which is a nearly
constant vector by condition (3). O
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