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Unified representation of formulas for single
birth processes
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Abstract Based on a new explicit representation of the solution to the Poisson
equation with respect to single birth processes, the unified treatment for vari-
ous criteria on classical problems (including uniqueness, recurrence, ergodicity,
exponential ergodicity, strong ergodicity, as well as extinction probability etc.)
for the processes are presented.

Keywords Single birth process, Poisson equation, uniqueness, recurrence, er-
godicity, moments of return time
MSC 60J60

1 Introduction

Consider a continuous-time homogeneous Markov chains tXptq : t ě 0u, on a
probability space pΩ,F ,Pq, with transition probability matrix P ptq “ ppijptqq

on a countable state space Z` “ t0, 1, 2, . . . u. We call tXptq : t ě 0u a single
birth process if its transition rate (density) matrix Q “ pqij : i, j P Z`q is
irreducible and satisfies that qi,i`1 ą 0, qi,i`j “ 0 for all i P Z` and j ě 2. Such
a matrix Q “ pqijq with

ř

j qij “ 0 for every i (conservativity) is called a single

birth Q-matrix. Refer to [15]. In the literature, the single birth process is also
called upwardly skip-free process, or birth and death process with catastrophes
(cf. [1, 2, 3] for instance).

The single birth process, as a natural extension of birth and death process
which is a simplest Q-process (Markov chain), has its own origins in practice,
refer to the earlier papers [2, 13, 15], for instance. The exit boundary of the pro-
cess consists at most one single extremal point and so the single birth process is
nearly the largest class for which the explicit criteria on classical problems can
be expected. Actually, the study on the object is quite fruited and relatively
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completed (cf. [4, 5, 6, 15, 16, 17]). Based on this advantage, the single birth
process becomes a fundamental comparison tool in studying more complex pro-
cesses, such as infinite-dimensional reaction-diffusion processes. Refer to [4;
Chapters 3 and 4, Part III] and [15]. Usually, the single birth process is non-
symmetric and hence it is regarded as a representative one of the non-symmetric
processes. For non-symmetric processes, comparing with the symmetric ones,
our knowledge is much limited, except for single birth processes to which much
results are known as just mentioned. Up to now, the known results are all
presented in some recursive forms. This paper introduces a single unified rep-
resentation, as well as a unified treatment, of various formulas for single birth
processes.

Throughout the paper, we consider only the single birth Q-matrix Q “ pqijq.
Set qi “ ´qii for each i P Z`. For a given function c (to be fixed in this and
the next sections, and then to be specified case by case), define an operator Ω
as follows

Ωg “ Qg ` cg, where pQgqi “
ÿ

j

qijpgj ´ giq.

Clearly, if c ď 0, then Ω is an operator corresponding to a single birth process
with killing rates p´ciq.

The following sequences are used throughout this paper.

rF
piq
i “ 1, rF piq

n “
1

qn,n`1

n´1
ÿ

k“i

q̃pkq
n

rF
piq
k , n ą i ě 0, (1.1)

q̃pkq
n “ qpkq

n ´ cn :“
k
ÿ

j“0

qnj ´ cn, 0 ď k ă n. (1.2)

Note that if c ď 0, then q̃
pkq
n ě 0 and then rF

pkq
n ě 0 for every n ą k ě 0. In

what follows, we omit the superscript ˜ everywhere in rF and q̃ once ci ” 0, and
often use the convention that

ř

H “ 0.
Here is the first of our main results.

Theorem 1.1 Given a single-birth Q-matrix Q “ pqijq and functions c and f ,
the solution g to the Poisson equation

Ωg “ f (1.3)

has the following representation:

gn “ g0 `
ÿ

0ďkďn´1

ÿ

0ďjďk

rF
pjq

k pfj ´ cjg0q

qj,j`1
, n ě 0. (1.4)

In particular, the harmonic function g of Ω pi.e., Ωg “ 0q can be represented as

gn “ g0

˜

1 ´
ÿ

0ďkďn´1

ÿ

0ďjďk

rF
pjq

k cj
qj,j`1

¸

, n ě 0.
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Conversely, for each boundary/initial value g0 P R, the function pgnq defined
by p1.4q is a solution to p1.3q.

For single birth processes, almost all problems we concerned with are re-
lated to the solutions to some specific Poisson equation. Here, we unify these
equations as (1.3) with different functions c and f which are listed as follow.

Problem ci P R fi P R

Harmonic function ci P R fi ” 0

Uniqueness ci ” ´λ ă 0 fi ” 0

Recurrence ci ” 0 fi “ qi0p1 ´ δi0q

Extinction/return probability ci ” 0 fi “ qi0p1 ´ δi0qpg0 ´ 1q

Ergodicity ci ” 0 fi “ qi0p1 ´ δi0qg0 ´ 1

Strong ergodicity ci ” 0 fi “ qi0p1 ´ δi0qg0 ´ 1

Polynomial moment ci ” 0 f
pℓq
i

Exponential moment/ergodicity ci ” λ ą 0 fi “ qi0p1 ´ δi0qpg0 ´ 1q

Laplace transform of return time ci ” ´λ ă 0 fi “ qi0p1 ´ δi0qpg0 ´ 1q

where f
pℓq
i “ qii0p1 ´ δii0qgi0 ´ ℓEiσ

ℓ´1
i0

.

We remark that in the two cases for ergodicity and strong ergodicity, even
though the Poisson equation and the functions c and f are the same, but their
solutions are required to be finite and bounded, respectively.

The paper is organized as follows. The proof of Theorem 1.1 is given in
the next section, using a lemma on the representation of solution to a class of
linear equations. Then, Sections 3–7 are devoted, respectively, to the criteria
on the problems listed in the table above, and related problems to be specific
subsequently. Roughly speaking, the unified treatment presented in the paper
consists of the following three steps.

(a) Find out the Poisson equation corresponding to the problem we are in-
terested in.

(b) Apply Theorem 1.1 to get the solution to the Poisson equation.

(c) Work out a criterion for the problem using the solution obtained in (b).

Step (a) is more or less known from the previous study; step (b) is now auto-
matic; hence, our main work is spent on step (c).

For the reader’s convenience, several key formulas used often in the proofs
are collected into an Appendix in a single page which consists the last page of
the paper (so that it can be printed out separately).
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2 The Poisson equation

In this section, we consider the solutions of the Poisson equation (1.3) for single
birth processes. Let us begin with a simple result for the solution to a class of
linear equations.

Lemma 2.1 For given real numbers pαnkqn´1ěkě0 and pfnqně0, the solution
pgnqně0 to the recursive inhomogeneous equations

gn “
ÿ

0ďkďn´1

αnkgk ` fn, n ě 0 (2.1)

can be represented as

gn “
ÿ

0ďkďn

γnkfk, n ě 0, (2.2)

where for fixed k ě 0, pγnkqněk with γkk “ 1 is the solution to the recursive
equations

γnk “
ÿ

kďjďn´1

αnjγjk, n ą k. (2.3)

Proof Use induction. For n “ 0, we have

g0 “ f0 “ γ00f0 “
ÿ

0ďkď0

γ0kfk.

Assume that (2.2) holds for all n ď m. When n “ m ` 1, from (2.1), we see
that

gm`1 “
ÿ

0ďkďm

αm`1,k gk ` fm`1 “
ÿ

0ďkďm

αm`1,k

ÿ

0ďℓďk

γkℓ fℓ ` fm`1

“
ÿ

0ďℓďm

˜

ÿ

ℓďkďm

αm`1,kγkℓ

¸

fℓ ` fm`1 “
ÿ

0ďℓďm

γm`1,ℓ fℓ ` fm`1

“
ÿ

0ďℓďm`1

γm`1,ℓ fℓ.

Hence, (2.2) holds for n “ m` 1. By induction, the representation (2.2) holds
for all n ě 0. ˝

Note that the coefficients pαnkq are often fixed and so are pγnkq. Then
Lemma 2.1 says that once replacing pαnkq by pγnkq, the solution to (2.1) has a
complete representation (2.2), mainly in terms of the inhomogeneous term pfnq

in (2.1).
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Without condition γkk “ 1, equation (2.3) is clearly homogeneous. However,
it becomes inhomogeneous under condition γkk ‰ 0 (then one may assume that
γkk “ 1):

γnk “
ÿ

k`1ďjďn´1

αnjγjk ` αnkγkk, n ě k ` 1

provided αk`1,k ‰ 0. Otherwise, once αk`1,k “ 0, by induction, we actually
have γnk “ 0 for all n ě k ` 1. Thus, under condition γkk “ 1, by Lemma 2.1
(for fixed k), we have the following alternative representation of pγnkq:

γnk “
ÿ

k`1ďjďn

γnjαjk, n ě k ` 1.

In what follows, we will use the following variant of Lemma 2.1. Replacing
the initial 0 by i and the coefficient pαnkq by pαnkβkq, respectively, for some
non-zero sequence pβnq, and set hn “ gn{βn pn ě iq, we obtain the following
result.

Corollary 2.2 The solution phnqněi to the recursive equations

hn “
1

βn

˜

ÿ

iďkďn´1

αnkhk ` fn

¸

, n ě i (2.4)

can be represented as

hn “
ÿ

iďkďn

γnk
βk

fk, n ě i, (2.5)

where for each fixed i, pγniqněi with γii “ 1 is the solution to the equations

γni “
1

βn

ÿ

iďkďn´1

αnkγki, n ą i.

Equivalently,

γii “ 1, γni “
ÿ

i`1ďkďn

γnk
βk

αki, n ě i` 1. (2.6)

Specifying βn “ qn,n`1 and αnk “ q̃
pkq
n in Corollary 2.2 and using the suc-

cessive formula of rF
pkq
n defined in (1.1), we obtain the following result.

Corollary 2.3 For given f , the sequence phnq defined successively by

hn “
1

qn,n`1

ˆ

fn `
ÿ

iďkďn´1

q̃pkq
n hk

˙

, n ě i
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has an unified expression as follows

hn “

n
ÿ

k“i

rF
pkq
n

qk,k`1
fk, n ě i.

In particular, the sequence
`

rF
pkq
n

˘

defined in p1.1q has the following expression

rF
piq
i “ 1, rF piq

n “

n
ÿ

k“i`1

rF
pkq
n q̃

piq
k

qk,k`1
, n ě i` 1. (2.7)

Before moving further, let us mention a comparison result for different γnj ,
which may be useful elsewhere but not in this paper.

Proposition 2.4 For each triple n ě i ą j, the following assertion holds:

γnj “
ÿ

iďkďn

γnk
βk

ÿ

jďℓďi´1

αkℓγℓj . (2.8)

Furthermore, if αnk ě 0 and βn ą 0 for all n ą k, then γniγij ď γnj for all
n ě i ě j.

Proof The first assertion is simply a consequence of Corollary 2.2. In fact,
for fixed i ą j, take

fn “
ÿ

jďℓďi´1

αnℓ γℓj , n ě i.

Then

γnj “
1

βn

«

ÿ

iďℓďn´1

αn,ℓ γℓj `
ÿ

jďℓďi´1

αnℓ γℓj

ff

“
1

βn

«

ÿ

iďℓďn´1

αnℓ γℓj `fn

ff

, n ě i.

Hence, by Corollary 2.2, we get

γnj “
ÿ

iďkďn

γnk
βk

fk “
ÿ

iďkďn

γnk
βk

ÿ

jďℓďi´1

αkℓ γℓj , n ě i.

If αnk ě 0 and βn ą 0 for all n and k, then from (2.8), it follows that for
all n ą i ą j,

γnj “ γniγij `
ÿ

i`1ďkďn

γnk
βk

ÿ

jďℓďi´1

αkℓγℓj ě γniγij .

In the cases of n “ i or i “ j, the conclusion is trivial. ˝

Now we turn to prove our first result.
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Proof of Theorem 1.1 For each i ě 0, we have

pΩgqi “ qi,i`1pgi`1 ´ giq ´
ÿ

0ďjďi´1

qij

i´1
ÿ

k“j

pgk`1 ´ gkq ` cigi

“ qi,i`1pgi`1 ´ giq ´
ÿ

0ďkďi´1

k
ÿ

j“0

qijpgk`1 ´ gkq ` cigi

“ qi,i`1pgi`1 ´ giq ´
ÿ

0ďkďi´1

˜

k
ÿ

j“0

qij ´ ci

¸

pgk`1 ´ gkq ` cig0

“ qi,i`1pgi`1 ´ giq ´
ÿ

0ďkďi´1

q̃
pkq

i pgk`1 ´ gkq ` cig0. (2.9)

Denote gk`1 ´ gk by wk for k ě 0. Then

pΩgqi “ qi,i`1wi ´
ÿ

0ďkďi´1

q̃
pkq

i wk ` cig0, i ě 0.

Now we rewrite the Poisson equation (1.3) as

wi “
1

qi,i`1

˜

ÿ

0ďkďi´1

q̃
pkq

i wk ` f̃i

¸

, i ě 0,

where f̃i “ fi ´ cig0 for i ě 0. By Corollary 2.3, we obtain

wi “

i
ÿ

j“0

rF
pjq

i f̃j
qj,j`1

, i ě 0.

So the solution of the Poisson equation (1.3) satisfies

gi “ g0 `

i´1
ÿ

k“0

wk “ g0 `

i´1
ÿ

k“0

k
ÿ

j“0

rF
pjq

k f̃j
qj,j`1

, i ě 1.

The first assertion is proven. The second assertion is simply a consequence of
the first one.

To prove the last assertion of the theorem, noting that by (1.4), we have

gn`1 ´ gn “

n
ÿ

j“0

rF
pjq
n pfj ´ cjg0q

qj,j`1
, n ě 0.

Thus, from (2.9), it follows for each i ě 0 that

pΩgqi “ qi,i`1

i
ÿ

j“0

rF
pjq

i pfj ´ cjg0q

qj,j`1
´

ÿ

0ďkďi´1

q̃
pkq

i

k
ÿ

j“0

rF
pjq

k pfj ´ cjg0q

qj,j`1
` cig0.
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Because (by exchanging the order of sums and using (1.1))

ÿ

0ďkďi´1

q̃
pkq

i

k
ÿ

j“0

rF
pjq

k pfj ´ cjg0q

qj,j`1
“

ÿ

0ďjďi´1

fj ´ cjg0
qj,j`1

i´1
ÿ

k“j

q̃
pkq

i
rF

pjq

k

“ qi,i`1

ÿ

0ďjďi´1

rF
pjq

i pfj ´ cjg0q

qj,j`1
,

we obtain Ωg “ f as required. ˝

Remark 2.5 p1q One may obtain
`

q̃
pkq
n , rF

pkq
n

˘

from
`

q
pkq
n , F

pkq
n

˘

easily replacing

the original Q “ pqijq by rQ “ pq̃ijq:

#

q̃i0 “ qi0 ´ ci,

q̃ij “ qij , j ‰ 0, i P E.

In other words, only the first column of Q “ pqijq is modified. Then the original

Poisson equation Ωg “ f can be rewritten as rQg “ f̃ with f̃i “ fi ´ cig0.
p2q Alternatively, one may enlarge the space E by adding a point, say ´1 for

instance. Then introduce suitable q̄´1,i, q̄i,´1, ḡ´1, and f̄´1, so that sQ|E “ Q,
ḡ|E “ g, and f̄ |E “ f . In this way, one may rewrite Ωg “ f on E as sQḡ “ f̄
on E Y t´1u.

p3q To solve the Poisson equation, in view of p2.9q, even for the simplest
birth–death type, once c appears, it is necessary to go out to the larger class of
single birth one, one can not just stay within the class of birth–death processes.
Actually, this observation is crucial to solve the Open Problem 9.13 in [7]. Refer
to [8; Theorem 2.6].

For the remainder of this section, we consider only the processes on a finite
state space t0, 1, . . . , Nu. Note that here the rate qN,N`1 is not defined (or

setting to be zero), but we allow cN ‰ 0. Hence rF
pkq
n is defined up to n “ N ´1

only. The next result is a localized version of Theorem 1.1

Proposition 2.6 Given a single-birth Q-matrix pqijq and a function c on the
finite state space t0, 1, . . . , Nu pN ě 1q, the following assertions hold.

piq The solution of the Poisson equation Ωg “ f has the following form:

gn “ g0 `
ÿ

0ďkďn´1

ÿ

0ďjďk

rF
pjq

k pfj ´ cjg0q

qj,j`1
, 0 ď n ď N, (2.10)

with boundary condition

cNg0 “

N´1
ÿ

k“0

q̃
pkq

N

k
ÿ

j“0

rF
pjq

k pfj´cjg0q

qj,j`1
`fN or g0 “

fN `
řN´1

k“0 q̃
pkq

N

řk
j“0

rF
pjq

k fj{qj,j`1

cN `
řN´1

k“0 q̃
pkq

N

řk
j“0

rF
pjq

k cj{qj,j`1

.
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piiq Let c ď 0. Then the harmonic equation Ωg “ 0 has only the trivial
solution gi ” 0 iff there exists some ci ă 0.

piiiq The unique solution g to the equation Ωg|t0,1,...,N´1u “ 0 plocally harmonicq

with g0 “ 1 is as follows:

gn “ 1 ´
ÿ

0ďkďn´1

ÿ

0ďjďk

rF
pjq

k cj
qj,j`1

, 0 ď n ď N (2.11)

which is increasing once c ď 0.

Proof (a) The proof is nearly the same as the one of Theorem 1.1, except we
have to take care for the boundary at N . By (2.9), for 0 ď i ď N ´ 1, we have

pΩgqi “ qi,i`1pgi`1 ´ giq ´
ÿ

0ďkďi´1

q̃
pkq

i pgk`1 ´ gkq ` cig0.

Denote gk`1 ´ gk by wk for all 0 ď k ă N . Then

pΩgqi “ qi,i`1wi ´
ÿ

0ďkďi´1

q̃
pkq

i wk ` cig0, 0 ď i ă N ;

pΩgqN “ ´

N´1
ÿ

k“0

q̃
pkq

N wk ` cNg0.

Rewrite the Poisson equation as

wi “
1

qi,i`1

˜

f̃i `
ÿ

0ďkďi´1

q̃
pkq

i wk

¸

, 0 ď i ă N, (2.12)

where f̃i “ fi ´ cig0 for all 0 ď i ď N . By Corollary 2.3, we get

wi “

i
ÿ

j“0

rF
pjq

i f̃j
qj,j`1

, 0 ď i ă N. (2.13)

So the solution of the Poisson equation satisfies

gi “ g0 `

i´1
ÿ

k“0

wk “ g0 `

i´1
ÿ

k“0

k
ÿ

j“0

rF
pjq

k f̃j
qj,j`1

, 1 ď i ď N.

Combining this with the boundary condition pΩgqN “ fN and (2.13), we obtain
the first assertion.

(b) We have just seen that the harmonic solution g satisfies

gn “ g0

˜

1 ´

n´1
ÿ

k“0

k
ÿ

j“0

rF
pjq

k cj
qj,j`1

¸

, 1 ď n ď N. (2.14)
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and

g0

˜

cN `

N´1
ÿ

k“0

q̃
pkq

N

k
ÿ

j“0

rF
pjq

k cj
qj,j`1

¸

“ 0.

When c ď 0, by irreducibility, we have not only q̃
pN´1q

N ą 0 but also rF
pjq

N´1 ą 0
for every j : 0 ď j ď N ´ 1. Hence, if there exists some ci ă 0, then we must
have g0 “ 0 by the last equation. Furthermore, by (2.14), we indeed have g ” 0.

Conversely, if ci ” 0, then every constant function g ‰ 0 is a solution to the
equation Ωg “ 0. Hence the harmonic function g can be non-trivial.

(c) To prove the third assertion, based on the second one, we have to use a
smaller space t0, 1, . . . , N ´ 1u instead of the original t0, 1, . . . , Nu to avoid the
trivial solution. The assertion now follows from (2.14). ˝

The next result is exceptional of the paper. Instead of single birth, we
consider single death processes on a finite state space. The result may be
regarded as a dual of Proposition 2.6. It indicates that a large parts of the
study in the paper is meaningful for the single death processes, but we will not
go to the details here.

A matrix Q “ pqijq is called of single death if qi,i´j ą 0 iff j “ 1 for i ě 1.

Proposition 2.7 Given a single death Q-matrix Q “ pqijq and a function pciq

on the finite state space t0, 1, . . . , Nu, define q̃
pkq
n “

řN
j“k qnj ´cn for k ą n and

rF
piq
i “ 1, rF piq

n “
1

qn,n´1

i
ÿ

k“n`1

q̃pkq
n

rF
piq
k , 1 ď n ă i.

Then
piq the solution g to the Poisson equation Ωg “ f has the following repre-

sentation:

gn “ gN `
ÿ

n`1ďkďN

ÿ

kďjďN

rF
pjq

k pfj ´ cjgN q

qj,j´1
, 0 ď n ď N

with boundary condition

c0gN “

N
ÿ

k“1

q̃
pkq
0

N
ÿ

j“k

rF
pjq

k pfj ´ cjgN q

qj,j´1
` f0.

piiq The unique solution with gN “ 1 to equation Qg|t1,2,...,Nu “ 0 is as follows:

gn “ 1 ´
ÿ

n`1ďkďN

ÿ

kďjďN

rF
pjq

k cj
qj,j´1

p0 ď n ď Nq

which is decreasing in n once c ď 0.
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Proof For 1 ď i ď N , we have

pΩgqi “ qi,i´1pgi´1 ´ giq `
ÿ

i`1ďjďN

qij

j
ÿ

k“i`1

pgk ´ gk´1q ` cigi

“ qi,i´1pgi´1 ´ giq `
ÿ

i`1ďkďN

N
ÿ

j“k

qijpgk ´ gk´1q ` cigi

“ qi,i´1pgi´1 ´ giq ´
ÿ

i`1ďkďN

q̃
pkq

i pgk´1 ´ gkq ` cigN .

Denote gk´1 ´ gk by wk for all 1 ď k ď N . Then

pΩgqi “ qi,i´1wi ´
ÿ

i`1ďjďN

q̃
pkq

i wk ` cigN , 1 ď i ď N ;

pΩgq0 “ ´

N
ÿ

k“1

q̃
pkq
0 wk ` c0gN .

Now we rewrite the Poisson equation as

wi “
1

qi,i´1

˜

f̃i `
ÿ

i`1ďjďN

q
pkq

i wk

¸

, 1 ď i ď N,

where f̃i “ fi ´ cigN for all 0 ď i ď N . As an analogue of Corollary 2.3, by
induction, we can verify that

wi “

N
ÿ

j“i

rF
pjq

i f̃j
qj,j´1

, 1 ď i ď N.

From the argument above, it follows immediately that

gi “ gN `

N
ÿ

k“i`1

wk “ gN `
ÿ

i`1ďjďN

ÿ

kďjďN

rF
pjq

k f̃j
qj,j´1

, 0 ď i ď N ´ 1.

Combining this with the boundary condition pΩgq0 “ f0, we finish the proof of
the first assertion. The second assertion is derived from the first one immedi-
ately. ˝

3 Uniqueness

Starting from this section, we handle with the problems for single birth pro-
cesses, listed at the beginning of the paper. First, we study the uniqueness
problem. To do so, we need a sequence prmnq(to be used often subsequently) :

rm0 “
1

q01
, rmn “

1

qn,n`1

ˆ

1 `

n´1
ÿ

k“0

q̃pkq
n rmk

˙

, n ě 1. (3.1)
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By Corollary 2.3, we have

rmn “

n
ÿ

k“0

rF
pkq
n

qk,k`1
, n ě 0. (3.2)

Again, we omit the superscript ˜ everywhere in rm, rF , and q̃ once ci ” 0. The
following criterion is taken from [4, 15, 16].

Proposition 3.1 Corresponding to a given single birth Q-matrix Q “ pqijq
pconservativeq, the process is unique pnon-explosiveq iff

ř8
n“0mn “ 8.

Proof By [4; Theorems 2.47 and 2.40], the single birth process is unique iff the
solution puiq to the equation

pλ` qiqui “
ÿ

j‰i

qijuj , i ě 0; u0 “ 1 (3.3)

is unbounded for some (equivalently for all) λ ą 0. Rewrite (3.3) as

Ωu “ Qu´ λu “ 0; u0 “ 1.

Applying Theorem 1.1 to ci ” ´λ and fi ” 0, we obtain the unique solution:

un “ 1 ` λ
ÿ

0ďkďn´1

k
ÿ

j“0

rF
pjq

k

qj,j`1
“ 1 ` λ

ÿ

0ďkďn´1

rmk, n ě 0.

Clearly, un is increasing in n and then is unbounded iff
ř

n rmn “ 8. Thus, it
remains to show that

ř

n rmn “ 8 iff
ř

nmn “ 8. Combining rmn with mn, it
is clear that

rmn “

n
ÿ

j“0

rF
pjq
n

qj,j`1

§

đ

n
ÿ

k“0

F
pkq
n

qk,k`1
“ mn as λ Ó 0,

since
q̃pkq
n “ qpkq

n ` λ Ó qpkq
n as λ Ó 0.

This already shows that the condition
ř

nmn “ 8 is sufficient. It is nearly
necessary since the conclusion does not depend on λ ą 0, except there is a
jump from λ ą 0 to λ “ 0. Hopefully, we have thus seen some advantage of
Theorem 1.1, even though there is still a distance to prove the necessity.

Actually, there are several ways to prove the equivalence

ÿ

n

rmn “ 8 for a fixed λ ą 0 ðñ
ÿ

n

mn “ 8.

From now on, for simplicity, assume that λ “ 1.



Unified representation of formulas for single birth processes 1219

(a) Observing that corresponding to the sequence prmnq, the operator is
Ω “ Q ´ I which may be regarded as a bounded perturbation of the original
operator Q. Since these two operators are zero-exit or not simultaneously, the
equivalence above holds.

(b) In the original proof (cf. [4; Proof of Theorem 3.16]), it was proved that
un is unbounded iff

ř

nmn “ 8. Combining this with what proved above, we
obtain the required equivalence.

(c) Here is a more direct proof. The idea comes from [20].
Assume that

ř8
k“0 rmk “ 8. If

ř8
k“0mk ă 8, then there exists N0 large

enough such that for all n ě N0,

ĂMn :“
n
ÿ

k“0

rmk ą 1 and K :“ 2
8
ÿ

k“N0`1

mk ă 1.

We now prove that for each n ą N0,

rmk ď 2mk
ĂMn´1, 0 ď k ď n. (3.4)

Since rm0 “ m0 and ĂMn´1 ą 1 (due to the fact that n´ 1 ě N0), (3.4) holds in
the case of k “ 0. Assume that (3.4) holds up to k “ ℓ´ 1 ă n. Then,

rmℓ “
1

qℓ,ℓ`1

˜

1 `

ℓ´1
ÿ

k“0

q
pkq

ℓ rmk `

ℓ´1
ÿ

k“0

rmk

¸

(since λ “ 1)

ď
1

qℓ,ℓ`1

˜

1 `

ℓ´1
ÿ

k“0

q
pkq

ℓ 2mk
ĂMn´1 ` ĂMℓ´1

¸

(by assumption)

ď
1

qℓ,ℓ`1

˜

1 `

ℓ´1
ÿ

k“0

q
pkq

ℓ mk

¸

2ĂMn´1

“ 2mℓ
ĂMn´1.

So (3.4) holds when k “ ℓ. By induction, we know that (3.4) holds for every
k : 0 ď k ď n. Now, for each n ą N0, we have

ĂMn “ ĂMN0 `

n
ÿ

k“N0`1

rmk ď ĂMN0 `

n
ÿ

k“N0`1

2mk
ĂMn´1 ď ĂMN0 `KĂMn´1.

Furthermore, we have

ĂMn ď ĂMN0

`

1 `K ` ¨ ¨ ¨ `Kn´N0´1
˘

`Kn´N0
ĂMN0

“
ĂMN0p1 ´Kn´N0q

1 ´K
`Kn´N0

ĂMN0 .

Thus, as n Ñ 8, we would have 8 ď ĂMN0{p1 ´Kq which is a contradiction.
Hence, once

ř8
k“0 rmk “ 8, we should also have

ř8
k“0mk “ 8.
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We have therefore completed the proof of the equivalence mentioned above.
˝

To conclude this section, we mention that the uniqueness problem for the
single birth Q-matrix with absorbing set H “ t0, 1, . . . , Nu pN ă 8q can be
dealt with by the same approach. Refer to [4; Theorem 3.16] and [14].

4 Recurrence and extinction/return probability

For the recurrence, the following criterion is taken from [4; Theorem 4.52 (1)]
and [15].

Proposition 4.1 Assume the single birth Q-matrix Q “ pqijq is non-explosive

and irreducible. Then the process is recurrent iff
ř8

n“0 F
p0q
n “ 8, where

`

F
piq
n

˘

was defined in p1.1q by setting ci ” 0.

Proof By [4; Lemma 4.51], we know that the single birth process is recurrent
iff the equation

xi “
ÿ

k‰0

Πikxk, 0 ď xi ď 1, i ě 0 (4.1)

has only zero solution, where Πik “ p1´δikqqik{qi. It is easily seen that equation
(4.1) has a non-trivial solution iff the equation

xi “
ÿ

k‰0

Πikxk, i ě 0; x0 “ 1

has a nonnegative bounded solution. The following fact will be used several
times below:

xi “
ÿ

k‰i,i0

qik
qi ´ λ

xk `
γi

qi ´ λ
ðñ pQxqi ` λxi “ qii0p1 ´ δii0qxi0 ´ γi, (4.2)

where λ P R satisfying some suitable condition. Certainly, here we preassume
that xi P R for every i P E. By using this fact with λ “ 0 and i0 “ 0, we can
rewrite the previous equation as

pQxq0 “ 0, pQxqi “ qi0, i ě 1; x0 “ 1.

Applying Theorem 1.1 to ci ” 0 and fi “ qi0p1 ´ δi0q, we obtain the unique
solution as follows

x0 “ 1, xn “ 1 `

n´1
ÿ

k“1

k
ÿ

j“1

F
pjq

k qj0
qj,j`1

“ 1 `

n´1
ÿ

k“1

k
ÿ

j“1

F
pjq

k q
p0q

j

qj,j`1
, n ě 1.
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By (2.7), it follows that

xn “ 1 `

n´1
ÿ

k“1

F
p0q

k “

n´1
ÿ

k“0

F
p0q

k , n ě 1.

Clearly, pxnq is bounded iff
ř8

k“0 F
p0q

k ă 8. In other words, equation (4.1) has

only a trivial solution iff
ř8

k“0 F
p0q

k “ 8. The assertion is now proven. ˝

Extinction/return probability

For the remainder of this section, we study the extinction probability. Here
the extinction time τ0 is the first hitting time of the state 0. Thus, this topic
is actually a refinement of what studied in the last proposition, in which we
pay attention only on the result either Pnrτ0 ă 8s “ 1 or ă 1 rather than its
distribution. We will come back this point after the proof of the next proposi-
tion. For the extinction problem, the rates q0j pj ‰ 0q play no rule, so one may
assume the state 0 to be an absorbing state. In other words, we may reduce
the state space from E to E1 :“ t1, 2, . . .u, and regard the rate qi0 pi ‰ 0q as

a killing from i. Then we need to redefine the sequences
`

q̃
pkq
n

˘

and
`

rF
pkq
n

˘

starting from 1 but not 0. However, for our convenience, we prefer to keep the

notation E,
`

q̃
pkq
n

˘

,
`

rF
pkq
n

˘

and so on. For this, it is better to use the return
time σ0 instead of the hitting time τ0. In the case that the state 0 is really
an absorbing one, we can add a positive rate q01 and assume that the enlarged
process becomes irreducible. Then, the solution of Pnrσ0 ă 8s restricted on
E1 gives us the answer of Pnrτ0 ă 8s on E1 (as a trivial application of the
localization theorem [9; Theorem 3.4.1] or [4; Theorem 2.13]), so we can return
to our original problem.

We remark that in the context of denumerable Markov processes, the topic
of this section and much more problems were well studied in [9; Chapter IX]. In
the present special case, for the single birth processes, the problem was studied
in [1; Chapter 9] or [2], using a different technique.

Proposition 4.2 Let the single birth Q-matrix Q “ pqijq be non-explosive and
irreducible. Then the return/extinction probability is as follows:

P0pσ0 ă 8q “

ř8
k“1 F

p0q

k
ř8

k“0 F
p0q

k

, Pnpσ0 ă 8q “

ř8
k“n F

p0q

k
ř8

k“0 F
p0q

k

, n ě 1.

Furthermore, Pnpσ0 ă 8q “ 1 for all n ě 0 iff P0pσ0 ă 8q “ 1, equivalently iff
ř8

n“0 F
p0q
n “ 8.

Proof By [4; Lemma 4.46] with H “ t0u, pPipσ0 ă 8q : i P Eq is the minimal
nonnegative solution to the equation

xi “
ÿ

k‰0,i

qik
qi
xk `

qi0
qi

p1 ´ δi0q, i P E.
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The study on recurrence usually starts from here, the lemma [4; Lemma 4.51]
used in the last proof simplifies our study on the recurrence problem, as we
have just seen above. By (4.2), the last equation is equivalent to

pQxqi “ qi0p1 ´ δi0qpx0 ´ 1q, i ě 0.

Applying Theorem 1.1 to ci ” 0 and fi “ qi0p1 ´ δi0qpx0 ´ 1q, we obtain the
solution to the last equation:

xn “ x0 `
ÿ

0ďkďn´1

ÿ

0ďjďk

F
pjq

k

qj,j`1
qj0p1 ´ δj0qpx0 ´ 1q

“ x0

"

1 `
ÿ

1ďkďn´1

ÿ

1ďjďk

F
pjq

k

qj,j`1
q

p0q

j

*

´
ÿ

1ďkďn´1

ÿ

1ďjďk

F
pjq

k

qj,j`1
q

p0q

j

“ x0

ˆ

1 `
ÿ

1ďkďn´1

F
p0q

k

˙

´
ÿ

1ďkďn´1

F
p0q

k , n ě 0 (by (2.7)).

Because xn ą 0, it follows that

x0 ě sup
ně1

řn´1
k“1 F

p0q

k
řn´1

k“0 F
p0q

k

“ sup
ně1

řn´1
k“0 F

p0q

k ´ 1
řn´1

k“0 F
p0q

k

“ 1 ´
1

ř8
k“0 F

p0q

k

.

From here, we obtain the minimal nonnegative solution:

x˚
0 “ 1 ´

1
ř8

k“0 F
p0q

k

, x˚
n “ 1 ´

řn´1
k“0 F

p0q

k
ř8

k“0 F
p0q

k

, n ě 1.

We have thus proved the first assertion. The second one is obvious. ˝

Rewrite the solution just obtained as follows.

1 ´ x˚
0 “

1
ř8

k“0 F
p0q

k

, 1 ´ x˚
n “

řn´1
k“0 F

p0q

k
ř8

k“0 F
p0q

k

, n ě 1.

Renormalize them so that the initial value becomes 1:

x0 “ 1, xn “

n´1
ÿ

k“0

F
p0q

k , n ě 1

which is what we obtained in the last proof. We have thus seen the relation
between the last two propositions.

The study on the Laplace transform of extinction/return time is delayed to
Section 7 (Proposition 7.3 which is based on Lemma 7.1).
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5 Ergodicity, strong ergodicity, and the first moment of return time

Let E “ Z` and H Ă E, H ‰ H, E. Define σH “ inftt ě η1 : Xptq P Hu,
where η1 is the first jump of the process. When H is a singleton, H “ t0u, for
instance, denote σt0u by σ0 for simplicity. We now consider the first moment of
the return time σ0. To do so, we introduce the following lemma (cf. [9; Lemma
9.4.1]).

Lemma 5.1 Let pqijq be irreducible and assume that its Q-process is recurrent.
Then px˚

i :“ EiσH : i P Eq is the minimal nonnegative solution (may be infinite)
to the equation

xi “
1

qi

ÿ

kRHYtiu

qikxk `
1

qi
, i P E,

where 1 ¨ 8 “ 8 and 0 ¨ 8 “ 0 by convention.

Proof Let py˚
i : i P Eq be the minimal nonnegative solution to the equation

yi “
1

qi

ÿ

kRHYtiu

qikyk `
1

qi
, i P E.

By assumption and [4; Lemma 4.46], the quantity fiH defined there is equal to
1 for every i P E. Then, py˚

i : i P Eq coincides with peiHp0q : i P Eq used in [4;
Lemma 4.48]. Note that eiHp0q “

ş8

0 PipσH ą tq dt “ EiσH . The assertion now
follows immediately. ˝

In what follows, we use often another sequence pd̃nq similar to
`

rmn

˘

having
different initial value:

d̃0 “ 0, d̃n “
1

qn,n`1

˜

1 `

n´1
ÿ

k“0

q̃pkq
n d̃k

¸

, n ě 1, (5.1)

where q̃
pkq
n is defined in (1.2). By Corollary 2.3, we have

d̃n “
ÿ

1ďjďn

rF
pjq
n

qj,j`1
, n ě 0 (5.2)

which is very much the same as (3.2). Again, we omit the superscript ˜ every-

where in pd̃nq once ci ” 0. Note that if we rewrite

d̃n “
1

qn,n`1

˜

1 `
ÿ

1ďkďn´1

q̃pkq
n d̃k

¸

, n ě 1,

rF p0q
n “

1

qn,n`1

˜

q̃p0q
n `

ÿ

1ďkďn´1

q̃pkq
n

rF
p0q

k

¸

, n ě 1,
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then it is clear that the sequences
`

d̃n
˘

ně1
and

`

rF
p0q
n

˘

ně1
are also quite close

each other.
The main result in this section is as follows. Refer to [4; Theorem 4.52 (2)],

[1; Proposition 2.4], and [15, 17, 18].

Proposition 5.2 Assume that the single birth Q-matrix Q “ pqijq is irre-
ducible and corresponding process is recurrent. Then

E0σ0 “
1

q01
` d, Enσ0 “

n´1
ÿ

k“0

`

F
p0q

k d´ dk
˘

, n ě 1,

where

d “ lim
kÑ8

řk
n“0 dn

řk
n“0 F

p0q
n

“ lim
nÑ8

dn

F
p0q
n

if the limit exists.

Furthermore, the process is ergodic pi.e. positive recurrentq iff d ă 8; and it

is strongly ergodic iff supkPE

řk
n“0

`

F
p0q
n d ´ dn

˘

ă 8. Actually, for the last
conclusion, the recurrence assumption can be replaced by the uniqueness one.

Proof Let H “ t0u. By Lemma 5.1, pEiσ0 : i P Eq is the minimal nonnegative
solution px˚

i q to the equation

xi “
1

qi

ÿ

kRt0,iu

qikxk `
1

qi
, i P E. (5.3)

Suppose for a moment that x˚
i ă 8 first for some i P E and then for all i by

irreducibility. Next, let pxiq be a (finite) solution to (5.3). Then, by (4.2), we
have

pQxqi “ qi0x0 ´ 1, i ě 1; pQxq0 “ ´1.

Applying Theorem 1.1 to c “ 0 and fi “ qi0p1 ´ δi0qx0 ´ 1 (i ě 0), we obtain
the solution to the last equation:

xn “ x0 `

n´1
ÿ

k“0

k
ÿ

j“0

F
pjq

k fj
qj,j`1

“ x0

˜

1`

n´1
ÿ

k“1

k
ÿ

j“1

F
pjq

k qj0
qj,j`1

¸

´

n´1
ÿ

k“0

k
ÿ

j“0

F
pjq

k

qj,j`1
, n ě 1.

By (2.7) and (5.2), we obtain

xn “ x0

n´1
ÿ

k“0

F
p0q

k ´

n´1
ÿ

k“0

ˆ

F
p0q

k

q01
` dk

˙

“

n´1
ÿ

k“0

„

F
p0q

k

ˆ

x0 ´
1

q01

˙

´ dk

ȷ

, n ě 1.

Since xn ą 0, it follows that

x0

n´1
ÿ

k“0

F
p0q

k ą

n´1
ÿ

k“0

ˆ

F
p0q

k

q01
` dk

˙

, n ě 1.
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This gives us

x0 ě sup
ně1

řn´1
k“0pF

p0q

k {q01 ` dkq
řn´1

k“0 F
p0q

k

“
1

q01
` sup

ně1

řn´1
k“0 dk

řn´1
k“0 F

p0q

k

.

Now, the minimal property implies that

x˚
0 “

1

q01
` sup

ně1

řn´1
k“0 dk

řn´1
k“0 F

p0q

k

and then

x˚
n “

n´1
ÿ

k“0

˜

F
p0q

k sup
ně1

řn´1
j“0 dj

řn´1
j“0 F

p0q

j

´ dk

¸

, n ě 1

gives us the solution pEiσ0 : i P Eq. We claim that the supremum in the last
line has to achieved at infinity. Otherwise, if it is achieved at some finite n0:

řn0´1
j“0 dj

řn0´1
j“0 F

p0q

j

“ sup
ně1

řn´1
j“0 dj

řn´1
j“0 F

p0q

j

.

Then

x˚
0 “

1

q01
`

řn0´1
j“0 dj

řn0´1
j“0 F

p0q

j

and furthermore, x˚
n0

“ 0 which is a contradiction with x˚
i “ Eiσ0 ą 0. There-

fore,

sup
ně1

řn´1
j“0 dj

řn´1
j“0 F

p0q

j

“ lim
nÑ8

řn
j“0 dj

řn
j“0 F

p0q

j

“: d

as required. The next limit in the expression of d is an application of Stolz’s
Theorem. Now d ă 8 since x˚

0 ă 8 by assumption. To remove the finiteness
assumption of px˚

i q, we claim that the expressions in the first assertion for
Enσ0p“ x˚

nq still hold even x˚
i “ 8, since then we must have d “ 8. If

otherwise, d ă 8, then by the last assertion of Theorem 1.1 and (4.2), we
would obtain a finite solution to (5.3), which deduces a contradiction to the
assumption x˚

i “ 8 by the comparison theorem for the nonnegative solutions
(cf. [4; Theorem 2.6]). We have thus proved the first assertion.

Let us remark that the trick used above replacing supně1 by limnÑ8 was
missed in the previous publications. This trick and the one assuming the finite-
ness of px˚

i q, will be used several times below but we may not mention it time
by time.

Finally, by [4; Theorem 4.44], the single process is ergodic iff E0σ0 ă 8

which is now equivalent to d ă 8. By the same cited theorem, the process is

strongly ergodic iff supiPE Eiσ0 ă 8, equivalently, supnPE

řn
k“0

`

F
p0q

k d´ dk
˘

ă

8 which follows from the first assertion. As mentioned in the proof of the
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cited book, for ergodicity, the uniqueness assumption is enough instead of the
recurrence one. The proof is now finished. ˝

6 Polynomial moments of hitting time and life time

Polynomial moments of hitting time

We have just studied the first moment of the time of first hitting/return 0 in
the last section. Now we study the higher-order moments of the first hitting
time.

Fix i0 ě 0. Recall that σi0 is the time of first return to i0 after the first
jump. For its higher-moments, we have the following result (cf. [19, 21]).

Proposition 6.1 Assume that the single birth Q-matrix Q “ pqijq is irre-

ducible and the corresponding process is pℓ´1q-ergodic (ℓ ě 1), i.e. Eiσ
ℓ´1
i0

ă 8

for every i ě 0. When ℓ “ 1, assume additionally that the process is unique.
Then we have

Enσ
ℓ
i0 “

#

ℓ
ř

nďkďi0´1 v
pℓq
k `

“

1 ´
ř

nďkďi0´1 uk
‰

Ei0σ
ℓ
i0
, 0 ď n ď i0;

´ℓ
ř

i0ďkďn´1 v
pℓq
k `

“

1 `
ř

i0ďkďn´1 uk
‰

Ei0σ
ℓ
i0
, n ą i0;

where

uk “

$

’

&

’

%

řk
j“i0´1 qj,j`1

´1F
pjq

k qji0p1 ´ δji0q, k ě i0,

1, k “ i0 ´ 1,

0, 0 ď k ď i0 ´ 2

v
pℓq
k “

k
ÿ

j“0

F
pjq

k

qj,j`1
Ejσ

ℓ´1
i0

, k ě 0,

Ei0σ
ℓ
i0 “ ℓ lim

nÑ8

ˆ

ÿ

i0ďkďn

v
pℓq
k

˙„

1 `
ÿ

i0ďkďn

uk

ȷ´1

“ ℓ lim
nÑ8

v
pℓq
n

un
if the limit exists.

Proof By [9; Theorem 9.3.3] (cf. [4; Proposition 4.56], or [10; Theorem 3.1]),
py˚

i :“ Eiσ
ℓ
i0

: i P Eq is the the minimal nonnegative solution to the following
equation:

yi “
ÿ

k‰i,i0

1

qi
qikyk `

ℓ

qi
Eiσ

ℓ´1
i0

, i P E.

As remarked in the last section, we may assume that y˚
i ă 8 for every i P E.

Then, by (4.2), we obtain the Poisson equation:

pQyqi “ qii0p1 ´ δii0qyi0 ´ ℓEiσ
ℓ´1
i0

, i P E.
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Applying Theorem 1.1 to c “ 0 and fi “ qii0p1 ´ δii0qyi0 ´ ℓEiσ
ℓ´1
i0

, it follows
that the solution to the last equation is as follows:

yn “ y0 `
ÿ

0ďkďn´1

k
ÿ

j“0

F
pjq

k fj
qj,j`1

“ y0 ` yi0
ÿ

0ďkďn´1

uk ´ ℓ
ÿ

0ďkďn´1

v
pℓq
k , n ě 0.

Here in the summation of uk, we have used the character of single birth: qji0p1´

δji0q ą 0 only if either j “ i0 ´ 1 or j ě i0 ` 1. In particular, by setting n “ i0,
it follows that

y0 “ ℓ
ÿ

0ďkďi0´1

v
pℓq
k ` yi0

ˆ

1 ´
ÿ

0ďkďi0´1

uk

˙

.

Return to the original yn, we get

yn “ ℓ

„

ÿ

0ďkďi0´1

v
pℓq
k ´

ÿ

0ďkďn´1

v
pℓq
k

ȷ

` yi0

„

1 ´
ÿ

0ďkďi0´1

uk `
ÿ

0ďkďn´1

uk

ȷ

“

#

´ℓ
ř

i0ďkďn´1 v
pℓq
k ` yi0

“

1 `
ř

i0ďkďn´1 uk
‰

, n ě i0 ` 1

ℓ
ř

nďkďi0´1 v
pℓq
k ` yi0

“

1 ´
ř

nďkďi0´1 uk
‰

, n ď i0.
(6.1)

When n ď i0, since
ř

kďi0´1 uk ď 1 by definition of pukq, it is clear that yn ą 0.
When n ě i0 ` 1, for yn ą 0, one requires the condition

yi0 ą
ℓ
ř

i0ďkďn´1 v
pℓq
k

1 `
ř

i0ďkďn´1 uk

and then

yi0 ě sup
něi0`1

ℓ
ř

i0ďkďn´1 v
pℓq
k

1 `
ř

i0ďkďn´1 uk
.

By a reason explained in the last section, this leads to

y˚
i0 “ ℓ lim

nÑ8

ř

i0ďkďn v
pℓq
k

1 `
ř

i0ďkďn uk

which gives us Ei0σ
ℓ
i0
. Combining it with (6.1), we obtain the required assertion.

The limit in Ei0σ
ℓ
i0

is again an application of Stolz’s Theorem since
ř

k uk “ 8

by the recurrence of the process. To see the last assertion, define a single birth
process on ti0, i0 `1, . . .u (regarding the set t0, 1, . . . , i0u as a single state) with
rates

q̄ij “

#

qij if j ě i0 ` 1
ř

kďi0
qik if j “ i0, i ě i0.
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Then pq̄ijq is irreducible and recurrent because so is pqijq. Next, as in (1.1), we

can define a sequence
`

sF
pjq

k

˘

on ti0, i0 `1, . . .u. By induction, it is easy to check

that sF
pjq

k “ rF
pjq

k for every k ě j ě i0. Hence we have

ÿ

k

sF
pi0q

k “
ÿ

k

rF
pi0q

k “ 8

by Proposition 4.1. It should be now easy to see that
ř

k uk “ 8 as claimed. ˝

Polynomial moments of life time

Recall that τn is the time of first hitting the state n. If we start from i ď n´ 1,
then τn coincides with the time of fist hitting the set tn, n ` 1, . . .u. For the
remainder of this section, we are going to study the time τ8 :“ limnÑ8 τn.
Next, because τ8 is actually equal to the life time η :“ limnÑ8 ηn almost
everywhere, where tηnu are the successive jumping times:

η0 ” 0, ηn “ inftt ě ηn´1 : Xptq ‰ Xpηn´1qu, n ě 1,

therefore, τ8 “ 8 a.e. if the single birth Q-matrix is non-explosive. Thus,
the study on the moments of τ8 is meaningful only for explosive single birth
Q-matrix. The next result is taken from [21].

Proposition 6.2 Let the single birth Q-matrix Q “ pqijq be irreducible and
explosive pi.e.

ř

nmn ă 8 by Proposition 3.1q. Assume that the minimal
process has finite pℓ´1q-th moments of τ8 for some integer ℓ ě 1 pi.e. Eiτ

ℓ´1
8 ă

8 for all i ě 0q. Then

Enτ
ℓ
8 “ ℓ

ÿ

kěn

sm
pℓq
k , n ě 0,

where

smpℓq
n “

1

qn,n`1

„

Enτ
ℓ´1
8 `

ÿ

0ďkďn´1

qpkq
n sm

pℓq
k

ȷ

“

n
ÿ

j“0

F
pjq
n Ejτ

ℓ´1
8

qj,j`1
, n ě 0.

Proof The last equality of sm
pℓq
n comes from Corollary 2.3. By [4; Proposition

4.56] or [11], we know that pEiτ
ℓ
8 : i P Eq is the the minimal nonnegative

solution py˚
i : i P Eq to the following equation:

yi “
ÿ

k‰i

1

qi
qikyk `

ℓ

qi
Eiτ

ℓ´1
8 , i P E.

That is,
pQyqi “ ´ℓEiτ

ℓ´1
8 , i P E.
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Applying Theorem 1.1 to c “ 0 and fi “ ´ℓEiτ
ℓ´1
8 (i ě 0), it follows that the

solution to the last equation can be expressed as

yn “ y0 ´ ℓ
n´1
ÿ

k“0

k
ÿ

j“0

F
pjq

k Ejτ
ℓ´1
8

qj,j`1
, n ě 1.

Hence

yn “ y0 ´ ℓ
n´1
ÿ

k“0

sm
pℓq
k , n ě 1.

By the nonnegative and minimal properties, it follows that

y˚
0 “ sup

ně1

˜

ℓ
n´1
ÿ

k“0

sm
pℓq
k

¸

“ ℓ
8
ÿ

k“0

sm
pℓq
k , y˚

n “ ℓ
8
ÿ

k“n

sm
pℓq
k , n ě 1.

Hence, we obtain

Enτ
ℓ
8 “ ℓ

ÿ

kěn

sm
pℓq
k , n ě 0

which is the required assertion. ˝

7 Exponential ergodicity and Laplace transform of return time

Exponential moments of return time and exponential ergodicity

In this section, we consider the exponential moments of return time. At first,
we introduce the following lemma for general Q-matrices.

Lemma 7.1 Let pqijq be irreducible and assume that its Q-process is recurrent.
Next, let λ P R, λ ă qi for every i P E. Then for fixed H Ă E, H ‰ H, E,
pEi exppλσHq : i P Eq is the minimal solution to the equation

xi “
1

qi ´ λ

ÿ

kRHYtiu

qikxk `
1

qi ´ λ

ÿ

kPHztiu

qik, i P E. (7.1)

Proof Let py˚
i : i P Eq be the minimal nonnegative solution to the equation

yi “
1

qi ´ λ

ÿ

kRHYtiu

qikyk `
1

qi ´ λ
, i P E.

By the recurrent assumption and [4; Lemma 4.46], the quantity fiH defined
there is equal to 1 for every i P E. Then, py˚

i : i P Eq coincides with peiHpλq :
i P Eq used in [4; Lemma 4.48]. Moreover, by the proof given on [4; page
148], we have Ei exppλσHq “ 1 ` λy˚

i for every i P E. Besides, it can be
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checked that p1 ` λy˚
i : i P Eq is a nonnegative solution to equation (7.1).

Hence Ei exppλσHq “ 1 ` λy˚
i ě x˚

i for every i P E, where px˚
i : i P Eq is the

minimal nonnegative solution to equation (7.1). We are now going to prove
that Ei exppλσHq “ x˚

i for all i P E. The proof is split into two parts: either
λ ě 0 or λ ă 0.

First, let λ ě 0. It is easily seen that px˚
i ´ 1 : i P Eq is a nonnegative

solution to the equation

yi “
1

qi ´ λ

ÿ

kRHYtiu

qikyk `
λ

qi ´ λ
, i P E.

Hence, x˚
i ´ 1 ě λy˚

i since pλy˚
i q is the minimal nonnegative solution to the

equation above, by the linear combination theorem [4; Theorem 2.12 (1)]. That
is, x˚

i ě 1 ` λy˚
i . Combining what we have proved in the last paragraph, it

follows that x˚
i “ Ei exppλσHq for all i P E.

Next, let λ ă 0. Denote by pȳi : i P Eq the minimal nonnegative solution to
the equation

yi “
1

qi ´ λ

ÿ

kRHYtiu

qikyk `

„

1 ´
1

qi ´ λ

ÿ

kRHYtiu

qik

ȷ

, i P E. (7.2)

Clearly, we have ȳi ď 1 since yi ” 1 is a solution to the equation. We claim
that ȳi ” 1. To see this, note that p1 ´ ȳi : i P Eq is the maximal solution to
the equation

yi “
1

qi ´ λ

ÿ

kRHYtiu

qikyk, 0 ď yi ď 1, i P E. (7.3)

By a comparison lemma [4; Lemma 3.14], it suffices to show that the equation

yi “
1

qi

ÿ

kRHYtiu

qikyk, 0 ď yi ď 1, i P E

has only trivial (i.e. zero-) solution. Then this follows by the recurrence as-
sumption and [4; Lemma 4.46]. We remark that there is an alternative way to
prove that ȳi ” 1, using the uniqueness rather than the recurrence assumption.
Actually, equation (7.3) is an exit equation for a modified Q-matrix (any local
modification of a Q-matrix does not interfere the uniqueness). The exit solution
to (7.3) should be zero by uniqueness assumption.

We now return to our main proof. By the linear combination theorem [4;
Theorem 2.12 (1)], px˚

i ´ λy˚
i : i P Eq is the minimal nonnegative solution to

equation (7.2). Hence x˚
i ´ λy˚

i “ ȳi ” 1 as we have just proved in the last
paragraph. Therefore we conclude that x˚

i “ 1 ` λy˚
i “ Ei exppλσHq for all

i P E. We have thus completed the proof of the lemma. ˝

Now we present our results about the exponential moments of the return
time σ0, which can be referred in [18].
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Proposition 7.2 Let the single birth Q-matrix pqijq be irreducible. Assume

that its process is ergodic. Define
`

rF
piq
k

˘

and
`

d̃k
˘

by setting ci ” λ ą 0. Then
for small λ,

E0e
λσ0 “

q01p1 ` λd̃q

q01 ´ λ
ă8 and Ene

λσ0 “1 ` λ
n´1
ÿ

k“0

´

rF
p0q

k d̃´ d̃k

¯

ă8, n ě 1

iff

d̃ :“ lim
nÑ8

1␣řn
k“0

rF
p0q
k ą0

(

řn
k“0 d̃k

řn
k“0

rF
p0q

k

ă 8

and

d̃
n´1
ÿ

k“0

rF
p0q

k ą

n´1
ÿ

k“0

d̃k whenever
n´1
ÿ

k“0

rF
p0q

k ď 0 for n ě 2. (7.4)

Furthermore, once rF
p0q
n ą 0 for large enough n and

ř

n
rF

p0q
n “ 8, we have

d̃ “ lim
nÑ8

d̃n
rF

p0q
n

if the limit exists.

Finally, the process is exponentially ergodic iff both d̃ ă 8 and p7.4q holds.

Proof Let λ P p0, qiq for every i P E and set H “ t0u. Then by Lemma 7.1,
pEie

λσ0 : i P Eq is the minimal solution px˚
i q of the following equation

xi “
1

qi ´ λ

ÿ

kRt0,iu

qikxk `
qi0p1 ´ δi0q

qi ´ λ
, xi ě 1, i P E.

Assume that x˚
i ă 8 for every i P E for a moment, and let pxiq be a finite

nonnegative solution to the last equation. Then, by (4.2), we have

pQxqi ` λxi “ qi0px0 ´ 1q, i ě 1; pQxq0 ` λx0 “ 0. (7.5)

Applying Theorem 1.1 to ci ” λ and fi “ qi0p1 ´ δi0qpx0 ´ 1q for all i ě 0, we
obtain

xn “ x0

˜

1 ´ λ
n´1
ÿ

k“0

k
ÿ

j“0

rF
pjq

k

qj,j`1

¸

` px0 ´ 1q

n´1
ÿ

k“1

k
ÿ

j“1

rF
pjq

k qj0
qj,j`1

“ x0

˜

1 ´ λ
n´1
ÿ

k“0

k
ÿ

j“0

rF
pjq

k

qj,j`1

¸

` px0 ´ 1q

n´1
ÿ

k“1

k
ÿ

j“1

rF
pjq

k pq̃
p0q

j ` λq

qj,j`1
, n ě 1.

Due to the explicit representation of rF
pkq
n , rmn and d̃n, given in (2.7), (3.2) and

(5.2) respectively, we have not only

rmn “
ÿ

0ďjďn

rF
pjq
n

qj,j`1
“

1

q01
rF p0q
n ` d̃n, n ě 0 (7.6)
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but also that

xn “ x0

˜

1 ´ λ
n´1
ÿ

k“0

rmk

¸

` px0 ´ 1q

n´1
ÿ

k“1

`

rF
p0q

k ` λd̃k
˘

“ x0

ˆ

1 ´
λ

q01

˙ n´1
ÿ

k“0

rF
p0q

k ´

n´1
ÿ

k“0

`

rF
p0q

k ` λd̃k
˘

` 1, n ě 1. (7.7)

Since xn ą 1, we get

x0

ˆ

1 ´
λ

q01

˙ n´1
ÿ

k“0

rF
p0q

k ą

n´1
ÿ

k“0

`

rF
p0q

k ` λd̃k
˘

, n ě 1.

That is
„

x0

ˆ

1

λ
´

1

q01

˙

´
1

λ

ȷ n´1
ÿ

k“0

rF
p0q

k ą

n´1
ÿ

k“0

d̃k, n ě 1. (7.8)

Note that on the one hand, if x˚
0 “ x˚

0pλ0q ă 8, then x˚
0 “ x˚

0pλq ă 8 for every
λ P p0, λ0q, by the comparison theorem (cf. [4; Theorem 2.6]). On the other
hand, when λ “ 0, we have

n
ÿ

k“0

rF
p0q

k “

n
ÿ

k“0

F
p0q

k ą 0 and
n
ÿ

k“0

d̃k “

n
ÿ

k“0

dk ą 0, n ě 1.

For each fixed n,
řn

k“0
rF

p0q

k and
řn

k“0 d̃k are analytic in λ, and so should be
positive for sufficient small λ, say λ ď λ1 for some λ1 ď λ0. Then by (7.8), we
should have

x0

ˆ

1

λ
´

1

q01

˙

´
1

λ
ą 0, λ P p0, λ1q

independent of n. Therefore, by the minimal property, we have

x˚
0

ˆ

1

λ
´

1

q01

˙

´
1

λ
“ lim

nÑ8
1␣řn

k“0
rF

p0q
k ą0

(

„ n
ÿ

k“0

d̃k

ȷ„ n
ÿ

k“0

rF
p0q

k

ȷ´1

“ d̃,

i.e.

E0e
λσ0 “ x˚

0 “
q01p1 ` λd̃q

q01 ´ λ
. (7.9)

Since x˚
0 satisfies (7.8), we obtain condition (7.4). Then

Ene
λσ0 “ 1 ` λ

n´1
ÿ

k“0

´

rF
p0q

k d̃´ d̃k

¯

, n ě 1.

Conversely, if d̃ ă 8 and (7.4) holds. Then starting from x0 “ x˚
0 given in

(7.9) and defining xn by (7.7), we obtain a solution pxi ą 1 : i P Eq to (7.5).
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By (4.2), we obtain a finite nonnegative solution to the original equation for
`

Eie
λσ0 : i P E

˘

, and hence the minimal solution
`

x˚
i “ Eie

λσ0 : i P E
˘

should
be finite.

Finally, by [4; Theorem 4.44], the process is exponentially ergodic iff E0e
λσ0

ă 8, equivalently, d̃ ă 8 and (7.4) holds. The last assertion of the proposition
then follows. ˝

In contract to the ergodic case, one may study the exponential decay (in
the transient case) for which the Poisson equation becomes˚

Qg ` λg “ 0, g ą 0.

With ci ” λ, by Theorem 1.1, the solution is

gn “ g0

„

1 ´ λ
ÿ

0ďkďn´1

ÿ

0ďjďk

rF
pjq

k

qj,j`1

ȷ

“ g0

„

1 ´ λ
ÿ

0ďkďn´1

rmk

ȷ

, n ě 0.

This is somehow simpler than the previous one. However, these two exponential
cases are actually much harder than the others, for instance we do not know
at the moment how to remove condition (7.4). That is showing for some λą0,

small enough,
řn

k“0
rF

p0q

k ą 0 for all n
`

or equivalently, limnÑ8

řn
k“0

rF
p0q

k ą 0
˘

.

This seems necessary for the exponential ergodicity since
ř8

k“0
rF

p0q

k “ 8 when
λ “ 0 by the recurrence (which is much weaker than exponential ergodicity)
and λ is allowed to be very small. Actually, to figure out a criterion, one needs
much more work using different approaches, refer to [4; Chapter 9] and [7] for
some details.

Laplace transform of the return/extinction time

Note that for negative λ, Eie
λσ0 is the Laplace transform of σ0. The proof of

Proposition 7.2 is still available. So we get the following result.

Proposition 7.3 Define
`

rF
piq
k

˘

and
`

d̃k
˘

by p1.1q and p5.1q, respectively, with
ci ” ´λ ă 0. Let the single birth process be recurrent. Then the Laplace
transform of σ0 is given by

E0e
´λσ0 “

q01p1 ´ λd̃q

q01 ` λ
, Ene

´λσ0 “ 1 ´ λ
n´1
ÿ

k“0

´

rF
p0q

k d̃´ d̃k

¯

, n ě 1,

where

d̃ “ lim
nÑ8

řn´1
k“0 d̃k

řn´1
k“0

rF
p0q

k

“ lim
nÑ8

d̃n
rF

p0q
n

if the limit exists.

˚See the footnote on page 775
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Proof Following the proof of Proposition 7.2, replacing λ by ´λ, we arrive at

xn “ x0

ˆ

1 `
λ

q01

˙ n´1
ÿ

k“0

rF
p0q

k ´

n´1
ÿ

k“0

`

rF
p0q

k ´ λd̃k
˘

` 1,

“: x0αn´1 ´ βn´1, n ě 1.

By the minimal nonnegative property, x˚
0 “ supně1 βn{αn, and then we indeed

have

x˚
0 “ lim

nÑ8

βn
αn
.

We now show that we can replace limnÑ8 by limnÑ8. Noting that on the one
hand, since xn P p0, 1s, we have

βn
αn

ă x0 ď
βn ` 1

αn
, n ě 1.

On the other hand, following the proof for

ÿ

k

rmk “ 8 ðñ
ÿ

k

mk “ 8

given in Section 3, we can prove that
ř

k
rF

p0q

k “ 8 since
ř

k F
p0q

k “ 8 by the

recurrent assumption (i.e. γj ” 1). Hence we can rewrite limnÑ8 βn{αn as
limnÑ8 βn{αn. Therefore, we have

x˚
0 “ lim

nÑ8

„ n´1
ÿ

k“0

`

rF
p0q

k ´ λd̃k
˘

ȷ"„

1 `
λ

q01

ȷ n´1
ÿ

k“0

rF
p0q

k

*´1

“
q01

q01 ` λ
lim
nÑ8

„

1 ´ λ

řn´1
k“0 d̃k

řn´1
k“0

rF
p0q

k

ȷ

“
q01

q01 ` λ

“

1 ´ λd̃
‰

.

.

Furthermore,

x˚
n “ p1´λd̃q

n´1
ÿ

k“0

rF
p0q

k ´

n´1
ÿ

k“0

`

rF
p0q

k ´λd̃k
˘

` 1 “ 1´λ
n´1
ÿ

k“0

´

rF
p0q

k d̃´ d̃k

¯

, n ě 1.

The last limit in d̃ is an application of Stolz’s Theorem. ˝

Exponential moments and Laplace transform of the life time

Now we return to τ8.
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Proposition 7.4 Assume that the single birth Q-matrix Q “ pqijq is explosive
and irreducible. Define prmkq by p3.1q with ci ” λ. For the corresponding
minimal process,

piq if there exists a λ ą 0 such that λ
řn´1

k“0 rmk ă 1 for every n ą 1, then

Ene
λτ8 “ 1 ` λ

«

c̄

˜

1 ´ λ
n´1
ÿ

k“0

rmk

¸

´

n´1
ÿ

k“0

rmk

ff

, n ě 0,

where

c̄ “ lim
nÑ8

řn
k“0 rmk

1 ´ λ
řn

k“0 rmk
.

Furthermore, the process decays exponentially fast provided c̄ ă 8.
piiq For λ ą 0, the Laplace transform of τ8 is given by

Ene
´λτ8 “

1 ` λ
ř

0ďkďn´1 rmk

1 ` λ
ř

kě0 rmk
, n ě 0.

Proof Define

ei8pλq “

ż 8

0
eλtPipτ8 ą tq dt

with λ ă qi for all i ě 0. Note that the process is explosive and

Eie
λτ8 “ 1 ` λei8pλq.

Because Pmpτn ă ηq “ 1 for every pair m ă n, we have Pmpτn ă 8q “ 1 and
furthermore Pmpτ8 ă 8q “ 1 for every m, as n goes to 8. Then by [4; Lemma
4.48], pei8pλqq is the minimal solution to the equation

xi “
qi

qi ´ λ

ÿ

k

Πikxk `
1

qi ´ λ
, i ě 0.

By (4.2), we can rewrite the equation as

pQxqi ` λxi “ ´1, i ě 0.

Applying Theorem 1.1 to ci ” λ and fi ” ´1, the solution of the equation has
the form:

xn “ x0

˜

1 ´ λ
n´1
ÿ

k“0

k
ÿ

j“0

rF
pjq

k

qj,j`1

¸

´

n´1
ÿ

k“0

k
ÿ

j“0

rF
pjq

k

qj,j`1

“ x0

˜

1 ´ λ
n´1
ÿ

k“0

rmk

¸

´

n´1
ÿ

k“0

rmk, n ě 1.

Note that λ ă q0 “ q01 and λrm0 ă 1. If there exists a positive λ small enough
so that λ

řn´1
k“0 rmk ă 1 for every n ą 1, then by the argument above and the

minimal property of the solution, one gets

e08pλq “ sup
ně1

řn´1
k“0 rmk

1 ´ λ
řn´1

k“0 rmk

“ lim
nÑ8

řn
k“0 rmk

1 ´ λ
řn

k“0 rmk
“: c̄
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and

en8pλq “ c̄

˜

1 ´ λ
n´1
ÿ

k“0

rmk

¸

´

n´1
ÿ

k“0

rmk, n ě 1.

Then the first assertion follows.
For the Laplace transform of τ8, the argument above still works because

now we deal with the case of ´λ ă 0. By the explosive property, we know that
ř8

k“0 rmk ă 8. Hence we have

e08p´λq “ c̄ “

ř8
k“0 rmk

1 ` λ
ř8

k“0 rmk

and

en8p´λq “ c̄

˜

1 ` λ
n´1
ÿ

k“0

rmk

¸

´

n´1
ÿ

k“0

rmk “

ř8
k“n rmk

1 ` λ
ř8

k“0 rmk
, n ě 1.

Finally, we have

Ene
´λτ8 “ 1 ´

λ
ř8

k“n rmk

1 ` λ
ř8

k“0 rmk
“

1 ` λ
ř

0ďkďn´1 rmk

1 ` λ
ř

kě0 rmk
, n ě 0.

The proof for the second assertion is now finished. ˝

A more careful study on part piq of Proposition 7.4, refer to Proposition 7.2.

8 Examples

In the special case of birth–death processes, the problems studied here have
rather complete solutions, see for instance [4; Theorem 4.55]. As mentioned in
the introduction of the paper, much more models have been studied in the past
years. Here we make a little addition. The next example is taken from [3].

Example 8.1 (uniform catastrophes) Let

qi,i`1 “ b i, i ě 0; qij “ a, j “ 0, 1, . . . , i´ 1;

and qij “ 0 for other j ą i` 1, where a and b are positive constants. Then the
extinction of the process has an exponential distribution

Ene
´λτ0 “

a

a` λ
, λ ą 0, n ě 1.

It is surprising that the distribution is independent of b and the starting point
n. Redefine q01 “ 1. Then the irreducible process is indeed strongly ergodic.
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Proof We need to consider the case that q01 ą 0 only. With ci ” ´λ P R and

then q̃
pkq
n “ pk` 1qa` λ for k ď n´ 1, by using (1.1), (5.1), and induction, one

may check that

rF p0q
n “

a` λ

nb

ź

1ďkďn´1

˜

1 `
pk ` 1qa` λ

kb

¸

,
ź

H

“: 1,

d̃n “
1

nb

ź

1ďkďn´1

˜

1 `
pk ` 1qa` λ

kb

¸

, n ě 1.

Since for each fixed λ P R,

log

˜

1 `
pn` 1qa` λ

nb

¸

Ñ log

˜

1 `
a

b

¸

ą 0 as n Ñ 8,

we have limnÑ8
rF

p0q
n “ 8 and so

ř

n
rF

p0q
n “ 8. As an application of this fact

with λ “ 0, it follows that the process is recurrent (Proposition 4.1) and then
should be non-explosive ((7.6) and Proposition 3.1).

Next, because

ÿ

n

rF p0q
n “ 8, rF p0q

n “ pa` λqd̃n, n ě 1,

it follows that

d̃ “ lim
nÑ8

d̃n
rF

p0q
n

“
1

a` λ
.

Hence, we have
rF p0q
n d̃ “ d̃n, n ě 1,

From here, when λ “ 0 in particular, we obtain

sup
k

k
ÿ

n“0

`

F p0q
n d´ dn

˘

“ d “ a´1 ă 8.

Hence the process is strongly ergodic by Proposition 5.2.
By using Proposition 7.3, we obtain

E0e
´λσ0 “

aq01
pa` λqpq01 ` λq

,

Ene
´λσ0 “ 1 ´ λd̃ “

a

a` λ
“ Ene

´λτ0 , n ě 1.

Therefore, we have proved the first assertion.
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Even though it is now automatic that the process is exponentially ergodic,
implied by the strongly ergodicity, we would like to check the effectiveness of
Proposition 7.2 for this model. To do so, reset ci ” λ ą 0. Then

rF p0q
n “

a´ λ

nb

ź

1ďkďn´1

˜

1 `
pk ` 1qa´ λ

kb

¸

,

d̃n “
1

nb

ź

1ďkďn´1

˜

1 `
pk ` 1qa´ λ

kb

¸

, n ě 1.

Clearly, rF
p0q
n ą 0 and so does d̃n for every λ P p0, aq. As we have proved above

ÿ

n

rF p0q
n “ 8, d̃ “ lim

nÑ8

d̃n
rF

p0q
n

“
1

a´ λ
ă 8,

and hence the process is exponentially ergodic by Proposition 7.2. Actually, we
have

E0e
λσ0 “

aq01
pa´ λqpq01 ´ λq

,

Ene
λσ0 “

a

a´ λ
, n ě 1, λ P p0, a^ q01q. ˝

Example 8.2 Consider the single birth Q-matrix pqijq with

qi0 ą 0, qi,i`1 ą 0, qij “ 0 for all other j ‰ i.

Let ci P R. Then

(1) we have

rF
piq
i “ 1, rF piq

n “
qn0 ´ cn
qn,n`1

ź

i`1ďkďn´1

„

1 `
qk0 ´ ck
qk,k`1

ȷ

, (8.1)

ź

H

“: 1, n ą i ě 0,

and then pm̃nq and
`

d̃n
˘

are given by p3.2q and p5.2q, respectively.

(2) In particular, if qn0 ´ cn ” q10 ´ c1 for every n ě 1, then

rF
piq
i “ 1, rF piq

n “
q10 ´ c1
qn,n`1

n´1
ź

k“i`1

„

1 `
q10 ´ c1
qk,k`1

ȷ

,
ź

H

“: 1, n ą i ě 0,

rm0 “
1

q01
, rmn “

1

qn,n`1

n´1
ź

k“0

„

1 `
q10 ´ c1
qk,k`1

ȷ

, n ě 1,

d̃0 “ 0, d̃n “
1

qn,n`1

ź

1ďkďn´1

„

1 `
q10 ´ c1
qk,k`1

ȷ

, n ě 1.
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Furthermore, the process is explosive if

κ1 :“ lim
nÑ8

npqn`1,n`2 ´ qn,n`1 ´ q10q

qn,n`1 ` q10
ą 1

(qn,n`1 “ pn` 1qγ for γ ą 1 for example). Otherwise, if κ1 ă 1 (qn,n`1 “

pn ` 1qγ for some γ ď 1 for instance), then the process is unique. If so,
the process is indeed strongly ergodic.

Proof (a) By assumption, we have q̃
pkq
n “ qn0 ´ cn for every k ă n. Hence, by

(1.1), we obtain

rF piq
n “

q̃
p0q
n

qn,n`1

n´1
ÿ

k“i

rF
piq
k . (8.2)

Thus, to prove (8.1), it suffices to show that

n´1
ÿ

k“i

rF
piq
k “

ź

i`1ďkďn´1

«

1 `
q̃

p0q

k

qk,k`1

ff

, n ą i ě 0.

This clearly holds when n “ i` 1. Suppose that it holds when n “ ℓ, then

ℓ
ÿ

k“i

rF
piq
k “

ℓ´1
ÿ

k“i

rF
piq
k ` rF

piq
ℓ

“

ℓ´1
ÿ

k“i

rF
piq
k `

q̃
p0q

ℓ

qℓ,ℓ`1

ℓ´1
ÿ

k“i

rF
piq
k (by (8.2))

“

«

1 `
q̃

p0q

ℓ

qℓ,ℓ`1

ff

ℓ´1
ÿ

k“i

rF
piq
k

“
ź

i`1ďkďℓ

«

1 `
q̃

p0q

k

qk,k`1

ff

(by inductive assumption).

Therefore, the required assertion holds for n “ ℓ and it then holds for all n ą i
by induction. We have thus proved the first assertion.

(b) By assumption, we have q̃
pkq
n “ q10 ´ c1 for every k ă n. Hence, by p3.1q

and p5.1q, we obtain

rmn “
1

qn,n`1

ˆ

1 ` q̃
p0q
1

n´1
ÿ

k“0

rmk

˙

, n ě 1,

d̃n “
1

qn,n`1

ˆ

1 ` q̃
p0q
1

n´1
ÿ

k“0

d̃k

˙

, n ě 1.

As in the last proof, by using induction, we obtain the explicit expressions of
prmnq and

`

d̃n
˘

.
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To study the divergence of
ř

nmn, we adopt the
Kummer Test Let punq and pvnq be two sequences of positive numbers. Sup-
pose that

ř8
0 1{vn “ 8 and the limit κ :“ limnÑ8 κn exists, where

κn “ vn ¨
un
un`1

´ vn`1.

Then, the series
ř

un converges or diverges according to κ ą 0 or κ ă 0
respectively.

Set vn ” n and un “ mn:

mn “
1

qn,n`1

ź

0ďkďn´1

„

1 `
q10
qk,k`1

ȷ

, n ě 0.

Then

vn
un
un`1

´ vn`1 “
npqn`1,n`2 ´ qn,n`1 ´ q10q

qn,n`1 ` q10
´ 1.

Hence
ř

n un ă 8 if κ1 ą 1
`

resp.
ř

n un “ 8 once κ1 ă 1
˘

. Clearly,
ř

nmn “

8 implies
ř

n F
p0q
n “ 8. Hence

d “ lim
nÑ8

dn

F
p0q
n

“
1

q01
.

Furthermore,

sup
kPE

k
ÿ

n“0

`

F p0q
n d´ dn

˘

“ F
p0q
0 d “ d ă 8.

This gives us the strong ergodicity by Proposition 5.2.
We mention that Proposition 7.2 (with 0 ă ci ” λ ă q10) is also available

for this model. ˝

Remark 8.3 For exponential ergodicity, the following sufficient condition

M :“ sup
ně1

„ n´1
ÿ

k“1

F
p0q

k

ȷ

«

8
ÿ

j“n

1

qj,j`1F
p0q

j

ff

ă 8, (8.3)

introduced in [12], is sufficient for Example 8.1 but is not for Example 8.2.

Proof It is obvious that M ă 8 iff

lim
nÑ8

„ n´1
ÿ

k“1

F
p0q

k

ȷ

«

8
ÿ

j“n

1

qj,j`1F
p0q

j

ff

ă 8. (8.4)

For Example 8.1, because qj,j`1F
p0q

j is growing exponentially fast and so it is
easy to check that M ă 8. For Example 8.2, it suffices to consider qn,n`1 “

bpn` 1q for some b ą 0. By Kummer test, one may show that

8
ÿ

j“n

1

qj,j`1F
p0q

j

“ 8
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for suitable b ą 0 and then M “ 8. ˝
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Appendix. Key formulas used in the proofs

(A) Solution to the Poisson equation Ωg “ Qg ` cg:

gn “ g0 `
ÿ

0ďkďn´1

ÿ

0ďjďk

rF
pjq

k pfj ´ cjg0q

qj,j`1
, n ě 0.

(B) Three sequences.

(a) rF -sequence:

rF
piq
i “ 1, rF piq

n “
1

qn,n`1

n´1
ÿ

k“i

q̃pkq
n

rF
piq
k , n ą i ě 0, (1.1)

where

q̃pkq
n “ qpkq

n ´ cn :“
k
ÿ

j“0

qnj ´ cn, 0 ď k ă n. (1.2)

(b) rm-sequence:

rm0 “
1

q01
, rmn “

1

qn,n`1

ˆ

1 `

n´1
ÿ

k“0

q̃pkq
n rmk

˙

, n ě 1. (3.1)

(c) d̃-sequence:

d̃0 “ 0, d̃n “
1

qn,n`1

˜

1 `

n´1
ÿ

k“0

q̃pkq
n d̃k

¸

, n ě 1. (5.1)

Representation of the three sequences:

rF
piq
i “ 1, rF piq

n “

n
ÿ

k“i`1

rF
pkq
n q̃

piq
k

qk,k`1
, n ě i` 1; (2.7)

d̃n “
ÿ

1ďkďn

rF
pkq
n

qk,k`1
, (5.2) rmn “

n
ÿ

k“0

rF
pkq
n

qk,k`1
, n ě 0. (3.2)

Relation of the three sequences:

rmn “
1

q01
rF p0q
n ` d̃n, n ě 0. (7.6)
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Abstract

For a large class of integral operators or second order differential
operators, their isospectral (or cospectral) operators are constructed ex-
plicitly in terms of h-transform (duality). This provides us a simple way
to extend the known knowledge on the spectrum (or the estimation of the
principal eigenvalue) from a smaller class of operators to a much larger
one. In particular, an open problem about the positivity of the principal
eigenvalue for birth–death processes is solved in the paper.

2000 Mathematics Subject Classification: 58J53; 37A30.
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1 Introduction

Let us consider the elliptic operators

L =
∑
i,j

aij(x)∂2ij +
∑
i

bi(x)∂i + c(x),

L̃ =
∑
i,j

ãij(x)∂2ij +
∑
i

b̃i(x)∂i

on L2(µ) and L2(µ̃) (real) respectively, where µ̃ = h2µ for a given measure µ
and some h 6= 0. Their main difference is that c(x) 6≡ 0. We are interested in
when the operators L and L̃ are L2-isospectral in the following sense

(Lf, f)µ =
(
L̃f̃ , f̃

)
µ̃
, for every f̃ := f/h, f ∈ D(L).

Here is one of our typical results in the note (cf. Theorems 3.1 and 3.6 in
Section 3).
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Theorem 1.1 (1) Given L on L2(µ) having domain D(L), let h 6= 0, µ-a.e.
be L-harmonic: Lh = 0, µ-a.e., then L is L2-isospectral to L̃:

L̃ = L0 + 2h−1〈a∇h,∇〉, D
(
L̃
)

= {f : fh ∈ D(L)}.

where L0 = L− c.

(2) Given L̃ on L2(µ̃) having domain D
(
L̃
)
, then for each h 6= 0, µ-a.e., L̃ is

L2-isospectral to L:

L = L̃− 2

h

〈
ã∇h,∇

〉
+

[
2

h2
〈
ã∇h,∇h

〉
− 1

h
L̃h

]
,

D(L) =
{
f : f/h ∈ D

(
L̃
)}
,

where 〈·, ·〉 denotes the Euclidean inner product.

As a typical application of Theorem 1.1, we obtain the next result. To
state it, we need to explain the meaning of eigenvalue in different sense. We
say that λ is an eigenvalue of L in the ordinary sense if Lg = λg for some
g 6= 0. It is called a L2-eigenvalue if additionally, g ∈ L2(µ).

Corollary 1.2 For each h ∈ C 2(R), h 6= 0, a.e., the operator

Lh =
1

2

d2

dx2
−
(
x+

h′

h

)
d

dx
+

[(
h′

h

)2

+ x
h′

h
− h′′

2h

]
has L2-eigenvalues λn

(
Lh
)

= −n with eigenfunctions

gn(x) = (−1)nh(x)ex
2 dn

dxn
(
e−x

2)
, n > 0,

respectively. A particular class of Lh is the following

Lb =
1

2

d2

dx2
− b(x)

d

dx
+

1

2

[
b(x)2 − b′(x)− x2 + 1

]
, b ∈ C 1(R).

Proof. Noting that the Ornstein-Uhlenbeck operator

L̃ =
1

2

d2

dx2
− x d

dx
, D

(
L̃
)
⊃ C∞0 (R)

has ordinary eigenvalues λn
(
L̃
)

= −n with eigenfunctions

gn(x) = (−1)nex
2 dn

dxn
(
e−x

2)
, n > 0,

respectively (cf. [3; Example 5.1]). Clearly, the polynomial function gn ∈
L2(µ̃) for every n > 0, where µ̃(dx) = exp(−x2)dx. Hence, the eigenvalues
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are all L2-ones. Now, the first assertion follows from part (2) of Theorem 1.1.
The last assertion then follows by setting h = expψ with ψ′ = b− x:(
h′

h

)2

+ x
h′

h
− h′′

2h
= ψ′

2
+ xψ′ − 1

2

(
ψ′′ + ψ′

2)
= ψ′

(
x+

1

2
ψ′
)
− 1

2
ψ′′. �

Corollary 1.2 says that a large class of operators are all isospectral to the
rather simple Ornstein-Uhlenbeck operator. This indicates the value of the
study on isospectral operators. It should be pointed out that the technique is
still valuable even if you know only some estimates of the principal eigenvalue
of L̃ but have no knowledge on the other part of the spectrum of L̃, since our
knowledge on the principal eigenvalue of L is still rather limited.

Actually, Theorem 1.1 comes from a very simple observation. For com-
pleteness, here we write its complex version, even though we will use only its
real version later on.

Lemma 1.3 Let (E,E , µ) be a measure space and let h be Lebesgue measur-
able: E → C, h 6= 0, µ-a.s. Then

(1) f̃ := 1[h6=0]f/h is an isometry from L2(E,µ) to L2(E, µ̃) (complex), where
µ̃ = |h|2µ.

(2) Let L be an operator on L2(E,µ) with domain D(L). Define an operator
L̃ as follows:

L̃f̃ = 1[h6=0]
1

h
L
(
f̃h
)
, D

(
L̃
)

=
{
f̃ ∈ E : f̃h ∈ D(L)

}
. (1)

Then the operators (L,D(L)) on L2(E,µ) and
(
L̃,D

(
L̃
))

on L2
(
E, µ̃

)
are isospectral (say L and L̃ are L2-isospectral, for short) (in the following
sense):

(Lf, f)µ =
(
L̃f̃ , f̃

)
µ̃
, f ∈ D(L).

(3) If additionally, h ∈ D(L), then L̃1 = 0, µ̃-a.e. iff h is L-harmonic: Lh = 0,
µ-a.s.∗

Proof. Recall the inner product in a complex L2-space:

(f, g)µ =

∫
E
fḡdµ.

The first assertion is obvious:∫
E
|f |2dµ =

∫
E [h6=0]

∣∣f̃ ∣∣2|h|2dµ =

∫
E

∣∣f̃ ∣∣2dµ̃.
∗See also Remark 1.4 below.
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By definition, for f̃ ∈ D
(
L̃
)
, we have f̃h ∈ D(L) ⊂ L2(E,µ). Then we have

not only f̃ ∈ L2
(
E, µ̃

)
but also L

(
f̃h
)
∈ L2(E,µ). This means that L̃f̃ ∈

L2
(
E, µ̃

)
. Hence, as an operator on L2

(
E, µ̃

)
, L̃ is well defined. Furthermore,

we have

(Lf, f)µ=
(
L
(
f̃h
)
, f̃h

)
µ

=

∫
E
f̃h L

(
f̃h
)
dµ=

∫
E

¯̃
f(h̄h)

1

h
L
(
f̃h
)
dµ=

(
L̃f̃ , f̃

)
µ̃
.

We have thus proved the second assertion. Clearly, if h ∈ D(L), then 1h = h ∈
L2(E,µ) and hence 1 ∈ L2

(
E, µ̃

)
which implies that µ̃(E) <∞. Furthermore,

1 ∈ D
(
L̃
)

by definition of D
(
L̃
)
. Therefore, the last assertion follows by

definition of L̃. �

For non-symmetric operators, their spectrum can be complex. Hence, it
is natural to use the complex L2-theory. However, in this note, we use the
real L2-spaces only. Thus, the L2-isospectral (real) here means the spectrum
of their symmetrized operators. The last assertion of the lemma suggests
us, as we will do often later, to choose h as an L-harmonic function in a
weak (pointwise) sense (in other words, h is in a weak domain of L) without
assuming h ∈ D(L). Then L̃1 = 0 is meaningful in the weak sense. In this
way, we can construct the operator L̃ explicitly, which is the main goal of this
note. Furthermore, part (3) of the lemma has the following extension.

Remark 1.4 For fixed B ∈ E , L̃1 = 0, µ̃-a.e. on B iff Lh = 0, µ-a.s. on B.

We will illustrate later an application of this assertion in the context of
Markov chains. Clearly, the L-harmonic function is an eigenfunction corre-
sponding to the eigenvalue λ = 0. However, λ = 0 is not necessarily an
eigenvalue in the L2-sense unless h ∈ L2(E,µ).

One may write L̃ = h−1L(h •) (µ-a.e.) for short. Because of this, L̃ is
called a h-transform of L. Alternatively, define an operator H:

Hf = hf, D(H) = {f ∈ L2(E,µ) : hf ∈ D(L)}.

Then, we indeed have L̃ = H−1LH. In view of this, L and L̃ are similar and
so are L2-isospectral. More generally (without assuming the invertibility of
H),

HL̃ = LH.

Because of this, L and L̃ are called dual with respect to H. Therefore, the
h-transform is indeed a special duality. For a different dual, refer to [2; §5 and
§10]. Note that In the latter case, we were interested in the principal eigenvalue
only, but the transform used there is still isospectral. The reason is that the
isospectral transform is easier to handle even though it looks rather strong. We
remark that when E has boundary ∂E, one may deduce a boundary condition
for L̃ from that of L, based on the transform f̃ = 1[h6=0]f/h.
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Having figured out the dual operators, in the study of their spectrum for
Markov processes, it is more convenient in practice to use their extension to
the Dirichlet forms, especially for the operator

(
L̃,D

(
L̃
))

. Generally speaking,
Lemma 1.3 says that for a given Dirichlet form (D,D(D)) on L2(µ), its dual
form

(
D̃,D

(
D̃
))

on L2(µ̃) is given by

D̃
(
f̃
)

= D
(
f̃h, f̃h

)
, D

(
D̃
)

=
{
f̃ ∈ E : f̃h ∈ D(D)

}
.

Certainly, one may go to the inverse way, defining (D,D(D)) in terms of(
D̃,D

(
D̃
))

. In particular, for the O.-U. operator used in the proof of Corollary

1.2, corresponding to
(
L̃,D

(
L̃
))

, the Dirichlet form
(
D̃(f),D

(
D̃
))

is

D̃(f) =

∫
R
f ′

2
e−x

2
dx,

D
(
D̃
)

=
{
f ∈ L2(µ̃) : D̃(f)<∞

}
=

{
f :

∫
R

[
f2 + f ′

2]
e−x

2
dx<∞

}
.

In the case that the potential term ch (the last term) in Lh is non-positive,
then Lh corresponds to the operator of a diffusion having killing rate −ch, to
which we certainly have a Dirichlet form

(
Dh,D

(
Dh
))

on L2(µh):

Dh(f) =

∫
R

[
f ′

2
(x)− ch(x)f2(x)

]
e−x

2 dx

h(x)2
,

D
(
Dh
)

=

{
f :

∫
R

[
f2 + (f ′h− fh′)2

]
e−x

2
dx<∞

}
,

ch(x) =

[(
h′

h

)2

+ x
h′

h
− h′′

2h

]
(x), µh(dx) = e−x

2 dx

h(x)2
.

Here D
(
Dh
)

is deduced from D
(
D̃
)
, based on Lemma 1.3. For general ch(x) ∈

R, this symmetric form may not be a Dirichlet one even though it does have
nonnegative spectrum in view of our isospectral property. Actually, Lemma
1.3 is meaningful in a very general setup rather than Markov processes.

The h-transform, or the Doob’s h-transform is a well-known topic in proba-
bility/potential theory. Here we mention only two related papers [9, 10] where
the tool is used to study the principal eigenvalue. In [9], the following model

L =
1

2

d

dx
a

d

dx
− 1

2

(
b2

a
+ b′

)
,

L̃ =
1

2

d

dx
a

d

dx
+ b

d

dx
,

h(x) = exp

[ ∫ x

0

b

a
(y)dy

]
is carefully handled and applied to multi-dimensional diffusion operators. In
[10], a class of symmetric Markov processes having killings are studied and
some upper and lower estimates for the first eigenvalue are presented.
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The remainder of this note is organized as follows. In the next two sec-
tions, we apply Lemma 1.3, respectively, to two special classes of operators:
either integral operators for Markov pure jump processes or the operators for
diffusions.

2 Integral operators

Theorem 2.1 Let (q(x), q(x,dy)) be a totally stable and conservative q-pair
on (E,E , µ) (cf. [1; Definition 1.9]). For a given function c ∈ E with c 6 q,
define an operator Ω

Ωf(x) =

∫
E
q(x, dy)

[
f(y)− f(x)

]
+ c(x)f(x), x ∈ E

with domain D(Ω) ⊂ L2(E,µ). Next, let h (> 0, µ-a.e.) be Ω-harmonic (if
exists): Ωh = 0, µ-a.e. on E. Define a new totally stable and conservative
q-pair

(
q̃(x), q̃(x, dy)

)
as follows.

q̃(x,A) = 1[h(x) 6=0]
1

h(x)

∫
A
q(x,dy)h(y), A ∈ E ,

q̃(x) = q̃(x,E), µ-a.e. x ∈ E.

Set

Ω̃f(x) =

∫
E
q̃(x,dy)

[
f(y)− f(x)

]
, µ-a.e. x ∈ E,

D
(
Ω̃
)

=
{
f̃ ∈ E : f̃h ∈ D(Ω)

}
.

Then Ω and Ω̃ are L2-isospectral.

Proof. Noting that h (> 0, µ-a.e.) is Ω-harmonic by assumption, we have[
q(x)− c(x)

]
h(x) =

∫
E
q(x, dy)h(y) > 0.

Hence h is q(x, ·)-integrable for a.e.-x ∈ E and moreover q > c. Therefore,
the new q-pair

(
q̃(x), q̃(x,dy)

)
is totally stable. It is clearly conservative. By

definition of Ω̃, we have on the set [h > 0],

Ω̃(f)(x) =

∫
E
q̃(x, dy)

[
f(y)− f(x)

]
=

1

h(x)

∫
E
q(x,dy)

{[
(fh)(y)− (fh)(x)

]
+ f(x)

[
h(x)− h(y)

]}]
=

1

h(x)

[ ∫
E
q(x, dy)

[
(fh)(y)−(fh)(x)

]
−f(x)

∫
E
q(x,dy)

[
h(y)−h(x)

]
=

1

h(x)

[
Ω(fh)(x)− c(fh)(x)− f(x)[Ωh(x)− (ch)(x)]

]
=

1

h(x)

[
Ω(fh)(x)− f(x)Ωh(x)

]
.
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Now, by harmonic property of h, the right-hand side is equal to

1

h(x)
Ω(fh)(x) on [h > 0].

The assertion then follows from Lemma 1.3. �

We mention that the positive condition of h used in the theorem is to keep(
q̃(x), q̃(x, dy)

)
to be a q-pair. This is certainly not necessary in a general

context: considering general integral kernel instead of the nonnegative one.
The inverse of the last theorem goes as follows.

Theorem 2.2 Given a totally stable and conservative q-pair
(
q̃(x), q̃(x,dy)

)
and a positive E -measurable function h such that h−1 is q̃(x, ·)-integrable for
each x ∈ E, the operator

(
Ω̃,D

(
Ω̃
))

on L2(E, µ̃) corresponding to the q-pair(
q̃(x), q̃(x, dy)

)
is L2-isospectral to the following operator Ω on L2(E,µ)

(
µ :=

h−2µ̃
)
:

Ωf(x) =

∫
E
q(x, dy)[f(y)− f(x)] + c(x)f(x),

D(Ω) =
{
f ∈ E : f/h ∈ D

(
Ω̃
)}
⊂ L2(E,µ),

where

q(x,dy) = h(x)
q̃(x,dy)

h(y)
,

c(x) =

∫
E
q̃(x, dy)

[
h(x)

h(y)
− 1

]
, x ∈ E.

Proof. It is simply a use of the duality Ω = HΩ̃H−1, noting the property
that Ωh = 0 is now automatic since Ω̃1 = 0. The remainder of the proof is
mainly a careful computation. �

It is the place to discuss the existence of a positive Ω-harmonic function.
Let c(x) < q(x), x ∈ E. Choose and fix a reference point θ ∈ E. By [1;
Theorem 2.2], there exists uniquely the minimal solution (h∗(x) : x ∈ E) with
h∗(θ) = 1 to the following nonnegative equation

h(x) =

∫
E\{θ}

q(x, dy)

q(x)− c(x)
h(y) +

q(x, {θ})
q(x)− c(x)

, x 6= θ. (2)

Moreover, the solution can be obtained in the following way: let

h(1)(x) =
q(x, {θ})
q(x)− c(x)

, x 6= θ,

h(n+1)(x) =

∫
E\{θ}

q(x,dy)

q(x)− c(x)
h(n)(y) +

q(x, {θ})
q(x)− c(x)

, x 6= θ, n > 1.

Then for each x 6= θ, h(n)(x) ↑ h∗(x) ∈ [0,∞] as n→∞.
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Proposition 2.3 Let c(x) < q(x) for every x ∈ E and assume that q(x, {θ}) >
0 for some x 6= θ. Then the equation Ωh = 0 has a non-trivial (finite) solution
iff the minimal solution (h∗(x) : x ∈ E) to (2) is finite. Equivalently, there is a
finite f satisfying the inequality

f(x) >
∫
E\{θ}

q(x,dy)

q(x)− c(x)
f(y) +

q(x, {θ})
q(x)− c(x)

, x 6= θ.

Then we actually have f(x) > h∗(x) for every x ∈ E.†

Proof. For a given finite non-trivial Ω-harmonic function h, choosing h(θ) =
1, one may write down immediately equation (2).

Conversely, a finite solution h∗ to (2) is clearly a Ω-harmonic function.
From the construction given above, it is also clear that h∗(x) > 0 once
q(x, {θ}) > 0. The last assertion of the proposition is essentially a comparison
theorem [1; Theorem 2.6]. �

It is clear from the proof above, to obtain a positive harmonic h, some
irreducible condition is necessary. Noting that it is often practical to find an
explicit comparison function f , and h(n) for each n is already explicit, we have
explicit estimates of h∗ which may not be easy to obtain explicitly.

Before moving further, we discuss an alternative way to describe the Ω-
harmonic function. Suppose that supx c(x) <∞. Then by a shift if necessary,
we may and will assume for a moment that supx c(x) 6 0. Define

z(0)(x) = 1, x ∈ E,

z(n+1)(x) =

∫
E

q(x,dy)

q(x)− c(x)
z(n)(y), x ∈ E, n > 1.

Then z(n)(x) ↓ z̄(x) as n → ∞ for each x ∈ E. This is an analog of the
maximal exit solution in the study of q-processes, cf. [1; Lemma 2.39]. The
proof for the conclusion is easy, simply use the property

q(x,E)

q(x)− c(x)
6 1, x ∈ E.

Remark 2.4 Let supx c(x) 6 0. Then a bounded Ω-harmonic function is non-
zero iff so is the maximal solution z̄ constructed above.

To apply the previous results, Theorem 2.1 for instance, to finite state
spaces, say E = {0, 1, . . . , N} for some N > 3, one meets a problem about
the existence of positive Ω-harmonic h. For which, there N + 1 homogeneous
equations with N + 1 variables h0, h1, . . . , hN . Because of the homogeneous

†Correction. Here the uniqueness of the solution h to the equation Ωh = 0 with h(θ) = 1
up to a positive constant is needed. Otherwise, (h∗(x) : x ∈ E) is only a lower bound of h.
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property in h, one may assume that h0 = 1 once a non-trivial solution h
exists with h0 6= 0 for instance. Thus, we have only N free variables in
N + 1 equations. Then a finite non-trivial solution often does not exist (or
equivalently, the minimal solution given in Proposition 2.3 may be infinite).
To overcome this difficulty, one has to decrease the number of equations. This
is the reason we will adopt a local harmonic condition below. Then, one needs
non-trivial c̃i in the corresponding operator Ω̃.

Theorem 2.5 Let E = {0, 1, . . . , N} for some N > 3 and let Q = (qij) be a
conservative Q-matrix on E. For given (ci : i = 0, 1, . . . , N) with ci 6 qi := −qii
for i = 0, 1, . . . , N − 1, set Ω = Q+ diag(ci). Next, let h > 0 be Ω-harmonic on
{0, 1, . . . , N − 1}, i.e.,

Ωh = 0 on {0, 1, . . . , N − 1}.

Define q̃ij (i, j ∈ E) as in Theorem 2.1:

q̃ij = h−1i qijhj , i, j ∈ E, i 6= j; q̃ii = −
∑
k 6=i

q̃ik, i ∈ E.

Next, define c̃i = 0 on {0, 1, . . . , N − 1} and

c̃N = cN +
∑

j6N−1
qNj

(
hj
hN
− 1

)
.

Denote by Ω̃ the operator corresponding to the matrix
(
q̃ij
)

+ diag(c̃i). Then Ω

and Ω̃ are L2-isospectral. Besides, we have q̃ii + c̃i = qii + ci for each i ∈ E.

Proof. Following the proof of Theorem 2.1, restricted to {0, 1, . . . , N −1}, we
see that

Ω̃f̃(i) =
1

hi
Ω
(
f̃h
)
(i) on {0, 1, . . . , N − 1}.

We now show that this equality also holds for i = N .

Ω̃f(N) =
∑
j6N

q̃Nj(fj − fN ) + c̃NfN

=
1

hN

∑
j6N

qNj
[
(fh)j − (fh)N

]
− fN
hN

∑
j6N

qNj(hj − hN ) + c̃NfN

=
1

hN
Ω(fh)(N)− 1

hN
cNhNfN −

fN
hN

∑
j6N

qNj(hj − hN ) + c̃NfN

=
1

hN
Ω(fh)(N).

From Remark 1.4, it follows that c̃i = 0 on {0, 1, . . . , N − 1}. The required
main assertion now follows from Lemma 1.3. The last assertion is then easy



1252 Mu-Fa Chen and Xu Zhang

to check using the harmonic property on {0, 1, . . . , N − 1} and the expression
of c̃N :

q̃ii = − 1

hi

∑
j 6=i

qijhj = − 1

hi

[
Ωh(i)− (qii + ci)hi

]
= qii + ci, i 6 N − 1;

c̃N = cN+
∑

j6N−1
qNj

[
hj
hN
−1

]
=cN+

∑
j6N−1

q̃Nj−
∑

j6N−1
qNj = cN−q̃NN+qNN .

�

A typical application of Theorem 2.1 to the single birth processes is p-
resented in [12]. In this case, the Ω-harmonic function has a very simple
expression (cf. [5; Theorem 1.1]). In particular, for the killing case, the func-
tion is not only positive but also non-decreasing. It is interesting to note that
for single birth processes, the function h-dual is again the same type, but the
measure µ-dual

q̄ij =
µjqji
µi

, i, j ∈ E

maps the single birth type to the single death type. Next, for birth–death
processes with birth and death rates bi and ai, respectively, and with killing
rates −ci > 0, we have

ãi = ai
hi−1
hi

(6 ai), i > 1, h0 = 1, b̃i = bi
hi+1

hi
(> bi), i > 0.

Then

µ̃i =
b̃0 . . . b̃i−1
ã1 . . . ãi

=
b0 . . . bi−1
a1 . . . ai

h2i = h2iµi, ˆ̃νi =
1

µ̃ib̃i
=

1

hihi+1
ν̂i, i > 0.

For finite state space, we have

c̃N = cN + aN

(
hN−1
hN

− 1

)
.

Clearly, c̃N 6 0 since so does cN . However, the story is still meaningful for
general ci ∈ R satisfying ci 6 ai + bi for all i > 0.

To conclude this section, we answer an open question for birth–death pro-
cesses with state space {0, 1, 2, . . .}. For this, we need some notation. Giv-
en birth rates bi > 0 (i > 0), death rates ai > 0 (i > 1) and killing rates
−ci > 0 (i > 0), define

q̃(k)n =

{
−cn, 0 6 k 6 n− 2

an − cn, k = n− 1,

F̃
(i)
i = 1, F̃ (i)

n =
1

bn

n−1∑
k=i

q̃(k)n F̃
(i)
k , n > i > 0,
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hn = 1−
∑

06k6n−1

∑
06j6k

F̃
(j)
k

cj
bj
, n > 0.

Next, define the principal eigenvalue λ0 as follows.

λ0 = inf

{∑
k>0

µk
[
bk(fk+1−fk)2−ckf2k

]
:
∑
k>0

µkf
2
k = 1, f has finite support

}
.

Here is a solution to the Open Problem 9.13 in [2].

Theorem 2.6 For birth–death processes as above, we have δ̃ 6 λ−10 6 4δ̃,
where

δ̃ = sup
n>0

n∑
j=0

µ̃j
∑
k>n

ˆ̃νk = sup
n>0

n∑
j=0

µjh
2
j

∑
k>n

1

hkhk+1µkbk
.

In particular, λ0 > 0 iff δ̃ <∞.

Proof. The harmonic function h we need for applying Theorem 2.1 is given
by [5; Theorem 1.1]. Then the result follows by applying [2; Theorem 3.1] to
the process with rates (b̃i, ãi) and using µ̃i and ˆ̃νk just computed above. �

3 Differential operators

We now turn to study the second-order differential operators.

Theorem 3.1 Consider the elliptic operator

L =
∑
i,j

aij(x)∂2ij +
∑
i

bi(x)∂i + c(x)

with a domain D(L), and let h 6= 0 a.e. (with respect to Lebesgue measure) be
L-harmonic. Here

∂i = d/dxi, ∂2ij = ∂i∂j .

Define

L̃ =
∑
i,j

ãij(x)∂2ij +
∑
i

b̃i(x)∂i,

with domain D
(
L̃
)

defined in Lemma 1.3, where

ãij(x) = aij(x), b̃i(x) = bi(x) +
2

h(x)

∑
j

aij(x)∂jh(x)

for all i, j and a.e.-x. Then L and L̃ are L2-isospectral.
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Proof. Noting that by the symmetry of the matrix (aij), we have

L(fh) =
∑
i,j

aij∂
2
ij(fh) +

∑
i

bi∂i(fh) + cfh

=
∑
i,j

aij
[(
∂2ijf

)
h+ 2∂if∂jh

+ f
(
∂2ijh

)]
+
∑
i

bi
[(
∂if
)
h+ f∂ih

]
+ f(ch)

= hLf + fLh− cfh+ 2
∑
i,j

aij∂jh∂if a.e.

Because h is L-harmonic, we obtain

1

h
L(fh) = (Lf − cf) +

2

h

∑
i

(∑
j

aij∂jh

)
∂if, a.e.

From which, one reads out the coefficients ãij(x) and b̃i(x) of L̃. �

For short, if we set L0 = L− c, then we have

L̃ = L0 +
2

h
〈a∇h,∇〉

= L0 + 2〈a∇ log h,∇〉 if h > 0.

Remark 3.2 In one-dimensional case, denoting by (a(x), b(x), c(x)) the coeffi-
cients of L, we can represent L as

L =
d

dµ

d

dν̂
+ c(x),

where

dµ(x) =
eC(x)

a(x)
dx, dν̂(x) = e−C(x)dx, C(x) =

∫ x

θ

b

a
(z)dz,

and θ is a reference point. Then the (dual) operator L̃ can be written as

L̃ =
d

dµ̃

d

dˆ̃ν
=

d

d(h2µ)

d

d
(
h−2ν̂

) .
Here are simple examples of L-harmonic functions.

Example 3.3 Let E = R or (0,∞).

(1) The function h(x) = x is L-harmonic (a.e.) on E for

L = γ(x)
(
∂2xx + V (x)∂x − V (x)/x

)
,

where the functions V and γ are arbitrary.
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(2) The function h(x) = x2 is L-harmonic (a.e.) on E for

L = γ(x)
(
x∂2xx + ∂x − 4/x

)
,

where the function γ is again arbitrary.

In dimension one, the existence and uniqueness of L-harmonic function,
as well as an approximating (constructing) procedure, can be found from [11;
Theorems 1.2.1 and 2.2.1]. To see the positivity of h in general dimensions,
suppose that L is self-adjoint and supx c(x) 6 0. Then the spectrum of −L
should be nonnegative. If the principal eigenvalue λ0 of L (i.e. the minimal
eigenvalue of −L) is zero, then, the L-harmonic function is just a non-trivial
eigenfunction corresponding to the eigenvalue λ0 = 0 and hence should be
nonnegative. The function h should be positive inside the domain based on
the maximum principal. Next, if λ0 > 0, then replacing L by a shift L + λ0,
its principal eigenvalue becomes zero, we can continue the study as above, and
finally shifting back to the original operator.

In higher dimensional case, the harmonic function may not be unique.
We remark that the positive solution of L-harmonic functions for Schrödinger
operator L = ∆ + c(x) was examined in [7] in detail, and for elliptic operators
in [8] with probabilistic representation.

Example 3.4 ([7; (1.2)]) The L-harmonic function h for L = ∆ − 1 can be
represented as

h(x) =

∫
Sn−1

ex·ωdµ(ω),

where µ is a nonnegative measure on the unique sphere Sn−1.

The next example is a particular case of Corollary 1.2. Its duality relation
was mentioned in [6; §6. Example of O.U.-process and harmonic oscillator],
without mention the L-harmonic property of h.

Example 3.5 On R, the function h(x) = exp[−x2/2] is L-harmonic:

L =
1

2

(
d2

dx2
+ 1− x2

)
.

Its dual is the O.U.-operator:

L̃ =
1

2

d2

dx2
− x d

dx
.

Furthermore, L has L2-eigenvalues λn = n (n > 0) with eigenfunctions

gn(x) = (−1)nex
2/2 dn

dxn
(
e−x

2)
, n > 0,

respectively.
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We have just seen an example of the application of known results having
c̃(x) = 0 to the one having c(x) 6= 0. This indicates a general result as follows.

Theorem 3.6 Given an elliptic operator

L̃ =
∑
i,j

ãij(x)∂2ij +
∑
i

b̃i(x)∂i, D
(
L̃
)
⊂ L2

(
µ̃
)
,

for each h ∈ C 2, h 6= 0 a.e., L̃ is L2-isospectral to L:

L =
∑
i,j

aij(x)∂2ij +
∑
i

bi(x)∂i + c(x), D(L) =
{
f ∈ E : f/h ∈ D

(
L̃
)}
,

where

aij(x) = ãij(x),

bi(x) = b̃i(x)− 2

h(x)

∑
j

ãij(x)∂jh(x) on [h 6= 0],

c(x) =
2

h(x)2

∑
i,j

ãij(x)∂ih(x)∂jh(x)− 1

h(x)
L̃h(x) on [h 6= 0].

Briefly,

L = L̃− 2

h

〈
ã∇h,∇

〉
+

[
2

h2
〈
ã∇h,∇h

〉
− 1

h
L̃h

]
= L̃− 2

〈
ã∇ log h,∇

〉
+
{

2
〈
ã∇ log h,∇ log h

〉
− h−1

〈
ã∇,∇h

〉
+
〈
b̃,∇ log h

〉}
if h > 0.

Proof. In parallel to the pure jump case, this is simply a use of the duality
L = HL̃H−1, noting the property that Lh = 0 is now automatic since L̃1 = 0.
The remainder of the proof is mainly a careful computation. Actually,

L̃

(
f

h

)
=

1

h
L̃f + fL̃

(
1

h

)
+ 2

〈
ã∇
(

1

h

)
,∇f

〉
.

Hence

hL̃

(
f

h

)
= L̃f + 2h

〈
ã∇
(

1

h

)
,∇f

〉
+ fhL̃

(
1

h

)
.

From this, it is ready to write down the coefficients of L. �

Corollary 3.7 For given L̃ and h = expψ, the dual operator L takes the
following form

L = L̃− 2
〈
ã∇ψ,∇

〉
+
{〈
ã∇ψ,∇ψ

〉
− L̃ψ

}
.
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We remark that Corollary 3.7 provides us an alternative way to construct
the isospectral operator in dimension one. Suppose that we are given an
operator

L = ā(x)
d2

dx2
+ b̄(x)

d

dx
+ c̄(x).

We want to construct L̃ in terms of the operator L given in Corollary 3.7.
First, instead of solving the second order harmonic equation Lh = 0, we need
to solve the first order Riccati equation for φ:

āφ′ + āφ2 + b̄φ+ c̄ = 0

to which there is a standard iterative procedure in ODE. Next, let ψ satisfy
ψ′ = φ and define b̃ = 2āφ+ b̄. Then we have L = L. With this b̃ and ã := ā,
we obtain the operator L̃ as required.

As an application of the last theorem, one can obtain a lot of examples
from [3, 4]. We remark that each L̃ corresponds to a large class of L since h
is quite arbitrary.

The natural higher-dimensional extension of Example 3.5 is as follows.

Example 3.8 The dual of L = 1
2

∑
i

(
∂2ii + 1− x2i

)
is L̃ = 1

2

∑
i

(
∂2ii − 2xi∂i

)
.

The function h takes the form h(x) = exp[−|x|2/2] rather than
∑

i exp
[
−x2i /2

]
.

The operator L has eigenvalue n (n > 0) with multiplicity #{(k1, k2, . . . , kd) :
k1 + k2 + . . .+ kd = n}, here # means the cardinality of the set following.

Proof. For the higher-dimensional O.U.-operator L̃, we have eigenvalues
{
∑d

i=1 ki : ki = 0, 1, . . .}. Corresponding to each
∑d

i=1 ki, the eigenfunction is

g(x) :=
∏d
i=1 g

(i)
ki

(xi) (where each g
(i)
n is the function gn given in the proof of

Corollary 1.2):

L̃g(x) = −
d∑
i=1

kig
(i)
ki

(xi)
∏
j 6=i

g
(j)
kj

(xj) = −
( d∑
i=1

ki

)
g(x).

Therefore, L̃ has eigenvalue n (n > 0) with multiplicity #{(k1, k2, . . . , kd) :
k1 + k2 + . . .+ kd = n}. From here, it is easy to write down the eigenvalues of
L and their corresponding eigenfunctions. �
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Abstract

For discrete spectrum of 1D second-order differential/difference op-
erators (with or without potential (killing), with the maximal/minimal
domain), a pair of unified dual criteria are presented in terms of two
explicit measures and the harmonic function of the operators. Interes-
tingly, these criteria can be read out from the ones for the exponential
convergence of four types of stability studied earlier, simply replacing the
‘finite supremum’ by ‘vanishing at infinity’. Except a dual technique, the
main tool used here is a transform in terms of the harmonic function, to
which two new practical algorithms are introduced in the discrete context
and two successive approximation schemes are reviewed in the continu-
ous context. All of them are illustrated by examples. The main body of
the paper is devoted to the hard part of the story, the easier part but
powerful one is delayed to the end of the paper.
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1 Introduction

The spectral theory is an active research subject, not only in mathematics but
also in physics. The discrete spectrum has an especial meaning in quantum
physics, it represents the discrete levels of energy. From the Internet, one may
find a large number of publications in the field (more than 50, 000 webpages
in the scholar search for “discrete spectrum”). From the search, we learnt
that the theory was begun in early 1900s, mainly from the interaction of
mathematics and physics, by F. Riesz, D. Hilbert, H. Weyl, J. von Neumann,
and many others. In particular, the concept of “essential spectrum” used
below was first introduced by H. Weyl in 1910. Surprisingly, in such a long
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time-developed field, the known complete results are still rather limited, even
in dimension one. We will review some of the related results case by case
subsequently.

This paper deals with one-dimensional case only. Mainly, the results come
from three resources: (i) Mao’s criteria [10] in the ergodic case; (ii) the Karlin–
McGregor’s dual technique (cf. [3]); and (iii) an isospectral transform intro-
duced recently by the author and X. Zhang (2014). The last point is essential
different from the known approach (comparing with [12, 7]). If the harmonic
function is replaced by the ground state (i.e., the eigenfunction corresponding
to the principal eigenvalue), then the transform in (iii) is just the H-transform
often used in the study of spectral gap for Schrödinger operators. Certainly, in
practice, it is important to estimate the harmonic function. For this, we intro-
duce some easier algorithms in the discrete context and review two successive
approximation schemes in the continuous context.

A large part of the paper (5 sections: §2–§6) deals with the discrete space.
A typical result of the paper is presented in the next section (Theorem 2.1), its
proof is given in §3. Some illustrating examples are also presented in the next
section, their proofs are delayed to §6. The new algorithms are presented in §4
and §5. The continuous analog of the results in the discrete case is presented
in the last section (§7) of the paper. Additionally, a powerful application of
our approach is illustrated by Corollary 7.9 and Examples 7.10 and 7.11.

2 Main results in discrete case

Given a tridiagonal matrix Qc “ tqiju on E :“ t0, 1, 2, . . .u: qi,i`1 “ bi ą 0 pi ě
0q, qi,i´1 “ ai ą 0 pi ě 1q, qi,i “ ´pai ` bi ` ciq, where ci ě 0 pi ě 0q, and
qi,j “ 0 for other j ‰ i. From probabilistic language, this matrix corresponds
to a birth–death process with birth rates bi, death rates ai and killing rates
ci. Corresponding to the matrix Qc, we have an operator

Ωcfpkq “ bkpfk`1 ´ fkq ` akpfk´1 ´ fkq ´ ckfk, k P E, a0 :“ 0.

In what follows, we need two measures µ and ν̂ on E:

µ0 “ 1, µn “ b0 ¨ ¨ ¨ bn´1

a1 ¨ ¨ ¨ an
, n ě 1; ν̂n “ 1

µnbn
, n ě 0.

Corresponding to the operator Ωc, on L2pµq, there are two quadratic (Dirich-
let) forms

Dcpfq “
ÿ

kě0

µk
“
bkpfk`1 ´ fkq2 ` ckf

2

k

‰

either with the maximal domain

DmaxpDcq “ tf P L2pµq : Dcpfq ă 8u
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or with the minimal one DminpDcq which is the smallest closure of

tf P L2pµq : f has a finite supportu

with respect to the norm } ¨ }D: }f}2D “ }f}2
L2pµq ` Dcpfq. The spectrum

we are going to study is with respect to these Dirichlet forms. We say that`
Dc,DminpDcq

˘
has discrete spectrum

`
equivalently, the essential spectrum of`

Dc,DminpDcq
˘
, denoted by σess

`
Ωc
min

˘
, is empty

˘
if its spectrum consists only

isolated eigenvalues of finite multiplicity. For an operator L, we have

spectrum of L “ discrete part ` essential part.

Hence the statement “L has discrete spectrum” is exactly the same as “σesspLq
“ H”. To state our first main result, we need some notation. Define

ui “ ai

bi
, vi “ ci

bi
, ξi “ 1 ` ui ` vi, i ě 0;

r0“ 1

1 ` v0
, rn “

1

ξn ´
un

ξn´1 ´
un´1

. . . ξ2 ´
u2

ξ1 ´
u1

1 ` v0

“ 1

ξn ´ unrn´1

, ně1;

h0 “ 1, hn “
ˆ n´1ź

k“0

rk

˙´1

, n ě 1.

For simplicity, we write

Spec
`
Ωc
min

˘
“The L2pµq-spectrum of

`
Dc,DminpDcq

˘
.

Similarly, we have Spec
`
Ωc
max

˘
.

Theorem 2.1 (1) Let
ř8

k“0
phkhk`1µkbkq´1 ă 8. Then Spec

`
Ωc
min

˘
is dis-

crete iff

lim
nÑ8

nÿ

j“0

µjh
2

j

8ÿ

k“n

1

hkhk`1µkbk
“ 0.

(2) Let
ř8

j“0
µjh

2

j ă 8. Then Spec
`
Ωc
max

˘
is discrete iff

lim
nÑ8

8ÿ

j“n`1

µjh
2

j

nÿ

k“0

1

hkhk`1µkbk
“ 0.

(3) Let
ř8

k“0
phkhk`1µkbkq´1 “ 8 “ ř8

j“0
µjh

2

j . Then Spec
`
Ωc
min

˘
“ Spec

`
Ωc
max

˘

is not discrete.
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Corollary 2.2 If σess
`
Ωc
min

˘
“ H, then λ0

`
Ωc
min

˘
ą 0, where

λ0
`
Ωc
min

˘
“ inf

 
Dcpfq : f P DminpDcq, }f}L2pµq “ 1

(
.

Proof. Once σess
`
Ωc
min

˘
“ H, by Theorem 2.1 (1), it is obvious that

sup
n

nÿ

j“0

µjh
2

j

8ÿ

k“n

1

hkhk`1µkbk
ă 8.

Then the conclusion follows from [5; Theorem 2.6]. l

Remark 2.3 If ci ” 0. Then vi ” 0 and ξn ” 1 ` un. Since r0 “ 1 and
rn “ pξn ´ unrn´1q´1, by induction, it is obvious to see that rn ” 1 and then
hn ” 1.

When ci ” 0, we drop the superscript c from Ωc and Dc for simplicity.
In this case, part (2) of the theorem is due to [10; Theorem 1.2]. Under the
same condition, a parallel spectral property of the birth–death processes has
recently obtained by [13]. The criteria in the present general setup seem to be
new. Let us mention that different sums

ř8
n and

ř8
n`1

are used respectively
in the first two parts of Theorem 2.1.

Before moving further, let us explain the reasons for the partition of three
parts given in the theorem.

Remark 2.4 Consider ci ” 0 only for simplicity.

(a) First, let
ř

n µn ă 8. If furthermore
ř

npµnbnq´1 “ 8, then the
corresponding unique birth–death process is ergodic. It becomes exponen-
tially ergodic iff the first non-trivial “eigenvalue” λ1

`
or the spectral gap

inftSpecpΩqzt0uu
˘
is positive. Equivalently,

sup
ně1

n´1ÿ

k“0

1

µkbk

8ÿ

j“n

µj ă 8

(cf. [2; Theorem 9.25]). One may compare this condition with part (2) of` ˘
Theorem 2.1 having hn ” 1. Clearly, this is a necessary condition for Spec Ω 
to be discrete. The exponential ergodicity means that the process will return
to the origin exponentially fast. Hence with probability one, it will never go
to infinity.

(b) Conversely, if
ř

npµnbnq´1 ă 8. Then the process is transient. It
decays (or “goes to infinity”) exponentially fast iff

sup
ně1

nÿ

j“0

µj

8ÿ

k“n

1

µkbk
ă 8.
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Refer to [3; Theorem 3.1] for more details. One may compare this condition
with part (1) of Theorem 2.1 having hn ” 1. This conclusion holds even
without the uniqueness assumption:

8ÿ

k“0

1

µkbk

kÿ

j“0

µj “ 8.

(cf. [2; Corollary 3.18] or [3; (1.2)]).
(c) Let

ř
n µn ă 8 and DminpDq ‰ DmaxpDq. From [3; Proposition 1.3]),

it is known that DminpDq “ DmaxpDq iff

8ÿ

k“0

ˆ
1

µkbk
` µk

˙
“ 8.

Hence we have also
ř8

k“0
pµkbkq´1 ă 8. In this case, we should study their

spectrum separately. For the maximal one
`
D,DmaxpDq

˘
, the solution is given

by part (2) of the theorem. For the minimal one, the solution is given in
part (1). In this case, both SpecpΩminq and SpecpΩmaxq are discrete. In [5;
Theorem 2.6], the principal eigenvalue is studied only in a case for Ωc

min
. The

other three cases (cf. [3]) should be in parallel. For instance, Ωc
max corresponds

to an extended Hardy inequality:

}f}2L2pµq ď ADcpfq, f P L2pµq,

where A is a constant. However, for Ωc
min

, the condition “f P L2pµq” in the
last line should be replaced by “f has finite support”.

(d) As for part (3) of the theorem, since part (1) remains true even ifř
npµnbnq´1 “ 8. Dually, part (2) remains true even if

ř
n µn “ 8. Alterna-

tively, in case (3), the birth-death is zero recurrent and so the spectrum can
not be discrete. Actually, it can not have exponential decay. Otherwise,

8 “
ż 8

0

piiptqdt ď C

ż 8

0

e´λ0t ă 8.

Besides, DminpDq “ DmaxpDq. The assertion is now clear.

The next four simple examples show that the three parts in Theorem 2.1 are 
independent. Note that in what follows, we do not care about b0 and a0 since

a change of finite number of the coefficients does not effect our conclusion
(in general, the essential spectrum is invariant under compact perturbations).

Example 2.5 Let bn“n4 and µn“n´2. Then both SpecpΩminq and SpecpΩmaxq 
are discrete.

Proof. Since ν̂n “ n´2, we have
ř

n µn ă 8 and
ř

n ν̂n ă 8. The assertion
follows from the first two parts of Theorem 2.1. l
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Example 2.6 Let cn ” 0, bn “ an`1 “ nγ pγ ě 0q. Then SpecpΩminq is

discrete iff γ ą 2. In particular, if γ P r0, 1s, then SpecpΩminq “ SpecpΩmaxq is

not discrete.

Proof. Because µn „ 1, ν̂n „ n´γ . Hence
ř

n ν̂n ă 8 iff γ ą 1,

nÿ

0

µk

8ÿ

n

ν̂j „ n2´γ .

The main assertion follows from the last two parts of Theorem 2.1. In the
particular case that γ P r0, 1s, we have

ř
n µn “ 8 and

ř
n ν̂n “ 8. The

assertion follows from part (3) of Theorem 2.1. l

Dually, we have the following example.

Example 2.7 Let cn ” 0, an “ bn “ nγ pγ ě 0q. Then Spec
`
Ωc
max

˘
is discrete

iff γ ą 2. In particular, when γ P r0, 1s, then SpecpΩminq “ SpecpΩmaxq is not

discrete.

Since a local modification of the rates does not make influence to our
conclusion, we obtain the next result.

Example 2.8 If ci ‰ 0 only on a finite set, then the conclusions of the last

three examples remain the same.

The next three examples are much more technical since their pcnq are not
local. This is what we have to pay by our approach. The proofs are delayed
to Section 6.

Example 2.9 Let an “ bn “ 1 and cn Ó 0. Then Spec
`
Ωc
min

˘
is not discrete or

equivalently σess
`
Ωc
min

˘
‰ H.

Example 2.10 Let an “bn “pn`1q{4, cn “9pn`1q{16. Then σess
`
Ωc
min

˘
“H.

Example 2.11 Let an “bn “pǹ 1q2, cn “ 5̀ 10{p5ń 12q. Then σess
`
Ωc
min

˘
‰H.

3 Proof of Theorem 2.1

(a) The computation of the Ωc-harmonic function h (i.e., Ωch “ 0) used in the
theorem is delayed to Section 5.

(b) By using h, one can reduce the case of ci ı 0 to the one that ci ” 0.
Roughly speaking, the idea goes as follows. Let h ‰ 0, µ-a.e. Then the
mapping f Ñ f̃ : f̃ “ 1rh‰0sf{h is an isometry from L2pµq to L2pµ̃q, where
µ̃ “ h2µ. Next, for given operator

`
Ωc,D

`
Ωc

˘˘
, one may introduce an operator
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rΩ on L2pµ̃q (without killing) with deduced domain D
`rΩ

˘
from D

`
Ωc

˘
under

the mapping f Ñ f̃ such that
`
Ωcf, f

˘
µ

“
`rΩf̃ , f̃

˘
µ̃
, f P D

`
Ωc

˘
.

This implies that the corresponding quadratic form
`
Dc,D

`
Dc

˘˘
on L2pµq

coincides with
` rD,D

` rD
˘˘

on L2pµ̃q under the same mapping, and hence

Specµ
`
Ωc

˘
“ Specµ̃

`rΩ
˘
.

Refer to [5; Lemma 1.3 and §2]. Actually, as studied in the cited paper, this
idea works in a rather general setup.

From now on in this section, we assume that ci ” 0.
(c) Consider first Spec

`
Ωmax

˘
. Without loss of generality, assume that

µpEq ă 8. Otherwise, σesspΩmaxq ‰ H. (Actually, in this case, the spectral
gap vanishes and so the spectrum can not be discrete.) By [10; Theorem 1.2],
σesspΩq “ H iff

lim
nÑ8

µrn,8q
n´1ÿ

j“0

1

µjbj
“ lim

nÑ8
ν̂r0, nsµrn ` 1,8q “ 0,

where pµnq and pν̂nq are defined at the beginning of the paper. This is the
condition given in Theorem 2.1 (2) with hk ” 1. Here we remark that in
the original [10; Theorem 1.2], the non-explosive (uniqueness) assumption was
made. However, as mentioned in [3; §6], one can use the maximal process
instead of the uniqueness condition. This remains true in the present setup,
since the basic estimates for the principal eigenvalue used in [10; Theorem
2.4] do not change if the uniqueness condition is replaced by the use of the
maximal process, as proved in [3; §4].

(d) Define a dual birth–death process on t0, 1, 2, . . .u by

b˚
i “ ai`1, a˚

i “ bi, i ě 0.

Similar to pµnq and pν̂q, we have

µ˚
0 “ 1, µ˚

n “ b˚
0

¨ ¨ ¨ b˚
n´1

a˚
1

¨ ¨ ¨ a˚
n

, n ě 1; ν̂˚
n “ 1

µ˚
nb

˚
n

, n ě 0.

Then

µn “ a˚
0

¨ ¨ ¨ a˚
n´1

b˚
0

¨ ¨ ¨ b˚
n´1

“ a˚
0

µ˚
n´1

b˚
n´1

“ a˚
0 ν̂

˚
n´1, n ě 1.

ν̂n “ 1

µnbn
“ 1

a˚
0
ν̂˚
n´1

a˚
n

“ µ˚
n´1

b˚
n´1

a˚
0
a˚
n

“ µ˚
n

a˚
0

, n ě 1.

The last equality holds also at n “ 0, and then

ν̂n “ 1

µnbn
“ µ˚

n

a˚
0

, n ě 0.
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Therefore,

ν̂r0, nsµrn ` 1,8q “ 1

a˚
0

µ˚r0, ns a˚
0 ν̂

˚rn,8q “ µ˚r0, ns ν̂˚rn,8q.

Clearly, we have ν̂˚pEq ă 8 iff µpEq ă 8.
Next, define

M “

»
—————–

µ0 µ1 µ2 µ3 . . .

0 µ1 µ2 µ3 . . .

0 0 µ2 µ3 . . .

0 0 0 µ3 . . .
...

...
...

. . .

fi
ffiffiffiffiffifl
, M´1 “

»
———————————–

1

µ0
´ 1

µ0
0 0 . . .

0
1

µ1
´ 1

µ1
0 . . .

0 0
1

µ2
´ 1

µ2
. . .

0 0 0
1

µ3
. . .

...
...

...
. . .

fi
ffiffiffiffiffiffiffiffiffiffiffifl

.

Then we have Ω˚ “ MΩM´1 or equivalently, Q˚ “ MQM´1. In other words,
Ω and Ω˚ are similar and so have the same spectrum (one may worry the
domain problem of the operators, but they can be approximated by finite
ones, as used often in the literature, see for instance [3]). Now, we can read
from proof (c) above for a criterion for SpecpΩ˚

min
q to have discrete spectrum:

σesspΩ˚
min

q “ H iff
lim
nÑ8

µ˚r0, ns ν̂˚rn,8q “ 0.

Ignoring the superscript ˚, this is the condition given in Theorem 2.1 (1) with
hk ” 1.

4 An algorithm for phiq in the “lower-triangle” case.

To get a representation of the harmonic function h, as mentioned in [6; Remark
2.5 (3)], even in the special case of birth–death processes, we originally still
had to go to a more general setup: the “lower-triangle” matrix (or single birth
process). For those reader who is interested in the tridiagonal case only, one
may jump from here to the next section. The matrix we are working in this
section is as follows: qi,i`1 ą 0 for each i ě 0 but qij ě 0 can be arbitrary for
every j ă i. For each pci P Rq, the operator Ωc becomes

Ωcfpiq “
ÿ

jăi

qijpfj ´ fiq ` qi,i`1pfi`1 ´ fiq ´ cifi, i ě 0.

To be consistence to what used in the last section, we replace ci used in [6] by
´ci here. Following [6; Theorem 1.1], we adopt the notation:

q̃pkq
n “

kÿ

j“0

qnj ` cn (here cn P R!), 0 ď k ă n,
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rF piq
i “ 1, rF piq

n “ 1

qn,n`1

n´1ÿ

k“i

q̃pkq
n

rF piq
k , n ą i ě 0,

gn “ g0 `
ÿ

0ďkďn´1

ÿ

0ďjďk

rF pjq
k

fj ` cjg0

qj,j`1

„ÿ

H

:“ 0


, n ě 0.

The theorem just cited says that pgnq is the solution to the Poisson equation

Ωcg “ f on E “ t0, 1, ¨ ¨ ¨ u.

In particular, when f “ 0, this g gives us the unified formula of Ωc-harmonic
function h.

We now introduce an alternative algorithm for
 rF piq

n

(
něiě0

(and then for
tgnuně0). This is meaningful since it is the most important sequence used in
[6]. The advantage of the new algorithm given in (1) below is that at the kth

step in computing G
piq
¨,k, we use G

piq
¨,k´1

only but not G
piq
¨,s all s: i ď s ď k ´ 2,

as in the original computation for rF piq
n where the whole family

 rF piq
s

(n´1

s“i
is

required.

Proposition 4.1 Let

u
piq
ℓ “

q̃
piq
i`ℓ

qi`ℓ, i`ℓ`1

, i ě 0, ℓ ě 1.

Fix i ě 0, define
 
G

piq
ℓ,k : ℓ ě k

(
kě1

, recursively in k, by

G
piq
ℓ,k “ G

piq
ℓ, k´1

` u
pi`k´1q
ℓ´k`1

G
piq
k´1, k´1

, pℓ ěq k ě 2 (1)

with initial condition

G
piq
ℓ,1 “ u

piq
ℓ , ℓ ě 1.

Then, with G
piq
0,0 ” 1, we have the following alternative representation.

(1) For each m ě 0 and i ě 0,

rF piq
i`m “ Gpiq

m,m.

(2) For each n ě 0,

gn “ g0 `
ÿ

0ďjďn´1

vj

n´j´1ÿ

k“0

G
pjq
k,k,

where

vj “ fj ` cjg0

qj, j`1

, j ě 0.
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Proof. (a) To prove part (1) of the proposition, by [6; (2.7)], we have

rF piq
i “ 1, rF piq

n “
nÿ

k“i`1

rF pkq
n

q̃
piq
k

qk, k`1

, n ě i ` 1.

Rewrite

rF piq
n “

n´iÿ

ℓ“1

rF pi`ℓq
n

q̃
piq
i`ℓ

qi`ℓ, i`ℓ`1

, n ě i ` 1.

For simplicity, let

m “ n´ i, f piq
m “ rF piq

m`i, u
piq
ℓ “

q̃
piq
i`ℓ

qi`ℓ, i`ℓ`1

.

Then we have

f
piq
0

“ 1, f piq
m “

mÿ

ℓ“1

f
pi`ℓq
m´ℓ u

piq
ℓ , m ě 1, i ě 0. (2)

The goal of the construction of tGpiq
¨,ku is for each k: 1 ď k ď m, express f

piq
m

as

f piq
m “

mÿ

ℓ“k

f
pi`ℓq
m´ℓ G

piq
ℓ,k.

Clearly, f
piq
1

“ u
piq
1
. Next, by (2), we have

f
pi`1q
m´1

“
m´1ÿ

s“1

f
pi`1`sq
m´1´s u

pi`1q
s “

mÿ

s“2

f
pi`sq
m´s u

pi`1q
s´1

, m ě 2.

Hence by (2) again, it follows that

f piq
m “

mÿ

ℓ“2

f
pi`ℓq
m´ℓ u

piq
ℓ ` f

pi`1q
m´1

u
piq
1

“
mÿ

ℓ“2

f
pi`ℓq
m´ℓ

“
u

piq
ℓ ` u

pi`1q
ℓ´1

u
piq
1

‰
.

Comparing this and (2), it is clear that for replacing the set t1, 2, . . . ,mu by
t2, 3, . . . ,mu in the summation, we should replace the term

u
piq
ℓ “: G

piq
ℓ,1, pm ěq ℓ ě 1 (at the first step)

by

u
piq
ℓ ` u

pi`1q
ℓ´1

u
piq
1

“ G
piq
ℓ,1 ` u

pi`1q
ℓ´1

G
piq
1,1 “: G

piq
ℓ,2, pm ěq ℓ ě 2.

Then, we have

f piq
m “

mÿ

ℓ“2

f
pi`ℓq
m´ℓ G

piq
ℓ,2, m ě 2 (at the second step) (3)
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Similarly, by (2), we have

f
pi`2q
m´2

“
m´2ÿ

s“1

f
pi`2`sq
m´2´s u

pi`2q
s “

mÿ

s“3

f
pi`sq
m´s u

pi`2q
s´2

, m ě 3.

Inserting this into (3), it follows that

f piq
m “

mÿ

ℓ“3

f
pi`ℓq
m´ℓ G

piq
ℓ,3, m ě 3 (at the third step)

with
G

piq
ℓ,3 “ G

piq
ℓ,2 ` u

pi`2q
ℓ´2

G
piq
2,2, pm ěq ℓ ě 3.

One may continue the construction of G
piq
¨,k recursively in k. In particular, with

f piq
m “

mÿ

ℓ“m´1

f
pi`ℓq
m´ℓ G

piq
ℓ,m´1

“ f
pi`mq
0

G
piq
m,m´1

` f
pi`m´1q
1

G
piq
m´1, m´1

“ G
piq
m,m´1

` u
pi`m´1q
1

G
piq
m´1, m´1

(at pm´ 1q th step)

and
f piq
m “ f

pi`mq
0

Gpiq
m,m “ Gpiq

m,m (by (2)),

at last, we obtain

f piq
m “ Gpiq

m,m “ G
piq
m,m´1

` u
pi`m´1q
1

G
piq
m´1, m´1

(at the m th step)

for m ě 2 and i ě 0. We have thus proved not only (1) but also the first
assertion of the proposition.

(b) To prove part (2) of the proposition, we rewrite gn as

gn “ g0 `
ÿ

0ďjďn´1

vj

n´1ÿ

k“j

rF pjq
k , n ě 0.

Then the second assertion follows from the first one of the proposition. l

Remark 4.2 From (1), it follows that

G
piq
k,k ě u

pi`k´1q
1

G
piq
k´1, k´1

.

Successively, we get

G
piq
k,k ě u

pi`k´1q
1

u
pi`k´2q
1

G
piq
k´2, k´2

¨ ¨ ¨ ¨ ¨ ¨
ě u

pi`k´1q
1

u
pi`k´2q
1

¨ ¨ ¨ upi`1q
1

G
piq
1,1

“
k´1ź

s“0

u
pi`sq
1

.
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We have thus obtained a lower bound of G
piq
m,m (and then lower bound of gn):

Gpiq
m,m ě

m´1ź

s“0

q̃
pi`sq
i`s`1

qi`s`1, i`s`2

.

When ci ” 0, we return to the original F
p0q
m :

F p0q
m “ Gp0q

m,m “
m´1ź

s“0

as`1

bs`1

.

5 An algorithm for phiq in the tridiagonal case.

We now come back to the birth–death processes and look for a simpler algo-
rithm for the Ωc-harmonic function h.

Lemma 5.1 For a birth–death process with killing, the Ωc-harmonic function

h:

biphi`1 ´ hiq ` aiphi´1 ´ hiq ´ cihi “ 0, i ě 0

can be expressed by the following recursive formula
$
’&
’%

h0 “ 1,

h1 “ 1 ` v0,

hi “ p1 ` ui´1 ` vi´1qhi´1 ´ ui´1hi´2, i ě 2,

where

ui “ ai

bi
, vi “ ci

bi
, i ě 0.

From Lemma 5.1, it is clear that the sequence phnq is completely deter-
mined by the sequences punq and pvnq.

Next, we introduce a first-order difference equation instead the second-
order one used in the last lemma. To do so, set

ri “ hi

hi`1

, i ě 0, r0 “ 1

1 ` v0
.

By induction, we have hi ě p1 ` vi´1qhi´1 and hence ri ď p1 ` viq´1. From

hn`1 “ p1 ` un ` vnqhn ´ unhn´1, n ě 1,

we get

1 “ p1 ` un ` vnqrn ´ unrn´1rn “ p1 ` un ` vn ´ unrn´1qrn, n ě 1.

Clearly, we have

1 ` un ` vn ´ unrn´1 “ 1 ` vn ` unp1 ´ rn´1q ě 1 ` vn ě 1.

The next result says that we can describe phnq by prnq which has a simpler
expression.
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Proposition 5.2 Let punq and pvnq be given in the last lemma, set ξn “ 1 `
un ` vn. Then

r0 “ 1

1 ` v0
, rn “ 1

ξn ´ unrn´1

ď
„
1 ` vn ` unvn´1

1 ` vn´1

´1

, n ě 1.

Furthermore, the sequences trnu and thnu are presented in Theorem 2.1.

In what follows, we are going to work out some more explicit bounds of
prnq and a more practical corollary of our main criterion (Theorem 2.1). We
will pay a particular attention to the case that un ” 1 which is more attractive
since then the principal eigenvalue λ0

`
Ωc
min

˘
“ 0 (ñ σess

`
Ωc
min

˘
‰ H) once

vn ” 0. Thus, one may get some impression about the role played by pcnq.

Lemma 5.3 If

un

´
ξn´1 ´

b
ξ2n´1

´ 4un´1

¯
ď un´1

`
ξn ´

a
ξ2n ´ 4un

˘

for large n, then by a local modification of the rates pai, ciq if necessary, we have

rn ď ξn ´
a
ξ2n ´ 4un
2un

, n ě 1 (4)

and then

hn ě p1 ` v0q
n´1ź

k“1

ξk `
b
ξ2k ´ 4uk

2
, n ě 1.

Besides, for rn´1 ď rn, condition (4) is necessary.

Proof. Let us start the proof of an informal description of the idea of the
lemma. Suppose that rn „ x as n Ñ 8. From the second equation given in
Proposition 5.2, we obtain an approximating equation

x “ 1

ξn ´ unx
.

Since x ď 1, we have only one solution

x “ ξn ´
a
ξ2n ´ 4un

2un
.

This suggests us the upper bound

rn ď ξn ´
a
ξ2n ´ 4un
2un

for large n. This leads to the conclusion of the lemma.
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(a) Assume that condition in the lemma holds starting from n0, and sup-
pose that (4) holds for n´ 1 pn ě n0q. Then we have

rn “ 1

ξn ´ unrn´1

ď 1

ξn ´ unp2un´1q´1

´
ξn´1 ´

b
ξ2n´1

´ 4un´1

¯

“ 2un´1

2un´1ξn ´ un

´
ξn´1 ´

b
ξ2n´1

´ 4un´1

¯ .

We now show that the right-hand side is upper bounded by

ξn ´
a
ξ2n ´ 4un
2un

“ 2

ξn `
a
ξ2n ´ 4un

.

Or equivalently,

un´1

2un´1ξn ´ un

´
ξn´1 ´

b
ξ2n´1

´ 4un´1

¯ ď 1

ξn `
a
ξ2n ´ 4un

.

This clearly holds by the condition of the lemma. We have thus obtained (4)
for n and then completed the second step of the induction argument.

(b) The proof for the last assertion of the lemma is similar: from rn´1 ď rn,
one obtains

rn “ 1

ξn ´ unrn´1

ď 1

ξn ´ unrn´1

.

Solving this inequality and noting that rn ď 1, we obtain again condition (4).

(c) It remains to show that (4) holds for every n ď n0 ´ 1 by a suitable
modification of the rates, and then complete the induction argument. To see
this, we may modify the rates pai, ciq step by step. Let us start at n “ 1.
First, let c1 “ 0. Then v1 “ 0. Moreover,

ξ1 ´
a
ξ2
1

´ 4u1
2u1

“ 1 ` u1 ´ |1 ´ u1|
2u1

“
#
1 if u1 ď 1

u´1

1
if u1 ą 1.

Hence we can simply choose a1 ď b1 which implies that u1 ď 1. At the same
time,

r1 “ 1

ξ1 ´ u1r0
“ 1

1 ` u1p1 ´ r0q ď 1.

Therefore, for the modified rates, the assertion holds at n “ 1. Note that
this modification does not change anything of rn for n ě 3 and pan, bn, cnq for
n ě 2. Besides, for smaller r1, we have smaller r2. Continuing the modification
step by step, we can arrived at the required conclusion. l
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In particular, if un ” 1, the condition of the lemma becomes

a
vn´1p4 ` vn´1q ´ vn´1 ě

a
vnp4 ` vnq ´ vn

which holds once vn is decreasing in n since the function
a
xpx ` 4q ´ x is

increasing in x.

Lemma 5.4 Given two sequences tpnu and tqnu, suppose that qn Ò 8 as

pn0 ďqn Ò 8.

(1) If
pn`1 ´ pn

qn`1 ´ qn
ě η, n ě n0,

then

lim
n

pn

qn
ě η.

(2) Dually, if
pn`1 ´ pn

qn`1 ´ qn
ď ε, n ě n0,

then

lim
n

pn

qn
ď ε.

Proof. Here we prove part (1) of the lemma only. Since qn Ò, by assumption
and the proportional property, we have

pn`1 ´ pn0

qn`1 ´ qn0

“ ppn`1 ´ pnq ` ¨ ¨ ¨ ` ppn0`1 ´ pn0
q

pqn`1 ´ qnq ` ¨ ¨ ¨ ` pqn0`1 ´ qn0
q ě η, n ě n0.

Because qn Ò 8, we have

lim
n

pn

qn
“ lim

n

pn`1{qn`1 ´ pn0
{qn`1

1 ´ qn0
{qn`1

“ sup
mąn0

inf
nąm

pn`1 ´ pn0

qn`1 ´ qn0

ě η

as required. l

With some obvious change, one may prove the following result.

Lemma 5.5 Suppose that qn Ó 0 as pn0 ďqn Ò 8.

(1) If
pn ´ pn`1

qn ´ qn`1

ě η, n ě n0,

then

lim
n

pn

qn
ě η.
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(2) If
pn ´ pn`1

qn ´ qn`1

ď ε, n ě n0,

then

lim
n

pn

qn
ď ε.

Corollary 5.6 Let

An “
nÿ

0

µih
2

i , Bn “
ÿ

kěn

1

hkhk`1µkbk
.

If Bn “ 8 and limnAn “ 8, then σesspΩc
min

q ‰ H. Next, assume that Bn ă 8.

(1) If infn"1 an ą 0 and limn h
2
nµn

?
anBn “ 0, then limnAnBn “ 0 and so

σess
`
Ωc
min

˘
“ H.

(2) If either limn h
2
nµnBn ą 0 or limn h

2
nµn

?
anBn ą 0 plus infn"1 rn ą 0,

then limnAnBn ą 0 and so σess
`
Ωc
min

˘
‰ H.

Proof. The trivial case that Bn “ 8 is easy by our criterion. Now, assume
that Bn ă 8. Note that B´1

n Ò 8 as n Ò 8. We have

An`1 ´An

B´1

n`1
´B´1

n

“ µn`1h
2

n`1
BnBn`1

1{phnhn`1µnbnq

“ hnh
3

n`1µnµn`1bnBn`1

ˆ
Bn`1 ` 1

hnhn`1µnbn

˙

“
`
h2n`1µn`1

?
an`1Bn`1

˘2
rn ` h2n`1µn`1Bn`1.

By part (2) of Lemma 5.4, it follows that

lim
n
AnBn “ 0 once lim

n
h2nµn

?
anBn “ 0.

We have proved part (1) of the corollary. The proof of part (2) is similar. l

Lemma 5.7 Assume that

rn ă
ˆ

bn

unan`1

˙1{4

, n " 1

and limn h
2
nµn

?
an “ 8.

(1) If limn

“
bn{?

an ´ r2n
?
an`1

‰
“ 8, then limn h

2
nµn

?
anBn “ 0.

(2) If infn"1 rn ą0 and limn

“
bn{?

an ´ r2n
?
an`1

‰
ă8, then

limn h
2
nµn

?
anBn ą 0.
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Proof. Note that h2nµn
?
an is strictly increasing iff

rn ă
d

bn?
anan`1

“
ˆ

bn

unan`1

˙1{4

.

If limn h
2
nµn

?
an “ 8, then by Lemma 5.5, the study of the limit

h2nµn
?
anBn “ Bn

1{ph2nµn
?
an q

can be reduced to examine the limit of

1{phnhn`1µnbnq
1{ph2nµn

?
anq ´ 1{ph2n`1

µn`1

?
an`1q “ rn

bn{?
an ´ r2n

?
an`1

. l

The next result shows that once we know the precise leading order of the
summands, the computation used in Theorem 2.1 becomes much easier.

Lemma 5.8 (1) If both µnh
2
n and µnbnhnhn`1 have algebraic tail (i.e., „ nα

for some α ą 0), then

nÿ

j“0

µjh
2

j

8ÿ

k“n

1

hkhk`1µkbk
„ n2

bn
rn as n Ñ 8.

8ÿ

j“n`1

µjh
2

j

nÿ

k“0

1

hkhk`1µkbk
„ n2

an`1rn
as n Ñ 8.

(2) If both µnh
2
n and µnbnhnhn`1 have exponential tail (i.e., „ eαn for some

α ą 0), then

nÿ

j“0

µjh
2

j

8ÿ

k“n

1

hkhk`1µkbk
„ rn

bn
as n Ñ 8.

8ÿ

j“n`1

µjh
2

j

nÿ

k“0

1

hkhk`1µkbk
„ 1

an`1rn
as n Ñ 8.

Proof. Let µnh
2
n „ nα and µnbnhnhn`1 „ nβ. Then

nÿ

j“0

µjh
2

j „ nµnh
2

n,

8ÿ

k“n

1

hkhk`1µkbk
„ n

hnhn`1µnbn
.

Hence we obtain the first assertion in part (1). The other assertion can be
proved similarly. l
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6 Proofs of Examples 2.9–2.11

Proof of Example 2.9 The conclusion that σess
`
Ωc
min

˘
‰ H is actually

known since the principal eigenvalue λ0
`
Ωc
min

˘
“ 0 by [3; Example 9.16] which

implies the required assertion.
We now prove the assertion by our new criterion. First, noting that hn Ò,

if h8 :“ limn hn ă 8, then Bn “ 8 and so the conclusion follows by Corollary
5.6. Next, let h8 “ 8. Then limn h

2
nµn

?
an “ 8. Because cn Ó 0,

rn ă 1 “
ˆ

bn

unan`1

˙1{4

, n ě 1, lim
n
rn “ 1,

we have limn

“
bn{?

an ´ r2n
?
an`1

‰
“ 0 and so the assertion that σess

`
Ωc
min

˘
‰

H follows by using part (2) of Lemma 5.7 and part (2) of Corollary 5.6. l

Proof of Example 2.10 The model is modified from [3; Example 9.19]
where it was proved that λ0pΩc

min
q ą 0. The key for this example is that

un ” 1 and vn ” 9{4. Hence rn „ 1{4 and then hn „ 4n. Because µn „ n´1,
we have

ř
n µnh

2
n “ 8 and limn h

2
nµn

?
an “ 8. It is obvious that

rn ă
ˆ

bn

unan`1

˙
1{4

“
ˆ
n` 1

n` 2

˙
1{4

, n ě 1.

Besides, we have

bn{?
an ´ r2n

?
an`1 „ 15

16

?
n as n Ñ 8.

The assertion that σess
`
Ωc
min

˘
“ H now follows from part (1) of Lemma 5.7

and part (1) of Corollary 5.6.
Lemma 5.8 is applicable to this example. Because rn „ 1{4 and then

hn „ 4n, we are in the case of exponential tail. By the first assertion in part
(2) of Lemma 5.8, we have

nÿ

j“0

µjh
2

j

8ÿ

k“n

1

hkhk`1µkbk
„ rn

bn
„ 1

n
„ 0 as n Ñ 8.

The required assertion then follows from part (1) of Theorem 2.1. l

Proof of Example 2.11 The model is modified from [3; Example 9.20]
where it was proved that λ0

`
Ωc
min

˘
ą 0. We have un ” 1 and

vn “ 1

pn` 1q2
„
5 ` 10

5n´ 12



which is decreasing in n ě 3. Because we are studying a property at infinity,
without loss of generality, we may apply Lemma 5.3 to derive

rn ď 2 ` vn ´
a

p4 ` vnqvn
2

ă
ˆ
n` 1

n` 2

˙1{2

. n ě 3. (5)
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From (5), we get

hn “
ˆ n´1ź

k“0

rk

˙´1

ą
ˆ n´1ź

k“0

ˆ
k ` 1

k ` 2

˙
1{2˙´1

“ pn` 1q1{2.

Hence µnh
2
n ě n´1 and so

ř
µnh

2
n “ 8.

To estimate limn

“
bn{?

an ´ r2n
?
an`1

‰
, we need a lower bound of rn. An

easier way to do so is modifying the rather precise upper bound of rn:

rn ď ξn ´
a
ξ2n ´ 4un

2un
“ ξn

2un

«
1 ´

d
1 ´ 4un

ξ2n

ff
.

Clearly, we need only to look for a lower bound of ´
a

1 ´ 4un{ξ2n as n Ñ
8. For this example, un ” 1, ξn “ 2 ` vn. Since vn Ñ 0, it is clear that
´
a

1 ´ 4un{ξ2n „ 0 as n Ñ 8. Thus, it is natural to approximate this by
second-order polynomials of 1{n:

´
d

1 ´ 4un
ξ2n

„ ´2.23615

n
` 1.81327

n2
.

This leads us to choose the following lower bound:

´
d

1 ´ 4un
ξ2n

ě ´ 3

n
` 2

n2
.

Then

rn ą
ˆ
1 ` vn

2

˙ˆ
1 ´ 3

n
` 2

n2

˙
(by a numerical check)“: ηn pFig. 1q.

200 400 600 800 1000

0.975

0.980

0.985

0.990

0.995

Figure 1 The top curve is rn. The bottom curve is
`
1 ` vn

2

˘`
1 ´ 3

n
` 2

n2

˘
.
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Furthermore,

lim
n

“
bn{?

an ´ r2n
?
an`1

‰
ď lim

n

“
n` 1 ´ η2npn` 2q

‰
“ 5 ă 8.

We mention that there is enough freedom in choosing the lower bound. For
instance, replacing 2{n2 by 5{n2 in the lower bound above, the result is the
same. By using part (2) of Lemma 5.7 and part (2) of Corollary 5.6, we obtain
σess

`
Ωc
min

˘
‰ H.

Alternatively, we can also use Lemma 5.8 to prove this example. We have
seen that rn „ 1 ´ α{n for some α ą 0. This means that hn „ nα and hence
we are in the case of algebraic tail. By the first assertion in part (1) of Lemma
5.8, we have

nÿ

j“0

µjh
2

j

8ÿ

k“n

1

hkhk`1µkbk
„ n2

bn
rn „ rn „ 1 as n Ñ 8.

Then the required assertion follows from part (1) of Theorem 2.1. l

7 Elliptic differential operators (Diffusions)

Consider the elliptic differential (diffusion) operator

Lc “ apxq d2

dx2
` bpxq d

dx
´ cpxq, apxq ą 0, cpxq ě 0

on E :“ p0,8q or R. Define two measures

µpdxq “ eCpxq

apxq dx, νpdxq “ eCpxqdx,

where Cpxq “
şx
θ

pb{aqpyqdy and θ is a reference point. Define also a measure
deduced from ν

ν̂pdxq “ e´Cpxqdx.

Corresponding to the operator, we have the following Dirichlet form

Dcpfq “
ż

E

f 1pxq2νpdxq `
ż

E

cpxqfpxq2µpdxq

with domains: either the maximal one

DmaxpDcq “
 
f P L2pµq : f is absolutely continuous and Dcpfq ă 8

(
,

or the minimal one DminpDcq which is the smallest closure of the set
 
f P C

2pEq : f has a compact support
(

with respect to the norm } ¨ }D, as in the discrete case (§2).
In parallel to Theorem 2.1, we have the following result.
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Theorem 7.1 Let E “ p0,8q and h ‰ 0-a.e. be an Lc-harmonic function (to

be constructed in Theorem 7.4 below): Lch “ 0, a.e.

(1) If ν̂
`
h´2

˘
ă 8, then σesspLc

min
q “ H iff

lim
xÑ8

µ
`
h21p0,xq

˘
ν̂
`
h´2

1px,8q

˘
“ lim

xÑ8

ż x

0

h2dµ

ż 8

x

1

h2
dν̂ “ 0.

(2) If µ
`
h2
˘

ă 8, then σesspLc
maxq “ H iff

lim
xÑ8

µ
`
h21px,8q

˘
ν̂
`
h´2

1p0,xq

˘
“ lim

xÑ8

ż 8

x

h2dµ

ż x

0

1

h2
dν̂ “ 0.

(3) If ν̂
`
h´2

˘
“ 8 “ µ

`
h2
˘
, then σesspLc

min
q “ σesspLc

maxq ‰ H.

When cpxq ” 0 and bpxq ” 0, the first two parts of the theorem may go
back to [9]. When cpxq ” 0, part (1) was presented in [1; Theorem 4.1] and
[7; Example 6.1]; under the same condition cpxq ” 0, part (2) of the theorem
is due to [10; Theorem 1.1], again replacing the uniqueness condition by a use
of the maximal process. In the general setup, a different criterion for part
(1) was presented in [12] and [7; Corollary 5.3], assuming some weak smooth
conditions on the coefficients of the operator. Unfortunately, we are unable
to state here their results in a short way. In particular, in [7; Corollary 5.3],
the family of intervals tIpxq : x P Eu is assumed to be existence but is not
explicitly constructed. When bpxq ” 0 in Lc, a compact criterion for part (1)
was presented in [12]. For general b in part(1), it was also handled in [9, 12] by
a standard change of variables (called time-change in probabilistic language).
Unfortunately, as far as we know, the conditions of these general results are
usually not easy to verify in practice and so a different approach should be
meaningful. Here is a key difference between the approaches, the time-change
technique eliminates the first-order differential term b and our H-transform
eliminates the killing (or potential) term c.

Corollary 7.2 If σesspLc
min

q “ H, then λ0pLc
min

q ą 0.

To study a construction (existence and uniqueness) of an a.e. Lc-harmonic
function, we need the following hypothesis.

Hypotheses 7.3 Let J Ă R. Suppose that

(1) a ą 0 on J ;

(2) b{a and c{a are locally integrable with respect to the Lebesgue measure.

In an earlier version, we assumed that eC{a is locally integrable. Actually,
this is equivalent to the local integrability of b{a since C and then eC are
locally bounded due to the assumption that b{a is locally integrable.
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Theorem 7.4 Under Hypothesis 7.3, for every γp0q, γp1q P R, an Lc-a.e. har-

monic function f always exists. More precisely, a function f can be chosen

from the first component of F ˚ obtained uniquely by the following successive

approximation scheme.

(1) The first successive approximation scheme. Define

F p1qpxq“F pθq“
ˆ
γp0q

γp1q

˙
, F pn`1qpxq“F pθq `

ż x

θ

GF pnq, xPJ, n ě 1,

(6)

where Gpxq “
ˆ

0 e´C

ceC{a 0

˙
. Then

F pnq Ñ
ˆ

f

eCf 1

˙
“: F ˚ as n Ñ 8 (7)

uniformly on each compact subinterval of J . In other words, F ˚ is the

unique solution to the equation

F pxq “ F pθq `
ż x

θ

GF, x P J (8)

and so it is absolutely continuous on each compact subinterval of J .

(2) The second successive approximation scheme. Define

rF p1qpxq “ F pθq, rF pn`1qpxq “
ż x

θ

G rF pnq, x P J, n ě 1, (9)

then F ˚ “ ř8
n“1

rF pnq (which is the so-called Peano-Baker series).

Proof. (a) Part (1) is taken from [14; Theorem 1.2.1 and its proof plus The-
orem 2.2.1].

(b) By induction, it is easy to check that F pnq “ řn
k“1

rF pkq. Then part (2)
follows from part (1). l

A simple way to understand Theorem 7.4 is to look at its differential form
of (8):

F 1 “ GF, a.e. (10)

From (9), one sees that the sequence
 rF pnq

(
ně1

is given by a one-step algo-
rithm, as the one for trnuně1 used in the discrete case. Then F ˚ is given by
the summation of

 rF pnq
(
, which is different from the discrete situation where

h is defined by a product of tr´1
n u.

Theorem 7.5 Let c, γp0q, γp1q ě 0. Then under Hypothesis 7.3,

(1) the solution F ˚ constructed in Theorem 7.4 is actually the (finite) minimal

nonnegative solution to (8). Furthermore, F pnq Ò F ˚ (pointwise) as n Ñ
8.
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(2) Let sF be a solution to the inequality

F pxq ě F pθq `
ż x

θ

GF, x P J (11)

or more simplicity, to the inequality

F 1 ě GF, with sF pθq ě F pθq. (12)

Then sF ě F ˚.

Proof. Apply [2; Theorems 2.2, 2.9, and 2.6]). l

Example 7.6 Let

Lc “ d2

dx2
´ cpxq, cpxq :“ 1

4
x2α´2 ` α ´ 1

2
xα´2, α ě 1.

Then σesspLc
min

q “ H if α ą 1 and σesspLc
min

q ‰ H if α “ 1.

Proof. By Theorem 7.4, we have F ˚ “
ˆ

h

eCh1

˙
. Hence, it is natural to choose

F pθq “
ˆ
1
0

˙
. Because of this, we may denote the first component of F pnq by

hpnq. Similarly, we have h̃pnq from the second successive approximation scheme.
First, by using Mathematica, we have h̃p2nq “ 0,

h̃p1qpxq “ 1,

h̃p3qpxq “ xα

2α
` x2α

8αp2α ´ 1q ,

h̃p5qpxq “ pα ´ 1qx2α
8α2p2α ´ 1q ` p5α ´ 3qx3α

48α2p2α ´ 1qp3α ´ 1q ` x4α

128α2p2α ´ 1qp4α ´ 1q ,

h̃p7qpxq “ pα ´ 1q2x3α
48α3 p6α2 ´ 5α ` 1q ` pα ´ 1qp7α ´ 3qx4α

192α3p2α ´ 1qp3α ´ 1qp4α ´ 1q

`
`
89α2 ´ 80α ` 15

˘
x5α

3840α3 p120α4 ´ 154α3 ` 71α2 ´ 14α ` 1q

` x6α

3072α3 p48α3 ´ 44α2 ` 12α ´ 1q .

Their leading orders are as follows:

h̃p1qpxq “ 1, h̃p3qpxq „ 1

4

ˆ
xα

2α

˙2

, h̃p5qpxq „ 1

64

ˆ
xα

2α

˙4

, h̃p7qpxq „ 1

2304

ˆ
xα

2α

˙6

.

More simply, one may use x2α´2{4 instead of the original cpxq, one gets the
same leading order of h̃p2n`1q. From this, we guess that h “ ř8

n“1
h̃pnq looks
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like exp xα

2α
. This becomes more clear when we use the first successive approx-

imation scheme.

hp1qpxq “ hp2qpxq “ 1,

hp3qpxq “ hp4qpxq “ 1 ` xα

2αloomoon
` x2α

8αp2α ´ 1q ,

hp5qpxq “ hp6qpxq “ 1 ` xα

2α
` x2α

8α2looooooomooooooon
` p5α ´ 3qx3α
48α2 p6α2 ´ 5α ` 1q ` x4α

128α2 p8α2 ´ 6α ` 1q ,

hp7qpxq “ hp8qpxq “ 1 ` xα

2α
` x2α

8α2
` x3α

48α3looooooooooooomooooooooooooon
`

`
23α2 ´ 23α ` 6

˘
x4α

384α3p3α ´ 1q p8α2 ´ 6α ` 1q

`
`
89α2 ´ 80α ` 15

˘
x5α

3840α3p3α ´ 1qp5α ´ 1q p8α2 ´ 6α ` 1q

` x6α

3072α3p6α ´ 1q p8α2 ´ 6α ` 1q .

Obviously, hpnq is approximating to

exp

„
xα

2α


“

8ÿ

n“0

1

n!

ˆ
xα

2α

˙n

step by step. Since α ě 1, we have seen that

hp2n`2q ě
nÿ

k“0

1

k!

ˆ
xα

2α

˙k

, n “ 0, 1, 2, 3.

This leads to the lower estimate of h: hpxq ě exp xα

2α
. We are now going to

show that the equality sign here holds.

In general, in order to check that F ˚ “
ˆ

h

eCh1

˙
, it is easier to check (10).

With h “ expψ, from equation (10), it follows that

apψ2 ` ψ12q ` bψ1 “ c,

or equivalently,

ψ2 ` ψ12 ` b

a
ψ1 “ c

a
. (13)

In the present case, it is simply

ψ2pxq ` ψ1pxq2 “ 1

4
x2α´2 ` α ´ 1

2
xα´2 “

ˆ
xα´1

2

˙
2

` α ´ 1

2
xα´2.

From this, we obtain ψ1pxq “ xα´1{2 and then ψpxq “ xα{p2αq. Having h
at hand, the assertion of the lemma follows from Theorem 7.1. Since h is
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increasing, µph2q “ 8, we need only parts (1) and (3) of Theorem 7.1. The
details are delayed since this one is actually a particular case of Example
7.10 (2) with b “ 0.

We remark that the precise leading order of h at infinity is required for
our purpose, the natural lower estimate h ě hpnq for fixed n is usually not
enough. Nevertheless, the successive approximation schemes are still effective
to provide practical lower bound of h. An upper bound of h is often easier to
obtain by using (12). We also remark that the simplest way to prove Example
7.6 is using the following Molchanov’s criterion ([11], see also [8; page 90,
Theorem 6]): if b “ 0, a “ 1, and c is lower bounded, then σesspLc

min
q “ H iff

for each θ ą 0,

ż x`θ

x

c Ñ 8 as x Ñ 8.

From this remark, it should be clear that there is quite a distance from the
last special case to our general setup.

With a little modification of the proof for the last example in the case of
α “ 2, it follows that hpxq :“ exprx2{2s is harmonic of the following operator

Lc “ d2

dx2
´ cpxq, cpxq :“ x2 ` 1.

Then, by using a shift, we obtain the following result.

Example 7.7 The one-dimensional harmonic oscillator

Lc “ d2

dx2
´ cpxq, cpxq :“ x2

has discrete spectrum.

Actually, it is known that the eigenvalues of the last operator ´Lc are
simple: λn “ 2n` 1, n “ 0, 1, . . . with eigenfunction

gnpxq “ p´1qnex2{2 dn

dxn
e´x2

, n “ 0, 1, . . . ,

respectively. By symmetry, the conclusion holds not only on the half-line but
also on the whole line.

Example 7.8 Let E “ p0,8q, γ ě 10{9, and

Lc “ p1 ` xqγ d2

dx2
` 4γ

5
p1 ` xqγ´1

d

dx
´ cpxq, cpxq :“ γp9γ ´ 10q

100
p1 ` xqγ´2.

Then σesspLc
min

q “ H if γ ą 2 and σesspLc
min

q ‰ H if γ P r10{9, 2s.
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Proof. We remark that condition γ ě 10{9 is for cpxq ě 0.

First, we look for the Lc-harmonic function h having the form h “ expψ
for some ψ. Then, by (13), we have

p1 ` xq2pψ2 ` ψ12q ` 4γ

5
p1 ` xqψ1 “ γp9γ ´ 10q

100
.

This equation suggests us first that ψ1 “ βp1 ` xq´1 for some constant β, and
then β “ γ{10. Hence, we obtain hpxq “ p1 ` xqβ.

Next, we have

Cpxq “
ż x

0

b

a
“ 4γ

5
logp1 ` xq, eCpxq “ p1 ` xq4γ{5,

µpdxq “ p1 ` xq´γ{5dx, ν̂pdxq “ p1 ` xq´4γ{5dx,

µ
`
h21p0,xq

˘
“ x, ν̂

`
h´2

1px,8q

˘
“ x

p1 ` xqγ .

Therefore, µ
`
h21p0,xq

˘
ν̂
`
h´2

1px,8q

˘
„ x2´γ as x Ñ 8. The result now follows

from Theorem 7.1 (1). l

Actually, this example is a special case of Example 7.11 (2).

Up to now, we have studied in one direction: reducing the case that cpxq ı
0 to the one cpxq ” 0. Certainly, we can go to the opposite direction: extending
the result from cpxq ” 0 to cpxq ı 0. This is actually much easier but is very
powerful. For simplicity, we restrict ourselves to the special case that h ą 0.
Then one may write h “ expψ for some ψ. This leads to the next result which
is a special case of [5; Corollary 3.7].

Corollary 7.9 Given

rL “ ãpxq d2

dx2
` b̃pxq d

dx
with domain D

`rL
˘
, ãpxq ą 0

and ψ P C 2pEq pE Ă Rq, define

L “ rL ´ 2ãψ1 d

dx
`
”
ãψ12 ´ rLψ

ı

“ ã
d2

dx2
`
“
b̃´ 2ãψ1

‰ d

dx
`
”
ãψ12 ´ ãψ2 ´ b̃ψ1

ı
,

DpLq “
 
f expr´ψs P L2pµ̃q : f expr´ψs P D

`rL
˘(
. (14)

Then pL,DpLqq and
`rL,D

`rL
˘˘

are isospectral
`
in particular, σesspLq “ σess

`rL
˘˘
.

Furthermore, if we replace ψ1 by

ψ1 “ b̃´ b

2ã
for varying b (15)
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`
assuming ã, b̃, b P C 1pEq

˘
, then the operator L becomes

Lb “ ã
d2

dx2
` b

d

dx
` 1

2

„
b2 ´ b̃2

2ã
´ ã

d

dx

ˆ
b̃´ b

ã

˙
.

Corresponding to Dmax

`rL
˘
, we have DmaxpLq defined by (14) in terms of ψ.

Then, we have Lmax. Furthermore, we have Lb
max in terms of (15). Similarly,

corresponding to Dmin

`rL
˘
, we have DminpLq, Lmin, and L

b
min

, respectively.

Example 7.10 Let E “ p0,8q, α ą 0 and b P C pEq.

(1) Define

rL “ d2

dx2
´ xα´1

d

dx
,

Lb “ d2

dx2
` bpxq d

dx
` 1

2

„
1

2
bpxq2 ` b1pxq ´

ˆ
1

2
xα ´ α ` 1

˙
xα´2


.

Then for each b, Lb
max and rLmax are isospectral, σess

`
Lb
max

˘
“ H if α ą 1

and σess
`
Lb
max

˘
‰ H if α P p0, 1s.

(2) Define

rL “ d2

dx2
` xα´1

d

dx
,

Lb “ d2

dx2
` bpxq d

dx
` 1

2

„
1

2
bpxq2 ` b1pxq ´

ˆ
1

2
xα ` α ´ 1

˙
xα´2


.

Then for each b, Lb
min

and rLmin are isospectral, σess
`
Lb
min

˘
“ H if α ą 1

and σess
`
Lb
min

˘
‰ H if α P p0, 1s.

Proof. Note that ν̂pEq “ 8. By [10; Example 4.1], for the operator

L0 “ d2

dx2
´ xα´1

d

dx
on p0,8q

with the maximal domain, we have σesspL0q “ H if α ą 1 and σesspL0q ‰ H
if α P p0, 1s. Actually,

Cpxq“´
ż x

0

xα´1„´xα, µpx,8q“
ż 8

x

eCpxq„x1´αe´xα

, ν̂p0, xq“
ż x

0

e´Cpxq„x1´αex
α

as x Ñ 8. Hence ν̂p0, xqµpx,8q „ x2p1´αq as x Ñ 8. The required conclusion
now follows from Theorem 7.1 (2) with h “ 1. Then, by Corollary 7.9, we
obtain part (1).

To prove part (2), recall that for the differential operator

L “ apxq d2

dx2
` bpxq d

dx
,
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as an analog of the duality for birth–death processes used in Section 3 (part
(d)), its dual operator pL takes the following form:

pL “ apxq d2

dx2
`
ˆ

d

dx
apxq ´ bpxq

˙
d

dx

(cf. [3; (10.6)] or [4; §3.2]). Hence, the operator

rL “ d2

dx2
` xα´1

d

dx

with the minimal domain is a dual of L0 with the maximal domain (cf. [3;
(10.6)]) and so they have the same spectrum. Thus, part (2) follows again
from Corollary 7.9. l

Example 7.11 Let E “ p0,8q, γ ą 1 and b P C pEq.
(1) Define

rL “ p1 ` xqγ d2

dx2
,

Lb “ p1 ` xqγ d2

dx2
` bpxq d

dx
` 1

2

„
bpxq2

2p1 ` xqγ ` b1pxq ´ γbpxq
1 ` x


.

Then for each b, Lb
max and rLmax are isospectral, σess

`
Lb
max

˘
“ H if γ ą 2

and σess
`
Lb
max

˘
‰ H if γ P p1, 2s.

(2) Define

rL “ p1 ` xqγ d2

dx2
` γp1 ` xqγ´1

d

dx
,

Lb “ p1 ` xqγ d2

dx2
` bpxq d

dx

` 1

2

„
bpxq2

2p1 ` xqγ ´ γbpxq
1 ` x

` b1pxq ´ γ

ˆ
γ

2
´ 1

˙
p1 ` xqγ´2


.

Then for each b, Lb
min

and rLmin are isospectral, σess
`
Lb
min

˘
“ H if γ ą 2

and σess
`
Lb
min

˘
‰ H if γ P p1, 2s.

Proof. As in the proof of Example 7.10, it suffices to study the spectrum of
the operator

L0 “ p1 ` xqγ d2

dx2

with the maximal domain. Clearly,

µpdxq “ p1 ` xq´γdx, ν̂pdxq “ dx, ν̂p0,8q “ 8, µpEq ă 8 if γ ą 1.

We are in the case of Lemma 5.8 (1): ν̂p0, xqµpx,8q „ x2´γ as x Ñ 8.

Hence, by Theorem 7.1 (2) with h “ 1, L0 has discrete spectrum if γ ą 2 and
otherwise, if γ P p1, 2s. l
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Remark 7.12 The condition cpxq ě 0 used in the paper has some proba-
bilistic meaning (killing rate), but it is not necessary, as we have seen from
Example 7.10 (2) with bpxq ” 0 and α P p0, 1q. Everything should be the same
if c is lower bounded which can be reduced to the nonnegative case by using
a shift. The last ‘bounded below’ condition is still not necessary, refer to [5].

Up to now, we have studied the half-space only. The case of whole line is in
parallel. To see this, fix the reference point θ “ 0 and use the measures µ and
ν̂ defined at the beginning of this section. For simplicity, here we write down
only the symmetric case (which means that µ are finite or not simultaneously
on p´8, 0q and p0,8q, and similarly for ν̂). The other cases may be handled
in parallel.

Theorem 7.13 Let E “ R and h ‰ 0-a.e. be an Lc-harmonic function con-

structed in Theorem 7.4.

(1) If ν̂
`
h´2

˘
ă 8, then σesspLc

min
q “ H iff

lim
xÑ8

”
µ
`
h21p0,xq

˘
ν̂
`
h´2

1px,8q

˘
` µ

`
h21p´x,0q

˘
ν̂
`
h´2

1p´8,´xq

˘ı
“ 0.

(2) If µ
`
h2
˘

ă 8, then σesspLc
maxq “ H iff

lim
xÑ8

”
µ
`
h21px,8q

˘
ν̂
`
h´2

1p0,xq

˘
` µ

`
h21p´8,´xq

˘
ν̂
`
h´2

1p´x,0q

˘ı
“ 0.

(3) If ν̂
`
h´2

1p´8,0q

˘
“ ν̂

`
h´2

1p0,8q

˘
“ 8 “ µ

`
h21p´8,0q

˘
“ µ

`
h21p0,8q

˘
,

then σesspLc
min

q “ σesspLc
maxq ‰ H.

Proof. (a) As in the proof of Theorem 2.1, by [5; Theorem 3.1], it suffices to
consider only the case that cpxq ” 0.

(b) Part (2) of the theorem follows from [10; Theorem 2.5 (2)].
(c) Part (1) of the theorem is a dual of part (2). Refer to [3; (10.6)] or [4;

§3.2].
(d) In the present symmetric case, part (3) is obvious in view of Theorem

7.1 (3). l

The approach used in this paper is meaningful in a quite general setup.
For instance, one may refer to [5] for some isospectral operators in higher
dimensions.
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The Q—processes may not be unique in general
，
but there a1wa_ys exists the minima1 one

． 

due to Feller(194o，Theorem 1)，denoted by Pmi“(t)=(p嚣 “(t)： ，J∈E)．For mmore than 
half-century ago，some criteria for the uniqueness were known

．  

Theorem 1 The Q—process is unique(equivalently,the minimal process pmi“(t1 

is not explosive)iff one of the following equivalent conditions holds： 

(C1)∑ rajin(￡)=1 for every i∈E and t>0． 
jEE 

oo 

(c2) -1min( )===。。，P ．，where Tn is the nth jump time of the minimal process 

{x “(t)：t 0)corresponding to Pm “(t)． 

fC31 The equation 

(AI～Q) =0， 0 1， (1) 

has only zero solution for some(equivalently，for al1) >0． 

Criterion(C1)goes back to Feller(1940)．Criterion(C2)is due t0 Dobrushin f1952)
．  

Criterion(c31 is due to Feller(1957)and Reuter(1957)．Refer also to Chung(1967：Part 

II，§19，Theorem 1)，or Gikhman and Skorokhod(1975；Chap．3，§2，Theorems 3 aIld 4)
． 

The earlier Criterion(C1)often requires a further effort in practice，rather than a 
direct application．In particular

，the proof of the powerful suffidency the0rem (Theorem 

2 below)is based on it． ’ 

Criterion(C2)is effective in some cases．For instance in the simplest case that ：： 

sup q／< 。o．since 
iEE 

q ( ) M ～ = ∞ ， 

we ob ain the uniqueness of the processes
． For pure birth process(i．e．， ．t+l>0 and 

qij。0 for all J≠i， ，J 0)，Criterion(C2)says that the process is unique iff 

oo 

∑ n=1 qn +1 = o0 

Besides，if the minimal process is recurrent
，then the term will appears infinite1y often 

in the summation，hence the process should be unique according to the criterion
． 

Criterion(C3)is more effective once equation(1)is solvable．More precisel it is 
the case if the exit boundary consists at most a single point

, for instance the pure birth 

processes，the birth—death processes or more general the single birth processes(i
．el，for 

J>i 0，qij>0 iff J=i+1；for 0 J<i，qij is nonnegative but flee)．We will come 

back this story soon． 
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However，the next model stopped our study for several years at the beginning of 

the study(1977-1978)on non—equilibrium particle systems．To state our model，we use 

operator Q instead of the matrix Q： 

f~f(i)=∑ q~j(fj一 )， i∈E 
jEE 

Of course，in this case，Q．厂=QI．For a Markov chain on a countable set E，by a transform， 

one often assumes that E is simply the set z+={0，1 ．]．．However，such a transform 

ignores the original geometry of E and may not be convenient in multidimensional case． 

To state our model，we need some notation．Let i=(iu：u∈S)and define its updates 

iu~ and ， as follows： 

一  

土 1 

一、． 

W =  ： 

W≠U， 

l iu一1 I 

：

{i +1 I 
叫  

V3 = U ： 

W ： V： W ∈S 

W ≠ u， ， 

Example 1(SchlSgl’S second mode1) Let S be a finite set and E=z罩．Define a 
Markov chain on E with operator 

Q，( )=∑{6( )[， “+)一，( )]+a(i )[s(i“一)一，( )]) 
uES 

+∑iup(u， )[s(i )一，( )]， i=(i ： ∈S)∈E， 
．t=， 

where ( ，v)：u，V∈S)is a“simple”random walk on S，and 

b(k)=Z0+ 七(七一1)， ， >0， 

a(k)=61k+6ak(k一1)( 一2)， 1，如>0． 

Here in the first sum of in each vessel ，there iS a birth-death process with birth 

rate b(k)and death rate n( )，respectively．This is called the reaction part of the mode1． 
The reactions in different vessels are independent． In the second sum of Q，a particle 

from vessel钆moves to vessel V．This is called the diffusion part of the mode1．Thus，it 

is actually a finite—dimensional reaction-diffusion processes．Replacing the finite S with 

S： Zd
． we obtain formally an operator of infinite-dimensional reaction-diffusion process 

which is a typical model from the non-equilibrium statistical physics．Even though the 

large systems are quite popular today,in that period，it Was rather unusual to study such 

a non—equilibrium system．Our original program is to rebuild the mathematical ground 

of non-equilibrium statistical physics(cf．Chen(2004；Part IV)．An earlier paper on this 

topic appeared in 1985(see Chen，1985))．For this，the model is meaningful only if it 
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is ergodic in every finite dimension．Thus，the finite dimensional model consists the first 

doorsill of our program． 

In 1983，the author and Yan(see Yah and Chen，1986)，using a comparison technique， 

overcame this doorsill，based on a systemic study on the single birth processes．To which， 

we obtained explicit criteria not only for uniqueness but also for ergodicity and so on． 

This goes back to Yan and Chen(1986)，Chen(1986a)．Refer to Chen(2004)for updates 

and to Chen and Zhang(2014)for a unified treatment．After two more years，using an 

approximating approach，we obtained a powerful sufficiency theorem as stated below· 

Theorem 2(Uniqueness criterion) Let Q=(％)be a Q—matrix on a countable 

set E．Then the corresponding Q—process is unique iff the following two conditions hold 

simultaneously． 

(U1)There exist 十E as佗1、。。and a nonnegative function such that sup qi<oo 
z∈／z；n 

and lim inf {= oo． 
竹-+oot 

(U2)There exists a constant c∈ such that Q c ． 

Certainly，for Schl5gl’s model for instance，in condition(u2)，it is more convenient 

to use Q instead of Q ．Besides，an important fact should be very helpful in practice：if 

satisfies the conditions with c 0，then so does M + for every constant M  0．In 

particular，a local modification of Q does not interfere the conclusion． 

From Chen f2004；Parts I and II)，it is now clear that a large part of the theory of 

Q．processes can be generalized to the so-called Markov jump processes on general state 

space．To save the space，we will not really go to the last subject but it is worth to 

mention the extension．We now use the codes“GS’’and “DS’’to distinguish the“general 

state space’’and the“discrete state space”，respectively．The sufficient part of the last 

theorem first appeared in Chen(1986a；Theorem 2．37(cs))and Chen(1986b；Theorem 

(16)(GS))．Because it is regarded as one of the author’s favourite contributions to the 

theory of Markov jump processes，this result was then introduced several times in the 

author's publications：Chen(1991；Theorem 1．11(DS))，Chen and Yan(1991；Theorem 

3．9(Gs))，Chen(2004；Theorem 2．25(Gs))，Chen(1997；Theorem 2．1(DS))，Chen(2005； 

Theorem 9．4(DS))，and Chen and Mao(2007；Theorem 2．9(Ds))． 

Theorem 2 is often accompanied in 

result． 

the publications just listed by the next simpler 

Corollary 1 Suppose that there exist a function q and a constant c∈ such 

that Q c on E．Then the Q—process is unique． 

Proof Set ={ ∈E：qi 礼)．If M ：= supqi<。。，then for large enough礼， 
t∈E 
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we have =E and 8。 ===∞by s andard c。I1vemi。n inf 
c。nd 。n(u2)is triVia1 w h ===1+M·I M ：∞，then 

Combining this with(U2)，the conclusion follows from Theorem 2． 

==：。。． In this case， 

礼 o。 as 礼 _÷ ∞ ． 

口 

Corollary 1 is almost explicit since one can simply specify = l+q．This enables us 

to use it easier in practice．However，such a specification makes the assumption becomes 

a little stronger．We will come back this point later． 

Let us make some remarks about the conditions in Theorem 2．Condition(U2)is 

a relax of the equation in(1)：finding a solution to an inequality is easier than finding 

a solution to the corresponding equality．Criterion(C3)says that there is only trivial 

bounded solution to the equation(1)．Conversely,if a solution of the equation is fixed at 

some point，say 0，such that 日= 1，then the solution should be unbounded．This leads 

to thec0ndition =：= n(u )·Using this idea,We prove that the assumpti0ns 

in Theorem 2 are necessary for single birth processes(see Chen，2004；Remark 3．20)．The 
reason we allow some subset of t0 be infinite is to rule out some region of E，on which 

sup qi< co．The key in the proof of this result is an economic approximation by bounded 

Q—processes．Certainly,the necessity shows that the assumptions of the theorem are sharp， 

and is valuable as illustrated by Chen(1986b；Theorem (25))．However，it does not mean 

that the inverse of the conditions can be used in practice to show the non—uniqueness of 

the processes．Hence，we went to an opposite way proving the following criterion(see 

Chen，2004；Theorem 2．27(GS)，its proof in 2nd edition uses Lemma 5．18 rather than 

Lemma 5．15)． 

Theorem 3(Non-uniqueness criterion) For a given Q—matrix Q on a countable 

set E，the Q—processes are not unique if for some(equivalently,for al1)c>0，there is a 

bounded function with sup >0 such that Q c ．Conversely，these conditions 
kEE 

plus 0 are also necessary． 

W．e remark that three results(Theorems 2，3 and Corollary 1)，we have talked so 

far are specialized from their original case in GS to the one in DS．Theorems 2 and 3 

are somehow the extensions of Criterion(C31 in two opposite directions．As we will see 

soon that the extended theorems are much effective than the original Criterion fC31． 

Using two opposite sufficiency results instead of a single criterion is often meaningfu1．For 

instance，for recurrence，we have a criterion(see Chen，2004；Proposition 4．211 which is 

accompanied with more practical criteria fsee Chen，2004；Theorems 4．24 and 4．251 for 

the recurrence and transiency,respectively．As a companion to Chen(2004；Theorem 

4．25)，refer to Meyn and Tweedie(2009；Theorem 8．0．2)and Hairer(2010；Proposition 

1．3)or more recent criteria．Next，for ergodicity and nonergodicity,refer to Chen f2004； 

dell
删划线

dell
文本框
5.17

dell
线条
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Theorem 4．45(1))and Kim and Lee(2008；Theorem 1)，respectively．For various stability 

speeds／principal eigenvalues，in Chen(2005)，we have not only the classical variational 

for瑚_ula．but also dual variational formulas to describe their lower and upper bounds， 

respectively． 

It is interesting that there is now a direct way to prove the necessity of Theorem 2 in 

the context of DS based on a recent result by Spieksma(2o14)． 

Theorem 4 Everything is the same as in Theorem 2 except(U1)is replaced by 

(UI) In the original(U1)，assume in addition that each is finite and ignore 

“sup吼 < 。。”． 

i6E 

It is now the position to illustrate by examples the power of our results and compare 

conditions(U1)and(UI) ． 
The next two examples show that in Theorem 2，the condition “ ：==。。”is 

necessarv which is however necessary in a criterion for recurrence used in the proof of 

Theorem 4(see its proof below)． 

Example 2 Let E be a countable set and Q=( J)be a bounded conservative 

Q—matrix on E．Then assumptions of Theorem 2 hold but its test function can be 

bounded． 

Proof (a)Simply set 三E(may be infinite)for every几≥1 and l三1· 

Then it is 0bVi。us that 0=Q and 
i ：==oo since inf ===oo by也e s andard 

convention．Hence by Theorem 2，the process is unique．As we have seen before，Corollary 

1 is also applicable in such a trivial case． 

(b)Knowing that the process is unique，then by Theorem 4，there should exist a 

satisfying(U1) ，as well as(u2)．The problem is that the resulting is not explicitly 
known when E is infinite．In this sense，Theorem 4 is theoretic correct but not practical 

in such simplest case． 口 

Example 3 Let E ： Z+and Q( )be a bounded conservative Q—matrix on E． 

Denote its test function by (1)三1 as in the last example．Next，let Q(2)be a conservative 

Q—matrix on E satisfying the assumptions of Theorem 2 with a sequence of finite subsets 

{ )n>1 and a test function ( ．Finally,we construct a new Q as follows：on the odd 

numbers in E，we use the transition mechanism of Q(̈，and on the even numbers in E， 

、7l7_e adopt the one of Q(2】．Define = ( )on the odd numbers and = ( on the even 

nu珈-bers．Then the assumptions of Theorem 2 hold but its test function n has no limit 

as n-÷∞ ： lim n= o。and
—

lim
—  

n= 1． 
n _÷∞  n_+o。 

Pr00f First，note that for the original Q( Oil E，because each is a finite subset 
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。f E，the conditi。n 。。is equivalent t0 l im
。。

~(2 = ∞
· Theref0 rej we have 

甄lim = )-oo， n— 。。 n—}o。 l im n= ’= n_+∞ n_÷∞ 

To show the assumptions in Theorem 2 hold，simply let E0={odd integers}，and let 

(n≥1)be the union of E0 and the natural modification of the original used for 

Q( ．Then the resulting 1、E as n_÷oo，sup qk<∞ for each n 0，and 
kE 

箍 ⋯lim~(n2 。。· n一+oo n_÷o。 硭 ～ n_÷o。 

Finally,because of the independence of Q( )and Q( ， ( )and ( ，the condition Q 

ma~{c2，1】． on the set of odd numbers follows from 

Q( ) ( ) ( ) on E； 

and the same condition on the set of even numbers follows from 

Q( ) ( ) c2 ( on E． 

We have thus obtained the required conclusion． 

As mentioned in the last proof，in the present situation，we do not know how to use 

Theorem 4． 口 

Note that the last matrix Q is reducible．However，we can add a connection between 

0 and 1 to produce an irreducible version of the example．This is not essential since a local 

modification does not interfere the uniqueness problem．Furthermore，one may replace the 

set{odd integers}or even integers}by any infinite subset of E，but not E itself，the set 

of primer numbers for instance．The conclusion of Example 3 remains the same by an 

obvious modification． 

The point is that some is allowed to be infinite in(U1)but not in(U1) ． 

Example 4 The pure birth process is unique iff(2)holds．In particular，set 

qn．n+1= the nth primer，then Theorem 2 is suitable but Corollary 1 fails． 

Proof Note that qk= qk
．

k+l for k 0． 

(a)If∑ =oo，set ={0，1⋯ ．，礼)and 

南 + §一 1 oo as k--+∞． 

Then Q and SO Theorem 2 gives US the uniqueness of the processes．In the particular 

cas e that qn,n+l= 礼+ 1，the above has order logn． However，we can also choose 

n= 1+n and apply Theorem 2．This shows that there are some freedom in choosing ． 
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(b)If M ：=∑ <∞，set as above and 

一  

1

+ 萎一 1一 ∈ 

Then su p ==：1／2>0，Q ，and SO by Theorem 3，the Pr。ces8e8 are n。t unique． 

W e remark that it would be awful to use the necessity in Theorems 2 or 4 to prove this 

non-uniqueness property． 

(c)The last assertion is due to J．L．Zheng(cf．Chen，1986a；Example 2．3．12；or Chen， 

2004；Example 2．26)． 口 

Proof of the uniqueness for Exam ple 1 For i∈E = z
—

S
，
define its level by 

Iii=∑ i and set ={ ∈E：liI 仇)for n≥1． 
U 

． 

(a)NeX ，de6ne ( )= + Then “s c ear that i隹n f ( )=。o-Because the 
di sions do not change the levels

．

we have “ 

nv(]il) 

for some positive 

a(i )] 

{ ]．2：0．Next，since 

∑ uES ， 

= ∑[ 0一Q1 + 2 一 3 】 
u∈S 。 

1 E
s 

f，旦
Isl
、
／

。 

(Jensen’S inequality)， 

where I S I is the cardinality of S(finite but arbitrary)，we have 

Q ( ) OL，0一 +Q，2 。一 3 

for some positive{ }2：0．Now，because the right—hand side becomes negative for large 

enough lil，it is clear that nv(ti]) c ( for every i∈E and large enough C．The 

assertion now follows from Theorem 2．Hopefully
, we have seen the role played by the 

geometry of E．The proof shows the power of our result
． A good sufficiency result may 

be more eifective than a criterion． 

(b) is also pos
、

sible to use Corollary 1 to prove the required assertion
，simply choose 

( )：==一y( + )．First，choose 7 large enough SO that q．Next，choose c large 
_“ t 0  

enough SO that Q c ． 口 

It is worthy to mention that in accompany to Theorem 2，we also have a similar， 

practical sufficiency result for(exponentia1)ergodicity．Refer to Chen(1989；Theorem 3 

(Gs))，Chen(1991；Theorem 1．18(DS))，Chen(2004；Corollary 4．49(DS)and Theorem 

14．1(Gs))． 

一 

u 
@  

6  
∑ 

= 
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In the past nearly 30 years，Theorem 2 and Corollary 1 have very successful appli— 

cations．A list of the literature was collected in Chen(2005；§9．2)．Certainly,the results 

used a lot by the author(in Chen(2004)for instance)．In particular，it was used at 

the first step to construct a large class of infinite—dimensional processes(see Chen，2004； 

§13．2)，15 models are included in Chen(2004；5 13．4)．Corollary 1 with some extension 

was used by Song(1 988)in a quite earlier stage for Markov decision processes moving from 
bounded to unbounded situation．It iS now quite often to see the influence of the study 

on Markov jump processes to the theory of Markov decision processes．Based on Chen 

(1986b)，Theorem 2 Was collected into Anderson(1991；Corollary 2．2．16)，its originality 

was unfortunately ignored，even though the original paper(see Chen；1986b)is included 

in the references of the book．For some corrections and comments on the last book．refer 

to Chen(1996)．Very recently，Theorem 2(GS)is applied by Chen and Ma(2014)to 

genetic study having continuous state space．Finally，we mention that the results have 

already extended to the time—inhomogeneous case by Zheng and Zheng(1987)and Zheng 

(1993)using the martingale approach． 

Before going to the proofs，note that equation(1)is equivalent to 

Ⅱ( ) = ， 0 u 1 on E， >0， 

where 

Ⅱ㈧：( ∈E)． 
Here the matrixⅡ( )is sub-stochastic．We introduce a fictitious state A and define on 

the enlarged state space =E u<△]．a new transition probability matrix 

Ⅱ会( )= 

Ⅱ ( ) 

+ qi 

pj 

if i，J∈E； 

if i∈E，J：△； 

if i=△，J∈E， 

where(Pj：J∈E)is a positive probability measure on E．The enlarged transition 

probability matrix is irreducible even the original one may be not． 

Lemma 1 The equation(1)has zero solution only iff SO does the equation 

Ⅱ△( )(u丑E)= ， 0 札 1 on EA， 入>0． 

Thus，the original Q-process is unique iff the II△( )一chain is recurrent． 

Proof Noting that u△=∑ pkUk，it is clear that UA=0 iff Uk=0 for all ∈E 
kEE 

since Pk>0 for all k∈E．Equation(4)restricted to E coincides with(3)and then(1)． 

This proves the first assertion． 
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To prove the second assertion，it su伍ces to note that II△f )一chain is recurrent iff 

equation(4)has only trivial solution．The last result comes from Yah and Chen(1986)， 

Chen(1986a；Lemma 12．1．27)，or Chen(2004；Lemma 4．51)．We remark here that the 

regularity assumption used in the cited references can be replaced by the minimal process， 

due to the equivalence of recurrence of the minimal process and its embedded chain．Refer 

to Chen(1986a；Lemma 12．3．1)，or Chen(2004；Theorem 4．34)． 口 

Proof of Theorem 4 When IEI<co，the conclusion is trivial and the assumptions 

hold for the specific 三E and 三1 as seen from proof(a)of Example 2．Hence we 

maly assume that E=z+。 nce eaCh is finite,the c。ndition 醚 =：=。。becomes 
1im =∞．In this case，Conditions(U1) and(U2)consist a criterion for the recurrence 

of the Markov chainⅡ△( )，refer to Chen(2004；Theorem 4．24)and its references within． 

W e remark that it is at this point，the finiteness of is required and so the present 

sufficiency proof is not suitable for Theorem 2．At the moment，we do not know how to 

extend the necessity result of Theorem 4 from DS to GS． 

Here is a part of an alternative proof given in Spieksma(2014)．Let Pmin( )be the 

Laplace transform of Pmin( )．Using the second successive approximation scheme for the 

backward Kolmogorov equation(goes back to Feller(1940；Theorem 1))，we obtain 

Pra‘in㈧= )ndiag(熹A 1／ ( )=∑Ⅱ( )n ( ) 忱=O ＼—r q 
(cf．Chen，2004，page 75，line一6)．Hence 

入)column(1)：曼 ) column( i)． JF)Ⅱu (入) ()：∑Ⅱ( ) ( )． n=U ⋯ 
The process is unique iff the left—hand side equals 1 at some／every i∈E，the right—hand 

side is the probabilistic decomposition of the time that the Markov chain HA( )starts 

from some i∈ E，first visits△ at some step n ≥ 1，which equals 1 iff the irreducible 

Markov chainⅡ△(入)is recurrent．We have thus come back to the last lemma． 口 

Proof of Theorem 2 Here we adopt a circle argument． 

(UI) +(U2) (U1)+(u2)．This is easy since(U1)is weaker that(U1) ． 

(U1)+(U2)= uniqueness．This is the sufficiency part of Theorem 2 and was proved 

long time ago，even for GS． 

Uniqueness (U1) +(u2)．This is the necessity part of Theorem 4． 口 

We remark that a similar phenomena is appeared in Theorem 3，the conditions for 

sufficiency are weaker than the ones for necessity．As we have seen from Example 4，this is 

very helpful in practice．However，these conditions are actually equivalent：conditions for 

necessity= conditions for sufficiency= non—uniqueness= conditions for necessity． 
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In view of these discussions，one may combine Theorems 2 and 4 into one having the 

style of Theorem 3． 

In conclusion，this note as well as the practice during the past 30 years confirm that 

the sufficient part of Theorem 2 and Theorem(Criterion)3 are not only powerful but 
also sharp，even though at the moment we are still unable to prove the necessity part of 

Theorem 2 for general state spaces． 

Acknowledgments The author thanks Yong—Hua Mao for bringing Spieksma 

(2014)to the attention． 
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The main topic of this talk is the speed estimation of stability/instability.
The word “various” comes with no surprising since there are a lot of different
types of stability/instability and each of them has its own natural distance to
measure. However, the adjective “unified” is very much unexpected. The talk
surveys our recent progress on the topic, made in the past five years or so.

In the next section, we introduce our first unified result: Theorem 1. Then,
several extensions or generalizations of Theorem 1 are collected briefly in Sec-
tion 2.

1 Basic estimates of the first non-trivial eigenvalue

Here is our first stability, the exponential stability in the ergodic case. Given
a Markov chain on a countable E with transition probability P (t) = (pij(t) :
i, j ∈ E) (t > 0), in the irreducible ergodic case, we have a stationary distri-
bution π: πP (t) = π for all t > 0. Then, we have

pij(t) → πj as t→ ∞ for all i, j.

We are now looking for the exponential convergence speed (rate) ε:

|pij(t)− πj | 6 Cie
−εt, t > 0, i, j ∈ E.

Define the Q-matrix by

Q = (qij : i, j ∈ E) =
d

d t
P (t)

∣∣∣∣
t=0

(pointwise).

In the reversible case, we have εmax = λ1, where λ1 is the smallest (the first
nontrivial) eigenvalue of −Q: Qg = −λg for some g ̸= constant.

Let us now consider a simpler birth–death Q-matrix on E = {0, 1, 2, . . .}:

Q =


−b0 b0 0 0 . . .
a1 −(a1 + b1) b1 0 . . .
0 a2 −(a2 + b2) b2 . . .
...

. . .
. . .

. . .

 ,
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where ak, bk > 0. Since the sum of each row equals 0, we have Q1 = 0 = 0 ·1,
where 1 is the vector having elements 1 everywhere and 0 is the zero vector.
This means that the Q-matrix has a trivial eigenvalue λ0 = 0 with eigenvector
1. Our question is what is the next eigenvalue λ1 of −Q?

Actually, the story is much harder than it looks like, as shown in [3; pages
1–3], even for E = {0, 1, 2, 3}. The reader is urged strongly to have some
personal computation or have a look at the pages just mentioned.

We now show that the story is even much more complicated. Let E =
{0, 1, . . . , N} with N <∞ for a moment. Consider the eigenvalue problem:

Qg = −λg, g ̸= 0

with Dirichlet boundary at 0: g0 = 0 and Neumann boundary at N : gN =
gN+1. Using codes ‘D’ and ‘N’, we may denote this minimal eigenvalue λ by
λDN. Actually, the DN case is well studied in the history. Obviously, except
the DN case, we should have three more cases: ND, DD, and NN. The last
one, λNN, denotes the ergodic rate λ1 just mentioned above, for which the
constraint is not at the endpoints but is having mean zero.

In the non-ergodic case, the symmetric measure µ can not be finite. Hence,
the exponential convergence rate is changed to be the exponential decay rate:

ergodic case : |pij(t)− πj | 6 Cie
−εt, t > 0, εmax = λNN;

non-ergodic case : pij(t) 6 Cie
−εt, t > 0, εmax = λ#, i, j ∈ E,

where # =DN, ND, or DD.

Altogether, there are four cases: NN, DD, DN, and ND.
To state our main result, we need a standard notion. Return to our general

state space E = {0, 1, · · · , N}, N 6 ∞. Define

µ0 = 1, µn =
b0b1 · · · bn−1

a1a2 · · · an
, 1 6 n 6 N.

For general N 6 ∞, the principal eigenvalue λ# defined above has to be
extended to the largest λ satisfying

√
λ ∥f∥µ,2 6 ∥∂f∥ν,2 (1)

with one of the four boundary conditions, where ∥·∥µ,q denotes the Lq(µ)-norm
and

νi =

{
ν−i = µiai i 6 θ

ν+i = µibi θ 6 i < N + 1;

∂if =

{
(∂if)

− = fi−1 − fi i 6 θ

(∂if)
+ = fi+1 − fi θ 6 i < N + 1

and θ ∈ E is a reference point.
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The author started to study λNN in 1988 (cf. [2, 3]), but the following
result (the first unified exponential rate estimation) was obtained in 2010 [5]
only.

Theorem 1 For the first non-trivial eigenvalue λ# defined above, we have the
following unified basic estimates:(

4κ#
)−1 6 λ# 6

(
κ#

)−1
,

where

(
κNN

)−1
= inf

n,m∈E,m<n

[( m∑
i=0

µi

)−1

+

( N∑
i=n

µi

)−1]( n−1∑
j=m

1

µjbj

)−1

(
κDD

)−1
= inf

n,m∈E,m6n

[( m∑
i=0

1

µiai

)−1

+

( N∑
i=n

1

µibi

)−1]( n∑
j=m

µj

)−1

κDN = sup
n∈E

( n∑
i=0

1

µiai

)−1( N∑
j=n

µj

)−1

κND = sup
n∈E

[( n∑
i=0

µi

)−1( N∑
j=n

1

µjbj

)−1

.

In particular, λ# > 0 iff κ# <∞.

Note that if we define ν̂k = (µkbk)
−1, and in the DD and DN cases, un-

der the sum
∑m

k=0, we modify ν̂k to be (µkak)
−1 (noting that when k ∈ E,

µkbk = µk+1ak+1), then the basic estimates given in the theorem can be de-
scribed completely by two measures µ and ν̂. The upper and lower bounds
are the same up to a universal constant 4 only. It is easy to see that the two
endpoints 0 and N are symmetric in the constants κNN and κDD.

Finally, we mention that the DN and ND cases are known around 1970
in harmonic analysis, our main contribution is for the cases of DD and N-
N, especially the two isoperimetric constants κNN and κDD (come from [5;
Corollaries 7.8 and 7.9]). In the proof of the DD and NN cases, three advanced
mathematical tools are used and its proof given in [5] consists of five steps.
Later, a direct elementary proof was found in [6]. It then leads to the study
in the next section.

2 Generalizations

2.1 Bilateral case

Clearly, the birth-death process studied in the last section can be extended
to the bilateral one with state space E = {i : −M − 1 < i < N + 1}, where
M,N 6 ∞, and with evolution rates: qi,i+1 = bi, qi,i−1 = ai, and qij = 0 for
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other j ̸= i, i, j ∈ E. In this case, the symmetric measure µ is defined as
follows.

µθ+n =
aθ−1aθ−2 · · · aθ+n+1

bθbθ−1 · · · bθ+n
, −M − 1− θ < n 6 −2,

µθ−1 =
1

bθbθ−1
, µθ =

1

aθbθ
, µθ+1 =

1

aθaθ+1
,

µθ+n =
bθ+1bθ+2 · · · bθ+n−1

aθaθ+1 · · · aθ+n
, 2 6 n < N + 1− θ.

where θ ∈ E is a reference point. In this bilateral case, Theorem 1 remains
the same. Refer to [5].

2.2 Bilateral Hardy-type inequalities

Obviously, the Poincaré inequalities (1) can be generalized to the following

∥f∥µ, q 6 A#∥∂f∥ν, p, f ∈ Lq(µ) (2)

for p, q ∈ [1,∞]. This and the parallel inequalities with different boundary
condition consist of the bilateral Hardy-type inequalities. When q > p, a
generalization of Theorem 1 is given in [7] in the continuous context and in
[14] in the discrete one.

2.3 Normed linear space (B, ∥ · ∥B, µ)

In many applications (Sobolev inequalities, logarithmic Sobolev inequalities,
Nash inequalities, and so on), the Lq-norm in (2) is not enough. This leads
to the extension to a normed linear space B which is a linear subset of Borel
measurable functions on (E,µ) with a specific norm ∥ · ∥B. In other words,
instead of (2), we study the following Hardy-type inequalities

∥|f |q∥1/qB 6 A#
B ∥∂f∥ν, p, f ∈ B

with different boundary conditions as before. Our result is presented in [1, 7].
For the last two topics, some popular reports are presented in [7–12].

2.4 Birth–death processes with killing

For the remainder of this section, we consider the birth–death processes with
killing on E = {0, 1, 2, . . . , N}, N 6 ∞. Its Q-matrix becomes

Qc =


−(b0 + c0) b0 0 0 · · ·

a1 −(a1 + b1 + c1) b1 0 · · ·
0 a2 −(a2 + b2 + c2) b2 · · ·
...

...
. . .

. . .
. . .


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with ai > 0, bi > 0, and ci > 0 for every i ∈ E. Clearly, this is a special type
of tridiagonal or Jacobi’s matrix. Assume that ci ̸≡ 0 on (0, N), otherwise, we
would return to Section 1. Even though the spectral problem becomes much
harder than before, since a new sequence of parameter (ci) is added, we are
lucky to obtain a result in parallel to Theorem 1. Refer to [13, 9].

2.5 Discrete spectrum

We say that the matrix Qc (or its quadratic form) on L2(µ) has discrete
spectrum if its spectrum consists of only eigenvalues with finite multiplicity.
Since an operator on a finite space is compact and hence must have discrete
spectrum, we need only consider an infinite state space. Next, since the whole
line can be split into two half lines, without loss of generality, we assume
that E = {0, 1, . . .}. In this subsection, we allow ci|(0,N−1) ≡ 0. This problem
is solved completely by [9; Theorem2.1], based on [13]. From the last cited
paper, one finds an interesting story on isospectral operators.

Acknowledgments. This paper is an extended abstract of a plenary lecture

presented at “24th International Workshop on Matrices and Statistics,” the author

acknowledges a kind invitation by the Scientific Program Committee, especially Pro-

fessor Jeffrey J. Hunter.
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The main topic of this talk is the speed estimation of stability/instability. The

word “various” comes with no surprising since there are a lot of different types of sta-

bility/instability and each of them has its own natural distance to measure. However, the

adjective “unified” is very much unexpected. The talk surveys our recent progress on the

topic, made in the past five years or so. The restriction on our recent work is due to the

fact it seems now not practical to have a comprehensive review in a paper for the rapidly

developing subject.

In the next section, we begin with two models to show the importance of the topic.

Then the difficulty of the problem is illustrated. The first unified result is Theorem 3

presented in Section 2. If one is in hurry to know a representative result, who may

jump from here to Section 2. The subsequent sections of the paper is devoted to various

extension or generalization of Theorem 3.
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§1. Motivation

We show the importance of speed estimation by two concrete models.

Economic Model

For a given Markov chain with countable state space E and transition matrix P =

(pij : i, j ∈ E), very often, we have a stationary distribution π = (πi : i ∈ E) such that

π = πP and furthermore

π = πPn, n > 1.

In the probabilistic language, the last formula says that if the chain starts at π, then its

distribution at every time n is the same π. This is the meaning of the invariance measure

and is a very useful stability in practice. We are now going to show a different meaning

of this property.

Recall that for a finite E, the last property is a special case of the Perron–Frobenius

theorem. Let A = (aij : i, j ∈ E) be a nonnegative irreducible (prime) matrix and denote

by ρ(A) and u (must be positive, up to a constant), respectively, the maximal eigenvalue

of A and its left-eigenvector (row). Then uA = ρ(A)u and furthermore

uAn = ρ(A)nu, n > 1.

When A is invertible, this is equivalent to

uA−n = ρ(A)−nu, n > 1.

Regarding u as the initial input x0, then

xn := x0A
−n, n > 1

is the output at the nth year of the economic model with structure matrix A. This is the

well-known input–output method in economy. Clearly, we have the equilibrium:

x0 = u =⇒ xn = ρ(A)−nu, n > 1.

This means that starting from x0 = u, the economy has an optimal growing speed ρ(A)−n

in some sense. This stability result comes with no surprising. The surprising point, due

to Loo-Keng Hua (1984), is the following (cf. [25] or [3; Chapter 10]): if we start from

x0 6= u up to a constant, then the economy will be collapsed, that is, the collapse time

T x0 = inf{n : xn 6> 0 (some of the components of xn is 6 0)}
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is finite. After Hua proved his result, he wrote a letter to Zhen-Ting Hou and Kai-Lai

Chung, separately, saying that “every Markov chain should have a natural starting point”.

The starting point (distribution) is (assuming to be irreducible for simplicity) clearly the

specific entrance law, i.e., the stationary distribution π : πP−n ≡ π. Otherwise, if µ 6= π,

then µP−n has only a finite life-time.

Let us now return to Hua’s conclusion. In the case that T x0 is very large, ten thousand

years for instance, then we do not need to take care of it. However, it is not the case in

practice. Here is a simple example.

Example 1 Let

A =
1

100

(
25 14

40 12

)
.

Then the left-eigenvector corresponding to the maximal eigenvalue is

u =
(
5
(√

2409 + 13
)
/7, 20

)
≈ (44.34397483, 20).

With respect to different x0, the collapse time is given in Table 1.

Table 1 The collapse time with respect to x0

x0 T x0

(44, 20) 3

(44.344, 20) 8

(44.34397483, 20) 13

This shows that the economy is very sensitive!

For input x0 = (44.344, 20), the collapse time T x0 = 8. This is okay since the

economic plan in our country lasts for 5 years. Now, if we make ±0.01 perturbation of A

with probability 1/6, respectively, then

Px0
[
T x0 6 3

]
= 0.74.

Hence, a modulation of the input x0 is needed at the end of the second year. How can

we imagine such a fast collapse in advance? The textbook [18] begins with this attractive

model.

The importance of the speed (the collapse rate) estimation should be clear now.

Generally speaking, a subject is still incomplete if knowing qualitative theory only without

quantitative estimation. Unfortunately, the analytic estimation for the collapse rate of this

model is still largely open (cf. [3; Chapter 10] for instance). However, there is a recent

interesting progress on computing the maximal eigenpair (ρ(A), u), refer to [17]. The
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efficient initials used in [17] are based on Theorems 3, 7 and Corollary 8 in this paper.

Thus, one may regard [17] as a remarkable application of the theory introduced here.

The next model is taken from statistical physics, which is an infinite-dimensional

model.

Phase Transition: ϕ4 Euclidean Quantum Field on the Lattice

Consider the following operator L for the ϕ4-model with state space RZd
:

L =
∑
i∈Zd

[
∂ii − (u′(xi) + ∂iH)∂i

]
,

where

u(xi) = x4
i − βx2

i , H(x) = −2J
∑
〈ij〉

xixj , β > 0, J > 0,

and the pair 〈ij〉 is the nearest neighbors in Zd. For Λ b Zd (finite subset), let

UωΛ (xΛ) =
∑
i∈Λ

u(xi)− J
∑

〈ij〉: i,j∈Λ

xixj − J
∑

〈ij〉: i∈Λ, j /∈Λ

xiωj , ω ∈ RZd
.

Define the conditional Gibbs distribution πΛ,ω
U (dxΛ) with boundary ω and the Dirichlet

form DΛ,ω
U (f) (more precisely, the diagonal elements of a Dirichlet form) on the L2-space

L2
(
πΛ,ω
U

)
as follows.

πΛ,ω
U (dxΛ) = e−U

ω
Λ (xΛ)

/
ZωΛ , DΛ,ω

U (f) =

∫

RΛ

|∇f |2 dπΛ,ω
U , Λ b Zd, ω ∈ RZd

,

where ZωΛ is a normalizing constant. In general, knowing D(f) on L2(µ) with a general

measure µ, it is standard to write down the quadratic form D(f, g) on L2(µ) by the

quadrilateral rule:

D(f, g) =
1

4

[
D(f + g)−D(f − g)

]
.

In particular, here we have

DΛ,ω
U (f, g) =

∫

RΛ

〈∇f, ∇g〉
L2(RΛ, πΛ,ω

U )dπΛ,ω
U , Λ b Zd, ω ∈ RZd

.

Having these quantities at hand, we can define the local first non-trivial eigenvalue

λβ,J1 (Λ, ω) which describes the exponential stability rate and the local logarithmic Sobolev

constant σβ,J(Λ, ω) which describes the exponential stability rate in entropy, as will be

defined below.

Again, in general, for a given probability measure π and a Dirichlet form D(f) on the

L2-space L2(π) with norm ‖ · ‖, we can define the largest λ1 and σ satisfying the following

inequalities, respectively:
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• Poincaré inequality [H. Poincaré, 1890]:

λ1‖f − π(f)‖2 6 D(f), f ∈ L2(π), ‖ · ‖ := ‖ · ‖L2(π).

• Logarithmic Sobolev inequality [L. Gross, 1976]:

2−1σEnt(f2) 6 D(f), f ∈ L2(π),

where Ent(f) =
∫ (
f log(f/‖f‖1)

)
dπ and log = loge, ‖ · ‖r is the Lr(π)-norm.

The last inequality [23, 24] is now quite popular since it was used by G. Perelman (2002)

in the study of Poincaré conjecture.

Next, let (Pt)t>0 be the symmetric Markov semigroup determined by the Dirichlet

form. Then

• the Poincaré inequality is equivalent to the L2-exponential stability

‖Ptf − π(f)‖ 6 ‖f‖e−εt, f ∈ L2(π), t > 0,

with the maximal rate εmax = λ1.

• The logarithmic Sobolev inequality implies the exponential stability in entropy

Ent(Ptf) 6 Ent(f)e−2σt, f ∈ L2
+(π), t > 0.

Refer to [3] for more details.

Theorem 2 ([5]) For the ϕ4-model, we have

inf
ΛbZd

inf
ω∈RZd

λβ,J1 (Λ, ω) ≈ inf
ΛbZd

inf
ω∈RZd

σβ,J(Λ, ω) ≈ exp
[
− β2/4− c log β

]
− 4dJ.( ) ( ) [ ]

β

0.2 0.4 0.6 0.8

1

2

3

4

r = 2dJ

λβ,r
1 , σβ,r≈ exp

[
−β2/4− c log β

]
− 2r

c = c(β) ∈ [1, 2]《
应
用
概
率
统
计
》
版
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In the shadow region, inf
ΛbZd

inf
ω∈RZd

λβ,r1 (Λ, ω) > 0. This means that the system is expo-

nentially ergodic for smaller β (higher temperature) and smaller r (weaker interaction),

uniformly in finite subset Λ and in boundary ω. We mention that here the leading term

β2/4 is sharp. In the region which is a little away from the shadow one, λβ,r1 (Λ, ω) becomes

zero and so the system cannot be (exponentially) ergodic. For more details, refer to [5].

Clearly, the quantitative estimation of λβ,r1 (Λ, ω) plays a key role in Theorem 2.

The author learnt this approach in 1988. For this, we were very glad since we can use

the well-developed spectral theory to study the new topic — phase transitions to which the

known techniques are rather limited, due to the fact it is an infinite-dimensional object.

Now, the question is: how to find the leading eigenvalue for some typical Markov processes?

Certainly, the first class of processes we should choose is the one-dimensional ones.

Birth-Death Processes

Let us now borrow some materials from [3; pages 1–3]. Consider a birth-death Q-

matrix on E = {0, 1, 2, . . .}:

Q = (qij : i, j ∈ E) =




−b0 b0 0 0 . . .

a1 −(a1 + b1) b1 0 . . .

0 a2 −(a2 + b2) b2 . . .
...

. . .
. . .

. . .



,

where ak, bk > 0. Since the sum of each row equals 0, we have Q1 = 0 = 0 · 1, where

1 is the vector having elements 1 everywhere and 0 is the zero vector. This means that

the Q-matrix has a trivial eigenvalue λ0 = 0 with eigenvector 1. Our question is what the

next eigenvalue λ1 of −Q is?

To get a concrete feeling about the difficulties of the topic, let us look at the following

simple examples.

When E = {0, 1},

Q =

(
−b0 b0

a1 −a1

)
,

it is trivial that λ1 = a1 + b0. Everyone is happy to see this result, since if either a1 or b0

increases, so does λ1. If we go one more step, E = {0, 1, 2},

Q =




−b0 b0 0

a1 −(a1 + b1) b1

0 a2 −a2


 ,

《
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用
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then we have four parameters, b0, b1 and a1, a2. In this case,

λ1 = 2−1
[
a1 + a2 + b0 + b1 −

√
(a1 − a2 + b0 − b1)2 + 4a1b1

]
.

It is disappointing to see this result, since how the parameters effect on λ1 is not clear at

all. When E = {0, 1, 2, 3},

Q =




−b0 b0 0 0

a1 −(a1 + b1) b1 0

0 a2 −(a2 + b2) b2

0 0 a3 −a3



,

we have six parameters: b0, b1, b2, a1, a2, a3. The solution is expressed by the three quan-

tities B, C, and D:

λ1 =
D

3
− C

3 · 21/3
+

21/3 (3B −D2)

3C
,

where the quantities D, B, and C are not too complicated:

D = a1 + a2 + a3 + b0 + b1 + b2,

B = a3b0 + a2(a3 + b0) + a3b1 + b0b1 + b0b2 + b1b2 + a1(a2 + a3 + b2),

C =
(
A+

√
4(3B −D2)3 +A2

)1/3
.

However, in the last expression, another quantity, A, is involved. What, then, is A?

A = − 2a3
1 − 2a3

2 − 2a3
3 + 3a2

3b0 + 3a3b
2
0 − 2b30 + 3a2

3b1 − 12a3b0b1 + 3b20b1

+ 3a3b
2
1 + 3b0b

2
1 − 2b31 − 6a2

3b2 + 6a3b0b2 + 3b20b2 + 6a3b1b2 − 12b0b1b2

+ 3b21b2 − 6a3b
2
2 + 3b0b

2
2 + 3b1b

2
2 − 2b32 + 3a2

1(a2 + a3 − 2b0 − 2b1 + b2)

+ 3a2
2

[
a3 + b0 − 2(b1 + b2)

]

+ 3a2

[
a2

3 + b20 − 2b21 − b1b2 − 2b22 − a3(4b0 − 2b1 + b2) + 2b0(b1 + b2)
]

+ 3a1

[
a2

2 + a2
3 − 2b20 − b0b1 − 2b21 − a2(4a3 − 2b0 + b1 − 2b2)

+ 2b0b2 + 2b1b2 + b22 + 2a3(b0 + b1 + b2)
]
,

computed using Mathematica. One should be shocked, at least I was, to see this result,

since the roles of the parameters are completely hidden! Of course, everyone understands

that it is impossible to compute λ1 explicitly when the size of the matrix is greater than

five!

Now, how about the estimation of λ1? To see this, let us consider the perturbation of

the eigenvalues and eigenfunctions. We consider the infinite state space E = {0, 1, 2, . . .}.
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Denote by g and Degree(g), respectively, the eigenfunction of λ1 and the degree of g when

g is polynomial. Three examples of the perturbation of λ1 and Degree(g) are listed in

Table 2.

Table 2 Perturbation of λ1 and Degree(g)

bi (i > 0) ai (i > 1) λ1 Degree(g)

i+ c (c > 0) 2 i 1 1

i+ 1 2 i+ 3 2 2

i+ 1 2 i+
(
4 +
√

2
)

3 3

The first line is the well-known linear model, for which λ1 = 1, independent of the constant

c > 0, and g is linear. Next, keeping the same birth rate, bi = i + 1, the perturbation of

the death rate ai from 2 i to 2 i + 3 and then to 2 i + 4 +
√

2 leads to the change of λ1

from one to two and then to three. More surprisingly, the eigenfunction g is changed from

linear to quadratic and then to cubic. As seen from these examples, the first non-trivial

eigenvalue is very sensitive. Hence, in general, it is very hard to estimate λ1.

§2. Basic Estimates of the First Non-Trivial Eigenvalue

Actually, the story is much more complicated. Let E = {0, 1, . . . , N} with N < ∞
for a moment. Consider the eigenvalue problem:

−Qg = λg, g 6= 0

with Dirichlet boundary at 0: g0 = 0 and Neumann boundary at N : gN = gN+1. Using

codes ‘D’ and ‘N’, we may denote the minimal eigenvalue λ by λDN. Actually, the DN case

is well studied in the context of Hardy-type inequalities (we will come back to this topic

later). Under its inspiration, we obtained a criterion for λ1 > 0 in 2000 (cf. [3; Theorem

5.7]). Next, except the DN case, we should have three more cases: ND, DD, and NN.

The last one, λNN, denotes the ergodic rate λ1 discussed in the last section, for which the

constraint is not at the endpoints but is having mean zero.

In the non-ergodic case, the symmetric measure µ cannot be finite. The Poincaré

inequality becomes

λ#‖f‖2 6 D(f), f ∈ L2(π)

which is equivalent to the L2-exponential stability

‖Ptf‖ 6 ‖f‖e−εt, f ∈ L2(µ), t > 0,
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the maximal rate εmax = λ#, where # = DN, ND, or DD. Furthermore, if we replace

the L2-norm by pointwise convergence, for Markov chains at least, we also have the same

exponential stability rate, even in the ergodic case (cf. [3, 6]):

ergodic case : |pij(t)− πj | 6 Cie
−εt, t > 0, εmax = λNN;

non-ergodic case : pij(t) 6 Cie
−εt, t > 0, εmax = λ#, i, j ∈ E,

where # = DN, ND, or DD.

To make a more precise definition of λ#, we follow [13]. Let E = {i : −M − 1 < i <

N + 1}, M,N 6 ∞. That is, we are now considering the bilateral case. The birth-death

Q-matrix becomes: for i, j ∈ E, qi,i+1 = bi > 0, qi,i−1 = ai > 0, qii = −(ai + bi), and

qij = 0 provided |i− j| > 1. Choose a reference point θ ∈ E and define

µθ+n =
aθ−1aθ−2 · · · aθ+n+1

bθbθ−1 · · · bθ+n
, −M − 1− θ < n 6 −2,

µθ−1 =
1

bθbθ−1
, µθ =

1

aθbθ
, µθ+1 =

1

aθaθ+1
,

µθ+n =
bθ+1bθ+2 · · · bθ+n−1

aθaθ+1 · · · aθ+n
, 2 6 n < N + 1− θ.

Note that for k > θ, (ak, bk) plays the role as so does (bk, ak) for k < θ. When θ varies, the

measure (µθi ) keeps the same up to a constant depending on θ only. Thus, when M <∞
for instance, one can simply set θ = −M and define

µθ = 1, µθ+n =
bθbθ+1 · · · bθ+n−1

aθ+1aθ+2 · · · aθ+n
, 1 6 n 6 N +M.

Similarly, when N < ∞, we can define a sequence (µθ−n : 0 6 n 6 N + M) with θ = N .

However, when M =∞ = N , a reference point θ in the open interval (−M,N) is necessary.

Corresponding to the matrix Q, the Dirichlet form (diagonal elements) on L2(µ) is defined

by

D(f) =
∑

−M−1<i6θ
µiai(fi − fi−1)2 +

∑
θ6i<N+1

µibi(fi+1 − fi)2.

Since µi+1ai+1 = µibi once i ∈ E, this expression does not depend on the choice of θ ∈ E.

In the ND case, simply set θ = −M − 1; conversely, in the DN case, set θ = N + 1. Next,

we have the following boundary condition:

if M <∞, then




f−M−1 = 0, Dirichlet boundary

f−M−1 = f−M , Neumann boundary,

if N <∞, then




fN+1 = 0, Dirichlet boundary

fN+1 = fN , Neumann boundary.

《
应
用
概
率
统
计
》
版
权
所
有



10 Chinese Journal of Applied Probability and Statistics Vol. 32

Noting that here when N < ∞, we assume bN > 0. Similarly, when M < ∞, we assume

a−M > 0. This is helpful to describe the boundary conditions. However, for Neumann

boundary at N for instance, usually we assume bN = 0 and omit “fN+1 = fN”. Since we

now allow infinite intervals, the quantities λ# defined above need to be extended. To do

so, write µ(f) =
∑
k∈E

µkfk. Then we have µ[α, β] = µ
(
1[α,β]

)
. Clearly, µ[α,N ] = µ[α,N)

once N =∞. First, define

λDD = inf
{
D(f) : f has finite support and µ

(
f2
)

= 1
}
.

Next, when µ[θ,N ] <∞, define

λDN = inf
{
D(f) : ∃m,n ∈ E, m < n such that f = 1[m,N ]f•∧n and µ

(
f2
)

= 1
}
,

where α ∧ β = min{α, β} and similarly, α ∨ β = max{α, β}. In words, here f vanishes on

[−M,m− 1] and is a constant on [n,N ]. Dually, when µ[−M, θ] <∞, define

λND = inf
{
D(f) : ∃m,n ∈ E, m < n such that f = 1[−M,n]f•∨m and µ

(
f2
)

= 1
}
.

Finally, when µ[−M,N ] <∞, define

λNN = inf
{
D(f) : µ(f) = 0, µ

(
f2
)

= 1
}

= inf
{
D(f) : ∃m,n ∈ E, m < n such that f = fm∨•∧n, µ(f) = 0 & µ

(
f2
)

= 1
}
.

The author started to study λNN in 1988, but the following result (the first unified expo-

nential rate estimation) was obtained in 2010 only.

Theorem 3 For the first non-trivial eigenvalue λ# defined above, we have the fol-

lowing unified basic estimates:

(
4κ#

)−1
6 λ# 6

(
κ#
)−1

, (1)

where

(
κNN

)−1
= inf

n,m∈E,m<n

[( m∑
i=−M

µi

)−1
+
( N∑
i=n

µi

)−1]( n−1∑
j=m

1

µjbj

)−1
, (2)

(
κDD

)−1
= inf

n,m∈E,m6n

[( m∑
i=−M

1

µiai

)−1

+
( N∑
i=n

1

µibi

)−1]( n∑
j=m

µj

)−1
, (3)

κDN = sup
n∈E

( n∑
i=−M

1

µiai

)−1( N∑
j=n

µj

)−1
, (4)

κND = sup
n∈E

( n∑
i=−M

µi

)−1( N∑
j=n

1

µjbj

)−1
. (5)

In particular, λ# > 0 iff κ# <∞.
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We remark that if we define ν̂k = (µkbk)
−1, and in the DD and DN cases, under the

sum
m∑

k=−M
we modify ν̂k to be (µkak)

−1 (noting that when k ∈ E, µkbk = µk+1ak+1), then

the basic estimates given in the theorem can be described completely by two measures µ

and ν̂. The upper and lower bounds are the same up to a universal constant 4 only. It is

easy to see that the two endpoints −M and N are symmetric in these two constants: κNN

and κDD.

Since this is the central result of the paper, it maybe helpful for our reader to write

down κ# step by step. Let us begin with κNN.

• Since we are in the bilateral case (having the same boundaries at the two endpoints),

in the ergodic case especially, the process starting from different endpoints may have

different rates to go to the middle part of the interval. Based on this, we need two

parameters, say m and n with m < n. The state space [−M,N ] is then divided by

m and n into three parts: the left-hand part [−M,m], the right-hand part [n,N ],

and the middle one [m,n− 1].

−M Nm n

µ µν̂

• Measure the left-hand and the right-hand subintervals by µ and the middle one by

ν̂, respectively:

κ = κNN : µ[−M,m] µ[n,N ] ν̂[m,n− 1].

• Make inverse everywhere:

κ−1 : µ[−M,m]−1 µ[n,N ]−1 ν̂[m,n− 1]−1.

• Finally, multiplying the last term with the sum of the first two terms and making

infimum with respect to m < n, we get the expression of
(
κNN

)−1
given in (2).

Every step is quite natural except the second one: why we use µ but not ν̂ in the first two

terms? This is because we are in the ergodic case, µ is a finite measure. If µ is replaced by

ν̂, since ν̂(−∞,m] and ν̂[n,∞) are infinite when M,N =∞, one would get zero for these

terms and so the quantity is trivial. A sensitive point here is that we use plus, rather than

maximum in the last step. Otherwise, even though the resulting bounds are equivalent to

ours but it then would produce a factor 8 rather than 4 as we expected. We have thus

completed the description of the first, the most important quantity κNN.
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• To get κDD, simply apply the rule: the exchange of the codes D and N simultaneously

in κ# leads to the exchange of the measures µ and ν̂ in their representation.

• For κDN, let us examine (3) more carefully. When N = ∞ and ν̂[n,∞) = ∞, the

second term in the sum of (3) disappeared. In other words, the boundary condition

D on the right endpoint is replaced by N. Then the variable n is free and so can be

removed. Therefore we obtain formula (4). We remark however that the relation

between λDN and κDN remains the same even if ν̂[n,∞) <∞.

• For κND, (5) follows from (4) simply using again our rule. Here we mention that

(5) can be formally obtained from (2) by removing the second term in the sum.

Actually, (5) is formally a reverse of (4), and so is somehow an easy consequence of

(4).

For the last two constants in (4) and (5) respectively, we write down only the case

that M = 0 in [6]. If M =∞, then we can first use finite M instead of 0, and then go to

the limit M → ∞ to arrive the required result. When M < ∞ and the left endpoint is

the Dirichlet boundary, the constant here is different from that in [6]: here we adopt −M ,

but in [6] we use −M + 1. The reason for this point is to guarantee the first non-trivial

eigenvalue in the NN case coincides with the principal eigenvalue in the DD case. Thus,

when M,N <∞, the cardinality of the state space in DD case is one less than that in the

NN case.

Finally, we mention that the DN and ND cases are known around 1970 in harmonic

analysis, our main contribution is for the cases of DD and NN, especially the two isoperi-

metric constants κNN and κDD (come from [6; Corollaries 7.8 and 7.9]). In computing

κNN and κDD, for fixed m 6 n, we simply choose the reference point in defining (µk)

and D(f) to be the same: θ = m. In the proof of the DD and NN cases, three advanced

mathematical tools (the coupling method, the dual technique, and the capacitary method)

are used and its proof given in [6] consists of five steps. Later, a direct elementary proof

was found in [9]. It then leads to the study in the next section.

§3. Bilateral Hardy-Type Inequalities and Extension

Bilateral Hardy-Type Inequalities

Recall that in the definition of D(f), the reference point θ ∈ E is free, hence it can

be rewritten as

D(f) =
∑
i∈E

νi(∂if)2 =: ‖∂f‖2ν, 2, f ∈ L2(µ),
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where ‖ · ‖µ, q denotes the Lq(µ)-norm and

νi =




ν−i = µiai −M − 1 < i 6 θ

ν+
i = µibi θ 6 i < N + 1;

∂if =





(∂if)− = fi−1 − fi −M − 1 < i 6 θ

(∂if)+ = fi+1 − fi θ 6 i < N + 1.

Thus, the Poincaré inequalities, in the DD case for instance, can be rewritten as

√
λDD ‖f‖µ, 2 6 ‖∂f‖ν, 2, f ∈ L2(µ), f−M−1 = 0 = fN+1.

This leads to the following generalization

‖f‖µ, q 6 ADD‖∂f‖ν, p, f ∈ Lq(µ), f−M−1 = 0 = fN+1

for p, q ∈ [1,∞]. This and the parallel inequalities with different boundary condition

consist of the bilateral Hardy-type inequalities. For a large number of references and

results on the Hardy inequalities, refer to [26,29].

Except the typical L2-case, a motivation of the last class of inequalities is studying

the algebraic stability (ergodic case):

‖Ptf − π(f)‖ 6 C‖f‖1/tα, t > 0

for some α > 0, here ‖ · ‖r is the Lr(µ)-norm. This is equivalent to the Nash inequality

‖f − π(f)‖2+4/γ 6 AND(f)‖f‖4/γ1 , f ∈ L2(π), γ > 2.

Which then is equivalent to the Sobolev-type inequality

‖f − π(f)‖22γ/(γ−2) 6 ASD(f), f ∈ L2(π), γ > 2.

Clearly, the last one is a Hardy-type inequality with q = 2γ/(γ − 2) and p = 2.

In the continuous context, the next result is due to [10]. In the present discrete

context, it is due to [27].

Theorem 4 Let q > p > 1 and ν̂k = ν1−p∗
k , p∗ = p/(p − 1). Then we have

B#
∗ 6 A# 6 kq, pB

#∗, where

kq, p =
[ q − p
pB
(
p/(q − p), p(q − 1)/(q − p)

)
]1/p−1/q

if q > p

= p1/pp∗1/p
∗

if q = p,
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and B(α, β) is the Beta function, and in the DD case especially,

BDD∗ = sup
m6n

µ[m,n]1/q
{
ν̂[−M,m]−q/p∗ + ν̂[n,N ]−q/p∗

}1/q
,

BDD
∗ = sup

m6n

µ[m,n]1/q
{
ν̂[−M,m]1−p + ν̂[n,N ]1−p

}1/p
.

When # = DD or NN, we also have BDD
∗ 6 BDD∗ 6 21/p−1/qBDD

∗ . Besides, 21/p−1/qkq, p 6 2

for q > p.

In short, we have the unified estimates: B#
∗ 6 A# 6 2B#

∗ .

To save space, here and in what follows, we omit the quantities BNN∗, BNN
∗ , BDN∗ =

BDN
∗ , and BND∗ = BND

∗ .

Extension to Normed Linear Space (B, ‖ · ‖B, µ)

Noting that x 6 x log x 6 x1+ε for large x and then

‖f‖1 6 Ent(f) 6 ‖f‖1+ε
1+ε

for every ε > 0, it is clear that an interpolation of Lp-spaces is needed in order to study

the logarithmic Sobolev inequality. This leads to the setup of the normed linear space B
introduced below.

Let B be a linear subset of Borel measurable functions on (X,X , µ) with norm ‖ · ‖B
having the following properties.

Hypotheses 5 (Hypotheses (H))

(H1) If µ(X) =∞, then 1K ∈ B for each compact K.

(H2) If h ∈ B and |f | 6 h, then f ∈ B.

(H3) ‖f‖B = sup
g∈G

∫
X |f |gdµ, where G ⊂X /R+.

A typical example is G = Lp for some p > 1, then B = Lp
∗
. In the study of

logarithmic Sobolev inequality, we use G =
{
g > 0 :

∫
X egdµ 6 e2 + 1

}
, where µ is a

probability measure.

We can now study the following Hardy-type inequality

‖|f |q‖1/qB 6 A#
B ‖∂f‖ν, p, f ∈ B

with different boundary conditions as before. For instance, in the DD case: f−M−1 = 0 =

fN+1.
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Theorem 6 ( [1, 10]) Let q > p > 1. Then under (H), the optimal A#
B in the

Hardy-type inequalities satisfies B#
B∗ 6 A#

B 6 kq, pB
#∗
B , where in the DD case especially,

BDD∗
B = sup

m6n

‖1[m,n]‖1/qB{
ν̂[−M,m]−q/p∗ + ν̂[n,N ]−q/p∗

}1/q

BDD
B∗ = sup

m6n

‖1[m,n]‖1/qB{
ν̂[−M,m]1−p + ν̂[n,N ]1−p

}1/p
.

Shortly, we have the unified estimates: B#
B∗ 6 A#

B 6 2B#
B∗.

We mention that in the NN case, in the last two results, we adopt either a stronger

constraint that q = 2 > p > 1 in [10] or a different constraint replacing π(f) = 0 by

another condition in [27].

The Hardy-type inequalities are an active research topic in harmonic analysis. For

more information on it and for a popular report on the results in this section, refer to

[10,11,15].

§4. The Case with Killing

We now turn to consider the birth-death processes with killing (ci > 0 : i ∈ E).

Assume that ci 6≡ 0 on (−M,N), otherwise, we would return to Section 2. Its Q-matrix is

the same as above except the diagonal elements −(ai + bi) are replaced by −(ai + bi + ci),

i ∈ E. When N < ∞, since we can replace cN by cN + bN if necessary, we may assume

that bN = 0 once N <∞. Throughout this section, we will do so, as well as for a−M for

simplicity. Denote by Qc this extended Q-matrix. The Dirichlet form now becomes

Dc(f) =
∑
i∈E

νi(∂if)2 +
∑
i∈E

µicif
2
i , f ∈ L2(µ).

Qc-Harmonic Function

The harmonic function h we are going to construct is non-zero everywhere on [−M,N ],

and is local in the sense that Qch = 0 on (−M,N) rather than on [−M,N ], which are

different at the endpoints if M or N is finite. To do so, again, let θ ∈ E to be a reference

point. Set

uθ+i =
aθ+i
bθ+i

, vθ+i =
cθ+i
bθ+i

, ξθ+i = 1 + uθ+i + vθ+i, rθ+i =
hθ+i
hθ+i+1

,

0 6 i < N + 1− θ.
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When 1 6 n < N + 1− θ, from the harmonic equation, it follows that

1 = ξθ+nrθ+n − uθ+nrθ+n−1rθ+n = rθ+n(ξθ+n − uθ+nrθ+n−1).

From this, we obtain a recursive equation on the right-hand side (i.e. n > 1):

rθ+n =
1

ξθ+n − uθ+nrθ+n−1
=

1

ξθ+n −
uθ+n

ξθ+n−1 −
uθ+n−1

. . . ξθ+1 − uθ+1rθ

,

1 6 n < N + 1− θ.

In parallel, set

uθ+i =
bθ+i
aθ+i

, vθ+i =
cθ+i
aθ+i

, ξθ+i = 1 + uθ+i + vθ+i, rθ+i =
hθ+i+1

hθ+i
,

−M − 1− θ < i 6 −1.

When −M − θ < n 6 −1, applying once again the harmonic equation, we obtain

1 = ξθ+nrθ+n−1 − uθ+nrθ+n−1rθ+n = rθ+n−1(ξθ+n − uθ+nrθ+n).

Hence we obtain a recursive equation on the left-hand side (i.e. n 6 −1):

rθ+n =
1

ξθ+n+1 − uθ+n+1rθ+n+1
=

1

ξθ+n+1 −
uθ+n+1

ξθ+n+2 −
uθ+n+2

. . . ξθ−1 − uθ−1rθ−1

,

−M − 1− θ < n 6 −1.

Now, define the initial values

rθ−1 = rθ = 1− cθ
aθ + bθ + cθ

.

This comes from the harmonic equation at θ (by convention hθ = 1). Actually, these two

numbers rθ−1 and rθ satisfying the equation are not necessarily equal, there is a freedom

here. From this, it follows that the solution rn, even allowing up to a constant, may still

not be unique. Hence the function h defined below may also not be unique. Finally, a
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required positive harmonic function (hn : n ∈ E) is given by

hθ+n =





1, n = 0

n−1∏
k=0

r−1
θ+k, 1 6 n < N + 1− θ

−n∏
k=1

rθ−k, −M − 1− θ < n 6 −1.

Here we fix such a specific h, the subsequent discussions do not depend on the choice of

h. Even though the construction looks lengthy, it is still quite easy to show by induction

that

ci ≡ 0 =⇒ hi ≡ 1.

Thus, every result with ci ≡ 0 can be obtained from the one containing h by setting hi ≡ 1.

Remark that when M < ∞, we may set θ = −M , reducing the problem to the one with

half space on the right. Similarly, there may be only the half space on the left.

Isospectral Operators

Having h at hand, we can now define a dual birth-death Q-matrix Q̃ as follows:

ãi = ai
hi−1

hi
, b̃i = bi

hi+1

hi
, i ∈ E,

On {−M + 1, . . . , N − 1}, we have c̃i = 0; but

c̃N = cN + aN

(
1− hN−1

hN

)
, if N <∞,

c̃−M = c−M + b−M

(
1− h−M+1

h−M

)
, if M <∞.

In other words, the dual birth-death matrix is conservative everywhere, except at the finite

boundaries, at which it is non-conservative. Next, let

µ̃ = h2µ : µ̃i = h2
iµi, i ∈ E,

where the measure µ is the same as what we have used before. When M = ∞ = N ,

there are four boundary conditions as in §2 according to
∑
k>θ

µ̃k and
∑
k6θ

µ̃k being finite

or infinite, respectively. Certainly, it can be simpler in some special case, M < ∞ for

instance. Then one may fix θ = −M and ignore the DD case. When N <∞, it is the ND

case by the definition of h. When N =∞, there are either the ND or NN case according

to
∑
k>θ

µ̃k =∞ or <∞, respectively.
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Under the mapping f → f̃ := f/h, using the quadratic form Dc with a given domain

D(Dc), one deduces on L2(µ̃) a dual quadratic form D̃ with domain D
(
D̃
)

as follows:

D
(
D̃
)

=
{
f̃ ∈ L2(µ̃) : f̃h ∈ D(Dc)

}
.

The next result is taken from [22; Section 2].

Theorem 7 The quadratic form (Dc,D(Dc)) on L2(µ) and the one
(
D̃,D

(
D̃
))

on

L2(µ̃) have the same spectrum. In details, the mapping f → f̃ := f/h from L2(µ) to L2(µ̃)

possesses the following properties:

(i) one-to-one and isometric.

(ii) f ∈ D(Dc) iff f̃ ∈ D
(
D̃
)

and D̃
(
f̃
)

= Dc(f).

As a corollary of the theorem, we see that (Dc,D(Dc)) and
(
D̃,D

(
D̃
))

have the

same principal (or the first non-trivial) eigenvalues λ#
c = λ̃#. Applying Theorem 3 to(

D̃,D
(
D̃
))

, we have the basic estimates for λ̃# in terms of κ̃# which is then the same as

κ̃#
c used for the basic estimates of λ#

c . We have thus obtained the following result.

Corollary 8 ([12,22]) The basic estimates hold:

(
4κ̃#

c

)−1
6 λ#

c 6
(
κ̃#
c

)−1
,

where κ̃#
c are obtained from κ# given in Theorem 3 plus the remark after the theorem,

replacing µ and ν̂ by

µ̃j = µjh
2
j ,

̂̃νj =
ν̂j

hjhj+1
, j ∈ E,

respectively.

We remark that in different from the other three cases, in the NN case, the minimal

eigenvalue λ̃min of
(
D̃,D

(
D̃
))

is zero, our λ̃NN is the first non-trivial eigenvalue (also called

spectral gap) of
(
D̃,D

(
D̃
))

. This leads to the same conclusion about λmin
c (= 0) and λNN

c

of (Dc,D(Dc)).

Discrete Spectrum

The last result of this section below exhibits the power of Theorem 7. We say that

the quadratic form (Dc,D(Dc)) on L2(µ) has discrete spectrum if its spectrum consists

of only eigenvalues with finite multiplicity. Since an operator on a finite space is compact

and hence must have discrete spectrum, we need only consider an infinite state space.

Next, since the whole line can be split into two half lines, without loss of generality, we

assume that E = {0, 1, . . .}.
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To state our result, we specify two domains for Dc. The first one is simply

Dmax(Dc) = {f ∈ L2(µ) : Dc(f) <∞}.

The second one Dmin(Dc) is the minimal closure of the set

{f ∈ L2(µ) : f has finite support}

with respect to the norm ‖ · ‖D: ‖f‖2D = ‖f‖2L2(µ) +Dc(f).

The result below is taken from [12; Theorem 2.1].

Theorem 9 Set E = {0, 1, . . .}.

(i) Let
∞∑
k=0

(hkhk+1µkbk)
−1 <∞. Then (Dc,Dmin(Dc)) has discrete spectrum iff

lim
n→∞

n∑
j=0

µjh
2
j

∞∑
k=n

1

hkhk+1µkbk
= 0.

(ii) Let
∞∑
j=0

µjh
2
j <∞. Then (Dc,Dmax(Dc)) has discrete spectrum iff

lim
n→∞

∞∑
j=n+1

µjh
2
j

n∑
k=0

1

hkhk+1µkbk
= 0.

(iii) Let
∞∑
k=0

(hkhk+1µkbk)
−1 =∞ =

∞∑
j=0

µjh
2
j . Then the spectrum of each of (Dc,Dmin(Dc))

and (Dc,Dmax(Dc)) is not discrete.

When ci ≡ 0, Theorem 9 (ii) comes from [28; Theorem 1.2]. Starting from which and

using Theorem 7, one can prove Theorem 9.

To conclude this section, we mentioned that even though up to now, we have studied

in one direction only: reducing the case that ci|(0,N) 6≡ 0 to the one ci|(0,N) ≡ 0. Certainly,

we can go to the opposite direction: extending the result from ci|(0,N) ≡ 0 to ci|(0,N) 6≡ 0.

This is actually much easier but is very powerful (cf. [12, 22]).

§5. Further Reading

The Optimal Factor

The optimal universal factor 4 in Theorem 3 or more general one kq, p (6 2) in Theorem

4 can be improved further. For instance, the latter one can be improved up to
√

2 as in

many practical models. Quite often, we can even produce new upper and lower bounds

which are nearly the same. Refer to [7,11] for the application to the Riemannian geometry

and to [14] for more recent progress.
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Dual Variational Formulas

Our main contribution to the topic is a class of dual variational formulas, from which

we deduce the corresponding approximating procedures for the upper/lower bounds of the

optimal constants λ# or A in the inequalities. What we mentioned in the last paragraph

about the
√

2-estimates come from the first step (explicit) of our approximating proce-

dures, which then deduces the basic estimates given in Theorem 3. This shows that our

approach is essentially different from those used in harmonic analysis. For this approach,

one of the key observations is a mimic of the eigenfunction corresponding to the principal

eigenvalue as explained in [3; the paragraph including (3.13)]. This story has lasted for

a long period, for the results up to 2004, refer to [3]. For the later developments, refer

to [6, 8, 9, 14, 19–21]. Surprisingly, much precise results can be obtained by a numerical

algorithm, refer to [17].

Even though we have almost not touched the diffusions in this paper, the story is

parallel for one-dimensional diffusions (included in the references just listed), sometimes,

may be easier. For instance, in the diffusion context, the logarithmic Sobolev inequality

is equivalent to the exponential stability of the semigroup in the entropy. However, it is

not so in the discrete context. For birth-death processes, a criterion for the exponential

stability in entropy has been opened for quite a long time, refer to [4] for more information.

Higher Dimension

The one-dimensional results are often essential in the study of higher dimensional

one, as we used many times before, refer to [2; Theorem 14.10] or [3; Chapter 9], as well

as [5, 7, 17]. However, in the higher dimensions, the topic is still largely open.

As mentioned before, because of a challenge of phase transitions which belong to

the infinite-dimensional mathematics, we re-examined the finite-dimensional mathematical

tools, and came back to dimension one. In contract to the finite-dimensional situation,

the infinite-dimensional mathematics (needed not only in physics, but also in biology, big

data, networks, et al.) is still an undeveloped area: there is a sea of open problems, the

known results consist of a few of islands only.
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Abstract This paper introduces some efficient initials for a well-known
algorithm (an inverse iteration) for computing the maximal eigenpair of a class
of real matrices. The initials not only avoid the collapse of the algorithm but
are also unexpectedly efficient. The initials presented here are based on our
analytic estimates of the maximal eigenvalue and a mimic of its eigenvector
for many years of accumulation in the study of stochastic stability speed. In
parallel, the same problem for computing the next to the maximal eigenpair is
also studied.

Keywords Perron-Frobenius theorem, power iteration, Rayleigh quotient
iteration, efficient initial, tridiagonal matrix, Q-matrix
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1 Introduction. Two algorithms and a typical example

Consider a nonnegative irreducible matrix A = (aij) on E := {0, 1, . . . , N},
N < ∞. By the well-known Perron-Frobenius theorem, the matrix has uniquely
a positive eigenvalue ρ(A) having positive left-eigenvector and positive right-
eigenvector. Moreover, both the left-eigenspace and the right-eigenspace of
ρ(A) have dimension one. This eigenvalue is maximal in the sense that for
every other eigenvalue λk, we have ρ(A) � |λk|. The last equality sign appears
only if A has a period p > 1. For instance, for

A =

⎛
⎝

0 0 1
0 0 1
1 1 0

⎞
⎠ ,

we have p = 2 and the eigenvalues of A are ±√
2 and 0. However, we may

Received October 22, 2015; accepted June 23, 2016
E-mail: mfchen@bnu.edu.cn
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assume that ρ(A) > |λk| for every other eigenvalue λk. Actually, if λ = ρeiθ with
θ �= kπ/2 for every odd k ∈ Z, then for every ε > 0, we have ρ + ε > |ρeiθ + ε|.
This means that the required assertion holds for the shifted pair ρ + ε and
λ+ ε. In other words, an analog of the Perron-Frobenius theorem is meaningful
for the matrices having nonnegative off-diagonal elements only, their diagonal
elements can be arbitrary but real. By a shift if necessary, such a matrix can be
transformed into a nonnegative one: the maximal eigenvector is kept but their
maximal eigenvalues are shifted from one to the other. In this paper, we are
interested in computing ρ(A) and its corresponding eigenvector. This is a very
important problem, we will come back to its motivation in the next section.

There are mainly two popular algorithms for this problem. Unless otherwise
stated, the eigenvector below means the right-eigenvector. Then, the maximal
eigenpair (the maximal eigenvalue and its eigenvector) is denoted by (ρ(A), g).

Power iteration Given an initial vector v0 ∈ R
N+1 having a nonzero

component in the direction of g with ‖v0‖ = 1, define

vk =
Avk−1

‖Avk−1‖ , zk = ‖Avk‖, k � 1, (1)

where ‖ · ‖ is an arbitrary but fixed vector norm. Then vk converges to the
eigenvector g of ρ(A) and zk converges to ρ(A) as k → ∞.

Even it is not necessary, in the next algorithm, we fix the vector norm to be
the Euclidean one (or equivalently, the �2-norm). Actually, a refined choice is
using the inner product and the norm in the space L2(μ) for a suitable measure
μ to be specified case by case, as illustrated by the improved algorithm given
at the end of Sections 3 and 4. See also Section 6.

Rayleigh quotient iteration (a variation of inverse iteration) Choose a pair
(z0, v0) as an approximation of (ρ(A), g) with v∗0v0 = 1, where v∗ is the transpose
of v. In particular, one may set z0 = v∗0Av0 for a given v0. At the kth (k � 1)
step, solve the linear equation in wk :

(A − zk−1I)wk = vk−1, (2)

where I is the identity matrix on E, and define

vk =
wk√
w∗

kwk

, zk = v∗kAvk.

If the pair (z0, v0) is close enough to (ρ(A), g), then (zk, vk) converges to (ρ(A), g)
as k → ∞.

In what follows, unless otherwise stated, we fix z0 to be the particular choice
just defined. We now use a typical example (which will be studied time by time
in the paper) to illustrate the effectiveness and their difference of the above two
algorithms.
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Example 1 Let E = {0, 1, . . . , 7} and

Q =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1 1 0 0 0 0 0 0
1 −5 22 0 0 0 0 0
0 22 −13 32 0 0 0 0
0 0 32 −25 42 0 0 0
0 0 0 42 −41 52 0 0
0 0 0 0 52 −61 62 0
0 0 0 0 0 62 −85 72

0 0 0 0 0 0 72 −113

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Then we have ρ(Q) ≈ −0.525268 with eigenvector

≈ (55.878, 26.5271, 15.7059, 9.97983, 6.43129, 4.0251, 2.2954, 1.0)∗.

Starting from v0 which is the normalized vector of

(1, 0.587624, 0.426178, 0.329975, 0.260701, 0.204394, 0.153593, 0.101142)∗ ,

the power iteration (applied to the nonnegative A := 113 I + Q) arrives at
−0.525268 ≈ ρ(Q) after 990 iterations. Here, we adopt the �1-norm:

‖v‖ =
∑
k∈E

|vk|.

We now give a little more details about the computations for this example.
Table 1 gives us partial outputs of (k,−zk). The corresponding figure below

shows that −zk decreases quickly for small k, but the convergence goes very
slow for large k.

Table 1 Partial outputs of (k,−zk)

k −zk k −zk k −zk

0 2.11289 14 0.877012 100 0.589332

1 1.42407 15 0.86311 120 0.574136
2 1.37537 16 0.850338 140 0.56279
3 1.22712 17 0.838548 160 0.554157
4 1.1711 18 0.827619 180 0.547529
5 1.10933 19 0.817449 200 0.542423
6 1.06711 20 0.807953 300 0.529909
7 1.02949 30 0.738257 400 0.526517
8 0.998685 40 0.694746 500 0.525603
9 0.971749 50 0.664453 600 0.525358

10 0.948331 60 0.641946 700 0.525292
11 0.927544 70 0.624473 800 0.525274
12 0.908975 80 0.610468 900 0.52527
13 0.892223 90 0.598963 � 990 0.525268
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Fig. 1 Figure of −zk for k = 0, 1, . . . , 1000

The advantage of the first algorithm is that it allows us to use a quite
arbitrary positive initial vector v0. The reason why the convergence of the
example at the beginning steps goes quite fast is because we have used a very
good initial v0, as will be studied in Section 3. However, for larger k, the
convergence becomes very slow, that is the limitation of this algorithm. From
Fig. 1, it is clear that one may stop the computation at 300 iterations since
then the results are almost the same. However, we keep going on until the six
precisely significant digits as limited by a computer using Mathematica 9. The
reason for doing so is for the comparison with other algorithms to be studied
later.

Certainly, we expect the second algorithm to be more efficient. Now, what
can we expect? Since this problem is often used in practice, we would be very
happy if a new algorithm can reduce the number of iterations seriously, say, 500
for instance. Certainly, we would be very surprising if it can be reduced to 250.
Let us think this question more carefully. Suppose that we are now interested
in the maximal eigenvalue only, and suppose that we know it is located on
(0, 1) (actually, as we will see by Proposition 11 below, the maximal eigenvalue
of A := 113 I + Q is located in (0, 113)). We may use the Golden Section
Search (a famous method in optimization theory), its speed is about 0.618−1.
Then, to obtain the six precisely significant digits as in the last example, one
needs at least 24 iterations since 10−6 ≈ 0.61824. Suppose that we can adopt
a faster algorithm, the Bisection Method. Then it requires about 20 iterations
since 10−6 ≈ 2−20. Hence, it is reasonable if an algorithm uses more than 20
iterations to arrive at the same precise level. Having this analysis in mind, we
were shocked when the next result came to us.

Example 2 The matrix Q and the initial vector v0 are the same as in the
last example but we now adopt the �2-norm. The Rayleigh quotient iteration
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(applied to Q) starts at

z0 = v∗0Qv0 ≈ −0.78458

and then arrives at the same result as in the last example at the second step:

z1 ≈ −0.528215, z2 ≈ −0.525268.

Example 2 is the main illustrating example (which will be further improved
by Example 7 below) of this paper. It shows that the second algorithm can be
extremely powerful. The key to this result is that we have chosen an efficient
initial vector v0 and then the resulting z0 is also close to ρ(Q). It may be the
position to compare the use of �1-norm and �2-one. Let everything be the
same as in the last example but replacing the �2-norm by the �1-one. Then the
iteration starts at z0 ≈ −0.367937 and arrives at the same result at the third
step:

z1 ≈ −0.509272, z2 ≈ −0.52509, z3 ≈ −0.525268.

The result comes with no surprising: it is easier to use the �1-norm in the
computation but it is a little less efficient than using the �2-norm.

We have seen the power of the second algorithm. However, “too good” is
dangerous. Each eigenvalue λk �= ρ(A) can be a pitfall of the algorithm provided
either z0 is close enough to λk or v0 is close enough to the eigenvector gk of
λk. The next example illustrates the latter situation. For which a simpler v0

deduces its corresponding z0 to be more close to λ2 rather than λ3.
Here and in what follows, we often use the so-called Q-matrix

Q = (qij : i, j ∈ E),

which means that qij � 0 for every pair i �= j and
∑

j∈E qij � 0 for every i ∈ E.
This implies the intrinsic use of probabilistic idea. For convenience, we often
write by

0 < λ0 < |λ1| � |λ2| � · · · ,

where {λj} is the sequence of the eigenvalues of −Q. Then λ0 = −ρ(Q).

Example 3 The matrix Q is the same as the last example and we use again
the �2-norm. Replace Q by −Q (then the corresponding zk > 0). Choose the
initial vector v0 to be the normalized uniform vector:

v0 =
1√
8
{1, 1, 1, 1, 1, 1, 1, 1}.

Then with the particular choice given in the algorithm

z0 = v∗0(−Q)v0 = 8,

we obtain the following output at the first 4 steps of the iterations:

z1 ≈ 4.78557, z2 ≈ 5.67061, z3 ≈ 5.91766, z4 ≈ 5.91867 ≈ λ2.
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The first two eigenvalues of −Q are

λ0 ≈ 0.525268, λ1 ≈ 2.00758, λ3 ≈ 13.709,

respectively. Hence, the limit λ2 is quite away from what we are interested in.

By the way, let us mention that in practice, we can stop our computation
once the components of the first output v1 have different signs, and try to choose
a new initial pair (v0, z0). This is due to the fact that the maximal vector should
be positive/negative up to a constant. Here, in the last example,

v1 = (−0.26762, 0.242432, −0.522646, −0.579319,
− 0.423469, −0.253452,−0.124365, −0.0425044)∗ .

Each of the components is negative except the second one.
The next example shows that we can still arrive at the expected result for

a good initial z0 even if v0 is quite rough.

Example 4 Everything is the same as in the last example except

z0 = 2.05768−1 ≈ 0.485985.

Then {zk} approaches to λ0 at the second step:

z1 ≈ 0.525998, z2 ≈ 0.525268.

This paper is organized as follows. In the next section, we first review
the five sources of the motivation for our problem. Then we recall the known
convergence of these algorithms. From the above examples, we have seen that
the second algorithm is much more attractive. To which, we need a careful
design in choosing the initial pair (v0, z0). Clearly, an efficient initial pair is just
a good estimate of the pair in advance. This itself is a hard topic in the study
of eigenvalue problem and so it is understandable that the initial problem is
still largely open in the eigenvalue computation theory. A complete, analytic
(explicit) solution to this problem is presented in Section 3 first for tridiagonal
matrices (after a suitable relabeling if necessary), and then for a class of more
general matrices in terms of the so-called Lanczos tridiagonalization procedure.
The main extension to the general situation is presented in Section 4
which consists of two subsections. In the first one, we concentrated on the
construction of z0 for a fixed simplest v0. The second one in even more
technical, in which we are mainly working on the construction of v0. A number
of examples are illustrated, case by case, for the results in the paper. It is
remarkable that only the one-step iteration scheme, as illustrated by the two
algorithms used above, is used in the paper. In Section 5, we make either
additional proofs of some results in the main context, or additional remarks
on related problems. In particular, we prove a convergence result of our
approximating procedure for the principal eigenvalue of birth–death processes
which have been studied for a long period up to now. A summary for the use
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of the algorithms up to Section 4 is given at the end of Section 5. The study
on the next eigenpair is delayed to Section 6.

2 Motivation of problem and convergence of algorithms

In this section, for the reader’s convenience, we recall briefly the motivation of
our problem and the well-known convergence of the two algorithms introduced
in the first section.

2.1 Motivation

It seems not necessary to mention the value of the study on the problem since
the matrix eigenvalue computation is used almost everywhere. The next five
sources reflect more or less the road where we started and finally arrive here.
Google’s PageRank
When we search an expression from the network, a large number of webpages are
collected. The question is how to output them on the screen of our computer.
For this, we need to rank the pages. The procedure goes as follows. According
to the connections of the websites, we get a nonnegative matrix A. To which we
have the largest eigenvalue ρ(A) and its corresponding positive left-eigenvalue.
The normalized left-eigenvector gives us an order of the webpages, that is the
PageRank as we required. Nowadays, there are a large number of publications
on Google’s PageRank, see for instance [12], in which the power iteration is
studied but not the inverse iteration.
Global optimization of planned economy
Regarding the matrix A as a structure matrix in economy, Hua [11] proved
that the optimal input of the planned economy is the left-eigenvector u of ρ(A).
Surprisingly, Hua [11] also proved that if one uses a different input rather than
u, then the economy will go to collapse (i.e., some components of the product
in the economic system will become less or equal to zero). Mathematically, this
situation is very much the same as the last one, but in a completely different
context. As far as I know, the practical algorithms for (u, ρ(A)) were not studied
carefully during that period, except a formula was mentioned in [11]:

ρ(A) = lim
�→∞

(Trace (A�)
N + 1

)1/�
.

Stationary distribution of time-discrete Markov chain
If A itself is a transition probability matrix, then the left-eigenvector
corresponding to the largest eigenvalue one is nothing but the stationary
distribution of the corresponding Markov chain. This explains the stability
meaning in the two situations just discussed above. Based on this idea, we
obtained a probabilistic proof of Hua’s collapse theorem. Refer also to [4,
Chapter 10] for additional story and related references.

Computing the stationary distribution of a given Markov chain is very
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important in practice and so has been studied quite a lot in the past years,
including the so-called Markov Chain Monte Carlo (MCMC), perfect/backward
coupling, and so on.
Exponential decay of time-continuous Markov chain
The maximal eigenvalue ρ(Q) in Example 1 describes the exponential decay
rate of the Markov chain with semigroup (Pt = etQ : t � 0). The present paper
is based on our study on this topic, as will be seen from the subsequent sections.
Phase transitions
The last topic and the investigation on related stability speed are actually
motivated from the study on phase transitions in statistical mechanics (cf. [3,4]
for more references within). This is a challenge topic in mathematics since
it is mainly in infinite-dimensional setting. To which, the mathematical tools
are rather limited. Therefore, we have to look for new tools or develop some
known traditional tools. To this end, we have already visited several branches
of mathematics, including the computation theory. We are now glad to be able
to say something on the last field after a long trip of the study.

In the second part of this section, we review some well-known facts on the
convergence of the algorithms.

2.2 Convergence of algorithms

Here is the convergence of the power iteration. In this subsection, we suppose
that the given matrix A (not necessarily nonnegative) has the dominant
eigenvalue λ0 (i.e., |λ0| > |λj | for all other eigenvalues λj) which is simple.
The extension to the periodic situation is also possible, but is omitted here, one
simply replaces the convergence of the original sequence by a subsequence.

Lemma 5 Suppose that the initial vector v0 has a nonzero component in the
direction of the dominant eigenvector g. Then

vk =
Akv0

‖Akv0‖ → g, v∗kAvk → λ0, k → ∞.

Moreover,

lim
n→∞

Anv0

An−1v0
= λ0,

where for given vectors u and v, the ratio u/v is understood as the quotient
function of the functions u and v.

Proof Suppose that the eigenvalues are all different for simplicity. Otherwise,
one simply uses the Jordan representation of matrices. Write

v0 =
N∑

j=0

cjgj
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for some constants (cj) with g0 = g. Then c0 �= 0 by assumption and

Akv0 =
N∑

j=0

cjλ
k
j gj = c0λ

k
0

[
g +

N∑
j=1

cj

c0

(λj

λ0

)k
gj

]
.

Since |λj/λ0| < 1 for each j � 1 and ‖g‖ = 1, we have

Akv0

‖Akv0‖ → c0

|c0|g, k → ∞,

and then
v∗kAvk → g∗Ag = g∗λ0g = λ0, k → ∞.

We have thus proved the main assertion of the lemma. The proof of the last
assertion is similar. �

Clearly, the convergence speed in the lemma is
∣∣∣λ1

λ0

∣∣∣
k
, |λ1| := max{|λj | : j > 0}.

The next result is the convergence for the inverse iteration.

Lemma 6 Under the assumption of the last lemma, for each z close to λ0,
we have

vk =
(A − zI)−kv0

‖(A − zI)−kv0‖ → g, v∗kAvk → λ0, k → ∞.

Moreover,

lim
n→∞

(A − zI)−nv0

(A − zI)−n+1v0
=

1
λ0 − z

.

Proof Note that for z close to λ0, the dominant eigenvalue of the matrix
(A − zI)−1 is (λ0 − z)−1 with the same dominant eigenvector g as the one for
A. The proof is very much the same as the previous one. �

The iteration given in Lemma 6 is called the inverse iteration. It is
remarkable that the convergence speed in this lemma is

∣∣∣λ0 − z

λ1 − z

∣∣∣
k ∼

∣∣∣ λ0 − z

λ1 − λ0

∣∣∣
k

when z is sufficiently close to λ0. At the kth step, replacing z by the Rayleigh
quotient approximation zk = v∗kAvk, we obtain the Rayleigh quotient iteration
as described in the first section. Clearly, the last algorithm is an acceleration of
the inverse iteration. The price is that the initial z0 has to be chosen close to λ0

which is usually not explicitly known. Otherwise, if z0 is chosen close to some
λj �= λ0, then a similar proof of Lemma 6 shows that v∗kAvk converges to the
pitfall λj �= λ0. In practice, once z = z0 is chosen in a suitable neighborhood of
λ0, the sequence z = zk converges to λ0 rapidly, as illustrated by Examples 2
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and 4. More precisely, Example 1 applies the power iteration to A := 113I +Q,
its convergence speed is

∼
(113 − λ1

113 − λ0

)k ≈
( 113 − 2.00758

113 − 0.525268

)k
, k → ∞.

Examples 2 and 4 use the Rayleight quotient iteration which has
the convergence speed

∼
k∏

j=0

λ0 − zj

λ1 − zj
, k → ∞.

Since zk → λ0, the last convergence is much fast than the previous one.
Honestly, this still does not answer the reason why the inverse algorithm in
Example 2 can achieve the six significant digits at the second iteration.

3 Efficient initials. Tridiagonal case

Again, assume that A = (aij) on E = {0, 1, . . . , N}, N < ∞, is irreducible
and having non-negative off-diagonal elements. Assume also that the matrix is
tridiagonal (after a suitable relabeling if necessary): aij = 0 unless |i − j| � 1.
By a shift Q := A − mI if necessary, where I is the identity matrix on E and

m = max
i∈E

∑
j∈E

aij,

one may assume that

Q =

⎛
⎜⎜⎜⎜⎜⎝

−(b0 + c0) b0 0 0 · · ·
a1 −(a1 + b1 + c1) b1 0 · · ·
0 a2 −(a2 + b2 + c2) b2 · · ·
...

...
. . . . . . . . .

0 0 0 aN −(aN + cN )

⎞
⎟⎟⎟⎟⎟⎠

,

where ai, bi > 0, ci � 0 but ci �≡ 0. Define

μ0 = 1, μn = μn−1
bn−1

an
=

b0b1 · · · bn−1

a1a2 · · · an
, 1 � n � N.

We now split our discussion into two cases.
Case 1 Let

c0 = c1 = · · · = cN−1 = 0.

Then we may assume that cN > 0. Otherwise, Q has the trivial maximal
eigenvalue 0 with eigenvector with components being one everywhere. In this
case, we rewrite cN as bN , ignoring the sequence (ci), and define

ϕn =
N∑

k=n

1
μkbk

, 0 � n � N. (3)
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Case 2 Let some of ci (i = 0, 1, . . . , N − 1) be positive. Then, we need more
work. Define

r0 = 1 +
c0

b0
, rn = 1 +

an + cn

bn
− an

bnrn−1
, 1 � n < N,

h0 = 1, hn = hn−1rn−1 =
n−1∏
k=0

rk, 1 � n � N,

and additionally,
hN+1 = cNhN + aN (hN−1 − hN ).

Finally, define

ϕn =
N∑

k=n

1
hkhk+1μkbk

, 0 � n � N, (4)

with a convention that bN = 1 to save our notation.
We remark that in the special case that c0 = c1 = · · · = cN−1 = 0, by

induction, it is easy to check that

r0 = r1 = · · · = rN−1 = 1,

and hence,
h0 = h1 = · · · = hN = 1.

Furthermore, hN+1 = cN . Thus, once replacing cN by bN , we return to (3) from
(4).

To state our algorithm, we need one more quantity:

δ1 = max
0�n�N

[√
ϕn

n∑
k=0

μkh
2
k

√
ϕk +

1√
ϕn

N∑
j=n+1

μjh
2
jϕ

3/2
j

]
.

Rayleigh quotient iteration in tridiagonal case For given tridiagonal
matrix A, define m, (ai, bi, ci), (hi), (ϕi), and δ1 as above. Set

ṽ0(i) = hi
√

ϕi, 0 � i � N, v0 =
ṽ0√
ṽ∗0 ṽ0

, z0 =
1
δ1

.

At the kth step (k � 1), solve the linear equation in wk :

(−Q − zk−1I)wk = vk−1, (5)

and define
vk =

wk√
w∗

kwk

, zk = v∗k(−Q)vk.

Then vk converges to g and m − zk converges to ρ(A) as k → ∞.

It is an essential point that the choice of z0 avoids the collapse since we have
known that λ0(Q) = λmin(−Q) (the minimal eigenvalue of −Q) � δ−1

1 by [5,
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Corollary 3.3]. As an application of this result to Example 1, we have ci ≡ 0 but
b7 = 64 and then hi ≡ 1. We can define ϕ by (3) and then ṽ0 =

√
ϕ which is the

one, up to a free factor
√

ϕ0, used in Example 1. This is the meaning of “very
good” claimed in the first section. We now compute the minimal eigenvalue of
−Q using not only ṽ0 but also δ1.

Example 7 The matrix Q and the vector ṽ0 are the same as in Example 1:

(1, 0.587624, 0.426178, 0.329975, 0.260701, 0.204394, 0.153593, 0.101142)∗ .

We have δ1 = 2.05768. Then, with the new z0 := δ−1
1 ≈ 0.485985, the Rayleigh

quotient iteration arrives at the expected estimate at the second step:

z1 ≈ 0.525313, z2 ≈ 0.525268.

Comparing the approximation value of z1 here and that in Example 2, it is
clear that this result is sharper than Example 2 (see also the comment below
Corollary 12).

Now, let us discuss the effectiveness of our algorithm with respect to the size
N of the matrix. In computational mathematics, one often expects the number
of iterations M grows up no more than Nα for some α > 0. It is unusual if
M ≈ log N for large N. To this question, considering the basic Example 1 with
varying N, the answer given below is worked out by Yue-Shuang Li using the
algorithm introduced in this section and the software MatLab on a notebook.
In the first line of Table 2, the reason we use N + 1 rather than N is that the
space is labeled starting at 0 but not 1.

Table 2 For different N, eigenvalue λ0, its lower bound δ−1
1 , and z1, z2

N + 1 z0 = δ−1
1 z1 z2 = λ0

100 0.348549 0.376437 0.376383

500 0.310195 0.338402 0.338329
1000 0.299089 0.32732 0.32724
5000 0.281156 0.308623 0.308529
7500 0.277865 0.305016 0.304918

10000 0.275762 0.30266 0.302561

Is it believable? Yes, we have justified the outputs in two different ways: in
each case, first, the outputs starting from z2 become the same (which actually
coincides with the output of λ0). Second, by using v2, we can find upper/lower
estimates ξ/ξ of λ0 such that z2 ∈ (ξ, ξ), and moreover,

ξ

ξ
≈ 1 + 10−5.

The next example is due to Hua [11] in the study of economic optimization
(cf. [4, Chapter 10]). Note that here we are studying the right-eigenvector, the
matrix A used below is the transpose of the original one.
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Example 8 Let

A =
1

100

(
25 40
14 12

)
.

Then

ρ(A) =
37 +

√
2409

200
≈ 0.430408.

With the initials:

v0 ≈ (0.429166, 0.220573)∗ , z0 := δ−1
1 ≈ 0.212077,

the iteration arrives at the expected result at the second step (n = 2):

0.65 − z0 ≈ 0.437923; 0.65 − z1 ≈ 0.430603; 0.65 − z2 ≈ 0.430408.

Proof First, we have m = 65/100 and then

Q =

⎛
⎜⎝
−2

5
2
5

7
50

− 53
100

⎞
⎟⎠ .

In this case, we ignore (ci) but let b1 > 0. Actually, we have

b0 =
2
5
, b1 =

39
100

; a1 =
7
50

; μ0 = 1, μ1 =
20
7

; ϕ0 =
265
78

, ϕ1 =
35
39

.

Therefore,

v0 =
(√

53
67

,

√
14
67

)
, z−1

0 =
5(2809 + 40

√
742 )

4134
.

The conclusion now follows by our algorithm. �
An additional example for the algorithm presented in this section is delayed

to Example 22.
Before moving further, let us introduce an algorithm for (and then

a representation of) the solution to equation (5). This is mainly used in
theoretic analysis rather than numerical computation. The idea is meaningful
in a more general setup and comes from [9, Theorem 1.1, Proposition 2.6] plus
a modification [6, Proposition 4.1]. Given a number z ∈ R and a vector v,
consider the equation for the vector w :

Qw + zw = −v. (6)

To do so, we need some notation. Fix i : 0 � i � N − 1, and set

α
(i)
� =

1
bi+�

{
ci+� − z + ai+�, 1 = � � N − i,

ci+� − z, 2 � � � N − i.
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Next, define the vector G
(i)
·,1 by G

(i)
�,1 = α

(i)
� for � = 1, 2, . . . , N − i and define

recursively in k = 2, 3, . . . , N − i, the vector G
(i)
·, k by

G
(i)
�,k = G

(i)
�, k−1 + α

(i+k−1)
�−k+1 G

(i)
k−1, k−1, � = k, k + 1, . . . , N − i. (7)

Note that here for computing G
(i)
·, k, we use only G

(i)
·, k−1 but not the others G

(i)
·, j

with j � k − 2.

Proposition 9 Let N � 1 and G
(·)
0,0 ≡ 1. Then the solution w = (wk : k ∈ E)

to equation (6) has the following representation:

wn =
vN + MN−1(v)

cN − z + MN−1(c· − z)
[1 + Nn−1(c· − z)] − Nn−1(v), 0 � n � N,

where for each vector h, N−1(h) = 0 and

MN−1(h) = cN

N−1∑
j=0

hj

bj
G

(j)
N−j,N−j,

Nn(h) =
n∑

j=0

hj

bj

n−j∑
k=0

G
(j)
k, k, 0 � n < N.

The proof of this result is delayed to Section 5.
From now on, we are going to treat general real matrices. This is a hard task

and will be the main goal of the next section. Here, we study a special case only.
In computational mathematics, there is a well-known Lanczos tridiagonalization
procedure making a matrix to be tridiagonal one. That is, for a given A,
constructing a nonsingular B such that B−1AB =: T becomes a tridiagonal
matrix. We will come back to the procedure soon. Here is an example (the
details are omitted).

Example 10 Let

A =

⎛
⎝

1 2 3
1 2 1
3 2 1

⎞
⎠ , B =

⎛
⎝

1 0 0
0 1/

√
10 3/

√
13

0 3/
√

10 −2/
√

13

⎞
⎠ .

Then

T = B−1AB =

⎛
⎝

1 11/
√

10 0√
10 25/11 20

√
130/143

0
√

130/11 8/11

⎞
⎠ .

We have
ρ(A) = ρ(T ) = 3 +

√
5 ≈ 5.23607.

Our algorithm arrives at the same result at the second step of the iterations
(n = 2):

(n = 0) 5.43937; (n = 1) 5.23996; (n = 2) 5.23607.
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It is the position to recommend an improved algorithm as follows. The
point is to use the inner product (·, ·)μ and norm ‖ · ‖μ in the space L2(μ) since
(μk) may not be a constant as in Example 1.

Improved algorithm Given ṽ0 and δ1 as above, redefine v0 = ṽ0/‖ṽ0‖μ and

z0 = ξδ−1
1 + (1 − ξ)(v0,−Qv0)μ, ξ ∈ [0, 1].

For k � 1, define wk as before but redefine

vk =
wk

‖wk‖μ
, zk = (vk,−Qvk)μ.

With ξ = 7/8, Example 7 and Table 2 are improved as Table 2′.

Table 2′ Example 7 and Table 2 are improved using new z0 with ξ = 7/8

N + 1 z0 z1 z2 = λ0 upper/lower

8 0.523309 0.525268 0.525268 1 + 10−11

100 0.387333 0.376393 0.376383 1 + 10−8

500 0.349147 0.338342 0.338329 1 + 10−7

1000 0.338027 0.327254 0.32724 1 + 10−7

5000 0.319895 0.30855 0.308529 1 + 10−7

7500 0.316529 0.304942 0.304918 1 + 10−7

10000 0.31437 0.302586 0.302561 1 + 10−7

The last column is the order of the ratio of the upper and lower bounds of λ0

in terms of v2, as will be explained below, above Example 13.
Table 3 gives two more examples.

Table 3 Outputs using improved z0 with ξ = 7/8

Example z0 z1 z2 = λ0

8 0.436733 0.430407 0.430408

10 5.36161 5.23578 5.23607

Appendix of Section 3 Algorithm for Lanczos tridiagonalization

For a given A, the aim is choosing a nonsingular Q such that

Q−1AQ = T =

⎛
⎜⎜⎜⎜⎜⎜⎝

c1 b1 · · · · · · 0

a1 c2
. . .

...
...

. . . . . . . . .
...

...
. . . . . . bn−1

0 · · · · · · an−1 cn

⎞
⎟⎟⎟⎟⎟⎟⎠

.

Note that the notation here is somehow different from the other part of the
paper. To do so, we use the following column partitionings:

Q = [q1 | q2 | · · · | qn], (Q−1)∗ = Q̃ = [q̃1 | q̃2 | · · · | q̃n].



1394 Mu-Fa CHEN

Let
q0 = 0, q̃0 = 0, b0 = 0, a0 = 0.

Choose unit vectors q1 and q̃1 such that q̃∗1q1 = 1. Define

ck = q̃∗kAqk, k � 1,

rk = (A − ckI)qk − ak−1qk−1, k � 1,

r̃k = (A − ckI)∗q̃k − bk−1q̃k−1, k � 1,

bk = ‖rk‖2, ak =
r̃∗krk

bk
, k � 1,

qk =
rk−1

bk−1
, q̃k =

r̃k−1

ak−1
, k � 2.

For Example 10, we simply choose

q = (1, 0, 0)∗ , q̃ = (1, 0, 0)∗.

Generally speaking, there is a question in choosing initial q0 and q̃0. More
generally, it should be meaningful to know for what A, the resulting matrix
have positive ak and bk for every k.

4 Efficient initials. General case

A general algorithm for the efficient initials will be introduced later in the
second subsection. The algorithm introduced in the next subsection is easier
and quite general, but may be less efficient.

4.1 Fix uniformly distributed initial vector v0v0v0

In this subsection, we fix the uniformly distributed initial vector

v0 =
(1, 1, . . . , 1)√

N + 1
.

This is the easiest choice of v0 since it does not use any information from the
eigenvector g of ρ(A) except its positivity property. On the other hand, this
means that the choice is less efficient and it can be even broken as shown by
Example 3. The effectiveness of this v0 depends heavily on the choice of z0. For
which, here we introduce three effective choices.

Choice I Let A = (aij : i, j ∈ E) be nonnegative and set z0 = supi∈E Ai,
where Ai =

∑
j∈E aij . This universal choice comes from the fact that supi∈E Ai

is an upper bound of ρ(A), which can be seen by setting xi ≡ 1 in the next
result.

Proposition 11 For a nonnegative irreducible matrix A with maximal
eigenvalue ρ(A), the Collatz–Wielandt formula holds:

sup
x>0

min
i∈E

(Ax)i
xi

= ρ(A) = inf
x>0

max
i∈E

(Ax)i
xi

.



Efficient initials for computing maximal eigenpair 1395

For the present (v0, z0), even though it is not necessary, one may replace (2)
by

(zk−1I − A)wk = vk−1. (8)

This choice of z0 avoids the collapse of the algorithm since

0 < z0 − ρ(A) < |z0 − λ|
for every eigenvalue λ �= ρ(A) of A.

Let us now introduce an important application of Proposition 11. First, if
we replace A and ρ(A) with −Q and λ0, respectively, the same conclusion holds,
as shown in the next corollary (the proof is delayed to Section 5). Actually, the
corollary holds in a much more general setup. Refer to [3, Theorem 9.5].

Corollary 12 For Q-matrix, the Collatz–Wielandt formula becomes

sup
x>0

min
i∈E

(−Qx)i
xi

= λ0(Q) = inf
x>0

max
i∈E

(−Qx)i
xi

.

Thus, instead of the mean estimate given in these algorithm, we can produce
pointwise estimates. To do so, we need only to compute the ratio (−Q)vk/vk.
For instance, in Example 2, the ratio (−Q)v2/v2 is as follows:

0.525197, 0.5254, 0.52553, 0.525623, 0.525693, 0.525747, 0.525787, 0.525816.

Therefore, we obtain
0.525197 � λ0 � 0.525816

and the ratio of the upper/lower bounds is ≈ 1.00118. Next, for Example 7, the
ratio (−Q)v2/v2 is as follows:

0.525268, 0.525268, 0.525267, 0.525267, 0.525267, 0.525267, 0.525267, 0.525267.

Hence, we have
0.525267 � λ0 � 0.525268

and the ratio of the upper/lower bounds is ≈ 1 + 10−6. Actually, if we apply
the estimates given in [5, Theorem 2.4 (3)] (with supp (f) = E)

z2 ∧ sup
i∈E

fi

gi
� λ0 � inf

i∈E

fi

gi
,

gi :=
∑
k∈E

μkfkϕi∨k = ϕi

i∑
k=0

μkfk +
N∑

k=i+1

μkϕkfk,

ϕi :=
N∑

k=i

1
μkbk

(for this example, μk ≡ 1, bi = (i + 1)2),

to the test function f = v2 with a more precise output, the upper/lower bounds
can be improved as ≈ 1 + 10−7. Hence, the estimate λ0 ≈ 0.525268 is indeed
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sharp up to the six precisely significant digits. This shows that the estimates
in the latter example are much better than the former one.

Example 13 Let A be the same as in Example 10. Then ρ(A) ≈ 5.23607 and
z0 = 6. The Rayleigh quotient iteration gives us

z1 ≈ 5.27273, z2 ≈ 5.23639, z3 ≈ 5.23607.

Example 14 Let

A =

⎛
⎜⎜⎝

1 2 3 4
5 6 7 8
9 10 11 12
13 14 15 16

⎞
⎟⎟⎠ .

Then ρ(A) ≈ 36.2094 and z0 = 58. The Rayleigh quotient iteration gives us

z1 ≈ 37.3442, z2 ≈ 36.2674, z3 ≈ 36.2095, z4 ≈ 36.2094.

Example 15 Let

A =

⎛
⎜⎜⎝

1 2 0 0
3 14 11 0
9 10 11 1
5 6 7 8

⎞
⎟⎟⎠ .

This matrix has complex eigenvalues:

24.0293, 7.72254, 1.1241 + 2.40522 i, 1.1241 − 2.40522 i.

Hence, ρ(A) ≈ 24.0293 and z0 = 31. The Rayleigh quotient iteration gives us

z1 ≈ 24.4393, z2 ≈ 24.0385, z3 ≈ 24.0293.

Example 16 Let Q be the same as in Example 1 and let

A = 113 I + Q.

Then z0 = 113. Recall that λmin(−Q) ≈ 0.525268. For k = 1, 2, 3, the Rayleigh
quotient iteration gives us 113 − zk as follows:

113 − z1 ≈ 0.602312, 113 − z2 ≈ 0.525463, 113 − z3 ≈ 0.525268.

Alternatively, one may apply the algorithm directly to −Q with z0 = 0.

We remark that the algorithm is meaningful for any

z0 � sup
i∈E

∑
j∈E

aij.

For instance, if we choose z0 = 200 rather than z0 = 6 used in Example 13,
then the successive results of the iterations are as follows:

z1 ≈ 5.33546, z2 ≈ 5.24182, z3 ≈ 5.23608, z4 ≈ 5.23607.
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The convergence becomes slower as we can imagine. In other words, a larger
initial z0 is less efficient. In view of Proposition 11, we have

0 < ρ(A) � 113.

It seems that there is a large room for us to choose z0. Yes or no? It is yes,
since the last estimates are rather rough, each choice z0 ∈ [111.7, 113] is also
available. The answer is also no, since if we choose z0 = 111.6, then we will go
to the pitfall λ1 (> λ0). Hence, it is rather sensitive to find a useful z0 except
Choice I. Noting that

ρ(A) ≈ 113 − 0.525268,

the reason why the rough Choice I is still efficient for this model should be
clear.

We have thus studied the model introduced in Example 1 six times with
different initials. The results are collected in Table 4. Among them, the worst
one is Example 3 and the best one is Example 7 which uses the whole power of
the algorithm introduced in Section 3. The “Uniform” is the present Choice I
and the “Auto” means automatic one given by the algorithm, as we will come
back in Choice II below.

Table 4 Comparison of examples with different initials

same Q v0 z0 # of iterations

Example 1 ṽ0 power 103

Example 2 ṽ0 auto 2
Example 3 uniform auto collapse
Example 4 uniform δ−1

1 2
Example 7 ṽ0 δ−1

1 2
Example 16 uniform 113 3

In conclusion, even though the present choice (v0, z0) may not be very
efficient, but it works in a very general setup. This algorithm works even for
a more general class of matrices, without assuming the nonnegative property,
once you have an upper estimate of the largest eigenvalue of A. Clearly, for
large-scale matrix, Choice I is meaningful only for the sparse ones.

Choice II Simply use the particular choice given in the Rayleigh quotient
iteration: z0 = v∗0Av0. This simple choice is quite natural and so is often used
in practice. However, there is a dangerous here since v0 is chosen roughly, the
algorithm may lead to an incorrect limit, as illustrated by Example 3.

With the present z0, the computation results for Examples 13–15 are listed
in Table 5.

Table 5 Output (z1, z2, z3) of Examples 13–15

Example z1 z2 z3 = λ0

13 5.24183 5.23608 5.23607

14 35.8428 36.2127 36.2094
15 23.7316 24.0317 24.0293
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Combining (z1, z2) here with those given in the last part, it is clear that the
present choice of z0, once works, is better than Choice I.

Choice III This is based on a comparison technique. For given A = (aij)
having the property ai,i+1 + ai+1,i > 0 for every i, we introduce the
symmetrized matrix (A + A∗)/2. (This symmetrizing procedure may be
omitted if both ai,i+1 > 0 and ai+1,i > 0 for every i.) Denote by (αi, βi, γi) the
tridiagonal part (where γi are the diagonal elements) taken from the
symmetrized matrix. By assumption, we have αi > 0 and βi > 0. We can
then follow the last section to choose a z0 first for the tridiagonal matrix and
then regarding it as an approximation of z0 for the original A. One may worry
that we have lost too much in the last step. Yes, it may be so. However, the
key is to avoid the collapse. The smaller estimate z0 of λmin(−Q) is not really
serious since the algorithm can repair it rapidly, as shown by the next example.

Example 17 Let A be the same as in Example 15. Then

1
2

(A + A∗) =

⎛
⎜⎜⎝

1 5/2 9/2 5/2
5/2 14 21/2 3
9/2 21/2 11 4
5/2 3 4 8

⎞
⎟⎟⎠ .

From this, we obtain a tridiagonal matrix

T =

⎛
⎜⎜⎝

1 5/2 0 0
5/2 14 21/2 0
0 21/2 11 4
0 0 4 8

⎞
⎟⎟⎠ ,

and then

Q = T − 27I =

⎛
⎜⎜⎝
−26 5/2 0 0
5/2 −13 21/2 0
0 21/2 −16 4
0 0 4 −19

⎞
⎟⎟⎠ .

According to what we did in Section 3, we have z0 ≈ 1/0.321526 for −Q. Then,
we have

z0 ≈ 27 − 1
0.321526

for T. This is regarded as an approximation of z0 for A. Starting from here and
using the Rayleigh quotient iteration, we obtain the successive approximation
of ρ(A) as follows:

z1 ≈ 24.0125, z2 ≈ 24.0293,

as we expected. Picking up the tridiagonal part directly from A (without using
the symmetrizing procedure), the same approach leads to the following output:

z0 ≈ 28 − 1
0.23307

≈ 23.7094, z1 ≈ 23.9901, z2 ≈ 24.0293.
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Let us remark that the three choices of z0 in this subsection are independent
of the initial v0 used here and so can be also used in the next subsection.
Certainly, there are other approaches can be used to deduce an approximation of
the required z0. For instance, Cheeger’s approach [3, §9.5], which is meaningful
in a very general setup. Since it takes account of all subset of E (except the
emptyset), the number of computations is of order 2N . This approach as well as
the capacitary one (cf. [4, Chapter 7]) needs to be simplified to fit the present
setup. In practice, one often uses Proposition 11 or Corollary 12 to get an
upper/lower bound in terms of a suitable test sequence (xi). Refer also to [4,
Theorem 3.6] which uses test weights. These approaches depend heavily on the
working models.

4.2 Efficient initial vector v0v0v0

In general, it is much more difficult to choose an efficient initial v0 than z0.
Here is our algorithm.

A general algorithm
Let A = (aij : i, j ∈ E) be a given irreducible matrix having nonnegative off-
diagonal elements. Once again, denote by ρ(A) the maximal eigenvalue of A. If
Ai :=

∑
j∈E aij is a constant (independent of i ∈ E), then we have ρ(A) ≡ Ai

with right-eigenvector � (its components are all equal to 1). From now on, we
assume that Ai are not a constant.

We introduce our algorithm in four steps.
Step 1 When Ai � 0 for every i ∈ E, one can jump from here to Step 2 below
by setting Q = A. Otherwise, let maxi∈E Ai > 0. Define

Q = A − (
max
i∈E

Ai

)
I.

Then the sum of each row of Q is less or equal to zero and at least one of the
rows is less than zero since Ai is not a constant. Now, if

Q0 = Q1 = · · · = QN−1 = 0

but QN < 0 (Qk :=
∑

j qkj), then one can jump from here to Step 3 with
hi ≡ 1.
Step 2 Assume that Qk < 0 for some k � N − 1. Denote by

h = (h0, h1, . . . , hN )∗

with h0 = 1 the solution to the equation

Q\N ’s rowh = 0,

where Q\k’s row is obtained from Q removing its k’s row (qk0, qk1, . . . , qkN). In
the case that

cN +
∑

j�N−1

qNj

(
1 − hj

hN

)
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is much smaller than ∑
j�N−1

qNj
hj

hN

(say, 1 : 100 for instance), one can jump from here to (10) with xi ≡ 1 (cf.
Example 21 in the case of b4 = 0.01).
Step 3 Let (hi : i ∈ E) be constructed in the last step. Define qi = −qii,
i ∈ E. Let x = (x0, x1, . . . , xN )∗ (with x0 = 1) be the solution to the equation

x\0’s row = P \0’s row x, (9)

where
P = (pij : i, j ∈ E) : pii = 0, pij =

qijhj

qihi
, j �= i;

or in the matrix form,

P = Diag((qihi)−1)QDiag(hi) + I.

Refer to the comments below Examples 21 and 22 for the constraint x0 = 1.
Here, the sequence (xi) is an extension of (ϕi) used in Section 3 (cf. Lemma 24
below).
Step 4 We are now ready to state our algorithm as follows. Define a (column)
vector ṽ0 with components

ṽ0(i) = hi
√

xi, i = 0, 1, . . . , N. (10)

Let
v0 =

ṽ0√
ṽ∗0 ṽ0

, z0 = v∗0(−Q)v0.

In general, for k � 1, let wk be the solution to the equation

(−Q − zk−1I)wk = vk−1,

and define
vk =

wk√
w∗

kwk

, zk = v∗k(−Q)vk.

Then zk and vk are approximations of the minimal eigenvalue λ0 = λmin(−Q)
of −Q and its eigenvector, respectively. If we replace −Q by A everywhere
in this step, then the resulting zk and vk are approximations of ρ(A) and its
eigenvector g, respectively. Obviously, from Step 1, it follows that

λmin(−Q) + ρ(A) = max
i∈E

Ai.

Hence,
λ0 = λmin(−Q) > α ⇐⇒ ρ(A) � max

i∈E
Ai − α.
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This gives the relationship of a lower estimate of λ0 and an upper estimate of
ρ(A).

Example 18 Let A be given in Example 10. Then

ρ(A) = 3 +
√

5 ≈ 5.23607.

Our algorithm here gives us

z1 ≈ 5.23883, z2 ≈ 5.23607.

Proof Since maxi Ai = 6, we have

Q = A − 6 I =

⎛
⎝
−5 2 3
1 −4 1
3 2 −5

⎞
⎠ .

Next, we have

h0 = 1, h1 =
4
7
, h2 =

9
7
,

and
x0 = 1, x1 =

7
9
, x2 =

49
81

.

From these, we obtain

ṽ0 = (1, h1
√

x1, h2
√

x2 )∗ =
(
1,

4
3
√

7
, 1

)∗
.

Now, with

v0 =
ṽ0√
ṽ∗0 ṽ0

, z0 = v∗0Av0 ≈ 5.11616,

we can apply the Rayleigh quotient iteration in two steps to obtain the
conclusion. �
Example 19 Let A be the same as in Example 14. Then ρ(A) ≈ 36.2094. By
using (10),

v0 = (0.348213, 0.244601, 0.389728, 0.816719)∗ ,

the Rayleigh quotient iteration starts at z0 ≈ 34.4924 and gives us

z1 ≈ 36.1469, z2 ≈ 36.2095, z3 ≈ 36.2094.

Proof We have

Q = A − 58I =

⎛
⎜⎜⎝
−57 2 3 4
5 −52 7 8
9 10 −47 12
13 14 15 −42

⎞
⎟⎟⎠ .
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Next, we have

h0 = 1, h1 =
59
27

, h2 =
91
27

, h3 =
287
27

.

Furthermore, we have

x0 = 1, x1 =
189
1829

, x2 =
7155
64883

, x3 =
243
4991

.

Then the conclusion follows from the iteration. �
Example 20 Let A be the same as in Example 15. Then ρ(A) ≈ 24.0293.
By using the algorithm in Section 4.2, the Rayleigh quotient iteration starts at
31 − z0 ≈ 22.6424 and gives us for k = 1, 2, 3,

31 − zk ≈ 24.1046, 24.0298, 24.0293,

respectively.

Proof We have

Q = A − 31I =

⎛
⎜⎜⎝
−30 2 0 0
3 −17 11 0
9 10 −20 1
5 6 7 −23

⎞
⎟⎟⎠ .

Then, we have

h0 = 1, h1 = 15, h2 =
252
11

, h3 =
3291
11

;

x0 = 1, x1 =
3691
76575

, x2 =
1694
45945

, x3 =
7447

3360111
;

v0 = (0.140655, 0.463208, 0.61873, 0.61873).

The conclusion follows by the algorithm. �
It is interesting to compare this example with Examples 15 and 17.
Actually, to show that our algorithm is reasonable, one may ignore the

part using the H-transform and jump to the last step on Q-matrix since the
transform does not change the spectrum. Thus, one needs to compare the
maximal eigenvector g and its approximation (xi). As mentioned before, this
depends heavily on the rate bN = cN . Here is an example of sparse matrix.

Example 21 Let

Q =

⎛
⎜⎜⎜⎜⎝

−3 2 0 1 0
4 −7 3 0 0
0 5 −5 0 0
10 0 0 −16 6
0 0 0 11 −11 − b4

⎞
⎟⎟⎟⎟⎠

.
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Corresponding to different b4, the maximal eigenvector g (normalized so that
the first component to be one) and its approximation (

√
xi ) (up to a positive

constant) are given in Table 6.

Table 6 For different b4, vectors g and (
√

xi ) (Example 21)

b4 g
√

x up to a constant

0.01 (1, 1.00011, 1.00017, 0.999498, 0.998616)∗ (1, 1, 1, 0.999728, 0.999274)∗

1 (1, 1.00992, 1.0149, 0.955637, 0.877794)∗ (1, 1, 1, 0.9759, 0.934353)∗

100 (1, 1.08011, 1.1211, 0.656961, 0.0652116)∗ (1, 1, 1, 0.805682, 0.253629)∗

The corresponding output of our algorithm is given in Table 7.

Table 7 For different b4, eigenvalue λ0 and z1, z2, z3 (Example 21)

b4 z1 z2 z3 = λ0

0.01 0.000278573 0.000278686

1 0.0236258 0.0245174 0.0245175
100 0.200058 0.182609 0.182819

Our original purpose to design the Q-matrix in the last example is for a
test of sparse matrix. The solution x0 = x1 = x2 = 1 leads us to think about
the transition machinery of the Q-matrix. Here is the graphic structure of the
Q-matrix:

©2 � ©1 � ©0 � ©3 � ©4 .

As we will see at the end of Section 5, xi is the probability of the process
first hitting 0 starting from i (which is exactly the probabilistic meaning of the
construction of (xi) given in our general algorithm). Now, starting from 2, there
is only one way to go to 0, and hence x2 should be equal to 1. So does x1. From
this graph, it follows that the matrix is indeed tridiagonal after a relabeling
(simply exchange the labels ©2 and ©0 ):

©0 � ©1 � ©2 � ©3 � ©4 .

As a comparison, we present the next result using the algorithms given in
Sections 4 and 3, respectively.

Example 22 Let

Q =

⎛
⎜⎜⎜⎜⎝

−5 5 0 0 0
3 −7 4 0 0
0 2 −3 1 0
0 0 10 −16 6
0 0 0 11 −11 − b4

⎞
⎟⎟⎟⎟⎠

.

Corresponding to different b4, the maximal eigenvector g and its approximation
(
√

xi ) are given in Table 8.
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Table 8 For different b4, vectors g and (
√

xi ) (Example 22)

b4 g
√

x up to a constant

0.01 (1, 0.999944, 0.999833, 0.999331, 0.998449)∗ (1, 0.999819, 0.999682, 0.99941, 0.998956)∗

1 (1, 0.995096, 0.98532, 0.941608, 0.864908)∗ (1, 0.984848, 0.973329, 0.949871, 0.909433)∗

100 (1, 0.963436, 0.89198, 0.585996, 0.0581675)∗ (1, 0.91325, 0.842344, 0.678661, 0.213643)∗

The corresponding output (zk) of the algorithm in Section 4 is given in Table
9.

Table 9 For different b4, eigenvalue λ0 and z1, z2, z3 (Example 22)

b4 z1 z2 z3 = λ0

0.01 0.000278548 0.000278686

1 0.0234222 0.0245174 0.0245175
100 0.13342 0.182541 0.182819

The output (zk) of the algorithm in Section 3 is given in Table 10.

Table 10 For different b4, eigenvalue λ0, its lower bound δ−1
1 and z1, z2 (Example 22)

b4 z0 = δ−1
1 z1 z2 = λ0

0.01 0.00027867 0.000278686

1 0.0244003 0.024519 0.0245175
100 0.179806 0.182912 0.182819
106 0.191917 0.195239 0.195145

Once again, one sees the efficiency of our algorithm.

Comparing the last two examples, especially their g and
√

xi, it is obvious
that the latter is better than the former one. This suggests us to choose the
starting point 0 carefully. Here is an easier way to do so. First, define a sequence
{E�} of level sets as follows. Let E0 = {N} and E1 = {i ∈ E : aiN > 0}. At the
kth step, set

Ek = {i ∈ E \ (E0 + E1 + · · · + Ek−1) : ∃ j ∈ Ek−1 such that aij > 0}.
The procedure should be stopped at m if Em+1 = ∅. Because of the
irreducibility, each i ∈ E should belong to one of the level sets. Finally,
regard one of im ∈ Em satisfying

aimjm−1 = min{aij : i ∈ Em, j ∈ Em−1}
as our initial 0. However, for initial ṽ0, in practice, it is not necessary to
relabeling the states as we did in Example 22. What we need is only replace
the constraint x0 = 1 by xim = 1 (at the same time, “removing the first line”
is replaced by “removing the im’s line” in constructing the required matrix)
in solving (xi) without change the original matrix A or Q. One may need the
relabeling in computing δ1 defined in Section 3.
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To conclude this subsection, we introduce a new construction of z0 based
on v0 defined by our general algorithm. It is an extension of z0 = δ−1

1 given in
Section 3. To do so, we use Q, (hi), and (xi) defined at the beginning of this
subsection. Let Q̃0 be the matrix obtained from

Q̃ := Diag(hi)−1QDiag(hi)

by modifying the last diagonal element q̃N,N so that the sum of its last row
becomes zero (i.e., removing the killing cN ). Next, let μ := (μ0, μ1, . . . , μN )
with μ0 = 1 be the solution to the equation

μQ̃0 = 0.

Since there are only N variables μ1, μ2, . . . , μN , one may get the solution μ from
the equation

Q̃∗ \the last rowμ∗ = 0.

Here, we remark that for a large class of Q-matrix Q, there is an explicit
representation of μ in terms of the non-diagonal elements of Q, refer to
[3, Chapter 7]. Now, our new initial z0 is defined to be δ−1

1 :

δ1 =
1

1 − x1
max

0�n�N

[√
xn

n∑
k=0

μk
√

xk +
1√
xn

∑
n+1�j�N

μjx
3/2
j

]
. (11)

In contrast to the above examples which use only the automatic z0 = v∗0Av0

(or z0 = v∗0(−Q)v0), here we use (11). Remember that this initial z0 is for −Q,
when we go back to the original A, its initial becomes maxi∈E

∑
j∈E aij − z0.

The outputs of Examples 18–20 using δ−1
1 are listed in Table 11.

Table 11 Outputs of Examples 18–20 using δ−1
1

Example z0 z1 z2 z3 = λ0

18 5.90016 5.22268 5.23611 5.23607

19 57.2719 36.236 36.2097 36.2094
20 30.3886 23.7436 24.0347 24.0293

Finally, we have an improved algorithm (for Q) as stated in Section 3 (below
Example 10) based on the use of L2(μ) and the convex combination:

z0 = ξδ−1
1 + (1 − ξ)(v0,−Qv0)μ, ξ ∈ [0, 1].

The outputs of Examples 18–20 using the new z0 with ξ = 1/3 are listed in
Table 12.

Table 12 Outputs of Examples 18–20 using new z0 with ξ = 1/3

Example z0 z1 z2 z3 = λ0

18 5.04169 5.24358 5.23608 5.23607

19 35.4952 36.2657 36.2095 36.2094
20 24.0583 24.0213 24.0293
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This combination becomes more serious when N is large since in that case
(v0,−Qv0)μ is often an upper bound of λ0, which may be much closer to other
λj �= λ0 and so the algorithm would converge to λj but not λ0. Certainly,
the convex combination idea is also meaningful for the first two choices of z0

introduced in the first subsection.

5 Additional remarks and proofs

In this section, we first prove a new result related to our earlier study. Then
we present some proofs of the results given in the last two sections. Finally, we
will make some remarks on the results studied so far in the previous sections.

The next result solves an open question kept in our mind for many years.
For a given birth–death matrix Q on E with c0 = c1 = · · · = cN−1 = 0 and
bN := cN > 0, and a positive function f on E, define

II(f)(i) =
1
fi

N∑
j=i

1
μjbj

j∑
k=0

μkfk, i ∈ E.

Proposition 23 For Q and II given above, let f1 (> 0 on E) be arbitrarily
given function and define successively fn+1 = fnII(fn). Then this algorithm
coincides with the inverse iteration given in Lemma 6 with z = 0, even for
infinite N. Furthermore, we have

λ0 = λmin(−Q) = lim
n→∞ II(fn)(i)−1

for each i ∈ E. In particular, we have

lim
n→∞min

i∈E
II(fn)(i) =

1
λ0

= lim
n→∞max

i∈E
II(fn)(i).

Proof Consider the Poisson equation: −Qf = g for a given g. The solution is
given by f = gII(g) ([5, (2.7)–(2.9)]). It can be also written as f = (−Q)−1g.
By setting g = f1 and f = f2, it follows that

f2 = (−Q)−1f1 = f1II(f1).

Now, by iteration, we get

fn+1 = (−Q)−nf1 = fnII(fn), n � 1.

We have thus proved the first assertion. Therefore,

II(fn) =
fn+1

fn
=

(−Q)−n(f1)
(−Q)−n+1(f1)

→ 1
λ0

, n → ∞,
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by the last assertion of Lemma 6 with z = 0. The last assertion of the
proposition then follows since on a finite set, the pointwise convergence
implies the uniform one. �

We remark that the last proposition is meaningful once the Poisson
equation −Qf = g is solvable. In parallel, Lemma 6 improves the approxi-
mating procedures studied in [5] and related publications.

Now, we turn to prove Proposition 9 and Corollary 12.

Proof of Proposition 9 (a) First, we follow the setup and notation in [9] (where
a more general situation is studied) for a moment. Define

MN−1(h) =
N−1∑
k=0

q̃
(k)
N

k∑
j=0

F̃
(j)
k hj

qj,j+1
,

Nn(h) =
n∑

k=0

k∑
j=0

F̃
(j)
k hj

qj,j+1
, 0 � n < N.

Then the solution given in [9, Proposition 2.6] can be rewritten as

gn =
fN + MN−1(f)
cN + MN−1(c·)

[1 − Nn−1(c·)] + Nn−1(f), N−1 := 0, 0 � n � N.

By an exchange of the order of the summations, we can rewrite Mn and Nn as
follows:

MN−1(h) =
N−1∑
j=0

hj

qj,j+1

N−1∑
k=j

q̃
(k)
N F̃

(j)
k ,

Nn(h) =
n∑

j=0

hj

qj,j+1

n∑
k=j

F̃
(j)
k , 0 � n < N.

Here, for finite N, the element qN,N+1 is replaced by cN by our convention.
Thus, by [9, (1.1)], we get

MN−1(h) = cN

N−1∑
j=0

hj

qj,j+1
F̃

(j)
N .

By [6, Proposition 4.1], we have F̃
(i)
i+m = G

(i)
m,m. It follows that

MN−1(h) = cN

N−1∑
j=0

hj

qj, j+1
G

(j)
N−j,N−j,

Nn(h) =
n∑

j=0

hj

qj,j+1

n−j∑
k=0

G
(j)
k,k, 0 � n < N.
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Applying this solution to the birth–death context and setting f = −v, g = w,
replacing the original c· used in [9] by z − c·, we obtain

gn =
−vN − MN−1(v)

z − cN + MN−1(z − c·)
[1 − Nn−1(z − c·)] − Nn−1(v), 0 � n � N.

Equivalently,

gn =
vN + MN−1(v)

cN − z + MN−1(c· − z)
[1 + Nn−1(c· − z)] − Nn−1(v), 0 � n � N.

This gives us the required conclusion. �
Proof of Corollary 12 The proof is quite straightforward. Choose m large
enough such that

A := mI + Q

is a nonnegative matrix. Then −Q = mI − A. Hence,

λ0(Q) = m − ρ(A).

The proof now is a direct application of the Collatz–Wielandt formula:

m − ρ(A) = m − inf
x>0

max
i

(Ax)i
xi

= sup
x>0

min
i

(−Qx)i
xi

,

m − ρ(A) = m − sup
x>0

min
i

(Ax)i
xi

= inf
x>0

max
i

(−Qx)i
xi

. �

It is now ready to make some additional remarks on the results in the
previous sections. The two algorithms as well as their convergence and the
Collatz–Wielandt formula can be found easily from Wikipedia. From which, one
knows that the Power Iteration was first appeared in 1929 [14] and the Inverse
Iteration appeared in 1944 [15]. These algorithms are taught for undergraduate
students on the course of computations and are included in many books, see
for instance [10,13,16]. In particular, Appendix of Section 3 is modified from
[10, pp. 584, 585].

We now say a few words about the unusual word “complete” used at the
end of the first section for the results obtained in Section 3. Actually, this is one
of the 16 situations with N � ∞ we have worked out so far to have a unified
estimation of the principal eigenvalue:

(4δ)−1 � δ−1
1 � λ0 � δ′1

−1 � δ−1 (12)

for some constants δ, δ1, and δ′1, where δ1 is the one we have used in Section
3 for the initial z0. Besides, we often have in practice that 1 � δ1/δ

′
1 � 2.

Thus, the efficiency of the initial (v0, z0) introduced in Section 3 comes with
no surprising. More precisely, the initial (v0, z0) is taken from the first step of
our approximating procedure: [5, Theorem 3.3 (1), (3.4)]. Example 1 here is a
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truncated one from [5, Example 3.6] where N = ∞, λ0 = 1/4, and δ1 = 4 which
is sharp. Certainly, this is still not enough to claim that we can arrive at such
a precise approximation in the second iteration. The story on the estimation
of the principal eigenvalue, or more general on the estimation of the stability
speed is too long to talk here and so the author is planning to publish a survey
article [7]. For earlier progress, refer to [4] which includes a lot of information
up to 2004, or a more recent paper [5].

Next, we discuss the sequence (h0, h1, . . . , hN ) used in Sections 3 and 4.
The role of the sequence is to keep the same spectrum of the original Q and its
H-transform Q̃ :

Q̃ = Diag(hi)−1QDiag(hi). (13)

Certainly, Q and Q̃ have the same diagonals. Next, define

P = (pij : i, j ∈ E) := Diag(q−1
i ) Q̃ + I, (14)

which is the matrix used in Section 4. Note that even though the sequence (ci)
in the original Q can be non-zero, the resulting c̃k = 0 for every k < N but
c̃N > 0 for the matrix Q̃. For a given measure μ, set μ̃ = h2μ (i.e., μ̃i = h2

i μi

for each i ∈ E), the transform f̃ = f/h gives us an isometry between L2(μ) and
L2(μ̃) and then an isospectrum of Q on L2(μ) and Q̃ on L2(μ̃). This technique is
due to [8]. See also [6]. Now, if g̃ is an approximating eigenvector corresponding
to λ̃0 of Q̃, then, g := hg̃ is an approximating eigenvector corresponding to λ0

of Q, due to the isospectral property of Q and Q̃. Because

‖g̃‖L2(μ̃) = ‖g‖L2(μ),
(
g̃, Q̃g̃

)
μ̃

= (g,Qg)μ,

by [8], we have (
g̃,−Q̃g̃

)
μ̃

‖g̃‖L2(μ̃)
=

(g,−Qg)μ
‖g‖L2(μ)

=
g∗(−Q)g√

g∗g
. (15)

Here, we assume that μk ≡ 1 for simplicity. This means that we can estimate the
maximal eigenpair (λ0, g) of Q in terms of the one

(
λ̃0, g̃

)
of Q̃. More precisely,

the maximal eigenvalue g̃ of Q̃ is approximated by ϕ in the context of Section
3 (or by x = (xi) in Section 4). Now, in Section 3 for instance, ṽ0 = h

√
ϕ

is an approximation of the maximal eigenvector g of Q. With v0 = ṽ0/
√

ṽ∗0v0,
equation (15) leads to our first approximation of λ0 :

v∗0(−Q)v0 = z0.

Now, our task is to show that the sequence (xi) defined in Section 4 is an
extension of (ϕi) given in Section 3. To this end, recall that the matrix Q̃
defined by (13) is again a Q-matrix. Hence, the matrix P = (pij : i, j ∈ E)
defined by (14) is just the embedding chain of Q̃. Note that here pii = 0 for
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each i ∈ E. By the construction of (hi), we have
∑

j∈E pij = 1 for each i � N−1
but

∑
j∈E pNj < 1, refer to [8]. The equation for (xi) in (9) can be rewritten as

xn =
∑
j∈E

pijxj, 1 � n � N, x0 = 1. (16)

In probabilistic language, the solution (xi) (or the minimal solution (x∗
i ) when

N = ∞) to equation (16) is the probability of first hitting 0 of the Q-process
with Q-matrix Q̃ or its embedding sub-Markov chain with transition matrix
P = (pij), starting from i. Refer to [3, Lemma 4.46].

We are now going to prove the following result.

Lemma 24 For birth–death matrix, the solution (xi) to equation (16)
coincides with (ϕi) (up to a constant) used in Section 3.

Before prove Lemma 24, let us discuss the relation of these sequence with
the recurrence of the Markov chain in the case of N = ∞. First, it is known by
[3, Theorem 4.55 (1) and the second line of p. 161] that a birth–death process
is recurrent if and only if

b0

∞∑
n=1

a1a2 · · · an

b1b2 · · · bn
= b0

∞∑
n=1

1
μnbn

= ∞.

For simplicity, set
F (0)

n =
a1a2 · · · an

b1b2 · · · bn
, n � 1.

The sequence
{
F

(0)
n

}
n�1

is a very special case of
{
F̃

(j)
n

}
n�1

used in the proof
of Proposition 9. Refer to [9] and [3, §4.5] for more details. Note that (ϕn) is
just the tail series of

∑∞
n=1 F

(0)
n provided N = ∞. On the other hand, by [3,

Lemma 4.46], the process is recurrent if and only if the minimal solution (x∗
i )

to the equation (16),

xn =
bn

an + bn
xn+1 +

an

an + bn
xn−1, n � 1, x0 := 1,

is equal to one identically. Rewrite the equation as

xn − xn+1 =
an

bn
(xn−1 − xn), n � 1.

By induction, it follows that

xn − xn+1 = F (0)
n (x0 − x1), n � 1.

Hence,

xn − xN+1 = (x0 − x1)
N∑

k=n

F
(0)
k , x1 − xn = (x0 − x1)

n−1∑
k=1

F
(0)
k , n � 1.
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Equivalently,

xn − xN+1 = (x0 − x1)
N∑

k=n

F
(0)
k , x0 − xn = (x0 − x1)

n−1∑
k=0

F
(0)
k , n � 0,

since F
(0)
0 = 1 by convention. If

∑∞
k=0 F

(0)
k = ∞, then from the second equation,

we must have x1 = 1 (since x0 = 1) and then have the unique solution xi ≡
1. Therefore, the minimal solution x∗

i ≡ 1 and so the process is recurrent.
Conversely, if

∑∞
k=0 F

(0)
k < ∞, then from the first equation above, we obtain

x0 − x1 =
x0 − x∞∑∞

j=0 F
(0)
j

,

and then

xn − x∞ =
x0 − x∞∑∞

j=0 F
(0)
j

∞∑
k=n

F
(0)
k , n � 0.

Equivalently,

xn =
∑∞

k=n F
(0)
k∑∞

j=0 F
(0)
j

+ x∞

∑n−1
k=0 F

(0)
k∑∞

j=0 F
(0)
j

, n � 0.

Clearly, for each given x∞ ∈ [0, 1], using this formula, we obtain a solution (xn)
to the equation. Thus, the minimal solution should be as follows:

x∗
n =

∑∞
k=n F

(0)
k∑∞

j=0 F
(0)
j

, n � 0,

which is clearly less than one for n � 1 since
∑∞

j=0 F
(0)
j < ∞.

Proof of Lemma 24 For finite state {0, 1, . . . , N}, since there is a killing bN > 0,
the minimal solution is as follows:

x∗
n =

∑N
k=n F

(0)
k∑N

j=0 F
(0)
j

, n = 0, 1, . . . , N.

In other words, up to a constant, we have

ϕn =
N∑

k=n

F
(0)
k =

1
1 − x∗

1

x∗
n, n = 0, 1, . . . , N.

That is what we required. �
Finally, we remark that the story for one-dimensional diffusions should be in

parallel to Section 3. The algorithm presented in Section 4 may not be complete
since the lack of an analog of (12).
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Summary

This paper deals with the efficient initials for the Rayleigh quotient iteration.
Here are suggestions for the use of the results in the previous sections of the
paper on computing the maximal eigenpair.

(i) If the iterations are easy (small size of A, for instance), one simply
adopts the simplest algorithm: Section 4.1 with Choice I, or more effectively,
with the convex combination of Choice I and Choice II:

z0 = ξ max
i∈E

Ai + (1 − ξ)v∗0Av0, ξ ∈ [0, 1].

More especially, ξ = 7/8 for instance. Certainly, one may use Choice III for z0.

(ii) If the given matrix is nearly tridiagonal (after a suitable relabeling if
necessary) or the Lanczos tridiagonalization procedure is suitable, one use the
method introduced in Section 3. The computation there is rather explicit and
it works even for N = ∞.

(iii) In general, one uses the algorithm given in Section 4.2. Note that at
each step of the Rayleigh quotient iteration, one has to solve a linear equation.
Here, for the initials, we have to solve two more linear equations.

6 Next to maximal eigenpair

After an earlier version of the paper containing the first five sections was
submitted, the author found a natural way to study the next to the maximal
eigenpair. In this section, we restrict ourselves to the easier case that Ai :=∑

j∈E aij is a constant. Then the maximal eigenpair is simply (A0,�) (where �
is the constant function having value 1 everywhere), as mentioned before. By
a shift if necessary, we return to the problem for a Q-matrix which is especially
valuable since its next eigenvalue describes the ergodic rate of the corresponding
Markov chain. In this setup, the minimal eigenpair (λ0 = 0, g0 = �) of −Q is
known and we are looking for the next eigenpair (λ1, g1). Clearly, g1 should be
orthogonal to g0 in L2(π)-sense for the stationary distribution π of the process
corresponding to the given matrix Q. This is the reason why we often use v−πv
in what follows for constructing a mimic of the eigenvector g1. Besides, we need
the assumption that λ1 > |λj | for every j > 1 to guarantee the convergence of
our algorithms.

Once again, let us begin our study with a tridiagonal conservative Q-matrix

Q =

⎛
⎜⎜⎜⎜⎜⎝

−b0 b0 0 0 · · ·
a1 −(a1 + b1) b1 0 · · ·
0 a2 −(a2 + b2) b2 · · ·
...

...
. . . . . . . . .

0 0 0 aN −aN

⎞
⎟⎟⎟⎟⎟⎠

,

where ai, bi > 0. Define (μk : k ∈ E) as in Section 3. Then we have the
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probability distribution π = (π0, π1, . . . , πN ) : πk = μk/
∑

j∈E μj. Again, denote
by (·, ·)μ and ‖ · ‖μ the inner product and norm in L2(μ), respectively. Next,
set

ϕn =
∑

j�n−1

1
μjbj

, n ∈ E.

To define our initial v0, let

ṽ0 = (
√

ϕ0,
√

ϕ1, . . . ,
√

ϕN )∗, v0 = ṽ0 − πṽ0.

We can now introduce our algorithm in the present situation as follows. Choose
initials

v0 =
v0

‖v0‖μ
, z0 =

(v0,−Qṽ0)μ
‖v0‖2

μ

. (17)

At the kth step (k � 1), let wk be the solution to the equation

(−Q − zk−1)wk = vk−1

and set
vk =

wk

‖wk‖μ
, zk = (vk,−Qvk)μ.

We remark that here in defining vk (k � 1), we do not need to use wk−πwk.
The reason is as follows. If πv = 0 and w solves the equation

(−Q − z)w = v

for some constant z �= 0, then

0 = πv = π(−Q − z)w = −zπw,

and so πw = 0. Therefore, we have πwk = 0 for each k � 1 since so does the
initial v0 : πv0 = 0.

Instead of z0 given in (17), there is another choice. Define

η1 = max
0�i�N−1

1
μibi[ṽ0(i + 1) − ṽ0(i)]

N∑
j=i+1

μjv0(j).

Then one may choose
z0 = η−1

1 (18)

as an initial.
Here, the initials ṽ0 and z0 are taken from [2, Theorem 2.2 (1)] or

[4, Theorem 1.5 (2)]. Certainly, we can adopt the convex combination of those
given in (17) and (18):

z0 = ξη−1
1 + (1 − ξ)(v0,−Qṽ0)μ‖v0‖−2

μ , ξ ∈ [0, 1]. (19)



1414 Mu-Fa CHEN

We now consider an example modified from Example 1.

Example 25 Let E = {0, 1, . . . , 7} and

Q =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1 1 0 0 0 0 0 0
1 −5 22 0 0 0 0 0
0 22 −13 32 0 0 0 0
0 0 32 −25 42 0 0 0
0 0 0 42 −41 52 0 0
0 0 0 0 52 −61 62 0
0 0 0 0 0 62 −85 72

0 0 0 0 0 0 72 −72

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Then we have μk ≡ 1, λ1(Q) ≈ 0.820539 with eigenvector

≈ (−3.95053,−0.708966, 0.246859, 0.649164, 0.842169, 0.93805, 0.983254, 1)∗ .

Starting from v0 :

(−4.79299, −0.0815238, 0.474589, 0.70372, 0.828504, 0.906932, 0.960767, 1)∗,

for different initial z0, the outputs are given in Table 13.

Table 13 Outputs for different initial z0 (Example 25)

choice z0 z1 z2 = λ1

(17) 0.902633 0.820614 0.820539

(18) 0.456343 0.8216 0.820539
(19) 0.724117 0.820629 0.820539

We remark that for this and the next example, the parameter ξ in (19) is
specified to be 2/5.

The next example has non-trivial (μk).

Example 26 Let

Q =

⎛
⎜⎜⎜⎜⎝

−5 5 0 0 0
3 −7 4 0 0
0 2 −3 1 0
0 0 10 −16 6
0 0 0 11 −11

⎞
⎟⎟⎟⎟⎠

.

Then
μ0 = 1, μ1 =

5
3
, μ2 =

10
3

, μ3 =
1
3
, μ4 =

2
11

.

The eigenvalues of −Q are as follows:

22.348, 10.6857, 5.92951, 3.03673, 0.

With
ṽ0 =

1
2
√

5
(0, 2,

√
7,
√

13,
√

23 )

for different initial z0, the outputs are given in Table 14.
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Table 14 Outputs for different initial z0 (Example 26)

choice z0 z1 z2 = λ1

(17) 3.84977 3.05196 3.03673

(18) 1.72924 3.05715 3.03673
(19) 3.00156 3.03675 3.03673

Next, consider the general conservative Q-matrices Q = (qij : i, j ∈ E).
Here, the conservativity means that

∑
j∈E qij = 0 for every i ∈ E. Next, define

an auxiliary Q-matrix Q1 which coincides with Q except replacing the element
qNN by cqNN , where c > 1 is an arbitrary constant and is fixed to be 1000 in
what follows for simplicity.

Following Section 4 (replacing Q by Q1), let (x0, x1, . . . , xN ) (with x0 = 1)
be the solution to the equation

x\0’s row = P \0’s row x, (20)

where
P = Diag(q−1

0 , q−1
1 , . . . , q−1

N−1,N−1, (cqNN )−1)Q1 + I.

To go further, we need μ = (μ0, μ1, . . . , μN ) with μ0 = 1, which is the same as
defined in Section 4: the solution to the equation

Q∗ \the last rowμ∗ = 0.

Having x and μ at hand, we are ready to define our initials. For each r ∈ [0, 1],
to be specified later, define

ṽ0 = (r,
√

1 − x1,
√

1 − x2, . . . ,
√

1 − xN )∗, v0 = ṽ0 − μṽ0∑N
k=0 μk

,

v0 =
v0

‖v0‖μ
, z0 =

(v0,−Qṽ0)μ
‖v0‖2

μ

.

(21)

Because ṽ0 depends on r, so do v0, v0, and z0 =: z0(r). Choose r0 ∈ [0, 1] so
that

z0(r0) ≈ inf
r∈[0,1]

z0(r).

Corresponding to this specified r0, we obtain our initials v0 and z0. This
minimizing procedure in r is necessary for avoiding collapse since we are in
a more sensitive situation than before. Then the iteration procedure is exactly
the same as we used several times before.

The reason we adopt a large c = 1000 here is that for a larger c, its
minimal eigenvalue λ0(Q1) is closer to, but less than, the eigenvalue λ1(Q)
we are interested. Refer to [1, Proposition 3.2] for more details. Thus, one may
regard the former as an approximation of the latter. In other words, we can
use an alternative initial

z0 = λ0(Q1) or its estimates studied in previous sections. (22)
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Certainly, one can define a convex combination of those given in (21) and (22)
in an obvious way, but it is omitted here. The use of λ0(Q1) seems necessary
(especially for large N) to avoid some pitfall, as mentioned before.

The next example is interesting for which some of its eigenvalues are complex
but the one we are interested is real.

Example 27 Let

Q =

⎛
⎜⎜⎝

−30 30 0 0
1/5 −17 84/5 0

11/28 275/42 −20 1097/84
55/3291 330/1097 588/1097 −2809/3291

⎞
⎟⎟⎠ .

Then

Q1 =

⎛
⎜⎜⎝

−30 30 0 0
1/5 −17 84/5 0

11/28 275/42 −20 1097/84
55/3291 330/1097 588/1097 −2809000/3291

⎞
⎟⎟⎠ .

The eigenvalues of −Q and −Q1 are

29.8411 + 2.45214 i, 29.8411 − 2.45214 i, 8.17131, 0,

and

853.548, 29.8249 + 2.46241 i, 29.8249 − 2.46241 i, 7.34195,

respectively. Using (21) with r0 ≈ 0.951, the output is

z0 ≈ 7.73667, z1 ≈ 8.15021, z2 ≈ 8.17129, z3 ≈ 8.17131.

While using (22), the output is

z0 ≈ 7.34195, z1 ≈ 8.13216, z2 ≈ 8.17124, z3 ≈ 8.17131.

Here is one more example.

Example 28 Let

Q =

⎛
⎜⎜⎝

−57 118/27 91/9 1148/27
135/59 −52 637/59 2296/59
243/91 590/91 −47 492/13
351/287 118/41 195/41 −62/7

⎞
⎟⎟⎠ .

Then

Q1 =

⎛
⎜⎜⎝

−57 118/27 91/9 1148/27
135/59 −52 637/59 2296/59
243/91 590/91 −47 492/13
351/287 118/41 195/41 −62000/7

⎞
⎟⎟⎠ .
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The eigenvalues of −Q and −Q1 are

59.3118, 58, 47.5454, 0,

and
8857.18, 59.2467, 58, 38.7143,

respectively. Using (21) with r0 ≈ 0.953, the output is

z0 ≈ 47.5318, z1 ≈ 47.5453, z2 ≈ 47.5454.

While using (22), the output is

z0 ≈ 38.7143, z1 ≈ 47.5343, z2 ≈ 47.5453, z3 ≈ 47.5454.
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Abstract The leading eigenpair (the couple of eigenvalue and its eigenvector)
or the first nontrivial one has different names in different contexts. It is the
maximal one in the matrix theory. The talk starts from our new results on
computing the maximal eigenpair of matrices. For the unexpected results, our
contribution is the efficient initial value for a known algorithm. The initial
value comes from our recent theoretic study on the estimation of the leading
eigenvalues. To which we have luckily obtained unified estimates which consist
of the second part of the talk. In the third part of the talk, the original
motivation of the study along this direction is explained in terms of a specific
model. The paper is concluded by a brief overview of our study on the leading
eigenvalue, or more generally on the speed of various stabilities.
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§1 Computing the maximal eigenpair

We begin with the following Perron-Frobenius theorem. For positive
A (pointwise), the result is due to Perron, and in the nonnegative irreducible
case, it is due to Frobenius. The theorem says there exists uniquely a maximal
eigenvalue ρ(A) > 0 with positive left-eigenvector u and right-eigenvector g:

uA = λu, Ag = λg, λ = ρ(A).

These eigenvectors are also unique up to a constant.
Here is a simplest example due to Luo-Geng Hua (Loo-Keng Hua) (1984)

(refer to [3; Chapter 10] for references within):

Example 1 (Hua, 1984) Let

A =
1

100

(

25 14

40 12

)

.

Then its maximal eigenvalue ρ(A), the left-eigenvector u, and right-eigenvalue g
are, respectively, as follows

ρ(A) =
(

37 +
√
2409

)

/200,

u =
(

5
(

13+
√
2409

)

/7, 20
)

≈(44.34397483, 20),

g =
((

13+
√
2409

)

/4, 20
)∗
.
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Such a simple matrix is already enough to show the great importance of
computing the maximal eigenpair. Recall a simple description of an economic
system is using its structure matrix (the matrix of expanding coefficients) A,
which is nonnegative, irreducible and invertible. Then the well-known input-
output method can be expressed as

xn = x0A
−n, n > 1.

where x0 is the input (row vector) and xn =
(

x
(0)
n , · · · , x(d)n

)

is the output
of the products we are interested at the nth year. In 1984, Hua proved the
following fundamental theorem:

Theorem 2 (Hua’s Fundamental Theorem, 1984)

• The optimal choice of x0 is u, it has the fastest grow: xn = x0 ρ(A)
−n.

• Except some very special A, if x0 6= u, then the economic system will be
collapsed. That is, some component of the products at some year becomes
nonpositive.

Certainly, we do not care if the collapse time is very large, say 104 years
for instance. However, it is not the case in practice. Table 1 shows the collapse
time of Example 1 for the initials different from u.

Table 1 Input and collapse time

x0x0x0 Collapse time nCollapse time nCollapse time n

(44, 20) 3

(44.344, 20) 8

(44.34397483, 20) 13

If we take only the integer part of u as x0, then the system collapses at the
third year; if we take 3 decimals, then the system collapses at the eighth year;
finally, if we take all 8 decimals, then the system collapses at the thirteenth
year. This result clearly shows the importance of the study on the maximal
eigenpair. We need not only high precision but also need to face large systems.

We now study how to compute the maximal eigenpair. Before doing so,
let us make two remarks.

1) We need to study the right-eigenvector g only. Otherwise, use the
transpose A∗ instead of A.

2) The matrixA is required to be irreducible with nonnegative off-diagonal
elements, its diagonal elements can be arbitrary. Otherwise, use a shift A+mI

for large m:
(A+mI)g = λg ⇐⇒ Ag = (λ−m)g,

their eigenvector remains to be the same but the maximal eigenvalues are
shifted.

Consider the following example.
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Example 3 Consider the matrix

Q =



































−1 1 0 0 0 0 0 0

1 −5 22 0 0 0 0 0

0 22 −13 32 0 0 0 0

0 0 32 −25 42 0 0 0

0 0 0 42 −41 52 0 0

0 0 0 0 52 −61 62 0

0 0 0 0 0 62 −85 72

0 0 0 0 0 0 72 −113



































.

The main character of the matrix is the sequence {k2}. For this Q, the maximal
eigenvalue is −0.525268 with eigenvector:

g ≈ (55.878, 26.5271, 15.7059, 9.97983, 6.43129, 4.0251, 2.2954, 1)∗,

where the vector v∗ = the transpose of v.

Actually, this matrix is truncated from the corresponding infinite one, in
which case we have known that the maximal eigenvalue is −1/4 (refer to [5;
Example 3.6]).

We now want to practice the standard algorithms in matrix eigenval-
ue computation. The first method in computing the maximal eigenpair is
the Power Iteration, introduced in 1929. Starting from a vector v0 having a
nonzero component in the direction of g, normalized with respect to a norm
‖ · ‖. At the kth step, iterate vk by the formula

vk =
Avk−1

‖Avk−1‖
, zk = ‖Avk‖, k > 1.

Then we have the convergence: vk → g and zk → ρ(Q) as k → ∞. If we
rewrite vk as

vk =
Akv0

‖Akv0‖
,

one sees where the name “power” comes from. For our example, to use the
Power Iteration, we adopt the ℓ1-norm and choose v0 = ṽ0/‖ṽ0‖, where

ṽ0=(1, 0.587624, 0.426178, 0.329975, 0.260701, 0.204394, 0.153593, 0.101142)
∗.

This initial comes from a formula to be given in the last part of this section.
Comparing it with g, noting that the eigenvector g decays from 56 to 1, here
ṽ0 decays from 10 to 1, one may worry about the effectiveness of the choice
of v0. Anyhow, having the experience of computing its eigensystem, I expect
to finish the computation in a few of seconds. Unfortunately, I got a difficult
time to compute the maximal eigenpair for this simple example. Altogether, I
computed it for 180 times, not in one day, using 1000 iterations. The printed
pdf-file of the outputs has 64 pages. Here are some data.
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Table 2 Outputs (k,−zk)

0 2.11289

1 1.42407

2 1.37537

3 1.22712

4 1.1711

5 1.10933

6 1.06711

7 1.02949

8 0.998685

9 0.971749

10 0.948331

Computing

180 times,

103 iterations,

64 pages.

(k,−zk)

50 0.664453

100 0.589332

200 0.542423

300 0.529909

400 0.526517

500 0.525603

600 0.525358

700 0.525292

800 0.525274

900 0.52527

> 990 0.525268

200 400 600 800 1000

1.0

1.5

2.0

The figure of − zk

for k = 0, 1, . . . , 1000.

The first ten iterations reduce the estimate of the maximal eigenvalue from
2 to 1. It is quite good. Then, we receive the wished output only at the
990th iteration. The corresponding figure shows that the convergence of zk
goes quickly at the beginning of the iterations. This means that our initial v0
is good enough. Then the convergence goes very slow which means that the
Power Iteration Algorithm converges very slowly.

Let us now move to the second algorithm in computing the maximal
eigenpair, the Rayleigh Quotient Iteration (RQI), a variant of the Inverse It-
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eration presented in 1944. Here we use the ℓ2-norm. Starting from an ap-
proximating pair (z0, v0) of the maximal pair (ρ(A), g) with v∗0v0 = 1, use the
following iteration.

vk =
(A− zk−1I)

−1vk−1

‖(A− zk−1I)−1vk−1‖
, zk = v∗kAvk, k > 1.

If (z0, v0) is close enough to (ρ(A), g), then

vk → g and zk → ρ(A) as k → ∞.

Before moving further, let us make a remark about this algorithm. With-
out using the shift zk−1I, it is the original Inverse Iteration:

vk =
A−1vk−1

‖A−1vk−1‖
⇐⇒ vk =

A−kv0

‖A−kv0‖
i.e. the input-output method.

From this, one may obtain a short proof of Hua’s magical assertion in his
fundamental theorem. The use of a constant shift zI for z closed enough to
ρ(A) enables us to compute the eigenvector corresponding to ρ(A) rather than
λmin(A). The use of a variant shift zk−1I is for accelerating the convergence
speed.

Having the hard time spent in the last computation, I was in hesitation
to go to the second algorithm. I wondered how many iterations are required
using the second algorithm. To have a feeling, I used optimization theory.
Suppose we are searching the maximum on the interval (0, 1) for the accuracy
of 10−6. Then, by using the Golden Section Search,

10−6 = 0.61824.

This means that 24 iterations at least are required. By the Bisection Method,

10−6 = 0.520.

Thus, I did not believe that we can complete the job in 20 iterations. With
enough patience and energy, I started my computation again. The result came
to me, not enough to say surprisingly, I was shocked indeed.

Example 4 For the same matrix Q and ṽ0 as in Example 1, by RQI, we need
two iterations only:

z1 ≈ −0.528215, z2 ≈ −0.525268.

This shows not only the power of the second method but also the ef-
fectiveness of my v0. For simplicity, from now on, we set λj := λj(−Q). In
particular λ0 = −ρ(Q) > 0.

As usual, “too good” is dangerous. For instance, a too beautiful person
may have a lot of trouble. Instead of our previous v0, we adopt the uniformly
distributed one:

v0 = {1, 1, 1, 1, 1, 1, 1, 1}/
√
8.

This is somehow fair since we may have no knowledge about g in advance.
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Example 5 Let Q be the same as above and use the uniformly distributed v0.
Then

(z1, z2, z3, z4z4z4) ≈ (4.78557, 5.67061, 5.91766, 5.918675.918675.91867).

(λ0, λ1,λ2λ2λ2) ≈ (0.525268, 2.00758, 5.918675.918675.91867).

The computation becomes stable at the 4th iteration. Unfortunately, it is not
what we want λ0 but λ2. In other words, the algorithm converges to a pitfall.
Very often, there are n − 1 pitfalls for a matrix having n eigenvalues. This
shows once again our initial ṽ0 is efficient.

In the last example, z0 is chosen in the automatic way: z0 = v∗0(−Q)v0.
If we keep this v0 which is not so good, but using a new z0, then we come back
to our result in two iterations.

Example 6 Let Q and v0 be the same as in the last example. Choose

z0 = 2.05768−1 ≈ 0.485985.

Then z1 ≈ 0.525313, z2 ≈ 0.525268.

This shows that the new z0 (= δ−1 to be specified at the end of this
section) is efficient.

We have now computed the same example for 4 times. Here is the com-
parison of different initials.

Table 3 Comparison of different initials

QQQ v0v0v0 z0z0z0 # of Iterations# of Iterations# of Iterations

1 ṽ0̃v0̃v0 Power 103

2 ṽ0̃v0̃v0 Automatic 222

3 Uniformly distributed Automatic Collapse

4 Uniformly distributed δ−1
1δ
−1
1δ
−1
1 222

We now come to the following conclusion.

• RQI is much efficient than Power One.

• The initials (v0, z0) are very sensitive and our ṽ0 and z0 = δ−1
1 are efficient.

• It is very hard to handle with the initials. Actually, a large part of math-
ematics research are devoted to this problem.

Hopefully, everyone here has heard the nameGoogle’s PageRank. In other
words, the Google’s search is based on the maximal left-eigenvector (Exactly
the same as what used in the Hua’s Theorem 2). On this topic, the following
book was published 10 years ago:

Langville, A.N. and Meyer, C. D. (2006).
Google’s PageRank and Beyond: The Science of Search Engine Rankings.
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Princeton University Press.
In this book, the Power Iteration is included but not the RQI.

Up to now, we have discussed only a small size (8 × 8 (N = 7)) matrix.
How about large N? In computational mathematics, one often expects the
number of iterations grows in a polynomial way Nα for α greater or equal
to 1. In our efficient case, since 2 = 81/3, we expect to have 100001/3 = 22
iterations. The next table subverts completely my imagination.

Table 4 Comparison of RQI for different N

N + 1N + 1N + 1 z0z0z0 z1z1z1 z2 = λ0z2 = λ0z2 = λ0 upper/lower

8 0.523309 0.525268 0.525268 1+10−11

100 0.387333 0.376393 0.376383 1+10−8

500 0.349147 0.338342 0.338329 1+10−7

1000 0.338027 0.327254 0.32724 1+10−7

5000 0.319895 0.30855 0.308529 1+10−7

7500 0.316529 0.304942 0.304918 1+10−7

104 0.31437 0.302586 0.302561 1+10−7

Here z0 is defined by

z0 = 7/(8δ1) + v∗0(−Q)v0/8,

where v0 and δ1 are computed by our general formulas to be defined very soon
below. We computed the matrices of order 8, 100, . . . , 104 by using MatLab in
a notebook, in no more than 30 seconds, the iterations finished at the second
step. This means that the outputs starting from z2 are the same and coincide
with λ0. See the first row for instance, which becomes stable at the first step
indeed. We did not believe such a result for some days, so we checked it in
different ways. First, since λ0 = 1/4 when N = ∞, the answers of λ0 given in
the fourth column are reasonable. More essentially, by using the output v2,
we can deduce upper and lower bounds of λ0 (using [5; Theorem 2.4 (3)]), and
then the ratio upper/ lower is presented in the last column. For the first row,
by using v1 instead of v2, we also have 1 + 10−7. In each case, the algorithm
is significant up to 6 digits.

It is the position to write down the formulas of ṽ0 and δ1. Then our
initial z0 used in Table 4 is a little modification of δ−1

1 : a convex combination
of δ−1

1 and v∗0(−Q)v0.

Let us consider the tridiagonal matrix. Fix N > 1 and denote by E =
{0, 1, . . . , N} the set of indices. By a shift if necessary, we may reduce A to Q
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with negative diagonals: Q = A−mI, m := maxi∈E
∑

j∈E aij ,

Q =





















−(b0 + c0) b0 0 0 · · ·
a1 −(a1 + b1 + c1) b1 0 · · ·
0 a2 −(a2 + b2 + c2) b2 · · ·
...

...
. . .

. . .
. . .

0 0 0 aN −(aN + cN ))





















.

Thus, we have three sequences {ai > 0}, {bi > 0}, and {ci > 0}. Our
main assumption here is that the first two sequences are positive. In order to
define our initials, we need three new sequences, {µk} (speed measure), {hk},
and {ϕk}.∗ The sequence {µk} uses {ak} and {bk} only, independent of {ck}:

µ0 = 1, µn = µn−1
bn−1

an
, 1 6 n 6 N.

Here and in what follows, our iterations are often of one-step. Next, we define
the sequence {hk}:

h0 = 1, hn = hn−1rn−1, 1 6 n 6 N ;

here we need another sequence {rk}:

r0 = 1 + c0/b0, rn = 1 +
an + cn

bn
− an

bnrn−1
, 1 6 n < N.

The boundary of h is defined by

hN+1 = cNhN + aN (hN − hN−1).

Note that if ck ≡ 0 for k < N , then we do not need the sequence {hk}, simply
set hk ≡ 1. Having {µk} and {hk} at hand, we can define {ϕk} as follows.

ϕn =
N
∑

k=n

1

hkhk+1µkbk
, 0 6 n 6 N, bN := 1.

We are now ready to define v0 and δ1 (or z0) using the three new se-
quences.

ṽ0(i)=hi
√
ϕi, i 6 N ; v0= ṽ0/‖ṽ0‖; ‖ · ‖ := ‖ · ‖L2(µ)

δ1= max
06n6N

[√
ϕn

n
∑

k=0

µkh
2
k

√
ϕk +ϕn

−1/2
∑

n+16j6N

µjh
2
jϕ

3/2
j

]

=:z−1
0 .

∗A modification of the algorithm here is presented in [14; Apendix §4.4].
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Note that v0 and δ1 are explicitly expressed by these three new sequences. In
other words, we have used three new sequences {µk}, {hk}, and {ϕk} instead
of the original three {ai}, {bi}, and {ci}.

Finally, the RQI goes as follows. Solve wk:

(−Q− zk−1I)wk = vk−1, k > 1;

and define
vk = wk/‖wk‖, zk = (vk, −Qvk)L2(µ).

Then
vk → g and zk → λ0 as k → ∞.

Certainly, the next step is going to the general matrix from the tridiagonal
one. This is possible once we understand the probabilistic meaning of the
sequences {µk}, {hk}, and {ϕk}. This work is done in [12] but omitted here.
For more recent progress on this topic, refer to [13, 14].

§2 Unified speed estimation of various stabilities

We are now going to explain the reason why our initials are efficient. The
answer comes from the following result about the unified speed estimation of
various stabilities. The result is a short summary of a series of the author’s
papers published during 2010–2014, starting from 1988. Refer also to [17].

Theorem 7 (Informal !) For a tridiagonal matrix Q or a one-dimensional ellip-
tic operator (order 2) with or without killing on a finite or infinite interval, in
each of twenty cases, there exist explicit δ, δ1, δ

′
1 (and then δn, δ

′
n, recursively)

such that δ′n ↑, δn ↓ and

(4δ)−1
6 δ−1

n 6 λ0 6 δ′n
−1
6 δ−1, n > 1.

Besides, 1 6 δ′1
−1

/δ1
−1

6 2.

The initial δ1 used in the previous section is taken from here in one
specific case. Then the ṽ0 used there was originally used in [5; §3] to deduce
δ1.

Certainly, the notation λ0 and δ# here may be changed case by case. For
instance, for the exponentially ergodic rate (or the exponential decay rate), λ0

is replaced by α∗. By [5; Theorems 1.5 and 7.4] (discrete case) and [6; Theorem
2.1 and Proposition 6.1] (continuous case), the rate α∗ coincides with λ# to
be discussed immediately below and so the study on α∗ is omitted here.

We now leave the matrix situation and move to differential operators.
First, we consider a special case in parallel to the tridiagonal matrix. Define
the operator

Lc = a(x)
d2

dx2
+ b(x)

d

dx
− c(x), a(x) > 0, c(x) > 0
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on (0, N) with N 6 ∞. Certainly, by a shift if necessary, one may relax the
condition “c(x) > 0.” To study the maximal eigenpair of Lc, instead of the
triple (a, b, c) of functions, we introduce three functions dµ/dx, h, and ϕ as
follows. Let

dµ

dx
=

eC

a
, C(x) :=

∫ x

0

b

a
,

where the Lebesgue measure dx is omitted in the last integral; let h be positive
Lc-harmonic: Lch = 0; and let

ϕ(x) =

∫ x

0

e−C

h2
.

Having (dµ/dx, h, ϕ) at hand, as in the discrete case, we can define ṽ0 and
z0 = δ−1

1 as follows.

ṽ0 = h
√
ϕ,

δ1 = sup
06x6N

[

√

ϕ(x)

∫ x

0
h2

√
ϕ dµ+ ϕ(x)−1/2

∫ N

x

h2ϕ3/2 dµ

]

.

We now go to a more general setup. Consider the space E = (−M,N),
M,N 6 ∞ and the eigenvalue problem:

Eigenequation : Lg = −λg, g 6= 0

for some differential operator L. Here we use codes ‘D’ and ‘N’ to denote the
Dirichlet or Neumann boundary, respectively.

D: (Absorbing) Dirichlet boundary,
N: (Reflecting) Neumann boundary g′(−M) = 0,

where g(−∞) := limM→∞ g(−M). Similarly we have g′(−∞) and others.
Correspondingly, we have four types of eigenvalues.

• λNN: Neumann boundaries at −M and N .

• λDD: Dirichlet boundaries at −M and N .

• λDN: Dirichlet at −M and Neumann at N .

• λND: Neumann at −M and Dirichlet at N .

Given an elliptic operator L = L0:

L = a(x)
d2

dx2
+ b(x)

d

dx
,

define the speed measure µ and scale measure ν̂, respectively, as follows

dµ

dx
=

eC

a
,

dν̂

dx
=e−C, C(x) :=

∫ x

θ

b

a
,
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where θ ∈ (−M,N) is a reference point. Then the leading eigenvalues λ# de-
fined above describe, respectively, the following L2(µ)-exponential convergence
of the semigroup {Pt = etL}t>0:

‖Ptf‖ 6 ‖f‖ e−λNN t, µ(f) :=

∫

E

fdµ=0,

‖Ptf‖ 6 ‖f‖ e−λ# t, t > 0, f ∈ L2(µ), if # is not NN.

Thus, λNN describes the L2-exponentially ergodic rate and the other λ# de-
scribe the L2-exponential decay rate.

Here is our main result in this part of the talk.

Theorem 8 (Chen, 2010) For each # of 4 cases, we have the following unified
estimates

(

4κ#
)−1

6 λ#
6
(

κ#
)−1

,

where
(

κNN
)−1

= inf
x<y

{

µ(−M,x)−1 + µ(y,N)−1
}

ν̂(x, y)−1

(

κDD
)−1

= inf
x6y

{

ν̂(−M,x)−1 + ν̂(y,N)−1
}

µ(x, y)−1

κDN = sup
x∈(−M,N)

ν̂(−M,x)µ(x,N)

κND = sup
x∈(−M,N)

µ(−M,x) ν̂(x,N)

and µ(α, β) =
∫ β

α
dµ. In particular, λ# > 0 iff κ# < ∞.

The beauty of the theorem is displayed in the following aspects.

• Each of the estimates has a universal factor 4.

• Each constant κ# is expressed by µ and ν̂ only.

• In the expressions of κNN and κDD, two boundaries are symmetric.

• An intrinsic relation between the four constants κ# can be expressed as
follows.

κDD
Remove ν̂(y,N)−1

−−−−−−−−−−→ κDN

x



y
Rule

x



y
Rule

κNN
Remove µ(y,N)−1

−−−−−−−−−−→ κND

Rule:

Exchange of codes D and N in λ#

⇐⇒ exchange µ and ν̂ in κ#

We remark that the theorem is not as simple as it stands. In the DN
case for instance, it was started by G.H. Hardy in 1920 and completed half
a century later by B. Muckenhoupt et al around 1970. To obtain the answer
in the bilateral cases, one has to wait for another 40 years until 2010. The
proofs in the DD- and NN-cases use three advanced mathematical tools (the
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coupling and distance method, the dual technique, and the capacitary method)
and were completed in five steps (refer to [5]).

There are two ways to generalize the above theorem. The first one is
including the potential term c, that is, using Lc instead of L. Again, assume
E = (−M,N), M,N 6 ∞. First, we consider the Poincaré-type inequalities:

λ#c ‖f‖2µ, 2 6 ‖f ′‖2ν,2 + ‖cf‖2µ,2,
where

ν(dx) = eC(x)dx, ν̂(dx) = e−C(x)dx,

and ‖ · ‖µ,p = ‖ · ‖Lp(µ). The inequality becomes equality once f = g: the

eigenfunction corresponding to λ
#
c . This explains the relationship between the

inequality and its corresponding eigenvalue. In particular, when c ≡ 0, we
return to what we have already studied above:

√
λ# ‖f‖µ, 2 6 ‖f ′‖ν,2.

This leads to the second generalization (generalized to the nonlinear situation):
the Hardy-type inequalities:

‖f‖µ, q 6 A#‖f ′‖ν, p, p, q ∈ (1,∞).

We use these inequalities to describe the algebraic convergence t−α for some
α > 0. Corresponding to ν in such a general setup, we have

ν̂(dx) = exp

[

− C(x)

p− 1

]

dx

which goes back to the previous one when p = 2. Finally, we can generalize
the left-hand side of the last inequality to a general normed linear space B:

‖|f |q‖1/q
B

6 A
#
B
‖f ′‖ν, p.

A particular use of this class of inequalities is to describe the exponential
convergence in entropy. Note that the entropy functional does not belong to
any Lq-space:

‖f‖L1(π) 6 Ent(f) 6 ‖f‖1+ε
L1+ε(π)

, ε > 0.

The normed linear space (B, ‖ · ‖B, µ) here means a subset of Borel mea-
surable functions on (X,X , µ) having the following norm

‖f‖B = sup
g∈G

∫

X

|f | gdµ,

for a given G ⊂ X /R+. If we set G = Lp (p > 1), then B = Lp∗: 1
p
+ 1

p∗
= 1.

In the study of logarithmic Sobolev inequality, we use

G =

{

g > 0 :

∫

X

egdπ 6 e2 + 1

}

.

Here is a summary of 16 criteria included in Theorem 7 (Recall that, as
mentioned before, for the omitted 4 cases of α#, we have α# = λ#).
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Theorem 9 The optimal constants λ# in the Poincaré-type inequalities, with/
without c, satisfy

κ# 6 λ#−1
6 4κ#;

and the optimal constants A# in the Hardy-type inequalities, with/without B,
satisfy

B#
6 A#

6 2B#,

where in the DD case for instance, we have

Table 5 Isoperimetric constants in different cases

BB sup
x6y

‖1(x, y)‖1/qB

{

ν̂(−M,x)1−p + ν̂(y,N)1−p
}1/p

B=L1(µ)

B
sup
x6y

µ(x, y)1/q
{

ν̂(−M,x)1−p + ν̂(y,N)1−p
}1/p

q=p=2

κ
sup
x6y

µ(x, y)

ν̂(−M,x)−1 + ν̂(y,N)−1

Killing c

κc
sup
x6y

µc(x, y)

ν̂c(−M,x)−1 + ν̂c(y,N)−1

In details, the first line is the most general case B. Setting B to be L1(µ), we get
the second line, that is the Hardy-type inequalities for q > p. Setting q = p = 2,
we get the Poincaré-type without c. By a change of µ and ν̂, we obtain the last
line with c: µc = h2µ, ν̂c = h−2ν̂, and h is Lc-harmonic: Lch = 0.

It is remarkable that the previous proofs for the linear case (q = p = 2) do
not suitable to the present nonlinear situation. To which, we use new analytic
proofs (refer to [7] and [17]).

§3 Original motivation: study on phase transitions

One may be disappointed if I say nothing for the higher dimensional case
since up to now we have worked only in dimension one. For this, let us recall
the exponential convergence in L2 or in entropy.

Let π be a probability measure and denote by ‖ · ‖ and (·, ·) the norm
and inner product on L2(π). For a given self-adjoint operator L on L2(π):

(f, Lg) = (Lf, g), f, g ∈ D(L) ⊂ L2(π),

denote by {Pt = etL}t>0 be the semigroup generated by L. We have already
seen the exponential stability in L2-sense:

‖Ptf − π(f)‖ 6 ‖f‖e−εt, t > 0, f ∈ L2(π),
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and moreover εmax = λ1 := λNN. Here is an often stronger stability, exponential
stability in entropy:

Ent(Ptf) 6 Ent(f)e−2σt, t > 0,

Ent(f) :=H(µ‖π)=
∫

E

f log fdπ, if
dµ

dπ
=f

We now go to an infinite-dimensional model. For each x : Zd → R, the
interaction potential is H(x) = −2J

∑

〈i,j〉 xixj for some J > 0, where 〈i, j〉 is
the nearest neighbors in Z

d. At each site i ∈ Z
d, we have the spin potential

u(xi) = x4i − βx2i , xi ∈ R, β > 0.

The operator for the whole system is

L =
∑

i∈Zd

[

∂ii − (u′(xi) + ∂iH)∂i
]

.

Here is our main result for this model
(

the ϕ4-model
)

.

Theorem 10 (Chen, 2008)

inf
Λ⋐Zd

inf
ω∈RZd

λ
β,J
1

(

Λ, ω
)

≈ inf
Λ⋐Zd

inf
ω∈RZd

σβ,J
(

Λ, ω
)

≈ exp
[

− β2/4− c log β
]

− 4dJ c=c(β)∈ [1, 2]

βββ

0.2 0.4 0.6 0.8

1

2

3

4

r = 2dJr = 2dJr = 2dJ

λβ,r
1

, σβ,r ≈ exp
[

−β2/4−c log β
]

− 2r

c = c(β) ∈ [1, 2]

Then we proved that the eigenvalue λ1, as well as the logarithmic Sobolev
constant σ have the same leading decay rate exp[−β2/4]− 2r. More precisely,
it says that these two constants have locally such a decay rate uniformly in
the finite box Λ and the boundary ω. These constants decay from positive to
zero rapidly. This shows the phase transitions of the model. We mention that
the leading term −β2/4 is exact.
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The model illustrates our original motivation of the study on the leading
eigenvalue, to describe the phase transitions. Note that for infinite-dimensional
mathematics, the known mathematical tools are very limited. We need to look
for new mathematical tools. The goal of our study is developing a new way
to describe the phase transitions in statistical physics. Mathematically, we
are looking for a theory of stability speed, an advanced stage of the study on
stability. No doubt, such a theory is valuable, as illustrated by Section 1 of
the talk.

Up to now, we have discussed the easier part of Theorem 7: (4δ)−1 6

λ0 6 δ−1, but have not touched the harder part: δ−1
n 6 λ0 6 δ′n

−1. Hence we
have not explained the way to construct ṽ0 and δ1 used in §1. In the present
situation, we may assume that hi ≡ 1 (otherwise, use [16, 9] to reduce to this
case). Then δ1 is defined by [5; (3.4)] and ṽ0 is the function f1 defined in [5;
Theorem 3.2 (1)]. Therefore, to understand (ṽ0, δ1), it suffices to have a look
at the first three sections of [5]. We are not going to the details here. Instead,
we prefer to have a short overview of our story, given below.

Appendix. A brief overview of the research roadmap

Here we introduce our research roadmap of the topic, and to provide
some additional survey articles for the developments of the story.

In 1960’s, as a product of the interaction between probability theory and
statistical physics, new branches of mathematics appeared, first the random
fields and then the interacting particle systems, for instance. We came to the
interacting field in 1978, emphasized on the mathematical foundation of non-
equilibrium particle systems. Our research results were partially collected
in [2]. As we know, a central problem in the study of statistical physics is
the phase transition phenomenon. Around 1988, we learnt a possible way to
describe the phase transition in terms of the spectral gap (i.e. the first non-
trivial eigenvalue, or more generally the leading eigenvalue) of its generator
of the stochastic process. This led us to a long trip to study the leading
eigenvalue or more generally the speed of various stabilities.

The author’s first paper on this topic published in 1991. At the time, one
could compute precisely the principal eigenvalue of the generator of a Markov
Chain in only two or three examples. This was based on the main theorem
in the paper: for a birth–death process, the ergodic rate (the probabilistic
way to describe the the exponential stability) actually coincides with the first
non-trivial eigenvalue of its generator. If you take a look at this paper and
compare it with what I talked above, you will see how far we have come since
then. Because our knowledge at the beginning on this topic was rather poor,
we started to visit other branches of mathematics. The first one we visited is
the eigenvalue computation for matrices. In the 1991’s paper, we adopted an
algorithm to compute the first non-trivial eigenvalue for a class of tridiagonal
matrices, without analytic explicit estimation.
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The next important event is, we found in 1992 that this topic was well
studied in Riemannian geometry. Hence we started to learn the geometric
methods, the gradient estimates, in particular. Soon we understood that our
probabilistic method — the coupling method, can also be used for studying
this problem. Thus, we went to an opposite way: studying the geometric
topic using our probabilistic approach. This was done in several joint papers
with Feng-Yu Wang. To obtain sharp estimates however, we need to exam-
ine not only the couplings but also the closely related distances. Thus, the
refined method is sometimes called the coupling and distance method. In a
survey article of mine, the story was summarized as “the trilogy of couplings”.
The same idea was also used for elliptic operators, as well as matrices. The
main credit is that some new variational formula for the lower bound of the
eigenvalue was discovered which then improves a number of the known sharp
estimates. This may be regarded as our contribution to geometry. After 5
years or so, we also came back to the opposite direction: using some geomet-
ric approach (the Cheeger’s approach, for instance) to handle with our main
problem.

The third important event happened around 2000, we learnt that the
Hardy-type inequality (an important subject in Harmonic Analysis) can be
used in our study to provide a nice criterion for the positivity of the principal
eigenvalue. This led us to establish 10 criteria for the positive property of
different types of stability (or equivalently, inequalities), using our own tech-
nique. At the same time, we established new dual variational formulas for
the leading eigenvalues, as well as approximating procedures in computing the
eigenvalues. At this stage, a more or less systematic theory was formed. A
series of lectures on the theory up to 2003 consist of the book [3].

Having worked for 20 years, in 2008, we returned to our original subject,
the interacting particle systems (the ϕ4-model in particular as discussed in §3)
to justify the power of the results obtained until 2003. Luckily, we obtained
the exact leading decay rate of the first non-trivial eigenvalue which describes
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more or less the phase transition curve for the model. We recall that the
submission of [4] was delayed for 5 years until we were able to figure out the
exact coefficient 1/4 in the leading rate β2/4 given in Theorem 10.

In 2010, we present a unified treatment in [5] of the leading eigenvalue
in each of the four cases (i.e. with four different boundary conditions). In
this unusually long paper, we obtained not only the unified basic estimates
(Theorem 8) but also the improved ones (Theorem 7). Note that the improved
estimates are essential for our efficient initials as shown at the beginning of
the paper. For this, we have used three probabilistic tools: the coupling and
distance method, the dual technique, and the capacitary method. The main
ideas of the proofs were surveyed in [6]. Unfortunately, these powerful tools in
the linear case is not suitable for the non-linear one. This is the reason why,
to extend the results given in [5] to the Hardy-type inequality, we have to wait
for another 13 years. That is, in 2013 ([7]), we were able to do so by using
new direct proofs. Refer to [8, 10] for surveys on [7]. Thus, only after 13 years
known the Hardy-type inequality, we were able to make some contribution to
the subject of Hardy inequalities.

The final important event happened in 2014. With Xu Zhang, in [15], we
were able to treat the tridiagonal matrix with general diagonal elements, using
(locally) harmonic functions. This is crucial, otherwise, we can handle only
with a smaller class of tridiagonal matrices (i.e. ci ≡ 0 in the last part of §1).
This completes the path 2014 → 2010 → 2016 in the roadmap above. Recall
that we started at using computational mathematics in 1991, and recently
returned to it in 2016, more than 25 years have been passed. All the materials
talked here are included in the survey article [11] (from which one may find
more original references), except part 1 of the talk which has appeared in [12].

Sometimes, I feel disappointed since so much time have been spent on a
single topic, I am worrying to be foolish. I tried several times to leave this
area, but I came back, once a new idea appeared, i.e. the meaning of charming
used at the title. Actually, I have been very lucky for the choice of this topic,
so that I can continue my work for many years, learn much from the other
branches of mathematics and make some contributions to them at last. This
overview shows the importance of choosing a good research topic/direction,
and also shows the globality of mathematics. At this moment, I recall that
these two points are actually the main mathematical philosophy presented by
D. Hilbert in his famous lecture given in 1900.
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Abstract

This paper is a continuation of our previous paper [Front. Math. Chi-
na, 2016, 11(6): 1379–1418] where an efficient algorithm for computing
the maximal eigenpair was introduced first for tridiagonal matrices and
then extended to the irreducible matrices with nonnegative off-diagonal
elements. This paper introduces mainly two global algorithms for com-
puting the maximal eigenpair in a rather general setup, including even
a class of real (with some negative off-diagonal elements) or complex
matrices.
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1 Introduction

To compute the maximal eigenpair of the tridiagonal matrices with positive
sub-diagonal elements, an efficient algorithm was introduced in [5; §3]. In the
tridiagonal case, the construction of the initials for the algorithm is explicit.
In some sense, the results are more or less complete (a modified algorithm,
Algorithm 17, is included in §4.4). Next, the algorithm was extended to the
general case in [5; §4] which is still efficient for tridiagonally dominant matrices.
Note that the initial v0 constructed in [5; §4.2] may not be efficient enough,
since the shape of the maximal eigenvector can be rather arbitrary, could be
quite far away from v0 constructed in [5; §4.2]. Thus, we are worrying about
the efficiency of the extended algorithm and moreover a global algorithm is
still missed in our general setup. This is the aim of this paper. In §3, a
part of the off-diagonal elements of the matrices are allowed to be negative.
We can even handle with some complex matrices. Let us concentrate on the
nonnegative matrices from now on, unless otherwise is stated.

By a shift if necessary, unless otherwise stated, we assume that the given
matrix A “ paij : 0 ď i, j ď Nq is irreducible and nonnegative: aij ě 0. We
now state our algorithms. To guarantee the convergence of the iterations in
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the paper, we assume that the matrix is irreducible having positive trace, or
equivalently,

An ą 0 for each n ě some n0. (1)

We mention that in the present nonnegative case, the condition having posi-
tive trace is not serious, otherwise, simply adopt a shift as mentioned at the
beginning of [5].

In what follows, we omit, without mention time by time, the trivial case
that

ř

j aij ” constant mą0. Since then the maximal eigenpair of A becomes
pm, 1q, where 1 is the constant function having components 1 everywhere.

Recall that the choice of the initials is quite essential for the Rayleigh
Quotient Iteration (RQI), a special shifted inverse iteration. In general, it
seems no hope at the moment to have such explicit analytic formulas as used in
[5; §3]. Instead, as suggested in many textbooks, one may use other approach
to obtain in a numerical way the required initials, say use the power iteration
for instance. The last approach is safe, but rather slow as shown at the
beginning of [5]. This leads us to come back to the shifted inverse iterations
which is a fast cubic algorithm. The ratio of the numbers of iterations for these
two algorithms can be thousands. Throughout this paper, we use varying shifts
rather than a fixed one only. Now, a critical point is to avoid the dangerous
pitfalls, i.e., the region p0, ρpAqq, where ρpAq is the maximal eigenvalue of A.
The answer is given in part (1) of the next two algorithms. At the moment,
we are interested in the generality and safety, do not take care much about
the convergence speed, perhaps, maybe some price we have to pay here. We
will see soon what happen in the next section.

Algorithm 1 (Specific Rayleigh quotient iteration) Let A “ paijq be given.

(1) Define column vectors

wp0q “ p1, 1, . . . , 1q˚, vp0q “ wp0q
L

?
N ` 1,

where w˚ is the transpose of w, and set

zp0q “ max
0ďiďN

`

Awp0q
˘

i
.

(2) For given v :“ vpn´1q and z :“ zpn´1q, let w :“ wpnq solve the equation

pzI ´Aqw “ v. (2)

As in step p1q, define vpnq “ w
L?

w˚w. Next, define

xpnq “ min
0ďjďN

pAwpnqqj

w
pnq

j

, ypnq “ max
0ďjďN

pAwpnqqj

w
pnq

j

, zpnq “ vpnq˚
Avpnq.
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(3) If at some n ě 1, ypnq ´ xpnq ă 10´6 (or |zpnq ´ zpn`1q| ă 10´6)(say!),
then stop the computation. At the same time, regard

`

zpnq, vpnq
˘

as an
approximation of the maximal eigenpair.

The algorithm was presented in [5; §4.1: Choice I]. The simplest choice v0 is
reasonable in the sense that it enables us to cover the general case. We did not
pay enough attention on this algorithm since it looks less efficient. However,
as some examples will be illustrated below, this algorithm is actually rather
powerful. It is the place to state the main new algorithm of the paper.

Algorithm 2 (Shifted inverse iteration) Everything is the same as in Algo-
rithm 1, except ypnq and zpnq defined in parts p2q and p3q there are exchanged.
Moreover, the resulting zpnq (resp., xpnq) is decreasing (resp., increasing) in n.

Let us repeat the sequences zpnq, ypnq and xpnq defined in Algorithm 2:

xpnq “ min
0ďjďN

pAwpnqqj

w
pnq

j

, ypnq “ vpnq˚
Avpnq, zpnq “ max

0ďjďN

pAwpnqqj

w
pnq

j

.

It is obvious that
xpnq ď ypnq ď zpnq.

In general, Algorithm 1 is often a little effective than Algorithm 2, saving one
iteration for instance, but in Algorithm 2, each iteration is safe, never failed
into the pitfall. This is based on the following dual variational formula.

Proposition 3 [11; Theorem (8)] For a nonnegative irreducible matrix A, the
Collatz–Wielandt formula holds:

sup
xą0

min
iPE

pAxqi

xi
“ ρpAq “ inf

xą0
max
iPE

pAxqi

xi
.

Here and in what follows, unless otherwise stated, set E “ t0, 1, . . . , Nu.

Actually, suppose that we have wpn´1q ą 0 in Algorithm 2. Then by Propo-
sition 3 and step (2) of Algorithm 2, we have zpn´1q ą ρpAq and then the
solution wpnq to the equation (2) should be positive: wpnq ą 0. Otherwise,
if zpn´1q ă ρpAq, then the solution wpnq is negative. This is the main reason
why we choose such a zpn´1q for each n ě 1 in Algorithm 2 and in the case
of n “ 0 in Algorithm 1 as our shift, avoiding the change of signs. Note that
in Algorithm 1 we adopt ypnq (recall that at the moment, we use the notation
given below Algorithm 2) at each step n ě 1, hence the solution wpnq changes
its sign often. This seems dangerous because ypnq is located in the danger-
ous region, but up to now, we have not meet serious trouble. Therefore, it is
still regarded as one of our two main algorithms. Nevertheless, for large scale
matrices, we will introduce a modification of Algorithm 1 in the next section.

A careful comparison of Algorithm 1 and the powerful one introduced in
[5; §3] is delayed to the Appendix.
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An easier way to see the efficiency of Algorithms 1 and 2 is comparing them
with the one given in [5; §4.2]. Suppose that we have used three iterations in
computing a model using the method introduced in [5; §4.2], this means on
the one hand we have solved the linear equations in three times. On the other
hand, we have solved three more times in advance to figure out the initials vp0q

and zp0q in terms of the triple pψ, h, µq. Altogether, we have solved six linear
equations. Or in other words, we have used 6 iterations in the computation for
the specific model. Thus, Algorithms 1 and 2 should be regarded as efficient
one if no more than 6 iterations are used in the computation for the same
model. As we will see soon, we are actually in such a successful situation.

To conclude this section, we rewrite Algorithms 1 and 2 to a class of ma-
trices with nonnegative off-diagonal elements and negative diagonal elements:
Q “ pqijq:

qij ě 0, i ‰ j;
N
ÿ

j“0

qij ď 0, 0 ď i ď N.

In this case, we are studying the maximal eigenpair of Q, or alternatively, the
minimal eigenpair of ´Q. To which, the next two algorithms are devoted.

Again, the trivial case that
řN

j“0 qij equals a constant is ignored throughout
the paper.

Algorithm 4 (Specific Rayleigh quotient iteration) Let Q “ pqijq be given.

(1) Define column vectors

wp0q “ p1, 1, . . . , 1q˚, vp0q “ wp0q
L

?
N ` 1,

and set zp0q “ 0.

(2) For given v :“ vpn´1q and z :“ zpn´1q, let w :“ wpnq solve the equation

p´Q´ zIqw “ v. (3)

As in step p1q, define vpnq “ w
L?

w˚w. Next, define

xpnq“ min
0ďjďN

pp´Qqwpnqqj

w
pnq

j

, ypnq“ max
0ďjďN

pp´Qqwpnqqj

w
pnq

j

, zpnq“vpnq˚
p´Qqvpnq.

(3) If at some n ě 1, ypnq ´ xpnq ă 10´6 (or |zpnq ´ zpn`1q| ă 10´6)(say!),
then stop the computation. At the same time, regard

`

zpnq, vpnq
˘

as an
approximation of the minimal eigenpair.

Algorithm 5 (Shifted inverse iteration) Everything is the same as in Algo-
rithm 4, except xpnq and zpnq defined in parts p2q and p3q there are exchanged.
Moreover, the resulting zpnq (resp., xpnq) is increasing (resp., decreasing) in n.

Algorithms 4 and 5 are based on [5; Corollary 12], a corollary of Proposition
3.



Maximal Eigenpair 1393

2 Examples

To illustrate the power of the algorithms introduced in the last section, we
examine some typical examples in this section.

To go to practical computation for concrete models, our readers are urged
to prepare enough patience, one may have a large number of iterations since
the initials given in part (1) are quite rough.

The efficient application of Algorithm 1 was illustrated by [5; Examples
13–16]. To have a concrete comparison of the present algorithms with the one
introduced in [5; §4.2], let us consider a simple example.

Example 6 [5; Example 21] Let

Q “

¨

˚

˚

˚

˚

˝

´3 2 0 1 0
4 ´7 3 0 0
0 5 ´5 0 0
10 0 0 ´16 6
0 0 0 11 ´11 ´ b4

˛

‹

‹

‹

‹

‚

.

Corresponding to different b4, the minimal eigenvalue λ0 of ´Q and its ap-
proximation are shown in Tables 1 and 2, while the outputs by the algorithm
given in [5; §4.2] are shown in Table 3. Here and in what follows, we stop at
zp2q once the outputs zpkq “ zp2q for every k ě 2.

Table 1. The outputs by Algorithm 1

b4 zp1q zp2q zp3q “ λminp´Qq

10´2 0.000278773 0.000278686“ λminp´Qq

100 0.0251531 0.0245175

102 0.191729 0.182822 0.182819

104 0.201695 0.195019 0.195015

Table 2. The outputs by Algorithm 2

b4 zp1q zp2q zp3q “ λminp´Qq

10´2 0.000278637 0.000278686“ λminp´Qq

100 0.0241546 0.0245175

102 0.168776 0.18275 0.182819

104 0.179525 0.194932 0.195015

Table 3. The outputs by the algorithm given in [5]

b4 zp1q zp2q zp3q “ λminp´Qq

10´2 0.000278573 0.000278686“ λminp´Qq

100 0.0236258 0.0245174 0.0245175

102 0.200058 0.182609 0.182819
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These tables show that the three algorithms are more or less at the same
level of effectiveness. However, the first two are actually more economic since
the last one requires an extra work computing the initial v0.

Comparing [5; Example 15] with the corrected version of [5; Example 20]
and its improvements given in [5; Tables 11, 12] (see the author’s homepage),
we see that the extended algorithm introduced in [5; §4.2] can be less efficient
than Algorithm 1, it has some limitation for general non-symmetrizable (non-
symmetric) matrices. We call a matrix A “ pajiq is symmetrizable, if there
exists a positive measure pµiq such that

µiaij “ µjaji, i ‰ j.

A simple necessary condition for the symmetrizability is

aij ą 0 ðñ aji ą 0, i ‰ j.

Refer to [3; Chapter 7] and references within for the solution to the symmetriz-
ability problem.

Let us start at a class of non-symmetrizable matrices which are taken from
the so-called single birth Q-matrix (cf. [3] and references within). Define

Q“

¨

˚

˚

˚

˚

˚

˚

˚

˚

˝

´1 1

a1 ´a1´2 2 0
a2 ´a2´3 3
...

. . .
. . .

aN´1 0 ´aN´1´N N
aN ´aN ´N´1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‚

. (4)

For this matrix, we have computed several cases:

ak “ 1{pk ` 1q, ak ” 1, ak “ k, ak “ k2.

Among them, the first one is hardest and is hence presented below.

Example 7 Let Q be defined by (4). For different N , the outputs of Algo-
rithm 5 (equivalently, Algorithm 2) are shown in Table 4.

Table 4. The outputs for different N by Algorithm 5

N`1 zp1q zp2q zp3q zp4q zp5q zp6q

8 0.276727 0.427307 0.451902 0.452339

16 0.222132 0.367827 0.399959 0.400910

32 0.187826 0.329646 0.370364 0.372308 0.372311

50 0.171657 0.311197 0.357814 0.360776 0.360784

100 0.152106 0.287996 0.343847 0.349166 0.349197

500 0.121403 0.247450 0.321751 0.336811 0.337186

1000 0.111879 0.233257 0.313274 0.334155 0.335009 0.335010

5000 0.0947429 0.205212 0.293025 0.328961 0.332609 0.332635

104 0.0888963 0.194859 0.284064 0.326285 0.332113 0.332188
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The last line of Table 4 shows that when N “ 104,

λminp´Qq « 0.332188.

If we use the shifted matrix A “ Q ` mI, then ρpAq « 9999.67. From which,
we get

λminp´Qq « 104 ` 10´4 ´ 9999.67.

Clearly, the second approach has a less precise output. That is the main
difference between Algorithms 1, 2 and 4, 5, even though they are equivalent
analytically.

It should be meaningful to have a comparison of the present results with
those produced by [5; §4.2]. The outputs listed in Table 5 come from the
algorithm without using δ1 defined in that section. For the outputs using δ1,
one more iteration is needed for those N from 16 to 100 listed in the table.

Table 5. The outputs for different N by the algorithm given in [5; §4.2]

N ` 1 zp1q zp2q zp3q

8 0.450694 0.452338 0.452339

16 0.399520 0.400910

32 0.371433 0.372311

64 0.355722 0.355940

100 0.349501 0.349197

500 0.340666 0.337185 0.337186

1000 0.340871 0.335003 0.335010

5000 0.347505 0.332536 0.332635

104 0.352643 0.331975 0.332188

Clearly, the general algorithm introduced in [5; §4.2] is efficient for this non-
symmetrizable model. We have seen that the present algorithms require more
iterations than the earlier one, this is reasonable since the computations of the
initials are excluded from Table 5. Actually, the computations of Table 5 cost
double time than the previous one.

We now turn to Algorithm 4 which is often fast than Algorithm 5. The
number of iterations by Algorithm 4 to this example is given in the first line of
Table 6. It follows that the only case which is slower than Algorithm 5 given
in Table 4 is the one: N ` 1 “ 10000. This leads a modification of Algorithm
4 as follows.

Algorithm 42 At the step k ě 3, keep zk to be the Rayleigh quotient as
defined in Algorithm 4; for k “ 0, 1, 2, choose zk to be the same as those defined
in Algorithm 5.

Table 6. Outputs of Agorithms 4 and 42
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N ` 1 8 16 32 50 100 500 1000 5000 10000

Algorithm 4 4 4 4 4 4 5 5 6 7

Algorithm 42 5 5 5 5 5

Clearly, this algorithm becomes more essential for larger scale matrices,
N ě 500 for instance. The number of iterations using Algorithm 42 starting
from N ` 1 “ 100 is given in the second line of Table 6. According to the
definition of the modified algorithm, one may relabel the original Algorithm
4 as 40, and then we can define Algorithm 4m, as a mixture of Algorithms 5
and 4. Here we restricted on m “ 2 is based on [5; §4.2] where the initials are
computed in three steps. In parallel, we can define Algorithm 1m. A good way
to make a threshold for m goes as follows. Once the components of vpm`1q

have different signs, we replace the original m by m` 1 and do the pm` 1qth
iteration again. However, it is unbelievable to use an m larger than 10. Note
that Algorithms 4m and 5 (similarly, Algorithms 1m and 2) are suitable for
unstructured matrices. However, Example 7 is structured. Hence, we have
another way to speed up the convergence: the convex combination. Because
λminp´Qq P

`

0, vp0q˚p´Qqvp0q
˘

, we choose the convex combination

z0 “ ξ vp0q˚p´Qqvp0q ` p1 ´ ξq ¨ 0 “ ξ vp0q˚p´Qqvp0q

for some ξ P p0, 1q. To determine ξ, computing λminp´Qq in the specific cases
pN ` 1q “ 8, 16, 32, finding out a quadratic approximation in variable 1{x of
the minimal eigenvalue in pN ` 1q and then an approximation of λminp´Qq

for N ` 1 “ 10000. The resulting estimate, may be a little smaller, can be
used as the required ξ p“ 0.34189q. The reason for this choice is as follows:
the eigenvalue λminp´Qq is decreasing in N ` 1, and a smaller z0 is safer in
our iterations. The number of the iterations of the convex combination of
Algorithm 4 is given at the first line of Table 7.

Table 7. Convex combination for Algorithms 4 and 5

N ` 1 8 16 32 50 100 500 1000 5000 10000

Alg-4, ξ“0.34189 3 3 3 3 3 3 3 3 3

Algorithm 4, ξ“0.23 3 3 3 3 3 3 3 4 4

Algorithm 4, ξ“0.3 3 3 3 3 3 3 3 3 4

Algorithm 5, ξ“0.23 4 4 4 4 4 4 5 5 5

Algorithm 5, ξ“0.3 4 4 4 4 4 4 4 4 4

Unfortunately, for large N , this ξ“ 0.34189 does not work for Algorithm

5 since ξ ą λ0 “ λ0pNq when N ě 500 and then min0ďjďN p´Qvp1qqj{v
p1q

j ă 0
which means that Algorithm 5 is not meaningful. This becomes more clear
if we lift Q to a nonnegative A and then examine the proof of Proposition
16, where the condition z ą ρpAq is used to quarantee the convergence of the
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iterations. Thus, a common choice for these two algorithms could be a little
smaller ξ “ 0.3. For which, the outputs are given in Table 7. If one is lazy to
compute the quadratic approximation of λ0pNq, one may compute only one
smaller N , say N “ 7. At which, the best choice is ξ « 0.452. Thus, to cover
every N ă 104, we may choose ξ « 0.45{2 « 0.23 (the bisection method).
Again, the outputs are given in Table 7.

The long analysis on Example 7 not only shows the power of our algorithms,
but also indicates a big room for the improvements.

The next example is motivated from the classical branching process. De-
note by ppk : k ě 0q a given probability measure with p1 “ 0. Let

Q“

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

´1 p2 p3 p4 ¨ ¨ ¨ pN´1
ř

kěN pk
2p0 ´2 2p2 2p3 ¨ ¨ ¨ 2pN´2 2

ř

kěN´1 pk
3p0 ´3 3p2 ¨ ¨ ¨ 3pN´3 3

ř

kěN´2 pk
. . .

. . .
. . .

...
...

. . .
. . .

...
...

0 . . . ´pN´1q pN´1q
ř

kě2 pk
Np0 ´Np0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

,

In the original model, the state 0 is an absorbing one. Here we regard it as a
killing boundary. Hence it is ruled out from our state space. Thus, the matrix
is defined on E :“ t1, 2, . . . , Nu. Set M1 “

ř

kPE kpk. When N “ 8, in the
subcritical case that M1 ă 1, with a little modification at 0, it is known that
the process generated by Q is ergodic, and is indeed exponentially ergodic
(cf. [8; Theorem 1.4 (iii)]). Hence the exponential convergence rate should be
positive. Otherwise, the process is not ergodic and so the convergence rate
should be zero.

From now on, fix

p0 “
α

2
, p1 “ 0, pk “

2 ´ α

2k
pk “ 2, 3, ¨ ¨ ¨ q, α P p0, 2q.

Then M1 “ 3p2´αq{2 and hence we are in the subcritical case iff α P p4{3, 2q.

Example 8 Set α “ 1. Then the outputs of the approximation for the mini-
mal eigenvalue of ´Q by Algorithm 2 (or 5) are shown in Table 8.

Table 8. The outputs in the supercritical case

N zp1q zp2q zp3q

8 0.0311491 0.0346044 0.0346310

16 0.00256281 0.00260088

When N ě 50, zp1q ă 10´6. Hence, zpnq decays quite quick to zero when
N Ñ 8 (for n ě 2). This is reasonable since we are now away from the
subcritical region.
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Example 9 Set α “ 7{4. We are now in the subcritical case and so the
maximal eigenvalue should be positive. We want to know how fast the local
maximal eigenvalue becomes stable (i.e., close enough to the converge rate at
N “ 8). The numbers of iterations of Algorithms 4 and 5 are given in Table
9.

Table 9. Number of iterations of Algorithms 4 and 5

N 8 16 50 100 500 1000 5000 10000

Algorithm 4 5 6 7 7 8 8 9 10

Algorithm 5 6 6 7 7 8 9 9 10

Next, with the convex combination

zp0q “ ξpvp0qq˚p´Qqvp0q ` p1 ´ ξq max
0ďjďN

p´Qwp0qqj .

In view of the practice on N “ 8, we make the choice that ξ “ 0.31. Then we
obtain Table 10.

Table 10. Number of iterations of the Algorithms with convex combination

N 8 16 50 100 500 1000 5000 10000

Algorithm 4 2 3 4 4 4 4 4 4

Algorithm 5 3 3 4 4 4 4 4 4

In particular, the outputs of Algorithm 4 with convex combination is given in

detail in Table 11.

Table 11. The outputs in the subcritical case

N zp1q zp2q zp3q zp4q

8 0.637800 0.638153

16 0.621430 0.625490 0.625539

50 0.609976 0.624052 0.624997 0.625000

100 0.606948 0.623377 0.624991 0.625000

500 0.604409 0.622116 0.624962 0.625000

1000 0.604082 0.621688 0.624944 0.625000

5000 0.603817 0.620838 0.62489 0.625000

104 0.603784 0.620511 0.624861 0.625000

From the above table, we see that for N varies from 8 to 104, in each case, we
need at most 4 iterations only. The computation in each case costs no more
than one minute. Besides, starting from N “ 50, the final outputs are all
the same: 0.625, which then can be regarded as a very good approximation
of λminp´Qq at infinity N “ 8. Since the convergence of this model becomes
stable for small N ď 50, the computations become much simpler than the
previous one, we use neither Algorithm 42 nor the quadratic fit.

Hopefully, we have already shown the power of our algorithms.
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3 A class of real or complex matrices

This section is out of the scope of [5] which depends heavily on probabilistic
idea. Thanks are given to the extended Perron–Frobenius theory ([10–12])
which makes this section possible.

First, we consider the real case. The special case that all off-diagonal
elements of A are negative has been treated above, using ´Q instead of A
here. Thus, we are now mainly interested in the case that a part of the off-
diagonal elements are negative. Again, we are concentrated in the study of
the maximal eigenpair.

Proposition 10 Let A be a real matrix. By a shift of A if necessary, assume
that (1) holds. Then Algorithms 1 and 2 are available.

Proof. By [10; Theorem 2.2], condition (1) implies that the matrix A possess-
es the strong Perron–Frobenius property. Hence it has the maximal eigenvalue
ρpAq which is simple, positive and corresponds to a positive eigenvector. Be-
sides, by [10; Theorem 2.6], the Collatz–Wielandt formula given in Proposition
3 holds. These facts are enough to use Algorithms 1 and 2. l

The next simple observation is helpful.

Lemma 11 Condition (1) holds iff

Ak ą 0 for k “ n0, n0 ` 1, . . . , 2n0 ´ 1.

Proof. Given n ě n0, write

n “ rn0 ` s

for some integer r ě 1 and s “ 0, 1, . . . , n0 ´ 1. If r “ 1, then the conclusion
holds by assumption. Otherwise, let r ě 2. Then express

n “ pr ´ 1qn0 ` pn0 ` sq.

It follows that

An “
`

An0
˘r´1

An0`s ą 0

as required. l

We now illustrate our algorithms by a simple example.

Example 12 [11; Example (7)] Let

A “

¨

˝

´1 8 ´1
8 8 8

´1 8 8

˛

‚.
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Then

A2 “

¨

˝

66 48 57
48 192 120
57 120 129

˛

‚ą 0, A3 “

¨

˝

261 1368 774
1368 2880 2448
774 2448 1935

˛

‚ą 0.

By Lemma 11, condition (1) holds with n0 “ 2. The eigenvalues of A are as
follows.

17.5124, ´7.4675, 4.95513.

The corresponding maximal eigenvector is

p0.486078, 1.24981, 1q˚

which is positive.

Outputs of our algorithms are shown in Table 12. Both algorithms are
started at zp0q “ 24.

Table 12. The outputs for a matrix with more negative elements

n zpnq: Algorithm 1 zpnq: Algorithm 2

1 17.3772 18.5316

2 17.5124 17.5416

3 17.5124

Next, we turn to study the complex case. Instead of (1), we assume that

Re
`

An
˘

ą 0 for n ě some n0, (5)

up to a shift mI of A. Certainly, as usual RepAq means the real part of a
complex matrix A. This condition is based on [12; Theorems 2.3 and 2.2],
from which we know that A has the maximal, simple, positive eigenvalue.
Then we have a weak extension of the Collatz–Wielandt formula as follows.

Proposition 13 [12; Theorems 2.3 and 2.4] Let Ak ‰ 0 for each k ě 1 and
RepAnq ě 0 for every large enough n. Then we have for each x ą 0

min
0ďjďN

pRepAqxqj

xj
ď ρpAq ď max

0ďjďN

pRepAqxqj

xj
.

Since for the complex conjugate x̄˚ of x, the quantity x̄˚Ax may still be
complex, in view of this, Proposition 13 and the positivity of ρpAq by (5),
it seems not reasonable to use x̄˚Ax{px̄˚xq as a shift. In this sense, we do
not have a modified version of Algorithm 1. Fortunately, Algorithm 2 is still
meaningful.

Algorithm 14 (Shifted inverse iteration) By a shift of A if necessary, assume
that (5) holds.
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(1) Define column vectors

wp0q “ p1, 1, . . . , 1q˚, vp0q “ wp0q
L

?
N ` 1,

and set

zp0q “ max
0ďiďN

`

RepAqwp0q
˘

i
.

(2) For given v :“ vpn´1q and z :“ zpn´1q, let w :“ wpnq solve the equation

pzI ´Aqw “ v. (6)

As in step p1q, define vpnq “ w
L?

sw˚w. Next, define

zpnq “ max
0ďjďN

pRepAqRepwpnqqqj

Repwpnqqj
, ypnq “ pv̄pnqq˚Avpnq.

(3) If at some n ě 1, |ypn`1q ´ypnq| ă 10´6 (say!), then stop the computation.
At the same time, regard

`

ypnq, vpnq
˘

as an approximation of the maximal
eigenpair.

Note that in Algorithm 14, the sequence
␣

ypnq
(

ně0
, but not

␣

zpnq
(

ně0
,

converges to ρpAq. To illustrate the use of the algorithm, we consider the
following example.

Example 15 [12; Example 2.1] Let

A “

¨

˝

0.75 ´ 1.125 i 0.5882 ´ 0.1471 i 1.0735 ` 1.4191 i
´0.5 ´ i 2.1765 ` 0.7059 i 2.1471 ´ 0.4118 i

2.75 ´ 0.125 i 0.5882 ´ 0.1471 i ´0.9265 ` 0.4191 i

˛

‚,

where the coefficients are all accurate, to four decimal digits. Then A has
eigenvalues

3, ´2 ´ i, 1 ` i

with maximal eigenvector

p0.408237, 0.816507, 0.408237q˚.

The outputs of Algorithm 14 are shown in Table 13.

Table 13. The outputs for a complex matrix

yp1q yp2q yp3q

3.03949 ´ 0.0451599 i 3.00471 ´ 0.0015769 i 3
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4 Appendix˚

4.1 Proof of the last assertion in Algorithm 2

Proposition 16 The sequence

zpnq “ max
0ďjďN

pAwpnqqj

w
pnq

j

ˆ

resp., xpnq “ min
0ďjďN

pAwpnqqj

w
pnq

j

˙

defined in Algorithm 2 is decreasing (resp., increasing ) in n.

Proof. Let w ą 0 and define

ρ̄ “ max
0ďjďN

pAwqj

wj
.

Then pAwqj ď ρ̄wj for every j. That is,

pAzwqj ď ρ̄zwj @j, Az :“ A{z, ρ̄z “ ρ̄{z.

Since Az ě 0, it follows that

A
8
ÿ

n“0

An
zw ď A

ˆ

w ` ρ̄z

8
ÿ

n“0

An
zw

˙

ď ρ̄w `

8
ÿ

n“1

ρ̄An
zw “ ρ̄

8
ÿ

n“0

An
zw.

This means that

ApI ´Azq´1w ď ρ̄pI ´Azq´1w

since z ą ρpAq by assumption and then ρpAzq ă 1. Hence

max
0ďjďN

pAppI ´Azq´1vqqj

ppI ´Azq´1vqj
ď ρ̄, v :“ w{

?
w˚w.

Regarding w “ wpn´1q and v “ vpn´1q, this gives us

zpnq “ max
0ďjďN

pAwpnqqj

w
pnq

j

ď ρ̄ “ max
0ďjďN

pAwpn´1qqj

w
pn´1q

j

“ zpn´1q.

Here we have assumed that zpn´1q ą ρpAq, otherwise, the computation should
be finished at the step n ´ 1. We have thus proved the assertion on zpnq.
Dually, we have the assertion on xpnq. l

˚In the published version, the subsections and formulas in this section are relabelled as
either A.# or A#. For instance, we have subsection A.1, Proposition A1, Algorithm A2,
formula (A2) and so on.
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4.2 Proof of the last assertion in Algorithm 5

.
Recall the sequence tzpnqu used in Algorithm 2 is given in Proposition 16.

Denote by tz̃pnqu the corresponding one in Algorithm 5. Then, by the relation
of Q and A used in Algorithm 5: A “ Q`mI, where m “ maxi

ř

j aij . Hence

zp0qI ´A “ ´Q´ pm´ zp0qqI.

This means not only z̃p0q “ 0, but also

wp1q “
`

zp0qI ´A
˘´1

vp0q “
`

´Q´ z̃p0qI
˘´1

vp0q “: rwp1q,

where w̃p1q is obtained by the first iteration of Algorithm 5. Furthermore,
similar to the proof of [5; Corollary 12], we have

z̃p1q “ min
i

p´Q rwp1qqi

rw
p1q

i

“ m´ max
i

pAwp1qqi

w
p1q

i

“ m´ zp1q.

Recursively, we obtain the required assertion. l

4.3 Comparison of Algorithms 1 and 4 with the one given in
[5; §3]

.
Since Algorithms 1 and 4 are equivalent, we need only to compare Al-

gorithm 4 with the one given in [5; §3]. The main difference is their initial
pvp0q, zp0qq. Clearly, the initial vp0q used in [5; §3] is finer than the one used in
Algorithm 4. Hence, we need only to compare their zp0q.

Next, let v :“ vp0q be the initial vector used in [5; §3]. Denote by w be the
solution of the ordinary inverse iteration (that is the first step of Algorithm 4
or equivalently, Algorithm 1):

´Qw “ v.

Then
p´Qwqj

wj
“

vj
pp´Qq´1vqj

“ IIjpvq´1. (7)

Here in the last equality of (7), we have used the first formula in the proof of
[5; Proposition 23]. Hence

inf
j

p´Qwqj

wj
“ inf

j
IIjpvq´1. (8)

The right-hand side of (8) is just δ´1
1 used in [5; §3] as its initial zp0q. The left-

hand side of (8) should be positive, due to the inverse iteration algorithm, it is
certainly bigger than 0 used as the initial zp0q in Algorithm 4. In conclusion,
both initials used in [5; §3] are better than those used in Algorithm 4. This
completes the comparison of Algorithm 4 and the one given in [5; §3].

Naturally, this comparison leads to the next subsection.
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4.4 Modification of the algorithm introduced in [5; §3]

Step 1. By a shift if necessary, we may assume that we are given a matrix Q
having the form

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

´b0́ c0 b0

a1 ´a1́ b1́ c1 b1 0
a2 ´a2́ b2́ c2 b2
. . .

. . .
. . .

. . .
. . .

. . .

0 ´aN 1́́ bN 1́́ cN 1́ bN 1́

aN ´aN´cN

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

,

where ai ą 0, bi ą 0, ci ě 0 but ci ı 0. Note that the maximal eigenvalue of
Q is shifted from the original one but the corresponding eigenvector remains
the same.

Step 2. Following [5; §3], assume for a moment that some of ci pi“0, 1, . . . , N´

1q is positive. Then, define

r0 “ 1 `
c0
b0
, rn “ 1 `

an ` cn
bn

´
an

bnrn´1
, 1 ď n ă N,

h0 “ 1, hn “ hn´1rn´1 “

n´1
ź

k“0

rk, 1 ď n ď N,

and additionally,
hN`1 “ cNhN ` aN phN ´ hN´1q.

We remark that in the special case that

c0 “ ¨ ¨ ¨ “ cN´1 “ 0,

by induction, it is easy to check that

r0 “ ¨ ¨ ¨ “ rN´1 “ 1

and hence
h0 “ ¨ ¨ ¨ “ hN “ 1.

Furthermore, hN`1 “ cN . Thus, in this special case, we simply ignore the
sequence thku but replace cN by bN . Note that here we use all of the three
sequence pakq, pbkq and pckq given in Q but no extra thing. The role of the
sequence thku is reducing the former case to the last special one and keep the
same spectrum, in terms of the H-transform rQ:

rQ “ Diagphiq
´1QDiagphiq. (9)
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The maximal eigenpair pρpQq, gq is transformed to
`

ρ
`

rQ
˘

“ρpQq,Diagphiq
´1g

˘

.

Step 3. In view of Step 2 above, it suffices to consider the following matrix

Q“

¨

˚

˚

˚

˚

˚

˚

˚

˚

˝

´b0 b0

a1 ´pa1 ` b1q b1 0
a2 ´pa2 ` b2q b2
. . .

. . .
. . .

. . .

0 . . . ´paN 1́` bN 1́q bN 1́

aN ´paN ` bN q

˛

‹

‹

‹

‹

‹

‹

‹

‹

‚

, (10)

where ai, bi ą 0. This step is changed from the original, where everything we
are working here is transfer into the original matrix Q rather than the simpler
one here. It seems a direct treatment of the present matrix Q is slightly
simpler.

Define the sequence pµiq as usual:

µ0 “ 1, µn “ µn´1
bn´1

an
“
b0b1 ¨ ¨ ¨ bn´1

a1a2 ¨ ¨ ¨ an
, 1 ď n ď N.

Next, define

φn “

N
ÿ

k“n

1

µkbk
, 0 ď n ď N. (11)

and

δ1 “ max
0ďiďN

„

?
φi

i
ÿ

j“0

µj
?
φj `

1
?
φi

ÿ

i`1ďjďN

µjφ
3{2
j

ȷ

. (12)

Having these preparations at hand, we can now start our iterations.

Step 4. As in [5; §3], choose

wp0q “
?
φ, vp0q “ wp0q{}wp0q}µ,2, zp0q “ δ´1

1 , (13)

where } ¨ }µ,2 denotes the L2pµq-norm. Note that here in the non-symmetric
case, the use of the measure pµiq cannot be ignored since in this case, we are
based on, δk for instance, the L2pµq setup.

Step 5. For given v “ vpn´1q and z “ zpn´1q, let w “ wpnq solve the linear
equation

p´Q´ zIqw “ v (14)

and then define vpnq “ w{}w}µ,2. An explicit solution of this w is now available,
refer to [6; Algorithm 3].

Step 6. At the kth (k ě 1) iteration, in addition to the one pvpkq,´Qvpkqqµ
used in [5; §3], one may also adopt zpkq “ δ´1

k :

δk “ max
0ďiďN

1

v
pkq

i

„

φi

i
ÿ

j“0

µjv
pkq

j `
ÿ

i`1ďjďN

µjφjv
pkq

j

ȷ

. (15)
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Certainly, when k “ 1, the present δk reduces to (12). This is the main new
point in the modified algorithm. Since [4; Theorems 2.4 (3), 3.2 (1) and (3.6)],
we have

δ´1
k ď λminp´Qq ď pvpnq,´Qvpnqqµ for each k and n.

By [5; Proposition 23] and [4; Theorem 3.2 (1)], we have known that the
sequence tδ´1

k u, deduced in the theorem just cited using the approximating
eigenvectors obtained by the ordinary inverse iteration (without shift), is in-
creasing to λminp´Qq. It should be clear that the present sequence tδ´1

k u pro-
duced by the advanced shifted inverse iteration should converge to λminp´Qq

more faster. Thus the new zpkq pk ě 1q not only avoids the dangerous re-
gion but may also accelerate the convergence of the algorithm. Certainly, the
computation of δk needs more work than the one of pvpkq,´Qvpkqqµ.

The use of the quantity (15) is motivated from the remark above subsection
4.3. The formula (15) is a corollary of [4; Theorem 2.4 (3)] which depends on
the form (10) of Q. For general Q as the one in Step 1, we do not have an
analog of [4; Theorem 2.4 (3)], and so (15) is not applicable in such a general
situation.

Step 7. To go back to the original matrix A, denote its maximal eigenpair by
pρpAq, gq. Recall that the matrix Q at the beginning is obtained from A by a
shift: Q “ A ´ mI, m :“ maxi

ř

j aij . Let pz, vq be the output from the last
iteration in Step 6. Then we have

ρpAq « m´ z, g « Diagphiqv. (16)

We now summery the above discussions as a modified algorithm.

Algorithm 17 For tridiagonal matrix, the Step 1–Step 7 above consist a mod-
ified algorithm of the one introduced in [5; §3].

We are now ready to study a randomly chosen example, introduced to
the author by Tao Tang, to justify the power of our algorithms and also to
compare their efficiency.

Example 18 Let

A “

¨

˚

˚

˚

˚

˚

˚

˚

˝

2.334 0.9962

0.5142 2.6725 0.1111 0
0.2115 2.263 0.1405

0.8442 2.8457 0.7595

0 0.2347 2.2257 0.0781
0.9837 2.1582

˛

‹

‹

‹

‹

‹

‹

‹

‚

.

Then the eigenvalues of A are

3.26753, 3.16247, 2.40182, 2.12632, 1.80416, 1.73679.

The outputs of our algorithms are given in Table 14.
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Table 14. Comparison of four algorithms

Algorithm zp1q zp2q zp3q zp4q zp5q

Algorithm 1 3.30193 3.26737 3.26754 3.26753

Algorithm 2 3.64033 3.32623 3.26937 3.26756 3.26753

Algorithm 17a 3.2618 3.26752 3.26753

Algorithm 17b 3.27947 3.2685 3.26754 3.26753

where the algorithms in the last two lines mean that
Algorithm 17a: take zpkq “ pvpkq,´Qvpkqqµ for each k ě 1.
Algorithm 17b: take zpkq “ δ´1

k defined by (15) for each k ě 1.

Proof. To apply Algorithm 17, take m “ 4.4494. Then Q “ A´mI:

Q “

¨

˚

˚

˚

˚

˚

˚

˚

˝

´2.1154 0.9962

0.5142 ´1.7769 0.1111 0
0.2115 ´2.1864 0.1405

0.8442 ´1.6037 0.7595

0 0.2347 ´2.2237 0.0781
0.9837 ´2.2912

˛

‹

‹

‹

‹

‹

‹

‹

‚

.

We have h “ p2.12347, 29.3339, 453.284, 924.514, 24961q. The H-transform
of Q becomes

rQ “

¨

˚

˚

˚

˚

˚

˚

˚

˝

´2.1154 2.1154

0.242151 ´1.7769 1.53475 0
0.0153104 ´2.1864 2.17109

0.0546316 ´1.6037 1.54907

0 0.115072 ´2.2237 2.10863
0.0364346 ´2.2912

˛

‹

‹

‹

‹

‹

‹

‹

‚

.

Then we are ready to use Algorithm 17 for the maximal eigenpair of rQ and
finally return to the one for A by (16). l

To explain the word “modified” in detail, we transfer Algorithm 17 to the
one presented in [5; §3]. To do so, we keep the notation Q, µ, φ, δ1 and so
on used in [5; §3], but add superscriptr to those notation used in Steps 3,
4 above. Let µ̃ “ h2µ (i.e., µ̃i “ h2iµi). Then, as mentioned in [5; §5], the
mapping f Ñ f̃ :“ f{h gives us not only an isometry from L2pµq to L2pµ̃q
`

i.e., }f}µ,2 “ }f̃}µ̃,2
˘

, and then also an isospectrum of Q on L2pµq and rQ on
L2pµ̃q:

pf,Qfqµ “ pf̃ , rQf̃qµ̃, }f}µ,2 “ 1.

Now, from L2pµ̃q to L2pµq, we have

φ̃n “

N
ÿ

k“n

1

µ̃k b̃k
Ñ

N
ÿ

k“n

1

hkhk`1µkbk
“ φn, 0 ď n ď N.
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Here the transform µ̃k b̃k Ñ hkhk`1µkbk for each k ď N ´ 1 is regular, except

the last term in the sum
`

µ̃N b̃N
˘´1

, where b̃N is actually the element c̃N which

is obtained from the transform Q Ñ rQ, and hN`1 and bN are specified in [5;
§3] to make the unified expression in the second sum. We mention here that
hN`1 is the original paper [5] should be replaced by

hN`1 “ cNhN ` aN phN ´ hN´1q

since the sequence pciq used in [5] and [7] have different sign. Next,

δ̃1 “ max
0ďnďN

„

a

φ̃n

n
ÿ

k“0

µ̃k
a

φ̃k `
1

?
φ̃n

ÿ

n`1ďjďN

µ̃jφ̃
3{2
j

ȷ

Ñ δ1 “ max
0ďnďN

„

?
φn

n
ÿ

k“0

µkh
2
k

?
φk `

1
?
φn

ÿ

n`1ďjďN

µjh
2
jφ

3{2
j

ȷ

.

At the same time,

`

´ rQ´ z̃I
˘

w̃ “ ṽ

ðñ
`

´ Diagphq´1QDiagphq ´ z̃I
˘

w̃ “ ṽ

ðñ p´Q´ z̃IqDiagphqw̃ “ Diagphqṽ

ðñ p´Q´ zIqw “ v.

Here in the last line, z̃ is replaced by z, this is due to the isospectrum: an
lower bound of the spectrum of ´ rQ is also the one of ´Q. The fact that
Diagphqw̃ “ w comes from the definition of our mapping f Ñ f̃ . Finally, since
the isometry, we have }w}µ,2 “ }w̃}µ̃,2. We have thus deduced the algorithm
presented in [5; §3] from the modified one.

4.5 Modification of the algorithm introduced in [5; §4.2]

In parallel to §4.4, we may introduce a modification of the algorithm presented
in [5; §4.2]. The main idea is: once we obtain the function h, it can be ignored
since we can use the general transform rQ defined in (9) instead of the original
Q to continue the procedure of the algorithm constructed in [5; §4.2]. Since
this modification is only a mimic of the one for tridiagonal matrix (§4.4),
something may be lost. For instance, the sequence tδ´1

k u formally defined by
(15) may no longer be the lower bound of λminp´Qq, one has to take care in
practice.

To conclude this paper, we remark some possible extension of the algo-
rithms given here to a more general setup. For a larger class of Markov
generators, the algorithms are meaningful. Actually, the Perron–Frobenius
property as well as the the Collatz–Wielandt formula have been generalized
by a number of authors. In particular, the part of the Collatz–Wielandt for-
mula used in Algorithm 5 as zpnq was extended by [9; ψ2pV q in the Theorem].
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See also [13; (1.1) i) and §2] and more recently, [1; Theorem 2.1]. Note the
difference: we are working on λminp´Lq here rather than λmaxpLq in the cited
papers.

In the nonlinear case, the shifted inverse iteration (Algorithms 2 or 5)
is more essential, actually Algorithm 1 may no longer be applicable since
equation (2) often has no real solution. This point is illustrated in [6] where
the shift is based on a generalization of (15). In view of [2; Theorem 2.3 and
Corollary 2.5], it seems that Algorithm 2 and its variations could be applied
to a more general setup.
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Abstract The eigenpair here means the twins consist of eigenvalue and its
eigenvector. This paper introduces the three steps of our study on computing
the maximal eigenpair. In the first two steps, we construct efficient initials for
a known but dangerous algorithm, first for tridiagonal matrices and then for
irreducible matrices, having nonnegative off-diagonal elements. In the third
step, we present two global algorithms which are still efficient and work well
for a quite large class of matrices, even complex for instance.
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1 Introduction

This paper is a continuation of [4]. For the reader’s convenience, we review
(with some improvements) shortly the first part of [4]. Especially, we recall the
story of the proportion of 1000 and 2 of iterations for two different algorithms.

The most famous result on the maximal eigenpair should be the Perron-
Frobenius theorem. For nonnegative (pointwise) and irreducibleA, if Trace (A)
> 0, then the theorem says there exists uniquely a maximal eigenvalue ρ(A) >
0 with positive left-eigenvector u and positive right-eigenvector g such that

uA = λu, Ag = λg, λ = ρ(A).

These eigenvectors are also unique up to a constant. Before going to the main
body of the paper, let us make two remarks.

1) We need to study the right-eigenvector g only. Otherwise, use the
transpose A∗ instead of A.

2) The matrixA is required to be irreducible with nonnegative off-diagonal
elements, its diagonal elements can be arbitrary. Otherwise, use a shift A+mI

for large m:

(A+mI)g = λg ⇐⇒ Ag = (λ−m)g, (1)

their eigenvector remains the same but the maximal eigenvalues are shifted to
each other.
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Consider the following matrix:

Q=















−12 12 0 0 · · ·
12 −12 − 22 22 0 · · ·
0 22 −22 − 32 32 · · ·
...

...
. . .

. . .
. . .

0 0 0 N2 −N2 − (N + 1)2















. (2)

The main character of the matrix is the sequence {k2}. The sum of each row
equals zero except the last row. Actually, this matrix is truncated from the
corresponding infinite one, in which case we have known that the maximal
eigenvalue is −1/4 (refer to [2; Example 3.6]).

Example 1 Let N = 7. Then the maximal eigenvalue is −0.525268 with
eigenvector:

g ≈ (55.878, 26.5271, 15.7059, 9.97983, 6.43129, 4.0251, 2.2954, 1)∗,

where the vector v∗ = the transpose of v.

We now want to practice the standard algorithms in matrix eigenvalue com-
putation. The first method in computing the maximal eigenpair is the Power

Iteration, introduced in 1929. Starting from a vector v0 having a nonzero
component in the direction of g, normalized with respect to a norm ‖ · ‖. At
the kth step, iterate vk by the formula

vk =
Avk−1

‖Avk−1‖
, zk = ‖Avk‖, k > 1. (3)

Then we have the convergence: vk → g (first pointwise and then uniformly)
and zk → ρ(Q) as k → ∞. If we rewrite vk as

vk =
Akv0

‖Akv0‖
,

one sees where the name “power” comes from. For our example, to use the
Power Iteration, we adopt the ℓ1-norm and choose v0 = ṽ0/‖ṽ0‖, where

ṽ0=(1, 0.587624, 0.426178, 0.329975, 0.260701, 0.204394, 0.153593, 0.101142)
∗.

This initial comes from a formula to be given in the next section. In Figure 1
below, the upper curve is g, the lower one is modified from ṽ0, renormalized
so that its last component becomes one. Clearly, these two functions are quite
different, one may worry about the effectiveness of the choice of v0. Anyhow,
having the experience of computing its eigensystem, I expect to finish the
computation in a few of seconds. Unexpectly, I got a difficult time to compute
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Comparison of g and ṽ0

Figure 1: g and ṽ0.

the maximal eigenpair for this simple example. Altogether, I computed it for
180 times, not in one day, using 1000 iterations. The printed pdf-file of the
outputs has 64 pages. Figure 2 gives us the outputs.

200 400 600 800 1000

1.0

1.5

2.0

The figure of − zk
for k = 0, 1, . . . , 1000.

Figure 2: −zk for k = 0, 1, . . . , 1000.

The figure shows that the convergence of zk goes quickly at the beginning
of the iterations. This means that our initial v0 is good enough. Then the
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convergence goes very slow which means that the Power Iteration Algorithm
converges very slowly.

Let us have a look at the convergence of the power iteration. Suppose that
the eigenvalues are all different for simplicity. Denote by (λj , gj) the eigenpairs

with maximal one (λ0, g0). Write v0 =
∑N

j=0
cjgj for some constants (cj).

Then c0 6= 0 by assumption and

Akv0 =
N
∑

j=0

cjλ
k
j gj = c0λ

k
0

[

g0 +
N
∑

j=1

cj

c0

(

λj

λ0

)k

gj

]

.

Since |λj/λ0| < 1 for each j > 1 and ‖g0‖ = 1, we have

Akv0

‖Akv0‖
=

c0

|c0|
g0 +O

(∣

∣

∣

∣

λ1

λ0

∣

∣

∣

∣

k)

as k → ∞,

where |λ1| := max{|λj | : j > 0}. Since |λ1/λ0| can be very closed to 1, this
explains the reason why the convergence of the method can be very slow.

Before moving further, let us mention that the power method can be also
used to compute the minimal eigenvalue λmin(A), simply replace A by A−1.
That is the Inverse Iteration introduced in 1944:

vk =
A−1vk−1

‖A−1vk−1‖
⇐⇒ vk =

A−kv0

‖A−kv0‖
. (4)

It is interesting to note that the equivalent assertion on the right-hand side is
exactly the the input-output method in economy.

To come back to compute the maximal ρ(A) rather than λmin(A), we
add a shift z to A: replacing A by A − zI. Actually, it is even better to
replace the last one by zI − A since we will often use z > ρ(A) rather than
z < ρ(A), the details will be explained at the beginning of Section 4 below.
When z is close enough to ρ(A), the leading eigenvalue of (zI −A)−1 becomes
(z−ρ(A))−1. Furthermore, we can even use a variant shift zk−1I to accelerate
the convergence speed. Throughout this paper, we use varying shifts rather
than a fixed one only. Thus, we have arrived at the second algorithm in
computing the maximal eigenpair, the Rayleigh Quotient Iteration (RQI), a
variant of the Inverse Iteration. From now on, unless otherwise stated, we
often use the ℓ2-norm. Starting from an approximating pair (z0, v0) of the
maximal one (ρ(A), g) with v∗

0
v0 = 1, use the following iteration.

vk =
(zk−1I −A)−1vk−1

‖(zk−1I −A)−1vk−1‖
, zk = v∗kAvk, k > 1. (5)

If (z0, v0) is close enough to (ρ(A), g), then

vk → g and zk → ρ(A) as k → ∞.

Since for each k > 1, v∗kvk = 1, we have zk = v∗kAvk/(v
∗
kvk). That is where the

name “Rayleigh Quotient” comes from. Unless otherwise stated, z0 is setting
to be v∗

0
Av0.
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Having the hard time spent in the first algorithm, I wondered how many
iterations are required using this algorithm. Of course, I can no longer bear
1000 iterations. To be honest, I hope to finish the computation within 100
iterations. What happens now?

Example 2 For the same matrix Q and ṽ0 as in Example 1, by RQI, we need
two iterations only:

z1 ≈ −0.528215, z2 ≈ −0.525268.

The result came to me, not enough to say surprisingly, I was shocked
indeed. This shows not only the power of the second method but also the
effectiveness of my initial v0. From the examples above, we have seen the
story of the proportion of 1000 and 2.

For simplicity, from now on, we often write λj := λj(−Q). In particular
λ0 = −ρ(Q) > 0. Instead of our previous v0, we adopt the uniform distribu-
tion:

v0 = (1, 1, 1, 1, 1, 1, 1, 1)∗/
√
8.

This is somehow fair since we usually have no knowledge about g in advance.

Example 3 Let Q be the same as above. Use the uniform distribution v0
and set z0 = v∗

0
(−Q)v0. Then

(z1, z2, z3, z4z4z4) ≈ (4.78557, 5.67061, 5.91766, 5.918675.918675.91867).

(λ0, λ1,λ2λ2λ2) ≈ (0.525268, 2.00758, 5.918675.918675.91867).

The computation becomes stable at the 4th iteration. Unfortunately, it is not
what we want λ0 but λ2. In other words, the algorithm converges to a pitfall.
Very often, there are n − 1 pitfalls for a matrix having n eigenvalues. This
shows once again our initial ṽ0 is efficient and the RQI is quite dangerous.

Hopefully, everyone here has heard the name Google’s PageRank. In other
words, the Google’s search is based on the maximal left-eigenvector. On this
topic, the book [8] was published 11 years ago. In this book, the Power
Iteration is included but not the RQI. It should be clear that for PageRank,
we need to consider not only large system, but also fast algorithm.

It may be the correct position to mention a part of the motivations for the
present study.

• Google’s search–PageRank.

• Input–output method in economy. In this and the previous cases, the
computation of the maximal eigenvector is required.

• Stability speed of stochastic systems. Here, for the stationary distribu-
tion of a Markov chain, we need to compute the eigenvector; and for
the stability rate, we need to study the maximal (or the fist nontrivial)
eigenvalue.
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• Principal component analysis for BigData. One choice is to study the so-
called five-diagonal matrices. The second approach is using the maximal
eigenvector to analysis the role played by the components, somehow
similar to the PageRank.

• For image recognition, one often uses Poisson or Toeplitz matrices, which
are more or less the same as the Quasi-birth-death matrices studied in
queueing theory. The discrete difference equations of elliptic partial
differential equations are included in this class: the block-tridiagonal
matrices.

• The effectiveness of random algorithm, say Markov Chain Monte Carlo
for instance, is described by the convergence speed. This is also related
to the algorithms for machine learning.

• As in the last item, a mathematical tool to describe the phase transitions
is the first nontrivial eigenvalue (the next eigenpair in general). This is
the original place where the author was attracted to the topic.

Since the wide range of the applications of the topic, there is a large number
of publications. The author is unable to present a carefully chosen list of
references here, what instead are two random selected references: [8] and [11].

Up to now, we have discussed only a small size 8× 8 (N = 7) matrix. How
about large N? In computational mathematics, one often expects the number
of iterations grows in a polynomial way Nα for α greater or equal to 1. In our
efficient case, since 2 = 81/3, we expect to have 100001/3 ≈ 22 iterations for
N+1=104. The next table subverts completely my imagination.

Table 1 Comparison of RQI for different N

N + 1N + 1N + 1 z0z0z0 z1z1z1 z2 = λ0z2 = λ0z2 = λ0 upper/lower

8 0.523309 0.525268 0.525268 1+10−11

100 0.387333 0.376393 0.376383 1+10−8

500 0.349147 0.338342 0.338329 1+10−7

1000 0.338027 0.327254 0.32724 1+10−7

5000 0.319895 0.30855 0.308529 1+10−7

7500 0.316529 0.304942 0.304918 1+10−7

104 0.31437 0.302586 0.302561 1+10−7

Here z0 is defined by

z0 = 7/(8δ1) + v∗0(−Q)v0/8,

where v0 and δ1 are computed by our general formulas to be defined in the next
section. We compute the matrices of order 8, 100, . . . , 104 by using MatLab
in a notebook, in no more than 30 seconds, the iterations finish at the second
step. This means that the outputs starting from z2 are the same and coincide
with λ0. See the first row for instance, which becomes stable at the first step
indeed. We do not believe such a result for some days, so we checked it in
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different ways. First, since λ0 = 1/4 when N = ∞, the answers of λ0 given in
the fourth column are reasonable. More essentially, by using the output v2,
we can deduce upper and lower bounds of λ0 (using [2; Theorem 2.4 (3)]), and
then the ratio upper/ lower is presented in the last column. In each case, the
algorithm is significant up to 6 digits. For the large scale matrices here and
in 4, the computations are completed by Yue-Shuang Li.

2 Efficient initials: tridiagonal case

It is the position to write down the formulas of v0 and δ1. Then our initial z0
used in Table 1 is a little modification of δ−1

1
: a convex combination of δ−1

1

and v∗
0
(−Q)v0.

Let us consider the tridiagonal matrix (cf. [3; §3] and [6; §4.4]). Fix N > 1,
denote by E = {0, 1, . . . , N} the set of indices. By a shift if necessary, we may
reduce A to Q with negative diagonals: Qc = A−mI, m := maxi∈E

∑

j∈E aij ,

Qc=















−b0 − c0 b0 0 0 · · ·
a1 −a1 − b1 − c1 b1 0 · · ·
0 a2 −a2 − b2 − c2 b2 · · ·
...

...
. . .

. . .
. . .

0 0 0 aN −aN − cN















.

Thus, we have three sequences {ai > 0}, {bi > 0}, and {ci > 0}. Our main
assumption here is that the first two sequences are positive and ci 6≡ 0. In
order to define our initials, we need three new sequences, {hk}, {µk}, and
{ϕk}.

First, we define the sequence {hk}:

h0 = 1, hn = hn−1rn−1, 1 6 n 6 N ; (6)

here we need another sequence {rk}:

r0 = 1 +
c0

b0
, rn = 1 +

an + cn

bn
− an

bnrn−1

, 1 6 n < N.

Here and in what follows, our iterations are often of one-step. Note that if
ck = 0 for every k < N , then we do not need the sequence {hk}, simply
set hk ≡ 1. An easier way to remember this (hi) is as follows. It is nearly
harmonic of Qc except at the last point N :

Qc \the last rowh = 0, (7)

where B\the last row means the matrix modified from B by removing its last
low.

We now use H-transform, it is designed to remove the sequence (ci):

˜Q = Diag(hi)
−1QcDiag(hi).
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Then

˜Q =















−b0 b0 0 0 · · ·
a1 −a1 − b1 b1 0 · · ·
0 a2 −a2 − b2 b2 · · ·
...

...
. . .

. . .
. . .

0 0 0 aN −aN−cN















for some modified {ai > 0}, {bi > 0}, and cN > 0. Of course, Qc and ˜Q have
the same spectrum. In particular, under the H-transform,

(λmin(−Qc), g) →
(

λmin

(

− ˜Q
)

= λmin(−Qc), Diag(hi)
−1g

)

.

From now on, for simplicity, we denote by Q the matrix replacing cN by bN
in ˜Q.

Next, we define the second sequence {µk}:

µ0 = 1, µn = µn−1

bn−1

an
, 1 6 n 6 N. (8)

And then define the third one {ϕk} as follows:

ϕn =
N
∑

k=n

1

µkbk
, 0 6 n 6 N. (9)

We are now ready to define v0 and δ1 (or z0) using the sequences (µi) and
(ϕi).

ṽ0(i)=
√
ϕi, i 6 N ; v0= ṽ0/‖ṽ0‖; ‖ · ‖ := ‖ · ‖L2(µ) (10)

δ1= max
06n6N

[√
ϕn

n
∑

k=0

µk
√
ϕk +

1√
ϕn

∑

n+16j6N

µjϕ
3/2
j

]

=:z−1

0
(11)

with a convention
∑

∅ = 0.
Finally, having constructed the initials (v0, z0), the RQI goes as follows.

Solve wk:
(−Q− zk−1I)wk = vk−1, k > 1; (12)

and define
vk = wk/‖wk‖, zk = (vk, −Qvk)L2(µ).

Then
vk → g and zk → λ0 as k → ∞.

Before moving further, let us mention that there is an explicit representa-
tion of the solution (wi) to equation (12). Assume that we are given v := vk−1

and z := zk−1. Set

Msj = µj

s
∑

k=j

1

µkbk
, 0 6 j 6 s 6 N. (13)
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Define two independent sequences {A(s)} and {B(s)}, recurrently:
{

A(s) = −∑

06j6s−1
Ms−1,j

(

v(j) + zA(j)
)

,

B(s) = 1− z
∑

06j6s−1
Ms−1,jB(j), 0 6 s 6 N.

(14)

Set

x =

∑N
j=0

µj

(

v(j) + zA(j)
)

− µNbNA(N)

µNbNB(N)− z
∑N

j=0
µjB(j)

. (15)

Then the required solution wk := {w(s) : s ∈ E} can be expressed as w(s) =
A(s) + xB(s) (s ∈ E).

To finish the algorithm, we return to the estimates of
(

λmin(−Qc), g(Qc)
)

(g(Qc) = g(−Qc)) or further (ρ(A), g(A)) if necessary, where g(A), for in-
stance, denotes the maximal eigenvector of A. Suppose that the iterations are
stopped at k = k0 and set (z̄, v̄) =

(

zk0 , vk0

)

for simplicity. Then, we have

(

λmin

(

−Qc
)

, Diag(hi)
−1g(Qc)

)

=
(

λmin

(

− ˜Q
)

, g
(

˜Q
))

≈ (z̄, v̄),

and so
(

λmin(−Qc), g(Qc)
)

≈
(

z̄, Diag(hi) v̄
)

. (16)

Because λmin(−Qc) = m− ρ(A), we obtain

(ρ(A), g(A)) ≈
(

m− z̄, Diag(hi) v̄
)

. (17)

Now, the question is the possibility from the tridiagonal case to the general
one.

3 Efficient initials: the general case ([3; §4.2] and
[6; §4.5])

When we first look at the question just mentioned, it seems quite a long dis-
tance to go from the special tridiagonal case to the general one. However,
in the eigenvalue computation theory, there is the so-called Lanczos tridiag-
onalization procedure to handle the job, as discussed in [3; Appendix of §3].
Nevertheless, what we adopted in [3; §4] is a completely different approach.
Here is our main idea. Note that the initials v0 and δ1 constructed in the
last section are explicitly expressed by the new sequences. In other words, we
have used three new sequences {hk}, {µk}, and {ϕk} instead of the original
three {ai}, {bi}, and {ci} to describe our initials. Very fortunately, the former
three sequences do have clearly the probabilistic meaning, which then leads
us a way to go to the general setup. Shortly, we construct these sequences by
solving three linear equations (usually, we do not have explicit solution in such
a general setup). Then use them to construct the initials and further apply
the RQI-algorithm.
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Let A = (aij : i, j ∈ E) be the same as given at the beginning of the paper.
Set Ai =

∑

j∈E aij and define

Qc = A−
(

max
i∈E

Ai

)

I.

We can now state the probabilistic/analytic meaning of the required three
sequences (hi), (µi), and (ϕi).

• (hi) is the harmonic function of Qc except at the right endpoint N , as
mentioned in the last section.

• (µi) is the invariant measure (stationary distribution) of the matrix Qc

removing the sequence (ci).

• (ϕi) is the tail related to the transiency series, refer to [3; Lemma 24
and its proof].

We now begin with our construction. Let h = (h0, h1, . . . , hN )∗ (with
h0 = 1) solve the equation

Qc \the last rowh = 0

and define
˜Q = Diag(hi)

−1QcDiag(hi).

Then for which we have

c0 = . . . = cN−1 = 0, cN =: qN,N+1 > 0.

This is very much similar to the tridiagonal case.
Next, set Q = ˜Q. Let ϕ = (ϕ0, ϕ1, . . . , ϕN )∗ (with ϕ0 = 1) solve the

equation
ϕ\the first row = P \the first row ϕ,

where
P = Diag

(

(−qii)
−1

)

Q+ I.

Thirdly, assume that µ := (µ0, µ1, . . . , µN ) with µ0 = 1 solves the equation

Q∗ \the last rowµ∗ = 0.

Having these sequences at hand, we can define the initials

ṽ0(i) =
√
ϕi, i6N ; v0 = ṽ0/‖ṽ0‖µ; z0 = (v0,−Qv0)µ.

Then, go to the RQI as usual. For k > 1, let wk solve the equation

(−Q− zk−1I)wk = vk−1

and set
vk = wk/‖wk‖µ, zk = (vk,−Qvk)µ.
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Then we often have (zk, vk) → (λ0, g) as k → ∞.
We remark that there is an alternative choice (more safe) of z0:

z−1

0
=

1

1− ϕ1

max
06n6N

[√
ϕn

n
∑

k=0

µk
√
ϕk+

1√
ϕn

∑

n+16j6N

µjϕ
3/2
j

]

which is almost a copy of the one used in the last section.
The procedure for returning to the estimates of

(

λmin(−Qc), g(Qc)
)

or
further (ρ(A), g(A)) is very much the same as in the last section.

To conclude this section, we introduce two examples to illustrate the effi-
ciency of the extended initials for tridiagonally dominant matrices. The next
two examples were computed by Xu Zhu, a master student in Shanghai.

Example 4 (Block-tridiagonal matrix) Consider the matrix

Q =















A0 B0 0 0 · · ·
C1 A1 B1 0 · · ·
0 C2 A2 B2 · · ·
...

...
. . .

. . .
. . .

0 0 0 CN AN















,

where Ak, Bk, Ck are 40 × 40-matrices, B’s and C’s are identity matrices, and
A’s are tridiagonal matrices. For this model, two iterations are enough to arrive
at the required results (Table 2).

Table 2 Outputs for Poisson matrix

N+1N+1N+1 z0z0z0 z1z1z1 z2 = λ0z2 = λ0z2 = λ0

1600 7.985026 7.988219 7.988263

3600 7.993232 7.994676 7.994696

6400 7.996161 7.988256 7.987972

Example 5 (Toeplitz matrix) Consider the matrix

A=















1 2 3 · · · n−1 n

2 1 2 · · · n−2 n−1
...

...
...

. . .
...

...

n−1 n−2 n−3 · · · 1 2
n n−1 n−2 · · · 2 1















.

For this model, three iterations are enough to arrive at the required results (Table
3).

Table 3 Outputs for Toeplitz matrix
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N+1N+1N+1 z0×106z0×106z0×106 z1×106z1×106z1×106 z2×106z2×106z2×106 z3=λ0z3=λ0z3=λ0

1600 0.156992 0.451326 0.390252 0.389890

3600 0.157398 2.30731 1.97816 1.97591

6400 0.157450 7.32791 6.25506 6.24718

As mentioned before, the extended algorithm should be powerful for the
tridiagonally dominant matrices. How about more general case? Two ques-
tions are often asked to me by specialists in computational mathematics: do
you allow more negative off-diagonal elements? How about complex matrices?
My answer is: they are too far away from me, since those matrices can not be
a generator of a Markov chain, I do not have a tool to handle them. Alterna-
tively, I have studied some more general matrices than the tridiagonal ones:
the block-tridiagonal matrices, the lower triangular plus upper-diagonal, the
upper triangular plus lower-diagonal, and so on. Certainly, we can do a lot
case by case, but this seems still a long way to achieve a global algorithm. So
we do need a different idea.

4 Global algorithms

Several months ago, AlphaGo came to my attention. From which I learnt the
subject of machine learning. After some days, I suddenly thought, since we
are doing the computational mathematics, why can not let the computer help
us to find a high efficiency initial value? Why can not we leave this hard task
to the computer? If so, then we can start from a relatively simple and common
initial value, let the computer help us to gradually improve it.

The first step is easy, simply choose the uniform distribution as our initial
v0:

v0 = (1, 1, · · · , 1)∗/
√
N + 1.

As mentioned before, this initial vector is fair and universal. One may feel
strange at the first look at “global” in the title of this section. However, with
this universal v0, the power iteration is already a global algorithm. Unfor-
tunately, the convergence of this method is too slow, and hence is often not
practical. To quicken the speed, we should add a shift which now has a very
heavy duty for our algorithm. The main trouble is that the usual Rayleigh
quotient v∗

0
Av0/(v

∗
0
v0) can not be used as z0, otherwise, it will often lead to

a pitfall, as illustrated by Example 3. The main reason is that our v0 is too
rough and so z0 deduced from it is also too rough. Now, how to choose z0 and
further zn?

Clearly, for avoiding the pitfalls, we have to choose z0 from the outside
of the spectrum of A (denoted by Sp(A)), and as close to ρ(A) as possible to
quicken the convergence speed. For nonnegative A, Sp(A) is located in a circle
with radius ρ(A) in the complex plane. Thus, the safe region should be on the
outside of Sp(A). Since ρ(A) is located at the boundary on the right-hand side
of the circle, the effective area should be on the real axis on the right-hand
side of, but a little away from, ρ(A).
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O
ρ(A)

Safe region

Sp(A)

Complex plane

Safe region

Sp(Q)

Oρ(Q)

Complex plane

Figure 3: Safe region in complex plane.

For the matrix Q used in this paper, since ρ(Q) < 0, its spectrum Sp(Q) is
located on the left-hand side of the origin. Then, one can simply choose z0 = 0
as an initial. See Figure 3.

Having these idea in mind, we can now state two of our global algorithms.
Each of them uses the same initials:

v0 = uniform distribution, z0 = max
06i6N

Av0

v0
(i),

where for two vectors f and g, (f/g)(i) = fi/gi.

Algorithm 1 (Specific Rayleigh quotient iteration) At step k > 1, for given
v := vk−1 and z := zk−1, let w solve the equation

(zI −A)w = v.

Set vk = w/‖w‖ and let zk = v∗kAvk.

This algorithm goes back to [3; §4.1 with Choice I].

Algorithm 2 (Shifted inverse iteration) Everything is the same as in Algo-
rithm 1, except redefine zk as follows:

zk = max
06i6N

Avk

vk
(i)

for k > 1 (or equivalently, k > 0).

The comparison of these algorithms is the following: with unknown small
probability, Algorithm 1 is less safe than Algorithm 2, but the former one has
a faster convergence speed than the latter one with possibility 1/5 for instance.
A refined combination of the above two algorithms is presented in [6; §2], say
Algorithm 42 for instance.

With the worrying on the safety and convergence speed in mind, we ex-
amine two examples which are non-symmetric.

The first example below is a lower triangular plus the upper-diagonal. It
is far away from the tridiagonal one, we want to see what can be happened.
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Example 6 ([6; Example 7]) Let

Q=



















−1 1 0 0 · · · · · · 0 0
a1 −a1−2 2 0 · · · · · · 0 0
a2 0 −a2−3 3 · · · · · · 0 0
...

...
...

... · · · · · · N − 1 0
aN−1 0 0 0 · · · −aN−1−N N

aN 0 0 0 · · · · · · 0 −aN−N−1



















. (18)

For this matrix, we have computed several cases:

ak = 1/(k + 1), ak ≡ 1, ak = k, ak = k2.

Among them, the first one is the hardest and is hence presented below.
For different N , the outputs of our algorithm are given in Table 4.

Table 4. The outputs for different N by our algorithm

N+1N+1N+1 z1z1z1 z2z2z2 z3z3z3 z4z4z4 z5z5z5 z6z6z6

8 0.276727 0.427307 0.451902 0.452339

16 0.222132 0.367827 0.399959 0.400910

32 0.187826 0.329646 0.370364 0.372308 0.372311

50 0.171657 0.311197 0.357814 0.360776 0.360784

100 0.152106 0.287996 0.343847 0.349166 0.349197

500 0.121403 0.247450 0.321751 0.336811 0.337186

1000 0.111879 0.233257 0.313274 0.334155 0.335009 0.335010

5000 0.0947429 0.205212 0.293025 0.328961 0.332609 0.332635

104 0.0888963 0.194859 0.284064 0.326285 0.332113 0.332188

The next example is upper triangular plus lower-diagonal. It is motivated
from the classical branching process. Denote by (pk : k > 0) a given probability
measure with p1 = 0. Let

Q=





















−1 p2 p3 p4 · · · · · · pN−1

∑

k>N pk
2p0 −2 2p2 2p3 · · · · · · 2pN−2 2

∑

k>N−1
pk

0 3p0 −3 3p2 · · · 3pN−3 3
∑

k>N−2
pk

...
...

...
. . .

. . .
. . .

. . .
...

...
...

. . .
. . . −(N−1) (N−1)

∑

k>2
pk

0 0 0 0 · · · · · · Np0 −Np0





















.

The matrix is defined on E := {1, 2, . . . , N}. Set M1 =
∑

k∈E kpk. When
N = ∞, it is subcritical iff M1 < 1, to which the maximal eigenvalue should
be positive. Otherwise, the convergence rate should be zero.

Now, we fix

p0 = α/2, p1 = 0, p2 = (2− α)/22, . . . pn = (2− α)/2n, · · · , α ∈ (0, 2).

Then M1 = 3(2−α)/2 and hence we are in the subcritical case iff α ∈ (4/3, 2).
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Example 7 ([6; Example 9]) Set α = 7/4. We want to know how fast the
local (N < ∞) maximal eigenvalue becomes stable (i.e., close enough to the
converge rate at N = ∞). Up to N = 104, the steps of the iterations we
need are no more than 6. To quicken the convergence, we adopt an improved
algorithm. Then the outputs of the approximation of the minimal eigenvalue of
−Q for different N are given in Table 5.

Table 5. The outputs in the subcritical case

N z1z1z1 z2z2z2 z3z3z3 z4z4z4

8 0.637800 0.638153

16 0.621430 0.625490 0.625539

50 0.609976 0.624052 0.624997 0.625000

100 0.606948 0.623377 0.624991 0.625000

500 0.604409 0.622116 0.624962 0.625000

1000 0.604082 0.621688 0.624944 0.625000

5000 0.603817 0.620838 0.62489 0.625000

104 0.603784 0.620511 0.624861 0.625000

The computation in each case costs no more than one minute. Besides, starting
from N = 50, the final outputs are all the same: 0.625, which then can be
regarded as a very good approximation of λmin(−Q) at infinity N = ∞.

It is the position to compare our global algorithm with that given in the
last section. At the first look, here in the two examples above, we need about
6 iterations, double of the ones given in the last section. Note that for the
initials of the algorithm in the last section, we need solve three additional
linear equations, which are more or less the same as three additional iterations.
Hence the efficiency of these two algorithms are very close to each other.
Actually, the computation time used for the algorithm in the last section is
much more than the new one here.

It is quite surprising that our new algorithms work for a much general class
of matrices, out of the scope of [3]. Here we consider the maximal eigenpair
only.

The example below allows partially negative off-diagonal elements.

Example 8 ([9; Example (7)], [6; Example 12]) Let

A =





−1 8 −1
8 8 8
−1 8 8



 .

Then The eigenvalues of A are as follows.

17.5124, −7.4675, 4.95513.

The corresponding maximal eigenvector is

(0.486078, 1.24981, 1)∗
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which is positive.
Started at z0 = 24, the outputs of our algorithms are given in Table 6.

Table 6. The outputs for a matrix with more negative elements

nnn zn: Algorithm 1zn: Algorithm 1zn: Algorithm 1 zn: Algorithm 2zn: Algorithm 2zn: Algorithm 2

1 17.3772 18.5316

2 17.5124 17.5416

3 17.5124

Furthermore, we can even consider some complex matrices.

Example 9 ([10; Example 2.1], [6; Example 15]) Let

A =





0.75 − 1.125 i 0.5882 − 0.1471 i 1.0735 + 1.4191 i
−0.5− i 2.1765 + 0.7059 i 2.1471 − 0.4118 i

2.75 − 0.125 i 0.5882 − 0.1471 i −0.9265 + 0.4191 i



 ,

where the coefficients are all accurate, to four decimal digits. Then A has
eigenvalues

3, −2− i, 1 + i

with maximal eigenvector

(0.408237, 0.816507, 0.408237)∗ .

The outputs (yn) (but not (zn)) of [6; Algorithm 14], a variant of Algorithm 2,
are as follows.

Table 7. The outputs for a complex matrix

y1y1y1 y2y2y2 y3y3y3

3.03949 − 0.0451599 i 3.00471 − 0.0015769 i 3

We mention that a simple sufficient condition for the use of our algorithms
is the following:

Re(An) > 0 for large enough n, up to a shift mI. (19)

Then we have the Perron–Frobenius property: there exists the maximal eigen-
value ρ(A) > 0 having simple left- and right-eigenvectors.

Hopefully, the reader would now be accept the use of “global” here for our
new algorithms. They are very much efficient indeed. One may ask about the
convergence speed of the algorithms. Even though we do not have a universal
estimate for each model in such a general setup, it is known however that the
shifted inverse algorithm is a fast cubic one, and hence should be fast enough
in practice. This explains the reason why our algorithms are fast enough in
the general setup. Certainly, in the tridiagonal dominate case, one can use the
algorithms presented in the previous sections. Especially, in the tridiagonal
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situation, we have analytically basic estimates which guarantee the efficiency
of the algorithms. See [4] for a long way to reach the present level.

When talking about the eigenvalues, the first reaction for many people (at
least for me, 30 years ago) is that well, we have known a great deal about the
subject. However, it is not the trues. One may ask himself that for eigenvalues,
how large matrix have you computed by hand? As far as I know, 2×2 only in
analytic computation by hand. It is not so easy to compute them for a 3× 3
matrix, except using computer. Even I have worked on the topic for about
30 years, I have not been brave enough to compute the maximal eigenvector,
we use its mimic only to estimate the maximal eigenvalue (or more generally
the first nontrivial eigenvalue). The first paper I wrote on the numerical
computation is [3]. It is known that the most algorithms in computational
mathematics are local, the Newton algorithm (which is a quadratic algorithm)
for instance. Hence, our global algorithms are somehow unusual.

About three years ago, I heard a lecture that dealt with a circuit board
optimization problem. The author uses the Newton method. I said it was
too dangerous and could fall into the trap. The speaker answered me that
yes, it is dangerous, but no one in the world can solve this problem. Can we
try annealing algorithm? I asked. He replied that it was too slow. We all
know that in the global optimization, a big problem (not yet cracked) is how
to escape from the local traps. The story we are talking about today seems
to have opened a small hole for algorithms and optimization problems, and
perhaps you will be here to create a new field.
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Abstract

This paper is a continuation of the author’s previous papers [Front.
Math. China, 2016, 11(6): 1379–1418; 2017, 12(5): 1023–1043], where
the linear case was studied. A shifted inverse iteration algorithm is in-
troduced, as an acceleration of the inverse iteration which is often used
in the non-linear context (the p-Laplacian operators for instance). Even
though the algorithm is formally similar to the Rayleigh quotient itera-
tion which is well-known in the linear situation, but they are essentially
different. The point is that the standard Rayleigh quotient cannot be
used as a shift in the non-linear setup. We have to employ a different
quantity which has been obtained only recently. As a surprised gift, the
explicit formulas for the algorithm restricted to the linear case (p “ 2) is
obtained, which improves the author’s approximating procedure for the
leading eigenvalues in different context, appeared in a group of publica-
tions. The paper begins with p-Laplacian, and is closed by the non-linear
operators corresponding to the well-known Hardy-type inequalities.

2000 Mathematics Subject Classification: 34L15, 34G20, 39A12, 65F15

Key words and phrases. Discrete p-Laplacian, principal eigenpair, shifted inverse

iteration, approximating procedure.

1 Introduction

Let E “ tk P Z`(nonnegative intergers) : k ă N ` 1u pN ď 8q. Given a
positive sequence tνk : k P Eu with boundary condition ν´1 “ 0 and p P p1,8q,
the (weighted) discrete p-Laplacian operator Ωp is defined as follows:

Ωpfpkq “ νk|fk`1 ´ fk|p´2
`

fk`1 ´ fk
˘

´ νk´1|fk ´ fk´1|p´2
`

fk ´ fk´1

˘

,

or more simply,
Ωpf “ B‚´1

`

φνpBfq
˘

, f P CK , (1)

where CK is the set of functions vanishing out of pM1,M2q for some 0 ď M1 ă

M2 ă N if N “ 8,

pBfqk “Bkf“fk`1´ fk and
`

φνpfq
˘

k
“νk|fk|p´2fk“νk|fk|p´1sgn pfkq.

Throughout this paper, we are interesting in the principal eigenvalue λp with
the boundary conditions f´1 “ f0 and fN`1 “ 0 (which means limnÑ8 fn “ 0
if N “ 8). That is, the smallest λ satisfying the following eigenequation

Ωpg “ ´λφµpgq for some g ‰ 0, (2)
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where pµk : k P Eq is another given positive measure (weight). Actually, we
are working in the Lppµq setup, the principal eigenvalue λp has an alternative
description in the following classical variational formula

λp “ inf
␣

Dppfq : µ
`

|f |p
˘

“ 1, f P CK

(

, (3)

where µpfq “
ř

kPE µkfk and

Dppfq “
`

´ Ωpf, f
˘

“
ÿ

kPE

νk|fk`1 ´ fk|p, p ą 1, f P CK

(cf. [6; p. 1263]).

This principal eigenvalue of p-Laplacian was the aim of the first part of
[6] where the criterion for the positivity, the basic estimates, and the approxi-
mating procedures of the eigenvalue were presented. The main purpose of the
present paper is introducing a new iteration algorithm (with efficient initials),
which is much more efficient than the known ones. As a byproduct, we obtain
an efficient iteration algorithm which is more efficient than the approximating
procedures given in [2] in the linear case.

Algorithm 1 (Shifted inverse iteration) Given measures pµkq, pνkq on E, and

p P p1,8q, define p˚ as the conjugate of p: 1{p ` 1{p˚ “ 1 and set ν̂k “ ν1´p˚

k

for k P E. Denote by pλp, gpq the principal eigenpair (gp is the eigenvector
corresponding to λp). The algorithm is to construct an approximating sequence
tpzpnq, vpnqquně0 of pλp, gpq. In part (3) below, assume that N ă 8.

(1) Construction of vp0q. Let ṽp0q denote the column vector

ˆˆ N
ÿ

j“k

ν̂j

˙1{p˚

: k P E

˙

.

Then define vp0q “ ṽp0q
L›

›ṽp0q
›

›

µ,p
, where } ¨ }µ,p is the Lppµq-norm.

(2) Construction of zp0q. The construction works for general positive v with
decreasing components. Set

δ “ max
iPE

ˆ

1

vi

N
ÿ

j“i

ν̂j

„ j
ÿ

k“0

µkv
p´1
k

ȷp˚´1˙p´1

, δ̄ “
}v}

p
µ,p

Dppvq
. (4)

If 1{δ̄ ´ 1{δ ă 10´5 (say!), then define zp0q “
`

1{δ ` 1{δ̄
˘

{2 and stop the

computation. At the same time, regard
`

zp0q, vp0q
˘

as an approximation of

pλp, gpq. Otherwise, define zp0q “ 1{δ, and then go to the next step.

Alternatively, without using δ̄, one can stop the computations at the nth
iteration once |zpnq ´ zpn´1q| ă 10´5.
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(3) Given v :“ vpn´1q and z :“ zpn´1q, we are going to construct vpnq. Define
ws :“ wspxq successively:

ws “ x´
ÿ

0ďkďs´1

"

1

νk

k
ÿ

j“0

µj
`

vp´1
j ` zwp´1

j

˘

*p˚´1

, 0 ď s ď N (5)

here and in what follows, we adopt the convention
ř

H “ 0 (then w0 “ x
by (5)), where x is a large enough root to the equation

pνN ´ zµN qwp´1
N ´ z

N´1
ÿ

j“0

µjw
p´1
j “

N
ÿ

j“0

µjv
p´1
j . (6)

We will come back to this point after the proof of this algorithm given in
Section 3. It is the place we have to restrict ourselves to N ă 8, in the
cases either p ‰ 2 or zpnq ı 0. Finally, define vpnq “ w{}w}µ,p.

(4) Repeat the step (2) (updating the superscript of pzp0q, vp0qq) and step (3).

We now consider two special cases, for which the algorithm becomes sim-
pler and even allow N “ 8 (in which case, one often needs some modification,
refer to [2], but we omit the details here). The first one is ignoring “shift”, the
resulting algorithm is often used in the literature (see [1, 7] for instance), and
it indeed coincides with approximating procedure given by [6; Theorem 2.4].

Algorithm 2 (Inverse iteration) Everything is the same as in Algorithm 1
except in part (3) of the algorithm, the parameter z is setting to be zero and the
sequence twkukě0 takes the following simple form

wk “

N
ÿ

ℓ“k

„

1

νℓ

ℓ
ÿ

j“0

µjv
p´1
j

ȷp˚´1

, 0 ď k ď N. (7)

The second special case is the linear one: p “ 2. For which, the sequence
twku used in part (3) of Algorithm 1 has an explicit construction.

Algorithm 3 (Shifted inverse iteration in linear case: p “ 2) Everything
is the same as Algorithm1 except in part (3) of the algorithm, the sequence
twkukPE is constructed as follows. Set

Msj “ µj

s
ÿ

k“j

1

νk
, 0 ď j ď s ď N.

Define two independent sequences tAsu and tBsu, recurrently:

$

’

’

&

’

’

%

As “ ´
ÿ

0ďjďs´1

Ms´1,jpvj ` zAjq,

Bs “ 1 ´ z
ÿ

0ďjďs´1

Ms´1,jBj ,
0 ď s ď N. (8)
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Then the required twkukPE can be expressed as wk “ Ak ` xBk pk P Eq, where

x “

„ N
ÿ

j“0

µjpvj ` zAjq ´ νNAN

ȷN„

νNBN ´ z
N
ÿ

j“0

µjBj

ȷ

. (9)

We claim that the sequences tAsu and tBsu defined in Algorithm 3 have a
unified explicit representation. For this, we need the following result.

Proposition 4 Given sequences tās : s P Eu and tĎMsj : s P E, 0 ď j ď su,
the solution Ās :“ Ās

`

ā,ĎM
˘

to the equation

Ās “ ās `
ÿ

0ďjďs´1

ĎMs´1, jĀj , 0 ď s ď N (10)

can be expressed as

Ās

`

ā,ĎM
˘

“ ās `
ÿ

0ďj1ďs´1

ĎMs´1, j1 āj1 `
ÿ

1ďj1ďs´1

ĎMs´1, j1

ÿ

0ďj2ďj1´1

ĎMj1´1, j2 āj2

` ¨ ¨ ¨ `
ÿ

s´2ďj1ďs´1

ĎMs´1, j1 ¨ ¨ ¨
ÿ

0ďjs´1ď1

ĎM1, js´1 ājs´1

`
ÿ

s´1ďj1ďs´1

ĎMs´1, j1 ¨ ¨ ¨
ÿ

1ďjs´1ď1

ĎM1, js´1

ÿ

0ďjsď0

ĎM0, js ājs . (11)

The right-hand side is a sum of s ` 1 terms, labeled as k “ 0, 1, . . . , s. The
0th term is simply ās. The k pě 1qth term is a k-multiple iterated sums with k
parameters pj1, . . . , jkq over the region: k´ 1 ď j1 ď s´ 1, k´ 2 ď j2 ď j1 ´ 1,
. . ., 0 ď jk ď jk´1 ´ 1. In particular, the last term on the right-hand side is
simply equal to

ĎMs´1, s´1 ¨ ¨ ¨ ĎM1, 1
ĎM0, 0

once s ě 1, and “ 0 if s “ 0.

To return to Algorithm 3, simply compare (10) with (8). Applying (11) to
ĎM “ ´zM and then setting

ās ” 1 or ās “ ´
ÿ

0ďjďs´1

Ms´1, j vj ,

we obtain, respectively, the sequences tBsu and tAsu as follows.

Corollary 5 For each s P E, we have

Bs “ 1 ` p´zq
ÿ

0ďj1ďs´1

Ms´1, j1 ` p´zq2
ÿ

1ďj1ďs´1

Ms´1, j1

ÿ

0ďj2ďj1´1

Mj1´1, j2

` ¨ ¨ ¨ ` p´zqs´1
ÿ

s´2ďj1ďs´1

Ms´1, j1 ¨ ¨ ¨
ÿ

0ďjs´1ď1

M1, js´1

` p´zqs
ÿ

s´1ďj1ďs´1

Ms´1, j1 ¨ ¨ ¨
ÿ

1ďjs´1ď1

M1, js´1

ÿ

0ďjsď0

M0, js
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and

As “ ´
ÿ

0ďj1ďs´1

Ms´1, j1vj1 ´ p´zq
ÿ

1ďj1ďs´1

Ms´1, j1

ÿ

0ďj2ďj1´1

Mj1´1, j2vj2

´ ¨ ¨ ¨ ´ p´zqs´2
ÿ

s´2ďj1ďs´1

Ms´1, j1 ¨ ¨ ¨
ÿ

0ďjs´1ď1

M1, js´1vjs´1

´ p´zqs´1
ÿ

s´1ďj1ďs´1

Ms´1, j1 ¨ ¨ ¨
ÿ

1ďjs´1ď1

M1, js´1

ÿ

0ďjsď0

M0, jsvjs .

Clearly, the recurrent formulas (8) is more practical in the numerical com-
putation than the explicit ones given in Corollary 5. Similarly, we can repre-
sent the construction of twku given in Algorithms 1 and 2 in recurrent form.
Consider for instance the sequence twku defined by (5) with variable x ą 0.
It can be computed in terms of tVku and tWku, recurrently, as follows. Start
at V0 “ vp´1

0 , w0 “ x, and W0 “ zxp´1. For k “ 1, 2, . . . , N , let

$

’

&

’

%

Vk “ Vk´1 ` µkv
p´1
k ,

wk “ wk´1 ´
“

ν´1
k´1pVk´1 `Wk´1q

‰p˚´1
,

Wk “ Wk´1 ` µkw
p´1
k .

For finite N , the convergence of pzpnq, vpnqq to the principal eigenpair in
Algorithm 2, in the linear context, was proved in [4; Proposition 23]. The
same conclusion holds also for general p, refer to [8]. The shifted algorithm
does not disturb but accelerates the convergence.

In the linear case, Algorithm 2 coincides with the author’s approximating
procedure ([2; Theorem 3.2]), refer also to [4; Proof of Proposition 23]. Algo-
rithm 3 improves considerably the convergence speed in a number of contexts,
see for instance [2]. Algorithm 3 also simplifies [4; Proposition 9].

In the next section, we illustrate the application of the results presented
in Section 1 by a simple example. The proofs of the main results are given in
Section 3. The extension of the results to a more general setup is delayed to
the last section of the paper.

2 An example

Consider the following non-trivial example:

N “ 7, E “ t0, 1, . . . , 7u, µk “ 20k and νk “ 20k`1 for each k P E.

This is a particular case of [6; Example 2.6].
Before moving to the details, let us mention a simple fact. Note that if

we replace v by cv for some constant c ą 0, then the outputs
`

δ, δ̄
˘

given
in part (2) of Algorithm 1 remain the same. From the proof of Algorithm 1
given in the next section (equation (13), more precisely), it will be clear that
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the resulting w will become cw in the iteration, hence such a change does
not make influence to

`

δ, δ̄
˘

. In other words, without loss of generality, we
may and will omit in this section the normalization procedure w{}w}µ,p. We
simply use vpnq to denote the output (the approximation of the eigenvector)
after the nth iteration. However, in general, such normalization cannot be
ignored, otherwise, in the case that one needs a large number of iterations,

the initial v
pnq
0 of vpnq may increase or decrease rapidly. Then normalization is

helpful. Besides, the simplest normalization would be vpnq{v
pnq
0 (rather than

vpnq{}vpnq}µ,p) instead of vpnq at the nth (each) step.

We now state the numerical results for this example using the three al-
gorithms presented in Section 1, respectively. We start at the linear case.

Case I (Linear case: p “ 2). The outputs 1{δpnq and 1
L

δ̄pnq at the nth
iteration by Algorithm 3 are given in Table 1.

Table 1

n zpnq “ 1{δpnq 1
L

δ̄pnq

0 12.0878 13.0275

1 12.4955 12.5679

2 12.5623 12.5637 “ λp
3 12.5637 12.5637

Clearly, the iterations can stop at step 3, according to Algorithm1 (2). In the

present linear case actually, when n ě 1, we use 1{δ̄pnq as the output zpnq (cf.
[4]), and so we can actually stop the computation at step 2. We remark that
in the present case N “ 7, without using shift, we need 16 iterations to achieve
at the six precisely significant digits,

For large N , the problem becomes more serious. The following results are
taken from [8]. Using the Rayleigh quotient iteration ([4; §3]), we get the
result as in Table 2. While using the ordinary inverse iteration, to arrive at
the same accuracy as in Table 2, the number n of iterations we need is as in
Table 3.

Table 2

N ` 1 zp0q “ 1{δ´1
1 zp1q zp2q “ λp

50 12.0557 12.0721 12.0719
100 12.0557 12.0600 12.0599
150 12.0557 12.0577 12.0576
200 12.0557 12.0568 12.0568

Table 3

N ` 1 50 100 150 200

n 243 1240 1783 2163
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We have thus shown the serious difference of the inverse algorithms with/without
shift.

Case II (Inverse iteration). Let p “ 3, then the output 1
L

δ̄pnq at the nth itera-
tion by Algorithm 2 is given as in Table 4. Thus, we can stop the computation
at the 16th step.

Table 4

n 1
L

δ̄pnq

0 5.90161

1 5.78915

2 5.75709

3 5.7465

4 5.74274

5 5.74132

6 5.74075

7 5.7405

n 1
L

δ̄pnq

8 5.74038

9 5.74031

10 5.74028

11 5.74026

12 5.74025

13 5.74024

14 5.74024

15 5.74024

16 5.74023 “ λp

Case III (Shifted inverse iteration). Let p “ 3. Then the outputs 1{δpnq and
1
L

δ̄pnq at the nth iteration by Algorithm 1 are given in Table 5. The iterations
can stop at step 3.

Table 5

n zpnq “ 1{δpnq 1
L

δ̄pnq

0 5.20417 6.42897

1 5.6652 5.74679

2 5.73842 5.74023 “ λp
3 5.74023 5.74023

Comparing the last two cases, the inverse algorithm is much easier in
practice. The convergence at the beginning is quick enough, but then the
convergence speed becomes slower and slower. The shifted inverse iteration
converges much quicker but it required a harder computation in looking for a
root of a nonlinear equation. This suggests us in practice to use the inverse
iteration for a few of steps and then move to the shifted one. Further comments
on the shifted inverse iteration are presented in the subsequent sections.

3 Proofs

We begin this section with some general preparations. First, we discuss δ and
δ̄ used in part (2) of Algorithm 1. The next result is basic in the present study.
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Lemma 6 For each positive v, the quantities δ and δ̄ defined in part (1) of
Algorithm 1 provide the following estimates of λp:

δ´1 ď λp ď δ̄´1.

Proof. The upper estimate comes from (3), the lower one comes from [6;
Theorem 2.1 (2)]. l

From the above lemma, it is clear that a good choice of v is essential for
our purpose. For part (1) of Algorithm 1, the specific vp0q is just the function
f1 used in part (1) of [6; Theorem 2.4]. Now, part (2) of Algorithm 1 is based
on Lemma 6. To explain the meaning of part (3) of Algorithm 1, we need
more preparation.

The ordinary inverse iteration says that at the nth iteration, for given
vpn´1q, define wpnq by:

´Ωpw
pnq “ φµ

`

vpn´1q
˘

.

The key point is that, instead of the original operator ´Ωp, we use a shifted
one:

´Ωpw
pnq ´ zpn´1qφµ

`

wpnq
˘

“ φµ

`

vpn´1q
˘

. (12)

Comparing this with the eigenequation (2): a shift term is added on the left-
hand side and the constant λ is ignored on the right-hand side. Making a sum
of the both sides of (12) over the set t0, 1, . . . , ku (k ď N) and using (1) with
ν´1 “ 0, it follows that

´ νk|Bkw
pnq|p´2pBkw

pnqq ´ zpn´1q
k
ÿ

j“0

µj
ˇ

ˇw
pnq

j

ˇ

ˇ

p´2
w

pnq

j

“

k
ÿ

j“0

µj
ˇ

ˇv
pn´1q

j

ˇ

ˇ

p´2
v

pn´1q

j , w
pnq

N`1 :“ 0, 0 ď k ď N.

By [6; Propositions 3.1 and 3.2], the eigenvector gp corresponding to λp should
have positive and decreasing components, hence we can assume so do vpn´1q

and wpnq. Thus, we can rewrite the last equation as

νk
`

´Bkw
pnq

˘p´1
´ zpn´1q

k
ÿ

j“0

µj
`

w
pnq

j

˘p´1
“

k
ÿ

j“0

µj
`

v
pn´1q

j

˘p´1
, 0ďkďN.

Omitting the superscript n everywhere for simplicity, we obtain

νkp´Bkwqp´1 ´ z
k
ÿ

j“0

µjw
p´1
j “

k
ÿ

j“0

µjv
p´1
j , 0 ď k ď N. (13)

That is,

´Bkw “

"

1

νk

k
ÿ

j“0

µj
`

vp´1
j ` zwp´1

j

˘

*p˚´1

, wN`1 :“ 0, 0 ď k ď N. (14)
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Proof of Algorithm 1
Summing up in k of the both sides of (14) over t0, 1, . . . , su ps ď N ´ 1q,

with x :“ w0, it follows that

ws`1 “ x´

s
ÿ

k“0

"

1

νk

k
ÿ

j“0

µj
`

vp´1
j ` zwp´1

j

˘

*p˚´1

, 0 ď s ď N ´ 1.

Or equivalently (5) holds. Starting from (5), one can express wk (0 ď k ď N),
step by step, as a function of x. On the other hand, by (14), we have

νNw
p´1
N “

N
ÿ

j“0

µj
`

vp´1
j ` zwp´1

j

˘

,

or equivalently (6) holds. Solving equation (6), we obtain a root x p“ w0q.
Then, we obtain the other solutions wk p1 ď k ď Nq in terms of (5). l

Here is a technical point to find a suitable root x to (6). Actually, we
do not need all of the roots (there are usually more than one), but what
instead is looking for a large enough positive root of (6) only. Now, there is a
question about the starting point in seeking for the root (using FindRoot in
Mathematica for instance, an incorrect starting point will lead to an unrelated
root since the algorithm is local as usual, and then the iterations may go to a
pitfall). For this purpose, we should provide a meaningful estimate of w0 “ x.
To do so, let ξ̄ and ξ denote the upper and lower bounds of λp (which are 1{δ̄
and 1{δ, respectively, in the original context), respectively, obtained by using
Lemma 6. The left-hand side of (12) is approximately pλp ´ zqµkw

p´1
k , where

z “ ξ. Thus, according to (12), we have

pλp ´ zqµkw
p´1
k « µkv

p´1
k ,

Equivalently,

wk «
vk

pλp ´ zqp
˚´1

.

In particular,

w0 «
v0

pλp ´ zqp
˚´1

.

Now, the problem is that λp is unknown. Of which, an approximation of λp
is choosing to be αξ̄ ` p1 ´ αqξ for some α P p0, 1q. We have thus made the
choice of the initial point x0 in searching the solution x to equation (6):

x0 “ v0
“

α
`

ξ̄ ´ ξ
˘‰1´p˚

. (15)

For instance, in Case III given in Section 2, at the first iteration, we choose
α “ 1{8 and then use α “ 2{3 at the subsequent iterations. One may have a
look at the result computed for Case III in Section 2.
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Generally speaking, the choice of α depends on the model, but not on its
size N (see for instance [4; Table 2’]). Hence, we can choose α first from a
smaller N and then apply it to the other larger N . Actually, there is a room
for the choice of α, it can be quite rough. The main point is that one should
choose such an α so that the resulting x0 is large enough, bigger than x, as
illustrated in Table 6.

Table 6
n 1 2 3

x0 1.11459 2.12296 51.0808

x 0.495123 1.77869 41.7535

Our shifted inverse iteration is quite similar to the well-known Rayleigh
quotient iteration often used in the linear situation. However, they are essen-
tially different. The point is that, in the linear case, the Rayleigh quotient
Dppvq{}v}

p
µ,p used as a shift z in each iteration, cannot be used in the non-

linear case (i.e. p ‰ 2) for constructing vpnq whenever n ě 1, since then the
equation (6) often has no positive root (its roots are often complex, because
of the non-linearity). The root x we need to be positive since the vector w
with w0 “ x is regarded as an approximation of the maximal eigenvector
which should be positive. This seems the main reason that the shifted inverse
iteration algorithm has not appeared in the non-linear context, as far as we
know.

Proof of Algorithm 2
Summing up in k of the both sides of (14) with z “ 0 over ts, . . . , Nu with

wN`1 “ 0, we obtain the required assertion. l

We remark that (7) coincides with [6; (10)] if pv, wq is replaced by pf, gq.
In other words, we can rewrite (7) as w “ vIIpvqp

˚´1 in terms of the operator
II defined in [6; §2]. This means that the inverse iteration (Algorithm 2)
coincides with [6; Theorem 2.4 (1)], as mentioned before. Refer also to [5;
§A.4, Step 6] for more details in the linear case.

Proof of Algorithm 3
Applying (5) to p “ 2 and exchanging the order of the sums, we can rewrite

ws as
ws “ x´

ÿ

0ďjďs´1

Ms´1,jpzwj ` vjq, 0 ď s ď N

with the convention
ř

H :“ 0 again. Expressing

ws “ As ` xBs, 0 ď s ď N, (16)

then we obtain the iteration formulas (8). Having the sequence twsuNs“0 (with
one variable x only) at hand, we can use (6), i.e.,

pνN ´ zµN qwN ´ z
N´1
ÿ

j“0

µjwj “

N
ÿ

j“0

µjvj
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to get the required solution (9) and then using (8) and (16) to obtain the
solution twku. l

Proof of Proposition 4 In view of (10), we certainly have Ā0 “ ā0. Re-
currently, for s ě 1, we have

Ās “ ās `
ÿ

0ďj1ďs´1

ĎMs´1, j1

„

āj1 `
ÿ

0ďj2ďj1´1

Āj2

ȷ

. (17)

In particular, if s “ 1, then

Ā1 “ ā1 ` ĎM00 ā0.

Otherwise assume that s ě 2. Note that if j1 “ 0, then in (17), the second
sum in j2 can be ignored. Thus, at the first recurrent step, we indeed have

Ās “ ās `
ÿ

1ďj1ďs´1

ĎMs´1, j1

„

āj1 `
ÿ

0ďj2ďj1´1

Āj2

ȷ

.

Continuing the recurrent procedure (or by induction), it is not difficult to
prove the proposition. l

4 Extension

In this section, we extend Algorithms 1 and 2 to a more general setup. That is
studying the principal eigenpair corresponding to the following eigenequation
(an extension of (2), ignoring the constant λ):

Ωpg “ ´φµ,qpgq for some g ‰ 0, (18)

where p, q P p1,8q and

`

φµ,qpfq
˘

k
“ µk|fk|q´2fk “ µk|fk|q´1sgn pfkq.

More precisely, the principal eigenvalue we are interested is

λp,q “ inf
fPCK , f‰0

}B‚f}ν,p

}f}µ,q

(cf. [3; Proposition 4.7]).
Here is our first main result in this section.

Algorithm 7 (Shifted inverse iteration) Given measures pµkq, pνkq on E,

and p, q P p1,8q with q ě p, set ν̂k “ ν1´p˚

k for k P E. Denote by pgp,q, λp,qq

the principal eigenpair described by (18). The algorithm is to construct an ap-
proximating sequence

␣`

vpnq, zpnq
˘(

ně0
of pgp,q, λp,qq. In part (3) below, assume

that N ă 8.
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(1) Construction of vp0q. Let ṽp0q denote the column vector

ˆˆ N
ÿ

j“k

ν̂j

˙1{p̃˚

: k P E

˙

, p̃˚ :“
p˚

q
` 1.

Then define vp0q “ ṽp0q
L›

›ṽp0q
›

›

µ,q
, where } ¨ }µ,q is the Lqpµq-norm.

(2) Construction of z for a given general positive v with decreasing compo-
nents. Set

δ “ max
iPE

ˆ

1

vi

N
ÿ

j“i

ν̂j

„ j
ÿ

k“0

µkv
q{p˚

k

ȷp˚{q˙1{p˚

, δ̄ “
}v}µ,q

}B‚pvq}ν,p
. (19)

When v “ vpnq, write
`

δ, δ̄
˘

as
`

δpnq, δ̄pnq
˘

. We can stop the computation
at the nth iteration once

1
L

δ̄pn´1q ´ 1
L

δ̄pnq ă 10´5,

then define zpnq “ 1{δ̄pnq. Otherwise, define zpnq “ maxt1{δpnq, zpn´1qu,
and then go to the next step.

(3) Given v :“ vpn´1q and z :“ zpn´1q, we are going to construct vpnq. For
this, define ws :“ wspxq successively:

ws “ x´
ÿ

0ďkďs´1

"

1

νk

k
ÿ

j“0

µj
`

vq´1
j ` zwq´1

j

˘

*p˚´1

, 0 ď s ď N, (20)

where x is a large enough root of the equation

x “

N
ÿ

k“0

"

1

νk

k
ÿ

j“0

µj
`

vq´1
j ` zwq´1

j

˘

*p˚´1

. (21)

Finally, define vpnq “ w{}w}µ,q.

(4) Repeat the step (2) (updating the superscript of pzp0q, vp0qq) and step (3).

The main difference of Algorithms 7 and 1 is the quantity δ in part (2).
Here in Algorithm 7, we do not use the pair pp, qq directly, but instead use
a single p̃ :“ q{p˚ ` 1 (as indicated in part (1) of Algorithm 7), returning to
the setup of Section 1. When q “ p, we go back again to the setup of Section
1. Otherwise, when q ą p, the story is different as indicated in part (2) of
Algorithm 7:

zpnq “ maxt1{δpnq, zpn´1qu.

However, since the shifted operator and the original one have the same eigen-
vector (up to a constant), the vectors tvpnqu constructed by the shifted algo-
rithm do converge to the principal eigenvector gp,q and so at the same time,
the sequence

␣

1{δ̄pnq
(

should converge to λp,q. Recall that the use of shifts is
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to accelerate the convergence speed, the z more closer to λp,q makes the con-
vergence quicker, hence it is valuable to use a suitable combination of 1{δpnq

and 1{δ̄pnq as an accelerated shift zpnq (has to be located below λp,q in the
present non-linear situation), as we did several times in [4]. We will come
back to this point in Remark 10 (3) below.

Similar to Algorithm 2, the algorithm becomes much simpler once the
“shift” is ignored.

Algorithm 8 (Inverse iteration) Everything is the same as in Algorithm 7
except in part (3) of the algorithm, the parameter z is setting to be zero and the
sequence twkukě0 takes the form:

wk “

N
ÿ

ℓ“k

„

1

νℓ

ℓ
ÿ

j“0

µjv
q´1
j

ȷp˚´1

, 0 ď k ď N.

To illustrate the application of the above results, let us return to the ex-
ample studied in Section 2.

Example 9 Fix p “ 3 and q “ 4. Then to achieve at the six precisely
significant digits,

• for the inverse iteration, we need six iterations; and

• for the shifted inverse iteration, we need only three iterations.

The outputs are given in Table 7.

Table 7

n 1
L

δ̄pnq

0 2.6306

1 2.27309

2 2.2586

3 2.25736

4 2.25726

5 2.25725

6 2.25725

n 1
L

δ̄pnq

0 2.6306

1 2.27187

2 2.25725

3 2.25725

Here are three remarks on the shifted inverse iteration.

Remark 10 (1) When q ‰ p, due to the inhomogeneous problem of the
shifted operator, unlike the inverse iteration or the algorithms given in Sec-
tion 1 for the p-homogeneous case, here the normalization procedure vpnq “

wpnq{}wpnq}µ,q is necessary for each n ě 0.
(2) As in part (3) of Algorithm 1, in part (3) of Algorithm 7, we need to

specify the initial point x0 in finding the suitable root of x. For simplicity, as
in §3, set ξ̄ “ 1{δ̄ and ξ “ 1{δ. Then, as an analog of (15), we have

x0 “ v0
“

α
`

ξ̄ ´ ξ
˘‰1{p1´qq

.
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We can even ignore v0 here

x0 “
“

α
`

ξ̄ ´ ξ
˘‰1{p1´qq

, (22)

since for normalized v, its v0 is close to 1. As usual, the choice of α depends
on the model. The specific choice for our model is α “ 0.18 at the first step
and then α “ 0.1 for subsequent iterations. We will come back to this point
again soon.

(3) In part (2) of Algorithm 1, the sequence t1{δpnqu increases in n to λp.
However, the increasing property happens in Algorithm 7 only at the first of
few steps, and then it goes decreasingly. The reason is as follows. On the one
hand, the sequence tvpnqu converges to the principal eigenfunction gp,q, and
hence t1{δ̄pnqu converges to λp,q, as n Ñ 8. On the other hand, if we denote
by tṽpnqu the sequence from the inverse iterations given in Algorithm 2 with
p “ p̃, and replacing v by ṽ and p by p̃ in the definition of δ in (4), we obtain

δ̃ :“ max
iPE

ˆ

1

ṽi

N
ÿ

j“i

ν̂j

„ j
ÿ

k“0

µkṽ
p̃´1
k

ȷp̃˚´1˙p̃´1

“ max
iPE

ˆ

1

ṽi

N
ÿ

j“i

ν̂j

„ j
ÿ

k“0

µkṽ
q{p˚

k

ȷp˚{q˙q{p˚

“

"

max
iPE

ˆ

1

ṽi

N
ÿ

j“i

ν̂j

„ j
ÿ

k“0

µkṽ
q{p˚

k

ȷp˚{q˙1{p˚*q

.

Once we set ṽ “ v, we return to (19) except an additional power q which comes
from the difference of the definition of λp and λp,q. Anyhow, we understand
where the quantity δ in (19) comes from and the difference between (4) and
(19) (cf. [3]). Clearly, except at the initial point n “ 0, tvpnqu is different from
tṽpnqu if q ‰ p. Remember that tvpnqu and tṽpnqu converge to the eigenvectors
gp,q and gp̃, respectively, and have the same initial vp0q “ ṽp0q. Hence, up to
some n0, v

pkq improves not only vpk´1q but also ṽpk´1q for k ď n0. Therefore,
t1{δpkqu is increasing up to n0. Then vpnq becomes close and close to gp,q
and hence away from gp̃ step by step. In other words, t1{δpnqu turns to be
decreasing after n0. Therefore, the sequence t1{δpnqu is not monotone, but
unimodal. This is the reason why we adopt

zpnq “ maxt1{δpnq, zpn´1qu,

but not 1{δpnq only in Algorithm 7 (2). As proved in [3], the limits of
␣

p1{δ̃pnqq1{q
(

and t1{δ̄pnqu are quite closed to each other. Actually, the last two sequences
were used in [3; Theorem 2.2] for the upper/lower estimates of λ´1

p,q .

Let us present more details in the computation of the second part of Ex-
ample 9 to explain the above idea (Table 8).
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Table 8

n 1{δpnq zpnq 1
L

δ̄pnq αpnq x
pnq
0 xpnq

0 2.16948 2.16948 2.6306 0.18 2.29248 0.288079

1 2.21445 2.21445 2.27187 0.1 5.58444 5.0765

2 2.17016 2.21445 2.25725 0.1 6.15897 5.07653

3 2.16986 2.25725

In words, the computation goes as follows. Suppose we are given v “ vpnq,
then we can use the formulas given in the first two parts of Algorithm 7 to
compute 1{δ, 1

L

δ̄ and determine z (ignoring the upper scripts for simplicity).
Then, in order to define the next v, at the beginning step, we choose α “ 0.18,
and in the subsequent steps, choose α “ 0.1. There is a technical point
here. Since the lower estimate ξ “ z used in (22) is smaller than the real
lower bound determined by v, we choose a smaller number α here avoiding
a modification of ξ. It is often meaningful (and there is some freedom) to
choose α so that the resulting x0 is bigger (even two or three times bigger)
than the root x we required. Otherwise, we should use a smaller α. Once, α
is chosen, we can compute x0, x, and then the sequence twk : k P Eu. Finally,
define vpn`1q “ w{}w}µ,q and repeat the above computations. Note that as n
increases, we obtain a unimodal sequence 1{δpnq with maximal point achieved
at n “ 1. The reason was explained in the previous paragraph. Hence we have
zp1q “ zp2q ą 1{δp2q. Since the output of 1

L

δ̄pnq at n “ 3 coincides with it at
n “ 2, we do not need to do anymore, and so the computation is stopped at
this step.

From the above discussion, it is clear that we can apply Algorithm 1,
replacing pµ, ν, pq by pµ, ν̄, p̃q with

p̃ “
q

p˚
` 1, ν̄k “ ν

pp˚´1q{pp̃˚´1q

k , k P E

to compute λp̃, and then set zpnq ” λ
1{q
p̃ in the application of Algorithm 7.

The reason of the change ν Ñ ν̄ is what we used in (19) for δ is ν̂ “ ν1´p˚

rather than ν̂ “ ν1´p̃˚
required in Algorithm 1 with p “ p̃. For Example 9,

λ
1{q
p̃ « 2.23211. However, such a choice may not be economical in practice.

Proof of Algorithm 7 Recall the eigenequation (18):

Ωpw
pnq “ ´φµ,qpvpn´1qq.

By adding a shifted term, we obtain the so-called shifted inverse iteration as
follows.

Ωpw
pnq ` zpn´1qφµ,qpwpnqq “ ´φµ,qpvpn´1qq.

Next, by [9; Proposition 2.1], we may and will assume that both v “ vpn´1q

and w :“ wpnq are positive and decreasing. Hence as an analog of (14), we
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have

´Bkw “

"

1

νk

k
ÿ

j“0

µj
`

vq´1
j ` zwq´1

j

˘

*p˚´1

, wN`1 :“ 0, 0 ď k ď N. (23)

From this, we obtain (20). Combining (20) and (23) at N , we obtain (21). We
have thus completed the construction of the shifted algorithm. l

The proof of Algorithm 8 is almost the same as the one for Algorithm 2.
As usual, the results presented in this paper should be meaningful in the

continuous context.
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Abstract

The main purpose of the paper is looking for a larger class of matrices
which have real spectrum. The first well-known class having this property
is the symmetric one, then is the Hermite one. This paper introduces a
new class, called Hermitizable matrices. The closely related isospectral
problem, not only for matrices but also for differential operators is also
studied. The paper provides a way to describe the discrete spectrum, at
least for tridiagonal matrices or one-dimensional differential operators.
Especially, an unexpected result in the paper says that each Hermitizable
matrix is isospectral to a birth–death type matrix (having positive sub-
diagonal elements, in the irreducible case for instance). Besides, new
efficient algorithms are proposed for computing the maximal eigenpairs
of these class of matrices.
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1 Introduction

In the study of the submaximal eigenvalue computation, we learn that the
complex spectrum is harder to handle than the real one. This leads to looking
for a larger class of matrices having real spectrum. Certainly, the problem
is meaningful not only in several branches of mathematics but also for quan-
tum mechanics. In the context of real matrices, one knows that the class
of symmetric matrices has this property. Actually, in probability theory, we
have also known that an extended class, called symmetrizable matrices has
the same property. For the last class, it was restricted to those matrices hav-
ing nonnegative off-diagonal elements (the restriction is natural in the scope
of probability theory, since A is regarded, for instance, as a formal generator
of a Markov chain). Hence, it is up to now still an open question about the
symmetrizability for real matrices. Next, in the context of complex matrices,
it is again well known that the Hermite matrices have real spectrum. Thus,
it is natural to study the so-called Hermitizable class, as an extension of the
Hermitian one. At the same time, we study the isospectral problem for matri-
ces. As a byproduct, we update remarkably some algorithms published earlier,



1446 Mu-Fa Chen

for computing the maximal eigenpair. Besides, we also examine the problems
for the second-order differential operators. Combining the results obtained
here with [8], it provides a way to describe the discrete spectrum, at least for
complex tridiagonal matrices or one-dimensional differential operators.

To have a quick understanding of what is going on in the paper, let us
consider the simplest typical case: the tridiagonal matrices

A “

¨
˚̊
˚̊
˚̊
˚̊
˝

´c0 b0 0
a1 ´c1 b1

a2 ´c2 b2
. . .

. . .
. . .

aN´1 ´cN´1 bN´1

0 aN ´cN

˛
‹‹‹‹‹‹‹‹‚

,

where N is fixed to be finite at the moment. In the context of real matrices,
the symmetry means that bk “ ak`1 for each k : 0 ď k ă N . Without loss
of generality, one may assume that ak ‰ 0 for each k : 1 ď k ď N . In the
symmetrizable case (i.e. there exists positive pµiq such that µibi “ µi`1ai`1

for every i), the subdiagonals pakq and pbkq can be rather arbitrary except both
of them were assumed to be positive. In the context of complex matrices, the
Hermitizability means that there exists positive pµiq such that µibi “ µi`1āi`1

for every i. This holds iff three conditions hold simultaneously:

1) ak`1 ‰ 0 for k : 1 ď k ď N ;

2) the ratio bk{āk`1 ą 0 for each k : 0 ď k ă N ;

3) the diagonals pckq0ďkďN are real.

In each of these three cases (symmetric, symmetrizable, or Hermitizable),
the spectrum of A is real. It is much more surprising that one can reduce
the Hermitizable case to the symmetrizable one, especially for computing the
maximal eigenpair, developed in [9–12]. Refer to [12; §2] for a short survey, in
particular. To the last topic, new efficient algorithms are presented, especially
for non-symmetric tridiagonal matrices with large size.

The paper is organized as follows. In Section 2, we present an extended
and improved circle criterion for the Hermitizability and an invariance of this
property under the so-called h-transform, which is an important addition to
[15]. In Section 3, we mainly concentrate on tridiagonal matrices, especially on
the h-transform. The main result is quite unexpected, it reduces the present
complex situation to the well understood symmetrizable case for computing
the maximal eigenpair developed in [9–12]. As a continuation of Section 3, new
algorithms for the computation of the maximal eigenpairs, especially for non-
symmetric matrices with large size are presented in Section 4. In Section 5,
we study the symmetrizable and isospectral problems briefly for second-order
differential operators.
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2 Hermitizable complex matrices

In this section, we study the Hermitizable complex matrices which consist of
an important and operable extension of the ordinary Hermite matrices. At
the same time, we study in a general setup an isospectral transform (called
h-transform) and the invariance of the Hermitizability under the transform.

Let A “ paijq be a given complex matrix on a countable (finite or infinite)
set E.

Definition 1 The matrix A “ paij : i, j P Eq is called Hermitizable (or

complex symmetrizable) if there exists a positive measure pµi : i P Eq such

that

µiaij “ µj āji, i, j P E, (1)

where ā denotes the conjugate of a.

In other words, a complex matrix A “ paijq is Hermitizable if there exists
µ “ pµiq such that the matrix pµiaij : i, j P Eq becomes Hermite, even though
A itself may not be so unless µ is the uniformly distributed measure. Thus,
the existence of a Hermitizable measure µ is essential in this context. Once
the measure µ is at hand, one may call A Hermite, or symmetric, or more
often selfadjoint on the Hilbert space L2pµq of complex functions. In the con-
text of real matrix with nonnegative off-diagonal elements, it is usually called
symmetrizable (or symmetric on L2pµq once µ is known). See for instance [5;
Chapter 7]. The next result is somehow standard.

Proposition 2 (1) A complex matrix A is Hermitizable with respect to µ iff,

as an operator, A is selfadjoint (Hermitian, symmetric) on the space L2pµq
of complex functions:

pAf, gqµ “ pf,Agqµ, f, g P CK , (2)

where CK is the set of functions with finite support and p¨, ¨qµ is the usual

L2pµq-inner product:
pf, gqµ “

ż

E

f ḡdµ.

(2) If so, the spectrum of A in L2pµq is real.

Proof. The following simple proof may be helpful for the new comers to the
topic. Denote by Diag phq the diagonal matrix having phkq as its diagonals.
Rewrite the pointwise formula (1) as the matrix form

Diag pµqA “ AHDiag pµq
“

“
`
Diag pµqA

˘H‰
,

where AH is the conjugate and transpose of A: Ā˚. Then

A “ Diag pµq´1AHDiag pµq. (3)
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This means that A and AH have the same spectrum and hence which should
be real. We have thus proved part (2) of Proposition 2. The standard way to
prove that part (2) is implied by part (1) of the proposition goes as follows.
Let λ be a L2-eigenvalue of A, then there exists g P L2pµq, g ‰ 0 such that
Ag “ λg. Hence

pAg, gqµ “ λpg, gqµ, pg,Agqµ “ λ̄pg, gqµ.

Therefore, λ “ λ̄ which shows that λ must be real. By the way, in our study
on leading eigenvalues, it is more convenient to allow g P L1pµq rather than
g P L2pµq, especially for infinite E. See [6] for more details and additional
reference, in particular [6; Proposition 3.5].

By setting f “ 1tju and g “ 1tiu, it follows that (2)ñ(1). We now prove
that (1)ñ(2), or equivalently, (3)ñ(2). Note that

pf, gqµ “ gHDiag pµqf.

We have

pAf, gqµ “ gHDiag pµqAf
“ gHDiag pµqDiag pµq´1AHDiag pµqf pby p3qq
“ gHAHDiag pµqf
“ pAgqHDiag pµqf
“
`
Diag pµqf

˘˚ĎAg
“ pf, Agqµ.

We have thus proved that (3)ñ(2) and then (1)ðñ(2). l

For infinite E, as an operator on L2pµq, one has to take care of the domain
of A, a suitable extension of CK for instance.

Clearly, each Hermitizable matrix satisfies the following conditions.

Lemma 3 Each complex symmetrizable matrix A “ paijq should have the

following properties.

(1) Co-zero property: aij “0 iff aji“0 for every pair i, j PE, i ‰ j.

(2) Positive ratio property: aij{āji ą 0 once aij ‰ 0 for each pair i, j P E.

Moreover, these properties can be combined into a single one:

(3) either both aij and aji are zero, or aijaji ą 0.

We remark that by the lemma, the diagonal elements paii : i P Eq must be
real: either aii “ 0, or aii{āii ą 0. Throughout the paper, the fractions are
assumed to be irreducible to avoid confusion.
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Definition 4 Let i ‰ j and write i Ñ j if aij ‰ 0. If

i0 Ñ i1 Ñ ¨ ¨ ¨ Ñ in Ñ in`1,

then it is called a path from i0 to in`1, denoted by i0 ù in`1. We say that

A is irreducible if for every pair pi, jq, i ‰ j, we have i ù j (and so does

j ù i).

Note that if we make a convention: i ù i for every i P E, then the relation
‘ù’ is an equivalence one, in view of Lemma 3. Hence we can divide the space
E into irreducible subclasses (subsets), and then study the symmetrizable
problem of the submatrices on each irreducible subset, separately. Thus, for
simplicity, in what follows, we may restrict ourselves to one irreducible class.
Therefore, each symmetrizable matrix A is endowed with a graph structure
with bonds ‘i Ñ j’, and each submatrix owns a subgraph structure.

Now, assume that i0 Ñ i1 Ñ ¨ ¨ ¨ Ñ in Ñ in`1. Obviously, we can rewrite
(1) as

µi0
ai0i1
āi1i0

“ µi1 .

Multiplying both sides by ai1i2{āi2i1 and using the equality above replacing
pi0, i1q by pi1, i2q, we obtain

µi0
ai0i1
āi1i0

¨ ai1i2
āi2i1

“ µi1
ai1i2
āi2i1

“ µi2 .

Successively, we have

µi0
ai0i1
āi1i0

ai1i2
āi2i1

¨ ¨ ¨ ainin`1

āin`1in

“ µin`1
. (4)

By setting in`1 “ i0, we have obtained an extended Kolomogrov circle the-
orem ([19] where the result was proved for transition probabilities of Markov
chains with finite space):

ai0i1
āi1i0

ai1i2
āi2i1

¨ ¨ ¨ aini0
āi0in

“ 1 (5)

for each closed path (circle) i0 Ñ i1 Ñ ¨ ¨ ¨ Ñ in Ñ i0.

Due to the positive ratio property of A, each fraction on the left-hand side of
(5) is positive. Note that for the degenerated closed path, the round-trip path
i0 Ñ i1 Ñ i2 Ñ i1 Ñ i0 for instance, condition (5) is trivial, and so from now
on, unless otherwise stated, we ignore it in examining the circle condition (5).
We can apply the argument given in [5; §7.1] to obtain the following result.

Theorem 5 (Improved circle theorem) Under the necessary conditions

given in Lemma 3, a matrix A is Hermitizable iff (5) holds for each closed

path (equivalently, each smallest (non-cross-) closed path). If so, regard i0 as a
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reference point and set µi0 “ 1. Then, for each in`1 belonging to the connect

subgraph of A containing i0, µin`1
can be computed by using (4) along a shortest

path i0 Ñ . . . Ñ in`1. The computations for the other µk in different sub-graphs

are similar.

A simple illustration of the meaning of the present extension goes as fol-
lows. Suppose that A “ paijq is a real and Hermitizable (i.e. symmetrizable)
matrix. If we change the sign of an arbitrary number of pairs paij , ajiq si-
multaneously, then the resulted matrix is again symmetrizable, even with the
same symmetrizing measure pµkq.

This result goes back to [17] and [23; Chapter 6]. For a matrix A with
non-negative off-diagonal elements, Theorem 5 has a lot of powerful applica-
tions, refer to [5; §7.2 and Chapter 11] for simple criteria and more original
references (even extended into uncountable spaces). Actually, it was the first
tool we used to statistical mechanics: distinguishing the equilibrium and non-
equilibrium systems. Refer to the survey articles [13, 14] for a long story along
this research direction. We recall that Kolmogorov’s [19, 20] was motivated
from Schrödinger’s [24] (1931), who discovered the “wave equation” in 1926.
Hence, the present study on the complex operators with real spectrum may
be meaningful in quantum mechanics.

The power of Theorem 5 is especially based on its use on the geometric
(graphic) structure of the graph. Regarding E as the set of vertexes. Define
the edges to be the set of pairs pi, jq with aij ‰ 0. Then we have i Ñ j and
j Ñ i and furthermore paths, as stated in Definition 4. We have thus obtained
a graph structure. For simplicity, we may assume that the graph is connected.

Recalling that the round-trip paths can be ignored, the next result is ob-
vious. To be precise, we say that i0 Ñ i1 Ñ ¨ ¨ ¨ Ñ in Ñ i0 is a real circle if
the elements in ti0, i1, ¨ ¨ ¨ , inu are all different.

Corollary 6 If the graph of A contains no real circle, then it is Hermitizable

iff the properties listed in Lemma 3 hold.

Next, we introduce a (conservative) potential field structure, the ‘work’,
to the graph: the work done by the graph along the path

i0 Ñ i1 Ñ ¨ ¨ ¨ Ñ in`1,

denoted by
wpi0 Ñ i1 Ñ ¨ ¨ ¨ Ñ in`1q,

is defined by

log

ˆ
ai0i1
āi1i0

¨ ¨ ¨ ainin`1

āin`1in

˙
.

Clearly, we have the additive property:

wpi0 Ñ i1 Ñ ¨ ¨ ¨ Ñ in`1q “ wpi0 Ñ i1 Ñ ¨ ¨ ¨ Ñ ikq ` wpik Ñ ik`1 ¨ ¨ ¨ Ñ in`1q.
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Now, (5) means that the work done by the graph along each closed path equals
zero:

wpi0 Ñ i1 Ñ ¨ ¨ ¨ Ñ in Ñ i0q “ 0. (6)

Having the field structure at hand, the proof of Theorem 5 is more or less
the same as those presented in [17], [23; Chapter 6], or [5; Chapter 7]. Here
we sketch some points only.

Sketch of the proof of Theorem 5 First, we have proved that the con-
ditions listed in Lemma 3 plus the circle condition (5) are necessary for the
Hermitizability (1). Next, under these conditions, we have not only the field
structure, but also the path-independence (6). Due to this, we can define a
potential V on the graph. Assume that the graph is connected for simplicity.
Fix a reference point i0 and set Vi0 “ 0. For each j ‰ i0, choose and fix a path
from i0 to j, denoted by Li0j. Then define Vj to be the work done by the field
along the path Li0j:

Vj “ Vj ´ Vi0 “ wpLi0jq.
We have thus defined a potential function V on the graph, which is actually in-
dependent of the specific choice of path Li0j . By using the path-independence
again, for every pair ti, ju pi ‰ jq, we have

wpLi0iq ` wpi Ñ jq “ wpLi0jq.

Hence
log

aij

āji
“ wpi Ñ jq “ wpLi0jq ´ wpLi0iq “ Vj ´ Vi.

Therefore,
eViaij “ eVj āji.

This gives us (1) with µk “ eVk . We have thus proved that the conditions
given in Lemma 3 plus the circle condition (5) are sufficient for (1).

To show that the minimal closed path condition stated in Theorem 5 is
indeed sufficient, let us consider a simple (random chosen) example, Figure 1.
We check that

wp0 Ñ 3 Ñ 2 Ñ 1 Ñ 0q “ 0. (7)

This closed circle evolves two smallest closed circles:

0 Ñ 3 Ñ 2 Ñ 0 and 0 Ñ 2 Ñ 1 Ñ 0.
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Figure 1 Circles of a connected graph

Theorem 5 says that for having (7), it suffices to assume that

wp0 Ñ 3 Ñ 2 Ñ 0q “ 0 and wp0 Ñ 2 Ñ 1 Ñ 0q “ 0.

By the additive property, these two conditions imply that

wp0 Ñ 3 Ñ 2 Ñ 0 Ñ 2 Ñ 1 Ñ 0q “ 0. (8)

Noting that
a02

ā20
ą 0 ùñ conjugate of

a02

ā20
“ ā02

a20
ą 0,

we have

wp2 Ñ 0 Ñ 2q “ log
a20

ā02
` log

a02

ā20
“ 0.

Hence by using the additive property again, we can remove the round-trip
path 2 Ñ 0 Ñ 2 in (8), and then obtain the required assertion (7). l

Note that for the graph here, even though a closed path can be rather
complex, we need to handle with triangles and quadrilaterals only. This is
actually meaningful in general (refer to [5; §7.2 and Chapter 11] again).

To illustrate the use of Theorem 5, we consider a particular example.

Example 7 Let

A “

¨
˚̊
˝

´6 p8 ´ 6 iq{5 p8 ` 14 iq{13 p18 ` 4 iq{17
3 ` 9 i{4 ´55{4 p´5 ` 40 iq{13 p30 ` 35 iq{17

p12 ´ 21 iq{5 p´4 ´ 32 iq{5 ´13 p60 ´ 66 iq{17
p63 ´ 14 iq{10 p84 ´ 98 iq{15 p70 ` 77 iq{13 ´16

˛
‹‹‚

This matrix is Hermitizable and so has real eigenvalues:

´21.3806, ´17.7581, ´9.44576, ´0.165558.

Besides, the Hermitizable measure µ is

µ0 “ 1, µ1 “ 8

15
, µ2 “ 10

39
, µ3 “ 20

119
.
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Three smallest circles :
0 Ñ 1 Ñ 2 Ñ 0,
0 Ñ 3 Ñ 2 Ñ 0,
1 Ñ 2 Ñ 3 Ñ 1.

Figure 2 Heart figure
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Proof. The co-zero property is obvious since the matrix contains no zero
elements. Thus, we need only to check the other two conditions: the positive
ratio and the circle conditions.

To do so, we need some simplification. Denote by rij the ratio aij{āji.
Then we need to check only six bonds xi, jy since rij ą 0 iff rji ą 0, even
though there are altogether twelve oriented bonds for the graph (see Fig. 2).
Note that each bond belongs to one of the circles, we need only to consider the
bonds of the circles. Otherwise, the remainder bonds will have to be treated
separately for the positivity of ratio. Now,

r01 “ 8

15
, r12 “ 25

52
, r20 “ 39

10
, r03 “ 20

119
, r32 “ 119

78
, r31 “ 238

75
.

Having these ratios at hand, it is rather easy to check the circle condition
for the three smallest circles and to compute the measure µ in terms of the
formula: µ0 “ 1, µk “ µk´1rk´1,k. l

The second aim of this paper is to study the isospectral operators (matrices,
in particular), as a continuation of [15, 8]. For this, we need to copy a result
from [15; Lemma 1.3 and Remark 1.4].

Lemma 8 Let pE,E , µq be a measure space and let h be Lebesgue measur-

able: E Ñ C, h ‰ 0, µ-a.e. Then the following assertions hold.

(1) The mapping f̃ :“ 1rh‰0sf{h is an isometry from L2pE,µq to L2pE, µ̃q
(complex), where µ̃ “ |h|2µ.

(2) Let L be an operator on L2pE,µq with domain DpLq. Define an operator
rL as follows:

rLf̃ “ 1rh‰0s
1

h
L
`
f̃h

˘
, D

`rL
˘

“
 
f̃ P E : f̃h P DpLq

(
. (9)

Then the operators pL,DpLqq on L2pE,µq and
`rL,D

`rL
˘˘

on L2
`
E, µ̃

˘

are isospectral (say L and rL are L2-isospectral, for short) in the following

sense:

pLf, fqµ “
`rLf̃ , f̃

˘
µ̃
, f P DpLq.

(3) If additionally, h P DpLq, then for fixed B P E , rL1 “ 0, µ̃-a.e. on B iff

Lh “ 0, µ-a.e. on B.

Example 7(Continued) As an application of Lemma 8, let h denote the
vector having h3 “ 1 (i.e. B “ t0, 1, 2u in Lemma 8 (3)). Solving the equation

Azthe last rowh “ 0,

where Azthe last row is the matrix obtained from A by removing its last row, we
obtain

h0 “ 9 ` 2 i

17
, h1 “ 6 ` 7 i

17
, h2 “ 10 ´ 11 i

17
, h3 “ 1.
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Next, define (an alternative expression of (9))

Ã :“ Diag phq´1ADiag phq,

where Diag phq is the diagonal matrix having vector h as its diagonal elements.
Then, we have

Ã “

¨
˚̊
˝

´6 2 2 2
15{4 ´55{4 5 5
3 4 ´13 6
7{2 14{3 7 ´16

˛
‹‹‚. (10)

Note that each row of this real matrix is conservative (i.e. the sum of the row
equals zero) except the last one. By the above lemma, A and Ã have the same
spectrum but in general the real Ã is much more convenient in application
(refer to [9 – 12] for instance).

Here a new question arrives. Is the transformed matrix Ã Hermitizable?
Note that the measures µ and µ̃ in the transformation defined by Lemma 8
are often different. The transformation is designed in a general setup, as used
a lot in [9; Section 4], not necessary for Hermitizable ones. We remark that
Lemma 8 goes from a complicated L (containing a potential or a killing term,
for instance) to a simpler rL (without potential or killing term). In this case,
we need not only the first two conditions of Lemma 8, but also its third one:
assuming h to be somehow L-harmonic. Sometimes, we go to the opposite
direction: from rL to L:

Lf “ hrL
ˆ
f

h

˙

as we will see several times subsequently. In this case, we do not need the
third condition of Lemma 8. Thus, in what follows, unless otherwise stated,
we call the one defined by the first two conditions of Lemma 8 an h-transform.
The next result is an important addition to [15].

Theorem 9 The selfadjointness

pLf, gqµ “ pf, Lgqµ, f, g P DpLq Ă L2pµq

is invariant under the h-transform.

Proof. (a) Define a multiplying operator H as follows.

pHfqpxq “ hpxqfpxq for every x

(where H plays the same role as Diag (h) used in the discrete context). Then
the h-transform defined in Lemma 8 can be expressed by

rL “ H´1LH.
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Part (2) of Lemma 8 says, as proved in [15], that with f̃ “ f{h (equivalently,
Hf̃ “ f), we have

pLf, fqµ “
`rLf̃ , f̃

˘
µ̃
.

Let us repeat the proof of this conclusion here in terms of the operator H.
`rLf̃, f̃

˘
µ̃
“
`
H´1LHf̃, f̃

˘
µ̃
“
` sH´1H´1LHf̃,Hf̃

˘
µ̃
“
`
|H|´2Lf, f

˘
µ̃
“pLf, fqµ.

(b) By the way, due to the conjugate property of inner product, it is obvious
that `rLf̃, f̃

˘
µ̃

“ pLf, fqµ ðñ
`
f̃ , rLf̃

˘
µ̃

“ pf, Lfqµ.
(c) To go to the selfadjointness, recall the polarization identity

pf, gqµ “ 1

4

`
}f ` g}2µ ´ }f ´ g}2µ ` i}f ` ig}2µ ´ i}f ´ ig}2µ

˘
.

Since L is a linear operator, we may set f1 “ Lf , g1 “ Lg, and write

pLpf ` gq, f ` gqµ “ pf1 ` g1, f ` gqµ.

Expressing in the same way the other terms on the right-hand side of the next
formula, one may check the following identity:

pLf, gqµ “ 1

4

“
pLpf ` gq, f ` gqµ ´

`
Lpf ´ gq, f ´ g

˘
µ

` i
`
Lpf ` igq, f ` ig

˘
µ

´ i
`
Lpf ´ igq, f ´ ig

˘
µ

‰
.

Roughly speaking, if we regard pLf, gq as a new bivariate functional of f and
g, say xf, gy for instance: linear in f and conjugate linear in g, then the present
identity can be read out from the previous one for pf, gqµ. Similarly, we have

the identity for
`rLf̃ , g̃

˘
µ̃
. Since the right-hand side is expressed by the diagonal

elements of the quadratic form pLf, gqµ, and correspondingly for
`rLf̃, g̃

˘
µ̃
, by

proof (a), we obtain
pLf, gqµ “

`rLf̃ , g̃
˘
µ̃
.

By exchanging f and g (correspondingly, f̃ and g̃) and using the property used
in proof (b), we also obtain

pf, Lgqµ “
`
f̃ , rLg̃

˘
µ̃
.

The last two identities are more than enough for the required assertion. l

By the way, we study an extension of Lemma 8 and Theorem 9. As in
Lemma 8, let L be a linear operator in L2pE,µq with domain DpLq, and let
M be an invertible linear one. Define a new inner product

xf, gy “ pMf,Mgqµ.

Then we have an inner product space, and furthermore a Hilbert space H pE, x¨, ¨yq.
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Theorem 10 Let L, M , and H pE, x¨, ¨yq be defined as above. Then the

following assertions hold.

(1) The mapping f̃ :“ M´1f is an isometry from L2pE,µq to H pE, x¨, ¨yq.

(2) Define an operator rL as follows:

rLf̃ “ M´1LMf, D
`rL

˘
“

 
f̃ P E :Mf̃ P DpLq

(
. (11)

Then the operators pL,DpLqq on L2pE,µq and
`rL,D

`rL
˘˘

on H pE, x¨, ¨yq
are isospectral in the following sense:

pLf, fqµ “
@rLf̃, f̃

D
, f P DpLq.

(3) The operator L is selfadjoint on L2pE,µq iff so does rL on H pE, x¨, ¨yq.

Proof. The proof is quite similar to the one for Theorem 9. Recall that
f “ Mf̃ . First, we have

pf, gqµ “
`
Mf̃, Mg̃

˘
µ

“
@
f̃ , g̃

D
.

Next,

pLf, gqµ “
`
LMf̃,Mg̃

˘
µ

“
`
MM´1LMf̃,Mg̃

˘
µ

p11q“
`
M rLf̃ ,Mg̃

˘
µ

“
@rLf̃, g̃

D
.

We have thus proved the first two parts of the theorem. Then the third one
follows by the same idea used in the proof of Theorem 9: from diagonal case
to the general one of the quadratic forms. l

By Theorem 9, the transformed matrix Ã given in (10) is Hermitizable. We
have seen that this matrix Ã has a nice property: its off-diagonal elements are
nonnegative. For this, it is necessary that the diagonal elements of A should
be enough negative. If not, one may replace the original A by a shift one:

A1 “ A´mI, m :“ sup
k

ˆ
akk `

ÿ

j‰k

|akj|
˙`

, x` :“ maxtx, 0u. (12)

For real A, this was used in [9–12] for computing the maximal eigenpair. For
complex A, this is based on the well-known Gershgorin Circle Theorem (cf.
[27]) used to bound the spectrum of a square matrix. For finite matrix, there
is no problem for m ă 8 even for arbitrary pckq. However, it is often a restric-
tion for infinite matrix. In which case, one may adopt some approximation
procedure to avoid m “ 8. The quantity in (12) can be sharp in the special
case: the off-diagonal elements are nonnegative and

#
akk ` ř

j‰k akj “ m, 0 ď k ă N and

aNN ` ř
j‰N aNj ď m if N ă 8.
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In this case, the constant m is exactly the shift we required. As will be
seen from Example 18 below, there may have a little room for improvement.
However, since the estimate m for a necessary shift is often not exact, it should
be permitted to have a smaller (generally speaking, for safe, a bigger one is
safer) perturbation so that m becomes simpler (integer, for instance).

Example 7(Continued) We now illustrate the effectiveness (12) by the present
example. Even though we have seen the given taiiu are negative enough, which
is however not known in advance, it is meaningful to have a test about condi-
tion (12). For this, since

sup
k

ˆ
akk `

ÿ

j‰k

|akj|
˙

“ 7.0634,

we choose m “ 7. Then

A1 “

¨
˚̊
˝

´6 ´ 7 p8 ´ 6 iq{5 p8 ` 14 iq{13 p18 ` 4 iq{17
3 ` 9 i{4 ´55{4 ´ 7 p´5 ` 40 iq{13 p30 ` 35 iq{17

p12 ´ 21 iq{5 p´4 ´ 32 iq{5 ´13 ´ 7 p60 ´ 66 iq{17
p63 ´ 14 iq{10 p84 ´ 98 iq{15 p70 ` 77 iq{13 ´16 ´ 7

˛
‹‹‚

The corresponding h becomes

h0 “ 24102 ` 5356 i

163217
, h1 “ 22620 ` 26390 i

163217
, h2 “ 40360 ´ 44396 i

163217
, h3 “ 1.

The h-transform of A1,

Ã1 :“ Diag phq´1A1 Diag phq

becomes

Ã1 “

¨
˚̊
˝

´13 290{103 4036{1339 9601{1339
309{116 ´83{4 2018{377 9601{754
4017{2018 3770{1009 ´20 28803{2018
9373{9601 52780{28803 28252{9601 ´23

˛
‹‹‚.

Clearly, the off-diagonal elements are nonnegative, each of the first three rows
is conservative but not the last row. We have arrived at the same structure of
real matrix as Ã.

We have seen how the matrix A can be isospectrally transformed to the
real one Ã. Originally, we went in an opposite way, we transformed Ã to A in
terms of Lemma 8

A “ Diag phqÃDiag phq´1

by using the (randomly chosen) function h

h0 “ 2 ` i, h1 “ 1 ` 2 i, h2 “ 3 ´ 2 i, h3 “ 4 ` i.
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In conclusion, for a given A, regarding it as an operator L on some L2pµq
and using Lemma 8, we can obtain a very large class of isospectral operators
Ã (i.e. operators rL); conversely, from each resulting Ã, we can return to the
original A, in terms of Lemma 8 again.

To understand more precisely the role played by the h-transform we have
used several times above, let us return to the matrix Ã given in (10). Recall
that if we change the sign of some pairs paij, ajiq pi ‰ jq, the Hermitizable
property is invariant. This leads us to consider the function (hk) taken values
˘1 only. Note that by homogeneous property, the vectors h and ´h are
equivalent. Thus, up to the equivalence, there are only 7 choices:

single negative: p´,`,`,`q, p`,´,`,`q, p`,`,´,`q, p`,`,`,´q;

and

double negatives: p´,´,`,`q, p`,´,´,`q, p´,`,´,`q.

However, these transforms do not include the simple one: only one pair
pa01, a10q changes its sign, devote by A1 the resulting matrix for a moment.
This is due to the simple fact that

¨
˚̊
˝

a00 a01 a02 a03
a10 a11 a12 a13
a20 a21 a22 a23
a30 a31 a32 a33

˛
‹‹‚Diag pα, 1, 1, 1q “

¨
˚̊
˝

αa00 a01 a02 a03
αa10 a11 a12 a13
αa20 a21 a22 a23
αa30 a31 a32 a33

˛
‹‹‚

and

Diag pβ, 1, 1, 1q

¨
˚̊
˝

a00 a01 a02 a03
a10 a11 a12 a13
a20 a21 a22 a23
a30 a31 a32 a33

˛
‹‹‚“

¨
˚̊
˝

β a00 β a01 β a02 β a03
a10 a11 a12 a13
a20 a21 a22 a23
a30 a31 a32 a33

˛
‹‹‚,

and moreover, our matrix is not tridiagonal. (By the way, we mention that
the formulas above are meaningful for general h since

Diag pα, β, 1, 1q “ Diag pα, 1, 1, 1qDiag p1, β, 1, 1q

for instance.) More seriously, A1 can not be obtained by any similar transform
from the original matrix, since they have different spectrum. Furthermore, it
is impossible to remove the negative sign ´pa01, a10q from A1 in terms of our
h-transform. The main key is that the graph of the given matrix contains real
circles. Nevertheless, it is known that A1 can be transformed into a diagonal
real matrix by a similar transform since it is symmetrizable.

It may be helpful if we write down the quadratic form used in Lemma 8
explicitly in the context of matrices.
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Remark 11 Let A “ paijq be Hermitizable with respect to µ. Then we have

´pAf, fqµ “
ÿ

iPE

µi
ÿ

jąi

“
aij

`
|fi|2 ´ f̄ifj

˘
` āij

`
|fj|2 ´ f̄jfi

˘‰

´
ÿ

iPE

µi

„
aii `

ÿ

j‰i

aij


|fi|2.

In particular, for real A, we have

´pAf, fqµ“
ÿ

iPE

µi
ÿ

jąi

aij
ˇ̌
fi ´ fj

ˇ̌2 ´
ÿ

iPE

µi

„
aii `

ÿ

j‰i

aij


|fi|2.

Proof. It suffices to prove the first assertion, then the second one follows in
view of

|fi|2 ´ f̄ifj ` |fj |2 ´ f̄jfi “ pf̄i ´ f̄jqpfi ´ fjq “ |fi ´ fj|2.

First, we have

´pAf, fqµ“´
ÿ

i

µif̄i
ÿ

j

aijfj

“ ´
ÿ

i

µif̄i
ÿ

j‰i

aijfj ´
ÿ

i

µiaii|fi|2

“
ÿ

i

µi
ÿ

j‰i

aij
`
|fi|2 ´ f̄ifj

˘
´
ÿ

i

µi

„
aii `

ÿ

j‰i

aij


|fi|2.

Next,

ÿ

i

µi
ÿ

j‰i

aij
`
|fi|2´f̄ifj

˘
“
ÿ

i

µi
ÿ

jąi

aij
`
|fi|2´f̄ifj

˘
`
ÿ

i

µi
ÿ

jăi

aij
`
|fi|2´f̄ifj

˘
.

By the Hermitizable property, the second term on the right

“
ÿ

i

ÿ

jăi

µj āji
`
|fi|2 ´ f̄ifj

˘

“
ÿ

j

µj
ÿ

iąj

āji
`
|fi|2 ´ f̄ifj

˘

“
ÿ

i

µi
ÿ

jąi

āij
`
|fj|2 ´ f̄jfi

˘
.

Combining these facts together, we obtain the required assertion. l

To have a more concrete impression about our approach, let us consider a
simple example.
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Example 12 Let

A “

¨
˚̊
˝

´1 ´1 0 0
´1 ´5 4 0
0 4 ´13 9
0 0 9 ´25

˛
‹‹‚

Since the matrix is symmetric, we have µk ” 1. Set

ci “ aii `
ÿ

j‰i

aij .

By Remark 11, we have

´pAf, fqµ“
“
a01pf1 ´ f0q2 ` a12pf2 ´ f1q2 ` a23pf3 ´ f2q2

‰
´

3ÿ

k“0

ckf
2
k

“
“

´ pf1 ´ f0q2 ` 4pf2 ´ f1q2 ` 9pf3 ´ f2q2
‰

` 2f20 ` 2f21 ` 16f23 .

By a rearrangement of the sum on the right-hand side, we finally obtain

´pAf, fqµ “ pf0 ` f1q2 ` 4pf1 ´ f2q2 ` 9pf2 ´ f3q2 ` 16f23

which is clearly nonnegative definite.

The last sentence of the example above is not obvious since there are negative
off-diagonal elements: a01 “ a10 “ ´1. However, these negative terms can be
removed by an isospectral transform used in Lemma 8 with h “ p´1, 1, 1, 1q˚

or h “ p1,´1, 1, 1q˚ . This is the main task in the next section.

Here is the final remark about the problem studied in this section.

Remark 13 The co-zero property in Lemma 3 comes from the assumption

of the positivity of the symmetrizing measure µ. In the case allowing some of

µk to be zero, one may divide the space in different subspaces. Hence it is not

essential if we assume that µk ‰ 0 for each k, we can even allow µ to be complex

and ignore the positive ratio property in Lemma 3. Then we have to avoid the

logarithm function for using the potential theory, but the path-independence (5),

and further Theorem 5 are still meaningful. The reason we do not handle with

such a general setup is that we are at the moment mainly interested in the real

spectrum. For a complex sequence pµkq, the spectral theory, if exists, may be

quite different from what we are studying here.

Having Theorem 5 at hand as a key for the complexification of the theory
due to [17] and [23; Chapter 6], it should be natural to extend the results
in the papers just cited, as well as those in [5; §7.2 and Chapter 11] to the
complex context. This idea is justified in the next section for a very special
situation.
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3 Tridiagonal matrices

Let E “ tk P Z` : k ă N ` 1u with N ď 8. In this section, we mainly
concentrate on the complex tridiagonal matrix defined on E. Such a matrix
is described by three sequences takuNk“1, tckuNk“0, and tbkuN´1

k“0 . It takes the
following form

A “

¨
˚̊
˚̊
˚̊
˚̊
˝

´c0 b0
a1 ´c1 b1 0

a2 ´c2 b2
. . .

. . .
. . .

0
. . .

. . . bN´1

aN ´cN

˛
‹‹‹‹‹‹‹‹‚

, (13)

Here we allow N “ 8. Actually, the case of N ă 8 is truncated from the
infinite one (N “ 8), ignoring the rows and column containing the subscript
N :

A “

¨
˚̊
˚̋

´c0 b0 0

a1 ´c1 b1
a2 ´c2 b2

0
. . .

. . .
. . .

˛
‹‹‹‚.

In what follows, we will not mention this point time by time. We may simply
write

A „ pak,´ck, bkq
for simplicity.

Throughout this section, assume that ak`1bk ą 0 p0 ď k ă Nq and the
sequence pckq is real. By Corollary 6, these conditions are equivalent to the
Hermitizability of A. Thus, in this section, we are concentrated in the isospec-
tral problem of the complex matrix A and a real (having positive subdiagonal
elements, in particular) tridiagonal matrix.

From now on, unless otherwise stated, assume that ck ą 0 at least for the
first finite number of k, otherwise, simply use a shift. In particular, when
N ă 8, we may assume directly that ck ą 0 for each k : 0 ď k ď N .

We recall that the important quantity (12) in the present context becomes

m “ sup
kPE

p´ck ` |ak| ` |bk|q`, (14)

where we have used the convention that a0 “ 0 and bN “ 0 if N ă 8. The
main result in this section is the next algorithm for constructing a valuable
isospectral matrix Ã „

`
ãk,´c̃k, b̃k

˘
of the original A. This not only extends

the earlier results to the complex context but also simplifies an important step
of our earlier algorithms, refer to [9–12] for more details.

Algorithm 14 Assume m ă 8. Set uk “ akbk´1p“ |akbk´1|q.
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(1) Let m “ 0. Then for each k, ck ě |ak| ` |bk| ą 0. Set c̃k “ ck and

b̃0 “ c0 ą 0. Next, let

$
’’’&
’’’%

b̃k “ ck ´ uk

b̃k´1

, 1 ď k ă N

ãk “ ck ´ b̃k, 1 ď k ă N

ãN “ uN

b̃N´1

if N ă 8.

(15)

More explicitly,

$
’’’’’’’’’’’’’’’’’’&
’’’’’’’’’’’’’’’’’’%

b̃0 “ c0,

b̃k “ ck ´
uk

ck´1 ´
uk´1

ck´2 ´
uk´2

. . .

c2 ´
u2

c1 ´
u1

c0

, 1 ď k ă N,

ãk “ ck ´ b̃k, 1 ď k ă N,

ãN “ uN

b̃N´1

, N ă 8.

(2) Let m ą 0. Then replacing pckq by pc̃k :“ ck ` mq and then repeat the

procedure in part (1) to compute
`
ãk, b̃k

˘
.

Theorem 15 For Ã defined in Algorithm 14, the sequences pãkq and pb̃kq
are positive, the sum of each row equals zero, except the N th row which is not

positive if N ă 8.

The positivity of pãkq and pb̃kq in the theorem are essential for the algo-
rithms introduced in [9–12] for computing the maximal eigenpair. In other
words, we have luckily reduced the computation for complex matrices to the
one having positive sub-diagonal elements which has been well studied.

To identify the spectrum of the matrix Ã constructed by the algorithm
above and that of the matrix Apmq :“ A ´mI, we need more preparation.

In what follows, replace A by Apmq if necessary. Recall that for A, we have
the measure pµnq:

µ0 “ 1, µn “ µn´1
bn´1

ān
, 1 ď n ă N ` 1.

Alternatively,

µ0 “ 1, µn “
nź

j“1

bj´1

āj
, 1 ď n ă N ` 1.
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Since both
`
ãk
˘
and

`
b̃k
˘
constructed in the algorithm are positive. We can

define pµ̃nq using
`
ãk, b̃k

˘
instead of pak, bkq.

Next, define successively

h0 “ 1, h1 “ h0
b̃0

b0
, . . . , hk “ hk´1

b̃k´1

bk´1
, 1 ď k ă N ` 1.

Alternatively,

h0 “ 1, hk “
k´1ź

j“0

b̃j

bj
, 1 ď k ă N ` 1.

Since the case of N “ 8 is allowed, we have to take care of the domain of the
infinite matrices. Let D

`
Ã
˘
be the domain of Ã on L2pµ̃q. Define the deduced

domain of A on L2pµq as follows.

DpAq “
 
f P L2pµq : f{h P D

`
Ã
˘(
.

Due to Corollary 6 and Lemma 8, we have the following result.

Theorem 16 The selfadjoint operators pA,DpAqq and
`
Ã,D

`
Ã
˘˘

have the

same real spectrum. More precisely, for each f P DpAq, with f̃ “ f{h, we have

pAf, fqµ “
`
Ãf̃ , f̃

˘
µ̃
, where

´pAf, fqµ“
ÿ

iPE

µi
“
bi
`
|fi|2´f̄ifi`1

˘
` b̄i

`
|fi`1|2´f̄i`1fi

˘‰

`
ÿ

iPE

µi
`
ci ´ai ´ bi

˘
|fi|2.

´pÃf, fqµ̃“
ÿ

iPE

µ̃ib̃i
ˇ̌
fi ´ fi`1

ˇ̌2 `1tNă8uµ̃N
`
c̃N ´ãN

˘
|fN |2.

We remark that since Ã, as well as its spectrum, are all real, in the study
of the spectrum of Ã, it suffices to use real L2-space, rather than the complex
one. It should be pointed out here that, based on Theorem 16, a large part of
the results obtained earlier (see [5–7]) can be extended to the present complex
content.

Before going to the proofs, let us look at some examples to show the
application of the above results.

Example 17 Let

A “

¨
˚̊
˝

´1 ´1
´1 ´1 4

4 ´1 9
9 ´1

˛
‹‹‚

Then A has spectrum

´10.8573, 8.8573, ´1.91303, 0.08697.
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clearly, b̃1 “ 0. Hence, we use an arbitrarily shift Ap1q :“ A ´ I instead of A.

Then, by using Algorithm 14, we have

c̃k ” 2; b̃0 “ 2, b̃1 “ 3{2, b̃2 “ ´26{3; ã1 “ 1{2, ã2 “ 32{3, ã3 “ ´243{26.
The resulting tridiagonal matrix Ã has the same spectrum as Ap1q by Theorem

16:

´11.8573, 7.8573, ´2.91303, ´1.08697.

In this example the off-diagonal elements of the matrix Ã are not all posi-
tive. This is because the adopted shift is not big enough. It leads to the next
example.

Example 18 Let A be the same as in the previous example. By Algorithm

14, we adopt the shift defined by (14): m “ 12. Then, for Ap12q, we have

c̃k ” 13; b̃0 “ 13, b̃1 “ 168

13
, b̃2 “ 247

21
; ã1 “ 1

13
, ã2 “ 26

21
, ã3 “ 1701

247
.

Clearly, the off-diagonal elements of the resulting tridiagonal matrix Ã are posi-

tive. It also proposes the following property:

The sum of each row equals zero except the last one which is negative.

Certainly, Ap12q and Ã have the same spectrum:

´22.8573, ´13.913, ´12.087, ´3.1427.

To keep this property, as mentioned below (12), the shift can often be a little

smaller. For this example, m “ 9 is okay but not m P r0, 8.5s.

Example 19 Let

A “

¨
˚̊
˚̊
˝

´1 2 ` i 0

22p2 ´ iq ´1 24p2 ` iq
62p2 ´ iq ´1 34p2 ` iq

122p2 ´ iq ´1 44p2 ` iq
0 202p2 ´ iq ´1

˛
‹‹‹‹‚
.

Since the shift defined by (14) equals 400
?
5´ 1 « 893.427, we choose m “ 899

for simplifying the computation. Then, by Algorithm 14, we have

c̃k ” 900; b̃0 “ 900, b̃1 “ 40499

45
, b̃2 “ 36319500

40499
; b̃3 “ 168475824

201775
;

ã1 “ 1

45
, ã2 “ 129600

40499
, ã3 “ 13121676

201775
, ã4 “ 6456800000

10529739
ă c̃4.

Here are the eigenvalues of Ã
`
or Ap899q

˘
:

´1655.39, ´951.031, ´900, ´848.969, ´144.609.

From which we obtain the eigenvalues of the original A:

´756.391, ´52.0308, ´1., 50.0308, 754.391.
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The most of the remainder of this section, except the last result at the end
of the section, is devoted to the proofs of the above three results with some
extension.

We review a few of points known from earlier study. In the real context,
when ak ą 0, bk ą 0, ck ě ak ` bk, and m “ 0, the h-transform was initially
introduced in [15; §2],

b̃k “ bk
hk`1

hk
, ãk “ ak

hk´1

hk
, (16)

where h (with h0 “ 1) is harmonic on the set tk : 0 ď k ă Nu: Ah “ 0 on
this set. That is

bkhk`1 ` akhk´1 ´ ckhk “ 0, 0 ď k ă N, a0 :“ 0.

Equivalently,
ck “ b̃k ` ãk, 0 ď k ă N, ã0 :“ 0. (17)

With rk :“ hk{hk`1, in [8; §5], we find first a recursive formula of prkq, then
a solution of phkq, and finally the pair

`
ãk, b̃k

˘
in terms of (16). We remark

that the discussion from (16) to here, we preassume that hk ‰ 0 for each k.
Equivalently, b̃k ‰ 0 for each k. This is however not necessary true as we
have seen from Example 17. We are going to present more details in the next
lemma and its corollaries. Thanks are given to the explicit formulas, it is easy
to see that all these formulas remain the same under the extension from real
to complex tridiagonal A.

We are now going to study the direct construction of the pair
`
ãk, b̃k

˘
given

in Algorithm 14. The key point is adopting the recursive method used origi-
nally for prkq, now to

`
b̃k
˘
directly. By the Hermitizable property, bk{āk`1 ą 0,

we can write

bk “ βke
iθk , ak`1 “ αk`1e

´iθk , βk :“ |bk|, αk :“ |ak|.

It follows from (16) that the h-transform has an invariance:

ãk b̃k´1 “ akbk´1 “ αkβk´1 ą 0, 1 ď k ă N ` 1. (18)

Thus, we can rewrite (17) as

b̃k “ ck ´ ãk
p16q“ ck ´ αkβk´1

b̃k´1

, 0 ď k ă N (19)

provided b̃k´1 ‰ 0. This is a critical observation which enables us to use
the sequence

`
b̃k
˘
instead of prkq, ignoring phkq. It then deduces a direct

construction of the sequences
`
b̃k
˘
and pãkq. From this, it follows that b̃k must

be real once b̃k´1 ‰ 0, and then ãk should also be real. Furthermore, ãk and
b̃k are both real for every k.
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Actually, we need to examine the definition of pãkq and
`
b̃k
˘
more carefully.

In the discussion below, we often allow general real pck : k P Eq. However,
we have assumed that ck ą 0 at least for the first finite number of k. In the
special case that supkPEp´ckq ă 8 (which is weaker than (14)), by using a
shift if necessary, one can even assume that pckq is positive, but we do not
need this condition at the moment.

Lemma 20 We have the following assertions.

(1) b̃0 “ c0 ą 0.

(2) Suppose that b̃j ‰ 0 for each j ď k ´ 1. Then b̃k is well defined by (19).

Furthermore b̃k“ck ´ Fkpc0, . . . , ck´1q:

Fkpx0, x1, . . . , xk´1q “
uk

xk´1 ´
uk´1

xk´2 ´
uk´2

. . .

x2 ´
u2

x1 ´
u1

x0

, (20)

where uk “ akbk´1p“ αkβk´1q. The subscript k of Fk means the function

has k variables.

(3) ãk is well-defined once b̃k´1 ‰ 0: ãk “ uk{ b̃k´1. In which case, both ãk
and b̃k´1 have the same sign.

Proof. The first assertion is obvious by (17). The third assertion follows from
(18).

To prove the second assertion, simply use (19) repeatedly:

b̃k “ ck ´ uk

b̃k´1

“ ck ´
uk

ck´1 ´
uk´1

b̃k´2

“ ¨ ¨ ¨ ¨ ¨ ¨

plus the fact that b̃0 “ c0. l

Lemma 20 provides us a direct way to compute
`
ãk, b̃k

˘
defined by (15),

which are real, without using the sequence prkq and phkq.

Corollary 21 For a given Hermitizable tridiagonal matrix pak,´ck, bkq, a

direct construction of a real one
`
ãk,´c̃k, b̃k

˘
goes as follows. Keep c̃k “ ck.

Let uk “ akbk´1p“ |akbk´1|q and b̃0 “ c0. For each k : 1 ď k ă N , if b̃j ‰ 0
for every j ď k´ 1, then define

`
ãk, b̃k

˘
by (15). If otherwise b̃k´1 “ 0 for some

k ă N , then replacing pckq by pck ` mq for some constant m ą 0, and then

repeat the above procedure to compute the new pairs
`
ãk, b̃k

˘
.
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At the moment, it is rare to use the shift at the end of the corollary.
However, the shift will become much important for constructing positive pairs`
ãk, b̃k

˘
for our study on the spectrum of the matrices. The aim now is to

look for a condition to guarantee this positivity. Since b̃0 “ c0 ą 0, by (19), it
follows that the sequence

`
b̃k
˘
is positive iff

ck ą αkβk´1

b̃k´1

(or equivalently ck ą ãk) for each k: 1 ď k ă N ` 1. (21)

By using a shift, this can be improved as follows. There exists a constant
m0 ą 0 such that

ck `m0 ąαkβk´1

b̃k´1

(or equivalently ck `m0 ą ãk)

for each k: 1 ď k ă N ` 1. (22)

This simple observation looks very nice but it is unfortunately not practical.
Because

`
ãk, b̃k

˘
depends on the “harmonic” function h, and then h depends

on pckq and m0. The problem is that for a given A „ pak,´ck, bkq, we do not
know in advance how to choose m0 such that (22) holds for the resulting

`
b̃k
˘

under an h-transform. What we are going to prove is that m0 “ m (defined
by (14)) is sufficient for this purpose. Note that the constant m depends on A
only and as we have mentioned in the last section, it is reasonable and can even
be sharp. This conclusion is included in the following corollary. For temporary
use in the next corollary, we introduce the concept of singular point. We call
y0 “ 0 a singular point of F1px0q. If x0 ‰ y0, we call y1 :“ u1{x0 a singular
point of F2px0, x1q. Successively, if x0 ‰ y0, x1 ‰ y1, . . ., xk´2 ‰ yk´2, we call
yk´1 :“ uk´1{pxk´2 ´ F px0, . . . , xk´2qq, a singular point of Fkpx0, . . . , xk´1q.

Corollary 22 Use the notation given in Lemma 20.

(1) The function Fk is decreasing in each of its components out of the set of

its singular points, provided b̃j ą 0 for each j ď k ´ 1.

(2) For given pakq and pbkq, there exists pckq p0 ď k ă Nq such that b̃k ą 0 up

to N ´ 1 and so does ãk Up to N . A particular choice is ck ” |ak| ` |bk|
for k ă N and cN ě |aN | if N ă 8.

(3) The second assertion still holds if the sequence pckq is replaced by pck`mq,
where m ą 0 is a constant.

Proof. The first assertion is obvious in view of (20) and the fact that uk ą 0.
From this, one can construct the sequence pckq required in part (2) successively
starting from an arbitrarily chosen positive c0. Alternatively, one may check
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that the particular choice by a simple computation.

b̃0 “ c0 “ |b0| ą 0,

b̃1 “ c1 ´ |a1b0|
b̃0

“ c1 ´ |a1b0|
|b0| “ |b1| ą 0,

b̃2 “ c2 ´ |a2b1|
b̃1

“ c2 ´ |a2b1|
|b1| “ |b2| ą 0,

¨ ¨ ¨ ¨ ¨ ¨

ãN “ |aN bN´1|
b̃N´1

“ |aNbN´1|
bN´1

“ |aN | ą 0 if N ă 8.

Hence, b̃k ą 0 for each k and so does ãk by (18). Actually, we have proved
in the special case that N “ 8, pakq and pbkq are positive, then b̃k ” bk and
ãk ” ak. The third assertion follows from the first two. l

Proofs of Theorems 15 and 16 The second assertion of Theorem 15 about
the property of the sum of rows comes from the definition of Algorithm 14.
The first assertion of the theorem is the hard part of the algorithm, it follows
from Corollaries 21 and 22.

Theorem 16 is a simple application of Lemma 8. l

To conclude this section, we study the complexification of the results ob-
tained in [8] for the discrete spectrum in the context of matrices. Even though
we are mainly interested here the case that N “ 8 but the next result is
meaningful with a slight modification for finite N . For the domain of an op-
erator A, here we are in a simple situation, we use either the maximal or the
minimal domain as in [8].

Given a tridiagonal matrix A „ pak,´ck, bkq with a convention a0 “ 0,
suppose that the sequences are all positive and moreover ck “ ak ` bk for
each k P E. Next, let αk and βk be arbitrary positive sequences and pθkq be
arbitrary sequence with ´π ă θk ď π. Define

b̃k “ bkβke
iθk , ãk`1 “ ak`1αk`1e

´iθk , c̃k “ bkβk ` akαk, k P E

and

b̄k “ bkβk, āk`1 “ ak`1αk`1, c̄k “ bkβk ` akαkp“ c̃kq, k P E.

Theorem 23 The tridiagonal matrices Ã and Ā have the same real spectrum.

In particular, when αk ” 1 and βk ” 1, the resulting Ã and A have the same

real spectrum.

Proof. By Corollary 6, the tridiagonal matrices A, Ã and Ā are all Hermi-
tizable. The isospectral property of Ã and Ā, as well as the last assertion,
follows from Theorem 16. l
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We remark that the bounded perturbation of the diagonal elements are
permitted in the above results, using a shift if necessary as we used several
times before.

Having Theorem 23 at hand, it should be not hard to extend the criteria
for discrete spectrum obtained in [8] to the present complex setup, but we
omit the details here.

To conclude this section, we return to our general Hermitizable setup.

Theorem 24 The spectrum of each Hermitizable matrix coincides (up to a

constant shift) with a union of the spectrums of some irreducible birth–death

Q-matrices.

Proof. Let A “ paij : i, j P Eq be Hermitizable with respect to some positive
µ. That is

DiagpµqA “ AHDiagpµq.

From this, it is easy to check that

H :“ Diagpµq1{2ADiagpµq´1{2

is Hermitian, which is clearly similar to A. By [25; Theorem 2.4] (see also
[22]), H is similar to a real, symmetric tridiagonal matrix T . Certainly, T
is Hermitizable. Write T „ pak,´ck, bkq as before. Then the space E can
be divided uniquely into subsets tEju: E “ ř

j Ej , on each of them T is
irreducible (i.e. akbk´1 ą 0 on each Ej). Replacing T by a shift T ` mI (for
large enough real constant m) if necessary, and then applying the construction
given in Algorithm 14 to T |Ej

, we obtain for each j an isospectral birth-death
Q-matrix. Since each similar transform is isospectral and the transforms are
transitive, we have thus proved the required assertion. l

4 New algorithms for tridiagonal matrices

In the last section (Algorithm 14 and Theorem 15 in particular), we have
proved that the spectrum of a complex symmetrizable tridiagonal matrix co-
incides with the one having positive subdiagonal elements. As mentioned
before, the last object was more or less well studied in [9–12]. We start this
section with a new problem, and then we will introduce new algorithms.

The problem

As pointed out in [26; §3.3 and Example 4.4], in non-symmetric case, we may
get trouble for large size matrix. To see this more clearly, we look at a simple
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example [26; (4.6)]. Let E “ t0, 1, . . . , Nu with N ă 8. Consider the matrix

Q “

¨
˚̊
˚̊
˚̊
˚̊
˝

´3 2

1 ´3 2 0
1 ´3 2

. . .
. . .

. . .

0 . . .
. . . 2
1 ´3

˛
‹‹‹‹‹‹‹‹‚

. (23)

Since c0 ą b0 and cN ą aN , we need to remove the first one in terms of
Algorithm 14, the resulting matrix becomes

rQ “

¨
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˝

´3
22 ´ 1

2 ´ 1
22 ´ 2

22 ´ 1
´3

23 ´ 1

22 ´ 1
0

23 ´ 2

23 ´ 1
´3

24 ´ 1

23 ´ 1
. . .

. . .
. . .

0 . . .
. . .

2N`1 ´ 1

2N ´ 1
2N`1 ´ 2

2N`1 ´ 1
´3

˛
‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

.

Then, we have

c̃k“3, b̃k“ 2k`2´ 1

2k`1´ 1
“2 ` 1

2k`1´ 1
, ãk“ 2k`1´ 2

2k`1´ 1
“1 ´ 1

2k`1´ 1
, kPE;

µ̃0 “ 1, µ̃n “ 2n`2´ 4 ` 2´n, µ̃nb̃n “ 2n`3´ 6 ` 2´n, n P E (24)

where
`
b̃N :“ 3 ´ ãN and

˘

ϕ̃n “
Nÿ

j“n

1

µ̃j b̃j
“

Nÿ

j“n

1

2j`3´ 6 ` 2´j
, n P E. (25)

The maximal eigenvalue is

λ0 ` 3 “ 2
?
2 cos

π

N ` 2
Ñ 2

?
2 « 2.82843 as N Ñ 8.

To obtain the 6-bit accuracy 2.82843, it is necessary and sufficient that N ě
2562. From now on in the discussion about this model, we fix N “ 2562.
We also remark that the maximal eigenvector has exponentially decay. As a
mimic of the eigenvector of λ0

`
´ rQ

˘
, we choose

wp0q “
a
ϕ̃

as the initial vector in our algorithm.



Hermitizability and isospectrum 1471

Figure 3: wp0q on r500, 2000s

Figure 4: wp0q on r0, 12s Figure 5: wp0q on r2010, 2050s

From Figure 3, one sees that the curve of wp0q on r500, 2000s goes down
rapidly from 10´118 to 10´120 and then stay there. To figure out more clearly,
we choose smaller intervals at the beginning and at the end: r0, 12s and
r2010, 2050s. For the first one in Figure 4, wp0q starts at 0.7 and then goes
down quickly. In Figure 5, wp0q goes down very fast, starts at 10´303 goes
down to 10´306. Thus,

Maximum of wp0q

Minimum of wp0q
« 0.7

10´306
ą 10305. (26)

The numerical computations for this example are completed by using Math-
eamtica version 10.3. The precision level is made automatically by the soft-
ware.

On the other hand, in computational mathematics, one often treats the
symmetric matrices to which there are a lot of algorithms. Actually, a standard
algorithm introduced in the textbooks (refer to [3; pp. 142–146], for instance)
was used in the author’s first paper [4] (1991) for the study on this topic,
which was also included in the first edition (but replaced by analytic results
in the second edition) of the book [5] (1992). The symmetrizing matrix of rQ
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is as follows.

Q sym “

¨
˚̊
˚̊
˚̊
˚̊
˚̋

´3
?
2

?
2 ´3

?
2 0?

2 ´3
?
2

. . .
. . .

. . .

0 . . .
. . .

?
2?

2 ´3

˛
‹‹‹‹‹‹‹‹‹‚

,

Figure 6: wp0q on r500, 2000s

Figure 7: wp0q on r0, 12s Figure 8: wp0q on r2550, 2562s

Note that for this matrix, in contrast with rQ, the sum of each row is not
zero. Hence we can not use our analytic estimates developed so far as used
in [9–12]. That leads to the total loss of martial arts. On the other hand,
if we use the isospectral transform again (Algorithm 14), then the resulting
matrix should have zero sum for the first N ´1 rows, but the resulting matrix
should be asymmetry. We have thus involved in an unsolvable circulation.
This problem has been opened for some years, and luckily we have now found
a solution. That is the new algorithm to be stated quite soon. Before going
to the details, let us now show the results of our new initial vector wp0q for
our new algorithm. Figure 6 is the value of wp0q on r500, 2000s. It is simply
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lying in the straight line 1. Figure 7 shows that on the initial interval r0, 12s,
wp0q starts at 1{

?
2 « 0.7, increases to 1. Figure 8 shows on the end interval

r2550, 2562s, wp0q goes down from 1 to 1{
?
2. Therefore, we have

Maximum of wp0q

Minimum of wp0q
« 1

0.7
« 1.4. (27)

Comparing (27) with (26), it should be clear the difference of the new algo-
rithm with the earlier one.

Non-conservative case

We now start to state our new algorithm.

For a given complex tridiagonal matrix, by Algorithm 14, using shift if
necessary, we may assume that the resulting matrix on E “ tk P Z` : 0 ď k ă
N ` 1u is as follows:

rQ “

¨
˚̊
˚̊
˚̊
˚̊
˚̋

´c̃0 b̃0

ã1 ´c̃1 b̃1 0
ã2 ´c̃2 b̃2

. . .
. . .

. . .

0 . . .
. . . b̃N´1

ãN ´c̃N

˛
‹‹‹‹‹‹‹‹‹‚

,

where ãk ą 0 p1 ď k ă N ` 1q, b̃k ą 0 p0 ď k ă Nq, c̃k “ ãk ` b̃k (which means
that rQ is conservative at k) for each k ă N (with ã0 :“ 0), and c̃N ě ãN . In
general, this matrix rQ is non-symmetric. In the particular case that c̃N “ ãN ,
the matrix is conservative (i.e. conservative at each k P E) and so has trivial
maximal eigenvalue 0. We will come back to this case in the third part of this
section. From now on, unless otherwise stated, assume that c̃N ą ãN .

In the computation of the maximal eigenpair, this form of tridiagonal ma-
trix is essential for which we have explicit and efficient initials, and strong
estimates of the maximal eigenvalue. The initials are expressed by two se-
quences. The first one is the measure pµ̃kq:

µ̃0 “ 1, µ̃n “ µ̃n´1
b̃n´1

ãn
, 1 ď n ă N ` 1. (28)

The second one is

ϕ̃n “
Nÿ

k“n

1

µ̃kb̃k
, 0 ď n ă N ` 1, (29)

where b̃N :“ c̃N ´ ãN if N ă 8.
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Unfortunately, the resulting matrix rQ is often non-symmetric, as men-
tioned before. Certainly, there is a simple way to symmetrizing rQ. That
is,

Q sym “ Diagpµ̃q1{2 rQDiagpµ̃q´1{2

“

¨
˚̊
˚̊
˚̊
˚̊
˚̊
˝

´c̃0
a
ã1b̃0 0a

ã1b̃0 ´c̃1
a
ã2b̃1a

ã2b̃1 ´c̃2
a
ã3b̃2

. . .
. . .

. . .
. . .

. . .
b
ãN b̃N´1

0
b
ãN b̃N´1 ´c̃N

˛
‹‹‹‹‹‹‹‹‹‹‚

,

where Diagpµq is the diagonal matrix having diagonal elements pµkq. Since it
happens often that

c̃k “ ãk ` b̃k ‰
b
ãk b̃k´1 `

b
ãk`1b̃k,

as an example, ãk ” a, b̃k ” b, and a ‰ b, the conservative property can be
lost in this symmetrizing procedure. As mentioned before, this may lead to
an unsolvable circulation. It is the main reason that we have not used such a
symmetrizing procedure for more than two decades. In the special case that
rQ is already symmetric, since µ̃k ” 1, the algorithm to be introduced soon
coincides with the original algorithms introduced in [9, 11, 12].

We are now lucky to find a new way to solve the problem. Even though
in the non-symmetric case, we can not use either the h-transform or the sym-
metrizing procedure, individually, but we can couple them together, using
them simultaneously. Let us now state our new algorithm, a specific coupling
of two algorithms originally designed to these matrices separately. In the other
words, the new algorithm couples the advantages of the both algorithms for
the different matrices.

Algorithm 25 (1) Let w
p0q
i “ ?

µ̃iϕ̃i, i P E. Define

vp0q “ wp0q

?
wp0q˚wp0q

, z0 “ 1

δ0
, (30)

δ0 “ sup
0ďnăN`1

„a
ϕ̃n

nÿ

i“0

µ̃i
a
ϕ̃i ` 1?

ϕ̃n

ÿ

n`1ďjăN`1

µ̃jϕ̃
3{2
j


. (31)

(2) For each k ě 1, solve wpkq:

`
´Q sym ´ zk´1I

˘
wpkq “ vpk´1q, (32)
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and define

vpkq “ wpkq

?
wpkq˚wpkq

, zk “ 1

δk
, (33)

δk “ sup
0ďnăN`1

?
µ̃n

v
pkq
n

„
ϕ̃n

nÿ

i“0

a
µ̃i v

pkq
i `

ÿ

n`1ďjăN`1

a
µ̃j ϕ̃jv

pkq
j


. (34)

Then

vpkq Ñ g and zk Ñ λ0 as k Ñ 8,

where pλ0, gq is the minimal eigenpair of ´Q sym. Furthermore, the minimal

eigenpair of ´ rQ equals
`
λ0, Diagpµ̃q´1{2g

˘
.

We now mention shortly the role played by rQ and Q sym in the algorithm.
The initial vp0q and pzkqkě0 come from rQ. The vectors pvpkqqkě0 are produced
by using Q sym plus the shifts pzkq. Next, noting that δk defined by (34)
is invariant if the vector vpkq is replaced by c vpkq for every constant c ą 0,
applying (34) to the vector wp0q, we return to δ0 defined by (31). Hence, in
what follows, we may ignore (31) and use (34) (for k ě 0) only.

Before moving further, let us make a remark.

Remark 26 One may apply Algorithm 25 in the opposite way. Suppose that

we are given a symmetric matrix, say Q sym. In the special case that the sum of

each of the first N ´ 1 rows equals zero, then we do not need the h-transform.

Just return to Algorithm 25 by setting rQ “ Q sym. Otherwise, we can construct

another matrix rQ using the h-transform of Q sym. With these matrices at hand,

we can apply Algorithm 25 to compute the maximal eigenpair of Q sym
`
as well

as rQ
˘
. This indicates that the algorithm seems to be new for the eigenvalue

computation of symmetric matrices.

Example 27 Apply Algorithm 25 to the matrix defined by (23) with N “ 7,
the outputs are as follows.

Table 1 Outputs
`
zn, v

pnq
˘
of Algorithm 25 at step n “ 0, . . . , 3

zn vpnq

.304256 p.28755, .351484, .378148, .388302, .388302, .378148, .351484, .28755q˚

.340851 p.164291, .305267, .407944, .461955, .461955, .407944, .305267, .164291q˚

.342146 p.161233, .303016, .408248, .46424, .46424, .408248, .303016, .161233q˚

.342148 p.16123, .303013, .408248, .464243, .464243, .408248, .303013, .16123q˚

We have

Maximum of vp0q

Minimum of vp0q
« 1.35038,

Maximum of vp3q

Minimum of vp3q
« 2.87939.
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Proof of Algorithm 25 Roughly speaking, the starting matrix rQ obtained
by the h-transform is used to compute the maximal eigenvalue of the original
Q (equivalently, of Q sym); while the symmetrized matrix Q sym is used to
compute the maximal eigenvector gmax

`
Q sym

˘
and then

gmax

`
Q sym

˘
“ Diagpµ̃q1{2gmaxp rQq,

where gmaxpQq denotes the maximal eigenvector of Q.

(a) First, it is easy to check that the matrix Q sym is symmetric, due to the
symmetrizable property: Diagpµ̃q rQ “ rQ˚Diagpµ̃q. The proof goes as follows.

`
Diagpµ̃q1{2 rQDiagpµ̃q´1{2

˘˚ “ Diagpµ̃q´1{2 rQ˚Diagpµ̃q1{2

“ Diagpµ̃q´1{2 rQ˚Diagpµ̃qDiagpµ̃q´1{2

“ Diagpµ̃q´1{2Diagpµ̃q rQDiagpµ̃q´1{2

“ Diagpµ̃q1{2 rQDiagpµ̃q´1{2.

(b) Note that the eigenequation

rQg “ ´λ g

can be rewritten as

“
Diagpµ̃q1{2 rQDiagpµ̃q´1{2

‰`
Diagpµ̃q1{2g

˘
“ ´λ

`
Diagpµ̃q1{2g

˘
.

That is

Q sym
`
Diagpµ̃q1{2g

˘
“ ´λ

`
Diagpµ̃q1{2g

˘
.

Hence, the symmetrizing transform produces a transform of the eigenpairs

`
λ, g

` rQ
˘˘

Ñ
`
λ, Diagpµ̃q1{2g

` rQ
˘˘

“
`
λ, g

`
Q sym

˘˘
. (35)

This is the key point of our algorithm. On the one hand, in the non-symmetric
case, since g

` rQ
˘
often decays fast, it leads to the use of Q sym. In par-

ticular, noting that the initial mimic vector for rQ is
?
ϕ̃, we should use

wp0q “
a

Diagpµ̃qϕ̃ as the initial vector for Q sym based on (35). The new
initial vector avoid the serious problem mentioned at the beginning of this
section (Figures 3–8). On the other hand, this also shows that the matrix
rQ plays an important role, that is its initial

?
ϕ̃. Which gives us not only

the initial vector but also the initial estimate z0 of λmax

` rQ
˘

“ λmax

`
Q sym

˘
.

Similarly, the present δn given in Algorithm 25 is translated from [11; (15) in
the preprint or (A9) in the published version of the paper]. In conclusion, in
Algorithm 25, even though it appears only Q sym, but not rQ, the initial vp0q

and the shifts zk are all come from rQ, they can not be deduced directly from
Q sym as far as we know. l
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Algorithm 28 (Improved) We mention that there are some ways to improve

the computation speed in Algorithm 25. For instance, if we set

Mkk“1, Mkj “Mk,j´1
ãj

b̃j´1

„
“ ãk`1 ¨ ¨ ¨ ãj
b̃k ¨ ¨ ¨ b̃j´1

“ µ̃k

µ̃j


, 1ďk`1ďjăN`1,

Φk“ µ̃kϕ̃k “ 1

b̃k
`

ÿ

k`1ďjăN`1

ãk`1 ¨ ¨ ¨ ãj
b̃k ¨ ¨ ¨ b̃j

“
ÿ

kďjăN`1

Mkj

b̃j
, 0ďkăN`1,

then we can rewrite (34) as

δk “ sup
0ďnăN`1

1

v
pkq
n

„
Φn

ÿ

0ďiďn

v
pkq
i

a
Min`

ÿ

n`1ďjăN`1

a
Mnj Φjv

pkq
j


. (36)

The improved Algorithm 28 is applied by Y.S. Li to the model (23) suc-
cessfully up to N “ 104 using MatLab. The number of the iterations needed
by this algorithm is no more than 3. Actually, for N ě 4500, up to the six
precisely significant digits, the initial z0 already coincides with λ0.

The main computational complexity of Algorithm 25 or 28 comes from the
formulas (34) or (36), which is due to the use of the operator II of double
summation [7; Theorem 2.4 (3)]. To reduce this complexity, we introduce the
following algorithm.

Algorithm 29 (Improved)

(1) In Algorithm 25 or 28, replace δk by the new one:

ζk “ sup
0ďnăN`1

1a
b̃n v

pkq
n ´ ?

ãn`1 v
pkq
n`1

nÿ

j“0

v
pkq
j

d
Mjn

b̃n
, k ě 0,

where ãN`1 “ 0 and v
pkq
N`1 :“ 0 if N ă 8.

(2) Solve equation (32) by using the Thomas algorithm.

Proof. The proof for part (1) is almost the same as the one for Algorithm
25, except for computing ζk, here we use the operator I of single summation
instead of the double one II used in Algorithm 25 for computing δk, plus an
application of [7; Theorem 2.4 (2)]. The advantage is the computation becomes
simpler but the price we have to pay is that the convergence speed becomes
slower. This is not serious since the convergence speed of the shifted inverse
iteration is very fast. We will see this point very soon.

In general, the Thomas algorithm may not be applicable in the present
situation which is not diagonal dominant. However, by [7; Theorem 2.4 (2)],
we have λ0 ě ζ´1

k for every k ě 0. Our computation is stopped at some k0 if
λ0 ´ ζk0 ă 10´6 (or |ζk0`1 ´ ζk0| ă 10´6) for instance. Otherwise, for k ă k0,
we have λ0 ą ζ´1

k “ zk and moreover the matrix ´Q sys ´ zkI is invertible.



1478 Mu-Fa Chen

Hence there is uniquely a solution to equation (32) which means that Thomas
algorithm is applicable. It is well known that Thomas algorithm is of OpNq,
refer to [16] for detail analysis on this point. Note that in our algorithm,
the main quantity one may worried is the array tMjnu, which requires about
NpN ´ 1q{2 multiplications. However, the array can be regarded as an in-
put, can be fixed at the beginning, without re-computing in the iterations.
Therefore, Algorithm 29 is essentially also OpNq. Refer also to [26] for fur-
ther discussion, in which the algorithm is claimed to be Op1q number of the
iterations. The conclusion is true, due to the fact proved in [7; Theorem 3.2
and Corollary 3.3] that the initials used here produce upper and lower basic
estimates of the eigenvalue up to a universal factor no more than 4 (in terms
of the operator I), and no more than 2 in practice (in terms of the operator
II). l

To show the power of Algorithm 29, we return to Example 27. The outputs
of the new algorithm are given in Table 2.

Table 2 Outputs of Example 27 by Algorithm 29

n 0 1 2 3

zn 0.253835 0.33544 0.342107 0.342148

Even through the convergence speed is slower but we arrive at the same result
as Algorithm 25 in the same steps.

In the past two decades or so, in the study of the estimation of leading
eigenvalues, we have used three operators: except II and I mentioned above,
there is one more, called difference (differential) operator R (refer to [6, 7] and
references within). Among them, the sharpest estimate is deduced by II, the
next one is by I, and the last one is by R. The computational complexity
goes in the inverse order. In our recent numerical study on the maximal
eigenvalue, we have adopted II only for finest estimates, without consider the
computational complexity. It is the first time in Algorithm 29 we use the
operator I to keep the balance between the sharpness and the computational
complexity. Even though it is the easiest in the computation, we do not want
to use R here, since on the one hand, it is more or less covered by a more
general algorithm, call global one (cf. [11]); and on the other hand, it does not
use much of the advantage of the tridiagonal property. Nevertheless, the initial
vector wp0q used in Algorithm 25, as well as in Algorithms 28 and 29, comes
from an mimic of the principal eigenvector, closely related to the operator II,
refer to [7; Theorem 3.2].
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Conservative case

For the remainder of this section, we study the following conservative tridiag-
onal Q-matrix on E “ tk P Z` : 0 ď k ă N ` 1u:

Q “

¨
˚̊
˚̊
˚̊
˚̊
˝

´c0 b0

a1 ´c1 b1 0
a2 ´c2 b2

. . .
. . .

. . .

0 . . .
. . . bN´1

aN ´cN

˛
‹‹‹‹‹‹‹‹‚

, (37)

where ak ą 0 p1 ď k ă N ` 1q, bk ą 0 p0 ď k ă Nq and ck “ ak ` bk (with
a0 :“ 0 and bN “ 0 if N ă 8). Hence this is a conservative Q-matrix.

Clearly, the maximal eigenvalue for this matrix is λ0 “ 0 with constant
eigenvector 1. We are now going to compute the submaximal eigenvalue λ1pQq.

To state our algorithm, we need an auxiliary tridiagonal matrix on E1 :“
tk P Z` : 1 ď k ă N ` 1u: rQ „

`
ãk,´c̃k, b̃k

˘
defined as follows. First, set

b̃1 “ a1 ` b0. Next, define

b̃k“ak ` bk´1 ´ ak´1bk´1

b̃k´1

, ãk“ak ` bk´1 ´ b̃k, 2ďkăN,

c̃k “ ak ` bk´1, 1ď kăN`1,

ãN “ aN´1bN´1

b̃N´1

, if Nă8.

(38)

As analog of (28) and (29), define

µ̃1 “ 1, µ̃n “ µ̃n´1
b̃n´1

ãn
, 2 ď n ă N ` 1. (39)

and

ϕ̃n “
Nÿ

k“n

1

µ̃kb̃k
, 1 ď n ă N ` 1, (40)

where

b̃N “ c̃N ´ ãN “ aN ` bN´1 ´ ãN
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if N ă 8. Besides, we need also the following symmetrized matrix on E1.

Q sym “ Diagpµ̃q1{2 rQDiagpµ̃q´1{2

“

¨
˚̊
˚̊
˚̊
˚̊
˚̊
˝

´c̃1
a
ã2b̃1 0a

ã2b̃1 ´c̃2
a
ã3b̃2a

ã3b̃2 ´c̃3
a
ã4b̃3

. . .
. . .

. . .
. . .

. . .
b
ãN b̃N´1

0
b
ãN b̃N´1 ´c̃N

˛
‹‹‹‹‹‹‹‹‹‹‚

.

(41)

The algorithm below is almost the same as Algorithm 25 with very slight
modification. Here we repeat it for safe. We use µ̃, ϕ̃, and Q sym defined by
(38) – (41), respectively.

Algorithm 30 (1) Let w
p0q
i “ ?

µ̃iϕ̃i, i P E1. Define

vp0q “ wp0q

?
wp0q˚wp0q

, z0 “ 1

δ0
, (42)

δ0 “ sup
1ďkăN`1

„a
ϕ̃k

kÿ

i“1

µ̃i
a
ϕ̃i ` 1?

ϕ̃k

ÿ

k`1ďjăN`1

µ̃jϕ̃
3{2
j


. (43)

(2) For each k ě 1, solve wpkq:

`
´Q sym ´ zk´1I

˘
wpkq “ vpk´1q on E1, (44)

and define

vpkq “ wpkq

?
wpkq˚wpkq

, zk “ 1

δk
, (45)

δk “ sup
1ďnăN`1

?
µ̃n

v
pkq
n

„
ϕ̃n

nÿ

i“1

a
µ̃i v

pkq
i `

ÿ

n`1ďjăN`1

a
µ̃j ϕ̃jv

pkq
j


. (46)

Then

vpkq Ñ g1 and zk Ñ λ1 as k Ñ 8,

where pλ1, g1q is the minimal eigenpair of ´Q sym. Furthermore, the sub-minimal

eigenvalue of ´Q equals λ1.

We mention that Algorithms 28 and 29 are also meaningful for Algorithm
30.

The next example, closely related to Example 27, is used to illustrate the
algorithm.
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Example 31 The matrix on E with N “ 7 is the same as in (23) except

c0 “ 2 and c7 “ 1 for the conservativity. The outputs
`
zn, v

pnq
˘
of this example

by Algorithm 30 are given in Table 3.

Table 3 Outputs
`
zn, v

pnq
˘
of Algorithm 30 at step n “ 0, . . . , 3

zn vpnq

.342108 p.313645, .38262, .409984, .417473, .409984, .38262, .313645q˚

.385369 p.194385, .35518, .460762, .497514, .460762, .35518, .194385q˚

.386872 p.191344, .353555, .461939, .499997, .461939, .353555, .191344q˚

.386874 p.191342, .353553, .46194, .5, .46194, .353553, .191342q˚

The last line of the table represents the minimal eigenpair pλ1, g1q of ´Q sym.

While the sub-minimal eigenpair of the original ´Q is

λ1 “ .386874,

g1 “ p´16, ´12.905, ´8.8612, ´5.12522, ´2.26582, ´.397825, .613126, 1q˚.

It is interesting to compare the difference of their amplitudes for these eigenvec-

tors vp3q and g1: 0.3 and 17, respectively, for such a small size of matrices. Thus,

the difference in the computations should be serious for large scale of matrices.

From the table, it follows that

Maximum of vp0q

Minimum of vp0q
« 1.33103,

Maximum of vp3q

Minimum of vp3q
« 2.61313.

This result is quite close to the comparison given in Example 27.

Proof of Algorithm 30 Suppose we are given the tridiagonal matrix (37)
on E “ tk : 0 ď k ă N ` 1u, N ď 8. When N “ 8, one can ignore the
boundary condition bN “ 0. As in [7; (5.1)], define a dual tridiagonal matrix
pQ „ pâk,´ĉk, b̂kq as follows.

$
’&
’%

âi “ bi´1,

ĉ0 “ 0, ĉi “ âi ` b̂i “ ai ` bi´1,

b̂0 “ 0, b̂i “ ai, 1 ď i ă N ` 1.

Alternatively,

pQ “

¨
˚̊
˚̊
˚̊
˚̊
˚̋

´ĉ0 b̂0

â1 ´ĉ1 b̂1 0
â2 ´ĉ2 b̂2

. . .
. . .

. . .

0
. . .

. . . b̂N´1

âN ´ĉN

˛
‹‹‹‹‹‹‹‹‹‚

“
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“

¨
˚̊
˚̊
˚̊
˚̊
˝

0 0

b0 ´pa1` b0q a1 0
b1 ´pa2` b1q a2

. . .
. . .

. . .

0 . . .
. . . aN´1

bN´1 ´paN` bN´1q

˛
‹‹‹‹‹‹‹‹‚

. (47)

Next, define

M“

»
——————–

µ0 µ1 µ2 ¨ ¨ ¨ µN
µ1 µ2 ¨ ¨ ¨ µN

µ2 ¨ ¨ ¨ µN
. . .

...

0 µN

fi
ffiffiffiffiffiffifl

ñ M´1“

»
——————–

µ´1
0 ´µ´1

0 0
µ´1
1 ´µ´1

1

µ´1
2 ´µ´1

2
. . .

. . .

0 µ´1
N

fi
ffiffiffiffiffiffifl
.

Then, we have pQ “ MQM´1. To check this, one may avoid the computation
of the inverse matrix M´1, but use the dual equation MQ “ pQM :

MQ “

¨
˚̊
˚̊
˚̊
˝

0 0 0
µ0b0 ´µ0b0

µ1b1 ´µ1b1
. . .

. . .

0 µN´1bN´1 ´µN´1bN´1

˛
‹‹‹‹‹‹‚

“ pQM.

This technique was mentioned in [7; Above Examples 7.5]. By Theorem 10,
pQ and Q have the same spectrum. In particular, the maximal eigenpair p0,1q
of Q corresponds to the one p0,M1q of pQ. By removing the first row and the
first column of pQ, we obtain a matrix on E1:

pQ1 “

»
———————–

´ĉ1 b̂1 0
â2 ´ĉ2 b̂2

. . .
. . .

. . .
. . .

. . . b̂N´1

0 âN ´ĉN

fi
ffiffiffiffiffiffiffifl

“

»
———————–

´pa1 ` b0q a1 0
b1 ´pa2 ` b1q a2

. . .
. . .

. . .
. . .

. . . aN´1

0 bN´1 ´paN ` bN´1q

fi
ffiffiffiffiffiffiffifl

.
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Now, the spectrum of Q ignoring the trivial eigenvalue 0 coincides with the
spectrum of pQ1. The sub-minimal eigenvalue of ´Q coincides the minimal
eigenvalue of ´ pQ1.

Note that the matrix pQ1 has bilateral Dirichlet boundaries, at 0 and at
N`1 if N ă 8. In order to apply our technique, we need to adopt the h-
transform, removing the killing at 1. This transform is presented by (38).
Having constructed the transformed matrix rQ, one can easily deduce the sym-
metrizing one Q sym and complete the Algorithm 30, in parallel to Algorithm
25. l

We remark that for a complex matrix, if it is not real, for keeping the
real spectrum, the duality may not be suitable. To see this, simply look at
second matrix in (47). Even though we may assume that akbk´1 ą 0, but then
ak ` bk´1 may still not be real and so the diagonals in the dual matrix may
not be real, In general, for a complex matrix, we can apply the h-transform
first, if the deduced matrix is conservative, then we can apply Algorithm 30
to compute the sub-maximal eigenvalue of Q.

5 Differential operators

Throughout this section, denote by CmpRdq the set of functions on R
d with

continuous derivatives up to order m. In the first part of this section, we
study the Hermitizable and isospectral problems for second-order complex
differential operators having the form:

L “ D˚paDq ´ c “
dÿ

j,k“1

`
Bj ` bjpxq

˘“
ajkpxq

`
Bk ` bkpxq

˘‰
´ c, (48)

where Bj “ d{dxj, c is a BpRdq-measurable function, a is a d ˆ d matrix,
assumed to be in C 1pRdq, and so is the vector b “ pbjpxqq. Set Dj “ Bj ` bj .
For the later use, we now express L into more explicit forms in the order of
differentials˚:

L “ B˚paBq ` b˚pa` a˚qB `D˚pabq ´ c (49)

“ a ¨ BB˚ ` pD˚a` b˚a˚qB `D˚pabq ´ c, (50)

˚The term b˚a˚B was missed in each of the two lines below in the published version. To
be careful, we write the details here.

D
˚
aDf “ D

˚paBf ` abfq

“ B˚paBfq ` b
˚paBfq ` B˚`

b̂f
˘

` b
˚
b̂f

`
b̂ :“ ab

˘

“ pa ¨ BB˚qf ` pB˚
aqBf ` pb˚

aqBf ` b̂ ¨ Bf `
`
B˚
b̂
˘
f ` b

˚
b̂f

“ pa ¨ BB˚qf `
`
D

˚
a ` b

˚
a

˚qBf ` D
˚pabqf.

We have thus obtained (50). This correction costs a little change in Theorem 33 below—
[2019-06-27]
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here for given matrices a “ paijq and b “ pbijq, the product a ¨ b is defined to
be

ř
i,j aijbij, regarded as an analog of the inner product of two vectors.

Theorem 32 Let Ω (maybe unbounded)Ă R
d with Dirichlet boundary con-

dition on BΩ. Then the operator defined in (48) is selfadjoint (formally) on

L2pdxq iff a is Hermitian: aHp:“ ā˚q “ a, b is purely imaginary: b̄ “ ´b and c

is real: c̄ “ c. In this case,

p´Lf, fq “ paDf, Dfq ` pcf, fq.

Proof. Let f, g P C 2pRdq. For each fixed j, we have

ˆÿ

k

ajkpBk ` bkqf, g
˙

“
ÿ

k

pDkf, ājkgq

“
ÿ

k

rfajkḡs
ˇ̌
BΩ

´
ÿ

k

“`
f, Bkpājkgq

˘
´
`
f, b̄kājkg

˘‰

“ ´
ÿ

k

`
f,

`
Bk ´ b̄k

˘
pājkgq

˘
(by boundary condition)

“ ´
ÿ

k

`
f,

`
Bk ´ b̄k

˘
paHkjgq

˘
. (51)

Next, applying this to the identity matrix a, we obtain

pDjf, gq “ ´
`
f,

`
Bj ´ b̄j

˘
g
˘
. (52)

Thus, for fixed j, with f̃ “ ř
k ajkDkf and g̃j “

`
Bj ´ b̄j

˘
g, we have

`
Dj f̃ , g

˘
“ ´

`
f̃ ,

`
Bj ´ b̄j

˘
g
˘

(by (52))

“ ´
ˆÿ

k

ajkDkf, g̃j

˙
(by definition of f̃ and g̃)

“
ÿ

k

`
f,

`
Bk ´ b̄k

˘`
aHkj g̃j

˘˘
(by (51))

“
ÿ

k

`
f,

`
Bk ´ b̄k

˘`
aHkj

`
Bj ´ b̄j

˘
g
˘˘

(by definition of g̃).

Summing up over j and adding the term c, it follows that

pLf, gq“prpB` bq˚papB` bqq´ csf, gq“
ÿ

j,k

`
f,

“`
Bk´ b̄k

˘`
aHkj

`
Bj´ b̄j

˘˘
´ c̄

‰
g
˘
.

Finally, for the selfadjointness:

`
B ´ b̄

˘˚“
aH

`
B ´ b̄

˘‰
´ c̄ “ pB ` bq˚rapB ` bqs ´ c,

we obtain the conditions aH “ a, b̄ “ ´b and c̄ “ c. l
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In the context of Markov processes, as mentioned in Section 2, the sym-
metrizable problem for Markov chains goes back to [19]. For diffusions, it goes
back to [20]. In which, the author adopted geometric approach. A particular
result says that if the diffusion coefficient is the identity matrix, then the pro-
cess is symmetrizable (reversible) iff the drift coefficient should be a gradient
of a (conservative) potential. The operator in (48) is a slight extension of [18].
It is less popular than the special case that bpxq ” 0. However, the latter one
is rather restrictive: in dimension one, it has to be real for the selfadjointness.
We use “formal” in Theorem 32 since it is only the first step for the property,
we have not specified a domain of the operator. To which, some additional
conditions on the coefficients of the operator are often required. See [18], [1],
and [2] for more details and additional references. This seems not too hard, as
mentioned in the matrix case, since we are mainly interested in either maximal
or minimal domains as did in [8].

We now study the h-transform in Lemma 8 for the operator having the
form (48). The purpose of the next result is to remove the potential term from
(50).

Theorem 33 Let L be given by (48) and set

L0 “ L´D˚pabq ` c “ a ¨ BB˚ ` pD˚a` b˚a˚qB.

Next, let h be L-harmonic: Lh “ 0, h ‰ 0 (a.e.). Then the h-transform given

in Lemma 8 transfers L to

rL“L0
1̀rh‰0s

1

h
pBhq˚pa`a˚qB “ a¨BB˚`

„
D˚a`b˚a˚ `1rh‰0s

1

h
pBhq˚pa`a˚q


B.

In particular, when h “ expψ,

rL “ a ¨ BB˚ `
“
D˚a` b˚a˚ ` pBψq˚pa` a˚q

‰
B.

Moreover, L and rL are both selfadjoint or not, simultaneously.

Proof. The final assertion comes from Theorem 9.

By (50), we have

1

h
Lphfq “ 1

h

“
pa ¨ BB˚qphfq ` pD˚a` b˚a˚qBphfq ` pD˚pabq ´ cqhf

‰

“
“
pa ¨ BB˚qf ` pD˚a ` b˚a˚qBf

‰

` f

h

“
pa ¨ BB˚qh ` pD˚a ` b˚a˚qBh ` pD˚pabq ´ cqh

‰

` 1

h

“
pBhq˚aBf ` pBfq˚aBh

‰

“: I ` II ` III.



1486 Mu-Fa Chen

Note that

I “ L0f,

II “ f

h
Lh “ 0 (by harmonic assumption),

III “ 1

h
pBhq˚pa ` a˚qBf (since pBfq˚aBh “ pBhq˚a˚Bf).

Combining these facts together, we obtain the required assertion. l

We now go to the second part of this section. It goes from rL to L, as an
analog of [15; Theorem 1.1 (2), Theorem 3.6 and Corollary 3.7].

Theorem 34 Let rL “ B˚ãB ´ c̃ having domain D
`rL

˘
Ă L2pµ̃q. Then for

each complex function h P C 2pRdq, h ‰ 0, µ-a.e., rL is L2-isospectral to L “ Lh:

Lh “ rL´ 1

h
pBhq˚pã` ã˚qB `

„
2

h2
pBhq˚ã´ 1

h
B˚ã


pBhq,

DpLhq “
 
f : f{h P D

`rL
˘(
.

In particular, if we set h “ expr´ψs, then: Lh “ Lψ:

Lψ “ rL` pBψq˚pã ` ã˚qB `
„

pã ¨ BB˚qψ ` pBψq˚ãpBψq ` B˚ãpBψq

,

DpLψq “
 
f : f exprψs P D

`rL
˘(
.

Moreover, L and rL are both selfadjoint or not, simultaneously.

Proof. Again, the final assertion is a consequence of Theorem 9.

Note that

pãBq
ˆ
f

h

˙
“ ã

ˆ
1

h
Bf ` fB

ˆ
1

h

˙˙
“ 1

h
ãBf ` f ãB

ˆ
1

h

˙
.

We have

pB˚ãBq
ˆ
f

h

˙
“ B˚

ˆ
1

h
ãBf ` f ãB

ˆ
1

h

˙˙

“ 1

h
pB˚ãBqf `

ˆ
B
ˆ
1

h

˙˙˚

ãBf ` fB˚ãB
ˆ
1

h

˙
` pBfq˚ãB

ˆ
1

h

˙

Because

pBfq˚ãB
ˆ
1

h

˙
“
ˆ
ãB
ˆ
1

h

˙˙˚

pBfq “
ˆ

B
ˆ
1

h

˙˙˚

ã˚pBfq,

:The term pã ¨ BB˚qψ was missed in the published version–[2019-06-27]
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and then
ˆ

B
ˆ
1

h

˙˙˚

ãpBfq ` pBfq˚ã˚B
ˆ
1

h

˙
“
ˆ

B
ˆ
1

h

˙˙˚

pã ` ã˚qpBfq,

we obtain

pB˚ãBq
ˆ
f

h

˙
“ 1

h
pB˚ãBqf ` fB˚ãB

ˆ
1

h

˙
`
ˆ

B
ˆ
1

h

˙˙˚

pã` ã˚qpBfq.

Hence

hrL
ˆ
f

h

˙
“ rLf ` h

ˆ
B
ˆ
1

h

˙˙˚

pã ` ã˚qBf ` hB˚ãB
ˆ
1

h

˙
f.

Next, because

B
ˆ
1

h

˙
“ ´ 1

h2
Bh, ãB

ˆ
1

h

˙
“ ´ 1

h2
ãBh,

B˚ãB
ˆ
1

h

˙
“ 2

h3
pBhq˚ãpBhq ´ 1

h2
B˚ãBh,

we obtain the expression of

Lhf :“ hrL
ˆ
f

h

˙
.

Then the expression of Lψ now follows immediately since;

B˚ãBh “ h
“

´ pã ¨ BB˚qψ ` pBψq˚ãpBψq ´ B˚ãpBψq
‰
.

Finally, the proof of the isospectrum is almost the same as those of [15; Lemma
1.3]. First, we have

`
f̃ , f̃

˘
µ̃

“ pf{h, f{hqµ̃ “ pf, fqµ.
Next, we also have

`rLf̃, f̃
˘
µ̃

“
`rLpf{hq, f{h

˘
µ̃

“
`
pLhfq{h, f{h

˘
µ̃

“
`
Lhf, f

˘
µ
.

We have thus complete the proof of the theorem. l

Remark 35 By using the multiplying operator H defined in Theorem 9, the

h-transform defined in Theorem 34 can be expressed by

Lh “ H rLH´1.

This means that Lh is similar to rL and hence have the same spectrum. Further-

more, the eigenpair pλ, g̃q of rL:
rLg̃ “ λg̃

is transferred to the eigenpair pλ,Hg̃q of Lh:

LhpHg̃q “ H rLH´1pHg̃q “ λpHg̃q.
;The term ´pã ¨ BB˚qψ was missed in the published version below
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Applying Theorem 34 to

ãpxq “ 1

2
e´|x|2I,

where I is the d ˆ d identity matrix, we obtain the following result.

Corollary 36 For each complex function ψ P C 2pRdq, the operator

Lψ “ e´|x|2
„
1

2
B˚B ` pBψ ´ xq˚B `

„
1

2
B˚Bψ `

ˆ
1

2
Bψ ´ x

˙˚

pBψq


is isospectral to the Ornstein-Uhlenbeck operator rL:

rL “ e´|x|2
ˆ
1

2
B˚B ´ x˚B

˙
.

Hence Lψ and rL have the same discrete spectrum.

It is clear that, based on Theorem 9, Corollary 36 gives us a typical example
for constructing a large class of Hermitizable complex operators L. We now
construct more explicit examples. As an application of Theorem 34 and [8;
Example 7.6], we obtain the following result.

Example 37 Consider the operator rL on R:

rL “ d2

dx2
´ c̃pxq, c̃pxq “ 1

4
|x|2α´2 ` α ´ 1

2
|x|α´2, α P N

with domain D
`rL

˘
. Then for each complex ψ P C 2pRq, rL is isospectral to the

operator

Lψ “ rL` 2ψ1pxq d

dx
` ψ1pxq2 ` ψ2pxq,

DpLψq “
 
f : f exprψs P D

`rL
˘(
.

Moreover, the spectrum of these operators are both discrete whenever α ą 1,
and are not so if α “ 1.

Corresponding to the particular c̃pxq “ x2 in Example 37, we have the
so-called harmonic oscillator rL. Then the next result is an application of [8;
Example 7.7].

Example 38 For the harmonic oscillator rL, the conclusions of Example 37

hold.

Added in proof After submitting the manuscript, the book [21] caught
the attention of the author. Perhaps the Hermitizable tool introduced in this
article is useful for further development of matrix mechanics.
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Abstract Based on a series of recent papers, a powerful algorithm is reformu-
lated for computing the maximal eigenpair of self-adjoint complex tridiagonal
matrices. In parallel, the same problem in a particular case for computing the
sub-maximal eigenpair is also introduced. The key ideas for each critical im-
provement are explained. To illustrate the present algorithm and compare it
with the related algorithms, more than 10 examples are included.

Keywords Powerful algorithm, maximal eigenpair, sub-maximal eigenpair,
Hermitizable tridiagonal matrix
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1 Introduction. A powerful algorithm and a typical example

Matrix eigenvalues play an important role in many areas, not only in math-
ematics but also in quantum mechanics. In the past 170 years and more, a
large number of publications, as well as libraries have been devoted to the s-
tudy on eigenproblems. Refer to [13, 19] and references therein. An algorithm
which is closely related to the aim of the paper is the so-called Householder’s
decomposition or reduction (with the other two algorithms for matrix eigen-
problems: the Krylov subspace iteration methods and the QR algorithm, they
were selected into [10] as the 10 top algorithms in the 20th century). About
the decomposition technique, six algorithms were surveyed in [17], including
Householder transformation [14]. It transforms an Hermitian matrix into a re-
al symmetric tridiagonal one. There are three aspects of contributions in the
algorithm stated below. The first one is an extension of the Householder trans-
formation from Hermitian to Hermitizable. This is an easier part ([8; Theorem
24]). The wsecond one is reducing further to a birth-death type Q-matrix (i.e.
the tridiagonal matrix having positive sub-diagonals). This enables us to use
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some long cumulated results in the study on probability theory. As will be seen
in §4, it takes a long trip to arrive at the present formulation of Algorithm 1
which is very efficient and theoretically complete. An algorithmic program for
birth–death type Q-matrix designed based on computational complexity is the
third contribution to Algorithm 1. The main aim of the paper is to illustrate
the power of the algorithm and to explain the main steps in the development
of the algorithm.

To move further, let us define the Hermitizable matrix [8] first. Let

E = {k ∈ Z : 0 6 k < N + 1}(N 6∞).

A matrix A = (aij : i, j ∈ E) is called Hermitizable if there exists a positive
measure (µi : i ∈ E) such that

µiaij = µj āji, i, j ∈ E,

where ā denotes the conjugate of a. With µ at hand, the matrix (
√
µiaij/

√
µj :

i, j ∈ E) becomes Hermitian having the same spectrum as A. As mentioned
above, an Hermitizable matrix can be transformed into a real symmetric tridi-
agonal one with the help of Householder transformation. Besides, a reducible
tridiagonal matrix can be decomposed into irreducible sub-matrices. Thus,
we consider only irreducible tridiagonal one in this paper. In what follows,
we focus on the tridiagonal matrices of the following form on finite space
E = {0, 1, · · · , N}(N <∞):

T =



−c0 b0
a1 −c1 b1

a2 −c2 b2
. . .

. . .
. . .

aN−1 −cN−1 bN−1
aN −cN

. (1)

Here we assume that T is Hermitizable( [8; §1]):

(ck) is real, (ak) and (bk) are complex but ak+1bk > 0 (0 6 k < N). (2)

As usual, the ‘eigenpair’ means the twins consisting of an eigenvalue and its
eigenvector. In what follows, we simply write the tridiagonal matrix as

T ∼ (ak,−ck, bk),

since such a matrix is determined by the three sequences

{ak}Nk=1, {−ck}Nk=0, {bk}N−1k=0 .

Now, the powerful algorithm for maximal eigenpair, according to [4-7] and [8;
§4], can be stated as follows.
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1.1 Main algorithm

Algorithm 1. Suppose that T is an Hermitizable tridiagonal matrix of form
(1). Before computing the maximal eigenpair of T , we need prepare three steps
as follows.

Step 1. Let

m = sup
k∈E

(−ck + |ak|+ |bk|)+, x+ := max{x, 0},

and
uk = akbk−1, k ∈ E \ {0}.

Set c̃k = ck +m (k ∈ E) and b̃0 = c̃0 > 0. Next, let

b̃k = c̃k −
uk

b̃k−1
, ãk = c̃k − b̃k, 1 6 k < N,

ãN =
uN

b̃N−1
.

More explicitly,

b̃0 = c̃0,

b̃k = c̃k −
uk

c̃k−1 −
uk−1

c̃k−2 −
uk−2

. . .

c̃2 −
u2

c̃1 −
u1

c̃0

, 1 6 k < N,

ãk = c̃k − b̃k, 1 6 k < N,

ãN =
uN

b̃N−1
.

Then the tridiagonal matrix

Q̃ ∼ (ãk,−c̃k, b̃k)

possesses the properties: both (ãk) and (̃bk) are positive, the sum of each row
equals zero except the Nth row (c̃N > ãN ). If c̃N = ãN , then T has the maximal
eigenvalue λmax = m with eigenvector gmax = h:

h0 = 1, hk = hk−1
b̃k−1
bk−1

[
=

k−1∏
j=0

b̃j
bj

]
, k ∈ E\{0}.

Otherwise set b̃N = c̃N − ãN and go to the next step.
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Step 2. Define the symmetric tridiagonal matrix

Q sym∼(a sym
k ,−c symk , b symk )

as follows:
c symk = c̃k, k ∈ E,

a sym
k = b symk−1 =

√
akbk−1, k ∈ E\{0}.

Step 3. Define the upper triangular matrix (Mkj) and the vector (Φk) as follows:

Mkk = 1, Mkj = Mk,j−1
ãj

b̃j−1

[
=
ãk+1 · · · ãj
b̃k · · · b̃j−1

]
, 1 6 k + 1 6 j 6 N,

Φk =
1

b̃k
+

∑
k+16j6N

ãk+1 · · · ãj
b̃k · · · b̃j

=
∑

k6j6N

Mkj

b̃j
, 0 6 k 6 N.

With (ãk, b̃k), Q
sym, M and Φ at hand, we can now start our iterations. Note

that one may use the parallel computing the next step.

Step 4. For given v(k) (k > 0), define

ζk= sup
06n6N

1√
b̃nv

(k)
n −

√
ãn+1v

(k)
n+1

n∑
j=0

v
(k)
j

√
Mjn

b̃n
, k > 0, (3)

with a convention that ãN+1 = 0. As in [8; §4], choose

w(0) =
√

Φ, v(0) =
w(0)

√
w(0)∗w(0)

, z(0) =
1

ζ0
,

where ζ0 is defined by (3) with k = 0. For each k > 1, solve w(k) :(
−Q sym − z(k−1)I

)
w(k) = v(k−1), (4)

and define

v(k) =
w(k)

√
w(k)∗w(k)

, z(k) =
1

ζk
,

where ζk is defined again by (3). Then (v(k), z(k)) converges to the maximal
eigenpair of Q sym.
Step 5. To go back to the original matrix T , denote its maximal eigenpair by
(λmax(T ), gmax). Then we have

λmax(T ) = m− lim
k→∞

z(k), gmax = lim
k→∞

diag(hµ)v(k),

where diag(hµ) is the diagonal matrix having diagonal elements (hµk):

hµ0 = 1, hµk = hµk−1

√
uk

bk−1

[
=

k∏
j=1

√
uj

bj−1

]
, k ∈ E \ {0}.
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Remark 2. Note that the main aim of the algorithm is for the maximal eigen-
vector, the approximation of the maximal eigenvalue is its by-product. This is
different from the algorithms for computing the eigenvalues only. Actually, as
can be seen from the examples in the paper, the sequence {z(k)} is monotone in
k. Refer to the last two paragraphs of §4.3 for more details. Next, we use the
following Thomas algorithm to solve equation (4).

Thomas algorithm ([12]). Given a tridiagonal matrix T ∼ (ak,−ck, bk), a
constant shift z and a vector v, define

di =


b0

z − c0
, i = 0,

bi
z − ci − aidi−1

, i = 1, 2, · · · , N − 1.

Next, define

ξi =


v0

c0 − z
, i = 0,

vi + aiξi−1
ci − z + aidi−1

, i = 1, 2, · · · , N.

Then, the solution w to the equation

(−T − zI)w = v on E

is given as follows:{
wN = ξN ,

wi = ξi − diwi+1, i = N − 1, N − 2, · · · , 1, 0.

Combining the well-known Householder Transformation (see [14], [16]) with
Algorithm 1, one can compute the maximal eigenpair of Hermitizable matrices.
The next example illustrates the power of this idea.

Example 3. Consider the following matrix:

A=


−2 2 + 2i 1− i 0

0.5− 0.5i −3 1− 0.5i 3 + i
1 + i 4 + 2i −4 8 + 2i

0 3− i 2− 0.5i −5

.
According to the Improved circle theorem [8; Theorem 5], we obtain the Hermi-
tizing measure µ = (1, 4, 1, 4) of A: µkak` = µ`ā`k (refer to [8; Example 7] for
more details). Thus A is Hermitizable and then

Â := diag(
√
µ )Adiag

(
1
√
µ

)
=


−2 1 + i 1− i 0

1− i −3 2− i 3 + i
1 + i 2 + i −4 4 + i

0 3− i 4− i −5


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is an Hermitian matrix. Now, the Householder transformation says that there exist
a sequence of extended reflection matrices Uj having the form

Uj = I + (κ− 1)uuH ,

(where κ is a constant with |κ| = 1 and u is a unit vector) such that for some `,

U :=
∏̀
j=0

Uj

is unitary and
T := UÂUH

becomes a real, symmetric tridiagonal matrix:

T ≈


−2 2
2 −2.5 4.092676

4.092676 −1.977612 2.622282
2.622282 −7.522388

.
Here, we mention that even though the resulting matrix T is real symmetric, the
h-transform in Step 1 of Algorithm 1 is still needed to produce the efficient initials.
Thus, for the matrix T, we have m ≈ 4.737347. After Step 1, we get the matrix

Q̃≈


−6.737347 6.737347
0.5937055 −7.237347 6.643641

2.521208 −6.714959 4.193751
1.639669 −12.259735

.
For the matrix −Q̃ with the summation of each line being zero except the last
line, we have efficient approximation of its minimal eigenpair. Next, to leveling
the eigenvector, we turn to compute the eigenvector of Qsym which is obtained
by Step 2 of Algorithm 1:

Qsym≈


−6.737347 2

2 −7.237347 4.092676
4.092676 −6.714959 2.622282

2.622282 −12.259735

.
For convenience, we write A ' B if A and B are isospectral. Since Q̃ ' Qsym,
the efficient initials of Q̃ can be transformed into the ones of Qsym with the help
of M,Φ in Step 3. The efficient initials of Qsym are as follows:

z(0) ≈ 1.531417, v(0) ≈ (0.463553, 0.566223, 0.588314, 0.344088)∗.

Now, combining the initials with the iterative equation (4) of Qsym, we obtain an
approximation of the minimal eigenvalue of −Qsym. Furthermore, noticing that

Qsym ' T −mI ' A−mI,
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we obtain an approximation of the maximal eigenvalue of A (denoted by ρ(A)) as
follows:

z(0)≈3.205929, z(1)≈2.661892, z(2)≈2.628326, z(3)≈2.628164≈ρ(A).

From [4-8], one sees a long trip to achieve Algorithm 1. Based on the sharp
estimates of maximal eigenvalue given by [2; Theorems 2.4, 3.2], the efficient
initials were introduced in [4; §3] for Rayleigh Quotient Iteration. To avoid the
dangerous region, the modified algorithm by redefining zk = δ−1k was presented
in [6; §A.4]. In the following-up article [7; §2], an explicit representation of
the solution to tridiagonal equation was proposed. To balance the sharpness
and the complexity, several methods to improve the algorithm were proposed
in [8]. We will outline this trip in §4. Besides, based on [4, 6, 7], Tang and Yang
[18] simplified the computational complexity and proved that the total cost for
computing is O(N).

1.2 Typical example

To illustrate the power of Algorithm 1, we choose the following typical example,
taken from [8; §4] and [18; §3.3].

Example 4. Consider the following matrix on E:

Q=



−3 2
1 −3 2

1 −3 2
. . .

. . .
. . .

1 −3 2
1 −3

.

We are going to use three algorithms to compute the maximal eigenpair of
the matrix Q. The first one is Algorithm 1, the others are also recent. One
can see the difference of their effectiveness and then understand a part of the
development of the algorithm.

(a) For the matrix Q, we have m = 0. After the preparations of Steps
1–3 in Algorithm 1, we start the iterations at Step 4. The computing result for
different N is given in Table 1.

Here, we mention that the numerical experiments in this article are fulfilled
on a PC with Intel(R) Core(TM)i5-5200 CPU @2.20 GHz and 4.00 GB RAM
using MATLAB (R2014a).

For this example, with the button ‘Run and time’ in Matlab, we record the
running time needed to get the results for larger N and the time ‘s’ denotes
seconds. From Table 1, one sees that the six precisely significant digits are
achieved with no more than three steps. Actually, when N > 4500, up to six
precisely significant digits, the initial z(0) already coincides with z(1) ≈ λ0 (i.e.,
the minimal eigenvalue of −Q).
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Table 1. Outputs for different N by Algorithm 1(Example 4)

N+1 z(0) z(1) z(2) z(3)

8 0.253835 0.33544 0.342107 0.342148
16 0.182046 0.21533 0.219673 0.219732
50 0.171577 0.175993 0.176912 0.176937
100 0.171573 0.172686 0.172934 0.172941
500 0.171573 0.171618 0.171628
1000 0.171573 0.171584 0.171587
5000 0.171573 0.171573 (1.597s)
10000 0.171573 0.171573 (6.578s)
15000 0.171573 0.171573 (29.160s)

(b) For comparison, as in [8; Algorithm 27], we take z(k) = δ−1k instead of

z(k) = ζ−1k in Algorithm 1 to compute the same example, where

δk = sup
06n6N

1

v
(k)
n

[
Φn

∑
06i6n

v
(k)
i

√
Min+

∑
n+16j6N

√
MnjΦjv

(k)
j

]
,

k > 0, (5)

and
∑
∅ := 0. The computing result is given in Table 2.

Table 2. Outputs for different N using δk instead of ζk(Example 4)

N+1 z(0) z(1) z(2) z(3)

8 0.304256 0.340851 0.342146 0.342148
16 0.195163 0.217878 0.219722 0.219732
50 0.171632 0.17606 0.176916 0.176937
100 0.171573 0.17269 0.172934 0.172941
500 0.171573 0.171618 0.171628
1000 0.171573 0.171584 0.171587
5000 0.171573 0.171573 (2.814s)
10000 0.171573 0.171573 (15.927s)
15000 0.171573 0.171573 (96.483s)

Comparing Table 1 with Table 2, we know that both the use of ζk and δk
need no more than three steps to get the expected results. But the use of ζk
saves much time. The reason is clear: ζk uses a single summation and δk uses
a double summation. Their computational complexity are O(N) and O(N2),
respectively. For further comparison of ζk and δk, see Example 9 below.

(c) We now compare the use of Q sym in equation (4) of Algorithm 1 with
the earlier algorithm presented in [6; §A.4]. The computing result is given in
Table 3.

Actually, as the problem mentioned in [8; §4], the curve of the initial vector
w(0) goes down rapidly at the beginning smaller intervals, and becomes too small
at the end intervals, due to the limitation of computer for calculation accuracy,
we can only get the expected result up to 1023 by using the algorithm in [6;
§A.4].
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Table 3. Outputs using the algorithm in [6; §A.4](Example 4)

N + 1 z(0) z(1) z(2) z(3)

8 0.304256 0.340851 0.342146 0.342148
16 0.195163 0.217878 0.219722 0.219732
50 0.171632 0.17606 0.176916 0.176937
100 0.171573 0.17269 0.172934 0.172941
500 0.171573 0.171618 0.171628
1000 0.171573 0.171584 0.171587
1023 0.171573 0.171584 0.171586

(d) It is the position to compare Algorithm 1 with the known ones. As well
known, the maximal eigenpair has a very wide application, such as Google’s
PageRank, the input-output method in economic optimization. Refer to [4-
7] for more information. From Wikipedia or textbooks, one may learn that
there are mainly two algorithms for computing the maximal eigenpair: Power
Iteration and Rayleigh Quotient Iteration. The former one is simpler and has
a wide application. But its convergence speed is very slow and hence is less
practical. The second one is a cubic algorithm, provided the initials are sharp
enough. However, it is a dangerous algorithm, as will be discussed in detail in
§4. A related algorithm is the famous QR Algorithm, which is used to compute
the eigensystem of a matrix. This algorithm is widely used in practice. The
price is the limitation of the scale of the matrix. As an illustration, we now
compare Algorithm 1 with the function ‘eig’ contained in Matlab. Table 4
presents the outputs corresponding to Example 4 for different N using the two
methods.

Table 4. Outputs using Algorithm 1 and eig (Example 4)

N + 1 Algorithm 1 eig
100 0.172941 0.172941
198 0.171925 0.171925
199 0.171922 0.171923
250 0.171794 0.171728
500 0.171628 0.172726

The function ‘eig’ is mature for computing all the eigenvalues of a matrix.
Table 4 shows that when N > 199, the outputs are incorrect. In fact, when
N = 198, the outputs using ‘eig’ are already complex (for instance, a complex
eigenvalue 5.77283+0.0163545i appears in the outputs of ‘eig’), but this matrix
Q only has real eigenvalues because it is symmetrizable. Thus, ‘eig’ is efficient
for medium-size matrices but not for larger matrices.

The typical Example 4 shows that Algorithm 1 is powerful for computing
the maximal eigenpair. In the next section, we introduce additional examples
to illustrate the power of the algorithm.

2 Examples
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In this section, the examples are taken from the papers [2, 4, 6, 8], except
Example 6 which is newly added. To compare the results with Algorithm 1, let
us look at the following example taken from [6; Appendix A.4] first.

Example 5. [6; Example A3] Let

T =


2.334 0.9962
0.5142 2.6725 0.1111

0.2115 2.263 0.1405
0.8442 2.8457 0.7595

0.2347 2.2257 0.0781
0.9837 2.1582

 .

Then the eigenvalues of T are

3.26753, 3.16247, 2.40182, 2.12632, 1.80416, 1.73679.

For the matrix T , we have m = 4.4494. The outputs using Algorithm 1 are
given in Table 5.

Table 5. Outputs by Algorithm 1(Example 5)

m− z(0) m− z(1) m− z(2) m− z(3) m− z(4)
3.41401 3.28721 3.26957 3.26757 3.26753

Comparing the results here with those in [6; Example A3], we know that
Algorithm 1 is as effective as the algorithm presented in [6; §A.4]. Note that
this example is somehow dangerous for Rayleigh Quotient Iteration (cf.[4] or the
first paragraph of §4.3 below) since the first two eigenvalues of T are very close
to each other. Now, the dangerous problem is avoided completely in Algorithm
1.

The next two examples satisfy condition (2) and hence have real spectrum.
Then we compute the maximal eigenvalue of the two complex matrices using
Algorithm 1.

Example 6. Let

T =


−2 2 + i

22(2− i) −1 3 + i
22(3− i) −3 1 + 2i

1− 2i −2 2 + 3i
2− 3i −4 2− i

4 + 2i 3

 .

Then the eigenvalues of T are

−10.0244, −7.26296, −2.65371, 0.243075, 4.50158, 6.19640.
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For the complex matrix T , we have

m =
√

5 + 4
√

10− 3.

The outputs using Algorithm 1 are given in Table 6.

Table 6. Outputs by Algorithm 1(Example 6)

m− z(0) m− z(1) m− z(2) m− z(3) m− z(4)
7.31593 6.34282 6.20382 6.19644 6.19640

Example 7. [8; Example 19] Let

T =


−1 2 + i

22(2− i) −1 24(2 + i)
62(2− i) −1 34(2 + i)

122(2− i) −1 44(2 + i)
202(2− i) −1

 .

Then the eigenvalues of T are

−756.391, −52.0308, −1, 50.0308, 754.391.

For the complex matrix T , we have m = 400
√

5 − 1. The outputs using Algo-
rithm 1 are given in Table 7.

Table 7. Outputs by Algorithm 1 (Example 7)

m− z(0) m− z(1) m− z(2)
773.836 754.594 754.391

We now compute three examples to explicitly illustrate the power of the
difference in using z(k) = ζ−1k and z(k) = δ−1k , respectively, in Algorithm 1.
The examples are birth-death matrices on E taken from [2; §3] satisfying that
c0 = b0 and ck = ak + bk, k ∈ E\{0}. Then, we have m = 0.

Example 8. [2; Example 3.5] Let bk = 2 (k > 0), ak = k (k > 1). Then λ0 = 1
for large enough N . For different N , the outputs are given in Tables 8 and 9,
using ζk and δk, respectively.

Table 8. Outputs for different N using ζk (Example 8)

N+1 z(0) z(1) z(2) z(3) z(4)

8 0.836045 0.992135 1.01307 1.01355
16 0.834044 0.977037 0.999391 1.00011
32 0.83404 0.976651 0.999245 0.999999 1.0
50 0.83404 0.97665 0.999245 0.999999 1.0
100 0.83404 0.97665 0.999245 0.999999 1.0
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Table 9. Outputs for different N using δk instead of ζk (Example 8)

N+1 z(0) z(1) z(2) z(3)

8 0.943632 1.00843 1.01353 1.01355
16 0.918635 0.99231 1.00004 1.00011
32 0.917966 0.99197 0.999921 1.0
50 0.917965 0.991969 0.999921 1.0
100 0.917965 0.991969 0.999921 1.0

Comparing Table 8 with Table 9, we know that when N > 32, the use of
ζk needs one more step than that of δk to get the expected result. But usually,
for larger matrices, the time spent in Table 8 is shorter than that of Table 9.
See for instance in the next example.

Example 9. [2; Example 3.7] Let

bk = (k + 1)4, ak = k(k − 1/2)(k2 + 3k + 3).

Then λ0 = 1/2 for large enough N . For different N , the outputs are given in
Tables 10 and 11, using ζk and δk, respectively.

Table 10. Outputs for different N using ζk(Example 9)

N+1 z(0) z(1) z(2) z(3)

8 0.416918 0.627353 0.633461 0.633466
50 0.35708 0.541483 0.548162 0.548169
100 0.347301 0.526674 0.533345 0.533353
500 0.335057 0.507877 0.514489 0.514498
1000 0.332284 0.503583 0.510173 0.510182
5000 0.328655 0.497945 0.504504 0.504512 (2.009s)
10000 0.327808 0.496625 0.503175 0.503184 (8.973s)

Table 11. Outputs for different N using δk(Example 9)

N+1 z(0) z(1) z(2)

8 0.616418 0.63343 0.633466
50 0.530028 0.548113 0.548169
100 0.515265 0.533295 0.533353
500 0.496589 0.514436 0.514498
1000 0.492332 0.51012 0.510182
5000 0.486749 0.50445 0.504512 (3.383s)
10000 0.485443 0.503121 0.503184 (24.602s)

For this example, we record the time needed to get the result for larger
N . From Tables 10 and 11, it follows that the use of ζk needs one more step
than that of δk, but saves much time. The next example exhibits the same
phenomenon.
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In view of Examples 8 and 9, for matrices whose scale is less than or equal to
1000, one may use δk instead of ζk. But as we have already seen, the difference
between them is slight.

Example 10. [2; Example 3.6], [4; Example 7] Let

bk = (k + 1)2, ak = k2.

Then λ0 = 1/4 for large enough N. For different N , the outputs are given in
Tables 12 and 13, using ζk and δk, respectively.

Table 12. Outputs for different N using ζk(Example 10)

N+1 z(0) z(1) z(2) z(3)

8 0.406762 0.514094 0.525176 0.525268
100 0.304993 0.36995 0.376269 0.376383
500 0.279999 0.333226 0.33823 0.338329
1000 0.273336 0.322412 0.327148 0.32724
5000 0.26322 0.304128 0.308454 0.308529 (2.088s)
7500 0.261484 0.300603 0.304845 0.304918 (4.711s)
10000 0.260397 0.298305 0.302489 0.302561 (8.516s)

Table 13. Outputs for different N using δk(Example 10)

N+1 z(0) z(1) z(2) z(3)

8 0.485985 0.52415 0.525267 0.525268
100 0.348549 0.374848 0.376378 0.376383
500 0.310195 0.33686 0.33832 0.338329
1000 0.299089 0.325735 0.327229 0.32724
5000 0.281156 0.306874 0.308514 0.308529 (4.281s)
7500 0.277865 0.303213 0.304903 0.304918 (11.077s)
10000 0.275762 0.300821 0.302545 0.302561 (55.355s)

Examples 8– 10 show the reason for choosing z(k) = 1/ζk from the compu-
tational point of view. To conclude this section. we study one more example.

Example 11. [4; Example 22] Let

T =


−5 5
3 −7 4

2 −3 1
10 −16 6

11 −11− b4

.
Then we have m = 0. For different b4, the outputs using Algorithm 1 are given
in Table 14.

Table 14. Outputs for different b4(Example 11)
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b4 z(0) z(1) z(2)

0.01 0.000143394 0.000278683 0.000278686
1 0.0130396 0.0244922 0.0245175

100 0.102368 0.182367 0.182819
106 0.109962 0.19468 0.195145

The number of iterations is the same as those given in [4], except when
b4 = 0.01, for which the use of Algorithm 1 requires one more step.

From the above examples, it follows that Algorithm 1 is efficient for com-
puting the maximal eigenpair. Furthermore, there is a natural way to study
the next to the maximal eigenpair, which is the topic in the next section.

3 Conservative case

In this section, we continue the study on a special case in Algorithm 1. That is
c̃N = ãN . Then the matrix Q̃ constructed in Algorithm 1 is conservative and so
has a trivial eigenvalue 0. The aim of this section is to study its sub-maximal
eigenpair. By using a shift mI, if necessary, we deal with the tridiagonal Q-
matrix of the following form:

Q=



−c0 b0
a1 −c1 b1

a2 −c2 b2
. . .

. . .
. . .

aN−1 −cN−1 bN−1
aN −cN

, (6)

where ak > 0 (1 6 k 6 N), bk > 0(0 6 k 6 N−1) and ck = ak+bk (with a0 :=
0 and bN := 0). Clearly, the maximal eigenvalue for this matrix is λ0 = 0
with constant eigenvector 1. Now, we compute the sub-maximal eigenvalue
λ1(Q) by the following algorithm, which is essentially harder but formally the

same as Algorithm 1, except the use of a new auxiliary tridiagonal matrix Q̃
on E1 := {k ∈ Z : 1 6 k 6 N}. Recall that E = E1

⋃
{0}. The next result is

due to [8; §4].

Algorithm 12. Suppose that Q is a tridiagonal matrix of form (6). Define a
measure µ corresponding to Q as follows:

µ0 = 1, µn = µn−1
bn−1
an

, 1 6 n 6 N. (7)

Before computing the sub-maximal eigenpair of Q, we need prepare three steps
1–3 as follows.
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Step 1. Define Q̃ ∼ (ãk,−c̃k, b̃k) on E1 as follows:
b̃1 = a1 + b0, b̃k = ak + bk−1 −

ak−1bk−1

b̃k−1
, 2 6 k < N,

ãk = ak + bk−1 − b̃k, 2 6 k < N, ãN =
aN−1bN−1

b̃N−1
,

c̃k = ak + bk−1, 1 6 k 6 N.

This is essentially different from Step 1 in Algorithm 1, in fact it uses a dual
technique. Other steps are similar to those in Algorithm 1, replacing E by E1 and
recall that in Algrithm 1, we made a convention that b̃N = c̃N − ãN .
Step 2. Define the symmetric tridiagonal matrix Q sym ∼ (a sym

k ,−c symk , b symk )
on E1 as follows:

c symk = c̃k, k ∈ E1,

a sym
k = b symk−1 =

√
ak−1bk−1, k ∈ E1\{1}.

Step 3. Define the upper triangular matrix (Mkj) and the vector (Φk) on E1:

Mkk = 1, Mkj = Mk,j−1
ãj

b̃j−1

[
=
ãk+1 · · · ãj
b̃k · · · b̃j−1

]
, 2 6 k + 1 6 j 6 N,

Φk =
1

b̃k
+

∑
k+16j6N

ãk+1 · · · ãj
b̃k · · · b̃j

=
∑

k6j6N

Mkj

b̃j
, 1 6 k 6 N.

With (ãk, b̃k), Q
sym, M and Φ at hand, we can now start our iterations.

Step 4. For given v(k) (k > 0), define

ζk= sup
16n6N

1√
b̃nv

(k)
n −

√
ãn+1v

(k)
n+1

n∑
j=1

v
(k)
j

√
Mjn

b̃n
, k > 0, (8)

with a convention that ãN+1 = 0. As in [8; Algorithm 29], choose w
(0)
i =√

Φi, i ∈ E1. Define

v(0) =
w(0)

√
w(0)∗w(0)

, z(0) =
1

ζ0
,

where ζ0 is defined by (8) with k = 0. For each k > 1, solve w(k) :(
−Q sym − z(k−1)I

)
w(k) = v(k−1) on E1, (9)

and define

v(k) =
w(k)

√
w(k)∗w(k)

, z(k) =
1

ζk
,
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where ζk is again defined by (8). Let (λ sym
1 , g sym) be the minimal eigenpair of

−Q sym. Then
λ sym
1 = lim

k→∞
z(k), g sym = lim

k→∞
v(k).

Step 5. Furthermore, denote the sub-maximal eigenpair of Q by (−λ1, f). Then

λ1 = λ sym
1 = lim

k→∞
z(k), f = M−1g = lim

k→∞

(
M−1g(k)

)
,

where M is a matrix on E ×E (recall that E = E1
⋃
{0}) of the following form:

M =


µ0 µ1 µ2 · · · µN
µ1 µ2 · · · µN

µ2 · · · µN
. . .

...
0 µN

,

µ is defined by (7), g and
(
g(k)

)
are vectors on E satisfying

g0 = 0, g|E1 = diag
(
hµ
)
g sym,

and
g
(k)
0 = 0, g(k)|E1 = diag

(
hµ
)
v(k).

Here, diag
(
hµ
)

is a diagonal matrix on E1 having diagonal elements
(
hµk
)
:

hµ1 = 1, hµk = hµk−1

√
bk−1
ak−1

[
=

k∏
j=2

√
bj−1
aj−1

]
, k ∈ E1 \ {1}.

Remark 13. We also use Thomas algorithm to solve equation (9).

For the remainder of this section, we introduce three examples to illustrate
the power of Algorithm 12. The next two examples are closely related to Ex-
amples 4 and 10, respectively.

Example 14. Consider the matrix on E :

Q=



−2 2
1 −3 2

1 −3 2
. . .

. . .
. . .

1 −3 2
1 −1

.

The computing result for different N using Algorithm 12 is given in Table 15.

Table 15. Outputs for different N using Algorithm 12(Example 14)
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N+1 z(0) z(1) z(2) z(3)

8 0.284681 0.37967 0.386839 0.386874
16 0.184834 0.221395 0.225864 0.225920
50 0.171578 0.176176 0.177128 0.177154
100 0.171573 0.172709 0.172961 0.172969
500 0.171573 0.171618 0.171628 0.171629
1000 0.171573 0.171584 0.171587
5000 0.171573 0.171573
10000 0.171573 0.171573
15000 0.171573 0.171573

Comparing Table 15 with Table 1, we know that when N > 1000, the
outputs are the same, which reflect some probabilistic idea.

Example 15. [4; Example 25] Consider the matrix

Q=



−1 1
1 −5 22

22 −13 32

. . .
. . .

. . .

(N − 1)2 −N2 − (N − 1)2 N2

N2 −N2


.

For different N , the outputs using Algorithm 12 are given in Table 16.

Table 16. Outputs for different N using Algorithm 12(Example 15)

N+1 z(0) z(1) z(2) z(3)

8 0.60449 0.80318 0.820402 0.820539
16 0.481611 0.638168 0.650021 0.650141
50 0.379585 0.494848 0.5035 0.503596
100 0.344814 0.444154 0.451895 0.451977
500 0.299131 0.373782 0.380427 0.380497
1000 0.287724 0.354814 0.36116 0.361228
5000 0.270961 0.324518 0.330299 0.330367
7500 0.268149 0.318939 0.32459 0.324659
10000 0.266398 0.315346 0.320907 0.320976

Example 16. [4; Example 26] Let

Q=


−5 5
3 −7 4

2 −3 1
10 −16 6

11 −11

.
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The eigenvalues of −Q are

22.348, 10.6857, 5.92951, 3.03673, 0.

The outputs using Algorithm 12 are given in Table 17.

Table 17. Outputs using Algorithm 12(Example 16)

z(0) z(1) z(2) z(3)

2.4898 2.97585 3.03569 3.03673

Comparing the result here with the outputs given in [4], we need one more
iteration using Algorithm 12. This often happens for smaller N . From Exam-
ples 15 and 14, it follows that Algorithm 12 is as powerful as Algorithm 1, since
they have the same computational complexity O(N).

The story of the development as well as intrinsic points are presented in the
next section.

4 Development and proofs

This section sketches some key points of the development of Algorithm 1. A
complete exploring would take a hundred of pages and hence is out of the scope
of such a survey article.

Let us begin this section with the well-known Rayleigh Quotient Iteration.
Rayleigh Quotient Iteration ( RQI) For a given real matrix A defined on

E×E, with nonnegative off-diagonal elements, let (λmax, gmax(A)) be the max-
imal eigenpair of A and (z(0), v(0)) be an approximation of (λmax, gmax(A)). At
the kth step (k > 1), solve the linear equation in w(k):(

z(k−1)I −A
)
w(k) = v(k−1),

where I is the identity matrix and define

v(k) =
w(k)

√
w(k)∗w(k)

, z(k) = v(k)∗Av(k).

Then v(k) converges to gmax and z(k) converges to λmax(A) as k →∞, provided
(z(0), v(0)) is close enough to (λmax(A), gmax).

In what follows, we will often use some probabilistic ideas. Our first object
is the Q-matrix:

Q = (qij : i, j ∈ E),

where qij > 0 for every pair i 6= j and
∑
j∈E

qij 6 0 for every i ∈ E. For simplicity,

we assume at the moment that

0 < λ0 < |λ1| 6 |λ2| 6 · · · ,
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where {λj} is the sequence of the eigenvalues of −Q. Suppose that the orthog-
onal eigenvectors corresponding to {λj} are {gj}. We now introduce RQI for
Q-matrix.

RQI for Q-matrix The algorithm is almost the same as the original one
except A is replaced by −Q, at the same time, the original iteration equation
is replaced by

(−Q− z(k−1)I)w(k) = v(k−1).

We know that RQI is fast for computing the maximal eigenpair but can be
dangerous because there are many pitfalls. To get the maximal eigenpair, there
is a strict restriction for the initial (z(0), v(0)). Fortunately, some basic analytic
estimates of the maximal eigenvalue and some mimics of its eigenvector were
obtained for many years of accumulation in the study of stochastic stability
speed. See [1, 2] for instance. Based on this, Algorithm 1 has been developed
in [4-8], and then Algorithm 12 is presented in [8]. Fig.1 exhibits the diagram
of the development from RQI to Algorithm 1.

Tridiagonal Q

2016 h-transformation (2014)

��
Hermitizable

T,A 2014

2018 // Q̃. Initial (v(0), z(0))

2016
��

Basic estimate
(2010)

2016oo

Coupling of Q̃
&Qsym (1991)

2018 //
Iterative equation(
−Q sym−z(k−1)I

)
×w(k)=v(k−1)

2016

��

z(k)= ζ−1k
(2010)

2018

ff

2018
xx

L.H. Thomas
algorithm (1949)

2018

88

shift z(k) =

v(k)∗(−Q̃)v(k)

Default algorithm

OO

z(k)= δ−1k
(2010)

2017oo

Fig.1 Diagram of development of Algorithm 1.

For the remainder of this section, we are going to explain this diagram by
six steps:

• isospectral operators. Q
2014−→ Q̃, T

2018−→ Q̃;
• initial (v(0), z(0));
• Rayleigh quotient → δ−1k ;
• coupling of non-symmetric matrix Q and symmetrized Q sym;
• computational complexity;
• Thomas algorithm.
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At the end of this section, we introduce the proof of Algorithm 12.

4.1 Isospectral operators. Q
2014−→ Q̃, T

2018−→ Q̃.

Before moving further, let us recall the so-called birth-death Q-matrix.

Definition 17. The matrix Q ∼ (ak,−ck, bk) is called birth-death Q-matrix
defined on E × E if

ak > 0, bk > 0, ck > ak + bk.

Let T be an Hermitizable tridiagonal matrix of form (1) and Q̃ be the one
defined by Algorithm 1. Recall that an isospectral transformation (h-transform
) was introduced in [9] which allows us to study the Q-matrix having arbitrary
diagonals. Then, an explicit construction of isospectral transformation in tridi-
agonal case (3 steps) was presented in [3], which is the h-transform used in
[4]. Nevertheless, there is quite a distance to arrive at the explicit formula of
h presented in Algorithm 1. For which, we need to say a little more. In the
study on the sub-maximal real part of eigenvalues, a question appears: when a
complex matrix has real spectrum? This triggered the study on Hermitizable
complex matrix [8; §2]. In which the direct explicit representation of isospectral
transformation in tridiagonal case is deduced [8; §3]. This completes the proof

of T → Q̃, that is quite hard. Furthermore, in terms of a modified Householder
transformation, it can be proved that a general Hermitizable complex matrix
is also isospectral to a birth-death matrix Q̃ [8; Theorem 24]. For tridiagonal
matrix, the transformation can be explained roughly by Theorem 18.

Theorem 18. Assume T is a complex matrix of form (1). Set A = T −mI,
where

m = sup
k∈E

(−ck + |ak|+ |bk|)+.

Let h be A-harmonic on E \ {N} with h0 = 1, i.e.,

(Ah)(k) = 0, k ∈ {0, 1, . . . , N − 1}.

Define Q̃ = diag(h)−1Adiag(h), where diag(h) is the diagonal matrix having diag-

onal elements (hk). Then Q̃ is a birth-death matrix of the form Q̃ ∼ (ãk,−c̃k, b̃k),
as presented in Step 1 of Algorithm 1.

Proof. By the explicit representation of the h-transform in [3; §2], we know

that the A-harmonic function h is positive. Since Q̃ = diag(h)−1Adiag(h), we
have

c̃k = ck +m, ãk =
hk−1
hk

ak, b̃k =
hk+1

hk
bk. (10)

According to (Ah)(k) = 0, k ∈ {0, 1, . . . , N − 1}, we get

ak
hk−1
hk

= c̃k − bk
hk+1

hk
.
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Combining this with (10), we have conservativity:

ãk = c̃k − b̃k, 1 6 k < N,

and invariance:

ãk b̃k−1 = akbk−1 = |akbk−1| = uk, 1 6 k 6 N,

where u is the one given in Algorithm 1. Thus,

b̃0 = c̃0, b̃k = c̃k − ak
bk−1

b̃k−1
= c̃k −

uk

b̃k−1
, 1 6 k 6 N,

and

ãN =
uN

b̃N−1
.

Furthermore, according to [8; Theorem 15], the sequences {ãk} and {b̃k} are
positive, provided m <∞. �

Remark 19. For the matrix Q̃ in Theorem 18, the sum of each row equals
zero, except the Nth row which is not positive.

Now, for a given Hermitizable tridiagonal complex matrix T , in terms of
Step 1, we can transform its spectrum to the one of a birth-death Q-matrix
Q̃. After completing this procedure, we need only to deal with the maximal
eigenpair computation for the birth-death Q-matrix Q̃. In what follows, unless

otherwise stated, we omit ‘∼’ in the notation of Q̃, ãk, c̃k, and b̃k.

4.2 Initial (v(0), z(0)).

About the study on maximal eigenpair ofQ-matrix, there is a long accumulation
on the estimation of stability speed. To illustrate this fact, here, we introduce
a couple of results which play a crucial role in the current algorithms. For this,
with (µk) defined by (7), let

ϕi =
N∑
j=i

1

µjbj
.

Next, define a sequence of test functions {f (n)}∞n=0 as follows.

f
(0)
i =

√
ϕi,

f
(n+1)
i =

N∑
j=i

1

µjbj

j∑
k=0

µkf
(n)
k , n > 0, i ∈ E. (11)
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To distinguish δn used in this paper, set

oδn = sup
i∈E

f
(n+1)
i

f
(n)
i

, n > 0,

where the superscript ‘o’ means ‘original’. Dually, we also have a sequence
{oδ′n}, but its expression is omitted here (cf. [2; §3]). Now, our basic estimates
given in [2; Theorem 3.2] say that

oδ−1k
x 6 λ0 6 yoδ′−1k .

Furthermore, by [2; Corollary 3.3], we have

1 6
oδ0
oδ′0
6 4.

Moreover, the upper bound is actually no more than 2 in practice. At the begin-
ning of paper [4], we adopted the initial (w(0), z(0)) :=

(
f (0), oδ−10

)
. Based on the

basic estimates just mentioned, our initial is good enough in most situations,
hence in [4], we simply set z(k) for k > 1 to be the Rayleigh quotient:

z(k) = v(k)∗(−Q) v(k), k > 1.

4.3 Rayleigh quotient→ δ−1
k .

RQI can be used in many cases due to its simplicity, the danger going into
pitfalls is its limitation. Given the symmetrizable matrix Q for example, we
usually have

v(k)∗(−Q) v(k) > λ0.

There may be another eigenvalue λ
′
(> λ0) nearer v(k)∗(−Q) v(k) than λ0, then

the algorithm will converge to λ
′ 6= λ0, i.e. falling into the pitfall λ

′
. Because of

this fact, in [6, 7], when k > 1, the Rayleigh quotient v(k)∗(−Q) v(k) is replaced
by z(k) = δ−1k :

δk = sup
06n6N

1

v
(k)
n

[
ϕn
∑

06i6n

µiv
(k)
i +

∑
n+16j6N

µjϕjv
(k)
j

]
, k > 0, (12)

By [2; Theorem 2.4 (3)], δ−1k is a lower bound of λ0. That is, δ−1k ∈ (0, λ0]. Now,
since there are no other eigenvalues on (0, λ0), our modified algorithm becomes
safe, never falling into pitfalls. It is quite remarkable that if we set f (k) = v(k)

in (11), then the resulting oδk coincides with δk in (12) (cf. [2; (3.6)]).
The difference of the sequences {δk} and {oδk} should be clear now. For

{δk}, the sequence {v(k)} comes from the shifted inverse iteration:

(−Q− z(k−1)I)w(k) = v(k−1), v(k) :=
w(k)

√
w(k)∗w(k)

.
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For {oδk}, the involved sequence {f (n)} defined in (11) comes from the ordinary
inverse iteration (without shift):

(−Q)f (k) = f (k−1). (13)

Actually, for given f (k−1), the solution f (k) to the Poisson equation (13) has an
explicit representation as written by (11). Therefore, we can also write

f (k) = (−Q)−1f (k−1).

Similarly, for w(k), we have the representation

w(k) = (−Q− z(k−1)I)−1v(k−1).

Thus, for given v, these two iterations produce two outputs

f = (−Q)−1v, w = (−Q− zI)−1v,

for some z ∈ (0, λ0). Corresponding to these two functions f and w, we have
the following estimates of λ0,

oδ and δ, respectively:

oδ = sup
i∈E

1

((−Q)−1v)i

N∑
j=i

1

µjbj

j∑
k=0

µk
(
(−Q)−1v

)
k
,

δ = sup
i∈E

1

((−Q− zI)−1v)i

N∑
j=i

1

µjbj

j∑
k=0

µk
(
(−Q− zI)−1v

)
k
.

Since the convergence speed of the shifted inverse iteration is much faster than
the one of ordinary inverse iteration, we believe that

δ 6 oδ. (14)

Perhaps, δ = δ(z) is decreasing in z on (0, λ0). But there is still no analytic
proof for (14).

Nevertheless, we can prove that the sequence {δk} defined by (12) is de-
creasing in k. The proof will be published elsewhere.

4.4 Coupling of non-symmetric matrix Q and symmetrized Q sym.

In [18] and [8; §3], the computational trouble caused by non-symmetric matrix
was illustrated in detail. On the one hand, in non-symmetric case, the eigen-
vector we concerned increases (or decreases) very fast, which is the problem
that the computer cannot deal with. On the other hand, if we replace Q by
Q sym, the spectrum remains, but it often happens that the sum of some of the
first N rows is not zero, which makes the use of {δk} and w(0) meaningless.
If we now use the isospectral transformation in §4.1 on Q sym, then we return
to the non-symmetric Q. This leads to an unsolvable circulation. To be brief,
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the advantage of Q is that for which we have good estimates δk and w(0), and
the advantage of Q sym is that for which there are many mature algorithms.
However, these two are not compatible. This hard problem troubled us for a
couple of years. The method we used here is to “let the two get married”,
which means to use both of their advantages simultaneously. For mathematical
details, see [8; §4]. Clearly, this coupling technique should be meaningful for
other algorithms of non-symmetric and symmetric ones.

In order to go back to the original matrix T , let (λmax(T ), gmax) denote its
maximal eigenpair. From Steps 1–3 of Algorithm 1, we have taken the following
two isospectral transforms:

A = T−mI h−→ Q̃ = diag(h)−1Adiag(h)
µ̃−→ Q sym = diag(µ̃)1/2Q̃diag(µ̃)−1/2.

Noticing that the output (z, v) from the last iteration in Step 4 is an approxi-
mation of the minimal eigenpair of −Q sym, we have

λmax(T ) ≈ m− z, gmax ≈ diag
(
hµ̃−1/2

)
v.

By (10), we have

h0 = 1, hk = hk−1
b̃k−1
bk−1

.

By the definition of µ̃, we have

µ̃0 = 1, µ̃k = µ̃k−1
b̃k−1
ãk

.

Since
b̃k−1
bk−1

(
b̃k−1
ãk

)−1/2
=

1

bk−1

√
ãk b̃k−1 =

√
uk

bk−1
,

we have

hµk :=
hk√
µ̃k

= hµk−1

√
uk

bk−1
, hµ0 = 1.

Then, we get the last assertion of Algorithm 1.

4.5 Computational Complexity

Based on the computational complexity, two improvements are made to arrive
at Algorithm 1. The first one is the use of the matrix M and the vector Φ
stated in Step 3 of Algorithm 1, which are used to leveling the quantities we
required and then fasten the computations.

The second improvement is replacing δk in §4.2 and §4.3 by ζk appeared in
Step 4 of the algorithm. This is somehow strange since in general, the estimates
using ζk is poorer than the use of δk (refer to [2; (2.22)]):

ζ−1k 6 δ−1k 6 λ0.
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Hence, we usually do not use ζk to estimate λ0 (refer to [2; Theorem 3.2] for
instance). However, such a replacement is reasonable since in the expression
of δk, one uses double summation, it has complexity O(N2), but ζk uses only
a single summation, having complexity O(N). Therefore, the use of ζk saves
much computation time especially for larger N .

4.6 Thomas algorithm

The algorithm goes back to L.H. Thomas (1949), referring to [15] for a short
history. The algorithm is designed especially for tridiagonal systems. It is
famous since it is an unusual O(N)-algorithm (see [11]). Nevertheless, it is
not surprising that the algorithm may be unstable, as pointed in [12]. Very
fortunately, our algorithm costs no trouble since at each step of the iterations,
it keeps us in the safe region. See [8] for more details.

4.7 Proof of Algorithm 12

From [8; Proof of Algorithm 29], we have Q̂ = MQM−1, where

Q̂=



0 0 0
b0 −(a1 + b0) a1

b1 −(a2 + b1) a2
. . .

. . .
. . .

bN−2 −(aN−1 + bN−2) aN−1
bN−1 −(aN + bN−1)

.

Then Q̂ and Q have the same spectrum. By removing the first row and the
first column of Q̂, we obtain a matrix on E1 × E1:

Q̂1=


−(a1 + b0) a1

b1 −(a2 + b1) a2
. . .

. . .
. . .

bN−2 −(aN−1 + bN−2) aN−1
bN−1 −(aN + bN−1)

.

Now, the spectrum of Q ignoring the trivial eigenvalue 0 coincides with the
spectrum of Q̂1. The sub-minimal eigenvalue of −Q coincides with the minimal
eigenvalue of −Q̂1. Applying Algorithm 1 to the matrix Q̂1, we get Algorithm
12. Here, we prove the assertion about the sub-maximal eigenvector in Al-
gorithm 12. Let (z, v sym) be the output from the last iteration in Step 4 of
Algorithm 12. Note that the development of Algorithm 12 goes as follows:

Q̂1 ∼ (âk,−ĉk, b̂k) −→ Q̃ ∼ (ãk,−c̃k, b̃k) −→ Q sym ∼ (a sym
k ,−c symk , b symk ).
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Following the proof given in the last part of §4.4, replacing E by E1, we have

h1 = 1, hk = hk−1
b̃k−1

b̂k−1
= hk−1

b̃k−1
ak−1

,

µ̃1 = 1, µ̃k = µ̃k−1
b̃k−1
ãk

.

Noting that

b̃k−1
ak−1

(
b̃k−1
ãk

)−1/2
=

1

ak−1

√
ãk b̃k−1 =

1

ak−1

√
âk b̂k−1 =

√
bk−1
ak−1

,

we obtain

hµk :=
hk√
µ̃k

= hµk−1

√
bk−1
ak−1

, k > 2; hµ1 = 1.

Then, it follows that the eigenvector of Q̂1 corresponding to λ1 is

ĝ ≈ diag
(
hµ
)
v sym.

The eigenvector of Q̂ corresponding to λ1 is g:

g0 = 0, g|E1 = ĝ ≈ diag
(
hµ
)
v sym.

Combining this with Q̂ = MQM−1, we get the eigenvector of Q corresponding
to λ1 is M−1g.

To conclude this paper, we make two remarks. First, even though we con-
centrate on tridiagonal matrix here, there are some ways to extend it to the
general one, as did in [4; Appendix of §3 or §4], except the general Hermitizable
matrices mentioned above. Next, we also have global algorithms presented in
[6] to deal with general matrices, especially for those having nonnegative off-
diagonal elements. Here is a very simple example to show the importance of
the last algorithm.

Example 20. Study the maximal eigenpair of the matrix

A = (akj), akj =
(
2k∧j − 1

)
2−j , 1 6 k, j 6 N.

Here we adopt three different approaches.

(a) By using the package ‘Eigensystem’ in Mathematica (version 10.3 or 11.3)
on PC, it works well up to N = 11. Starting from N = 12, the output
of the components of the vector have different signs. Since A is positive,
this is clearly impossible by the well-known Perron-Frobenius theorem.

(b) Next, we use the package ‘eig’ in MatLab, similar result appears. Starting
from N = 173, the output of the components of the vector have different
signs.
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(c) However, when we use [6; Algorithm 5], it is well done up to N = 2104 by
saving 10−6 precision

(
max(Aw)j/wj −min(Aw)j/wj < 10−6, where w is

the output of the corresponding eigenvector
)
. It takes 235 iterations to get

the stable approximation of the eigenvalue: 5.82832. The larger number
of iterations is due to the fast decay of the approximating eigenvector,
up to 10−310. For more larger N , the outputs increase to 5.828335 at
N = 2145, which seems incorrect since then we have

max(Aw)j/wj −min(Aw)j/wj > 10−6.

This application of the global algorithm just mentioned leads to some
improvements of [6]. The results will be published elsewhere.

Hopefully, this paper proves the value of the algorithms developed in [4-8].
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Abstract

This paper is a continuation of our previous paper [Front. Math.
China, 2017, 12(5): 1023–1043] where global algorithms for computing
the maximal eigenpair were introduced in a rather general setup. The
efficiency of the global algorithms is improved in this paper in terms of a
good use of power iteration and two quasi-symmetric techniques. Finally,
the new algorithms are applied to Hua’s economic optimization model.
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1 Introduction.

Let A be a nonnegative matrix. Given v (vector) and z (constant), there are
three main points for the main algorithm proposed in [5]. The first one is
solving the linear equation:

pzI ´Aqw “ v

in w. Analytically, one may rewrite it as

w “ pzI ´Aq´1v,

and hence it is called the shift inverse iteration. The second one is the choice
of initial vector vp0q (regarded as a mimic of the maximal eigenvector). For
the global use, it was simply chosen to be the uniform one 1 (the column
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vector having components 1 everywhere). The third point is Collatz–Wielandt
formula (variational formula for the maximal eigenvalue):

sup
xą0

min
iPE

pAxqi
xi

“ ρpAq “ inf
xą0

max
iPE

pAxqi
xi

. (1)

Due to the fact that the convergence speed of the shift inverse algorithm is
faster than the inverse one, the algorithm is often practical. The advantage of
the initial vp0q “ 1 and the formula (1) is that they can be used in common.
But they are clearly not as effective as we can imagine.

Clearly, each of the three points mentioned above is actually not new in
the field. However, the following example proves the value of [5; Algorithm 2].

Example 1 Let H “ phk`q
N
k,`“1 with

hk` “
2k^` ´ 1

2`
` 1t`ďku.

In what follows, we adopt three methods to compute the maximal eigenpair
of the matrix H.

(a) By using the package ‘eig’(eigenvalues and eigenvectors) in MatLab (ver-
sion R2016b) to compute the maximal eigenpair of H:pg, λ0q“eigspH, 1q.
The correct eigenpair can be computed up to N “ 45 in terms of

maxtpHgqj{gju ´mintpHgqj{gju ă 10´6

to confirm the result.

(b) Next, when we use the package ‘Eigensystem’ in Mathematica (version
11.3) on PC, similar result appears. Starting from N “ 40, the compo-
nents of the output of the vector have different signs.

(c) However, when we use [5; Algorithm 2](which is reviewed right after
Algorithm 2 in Section 2), it is well done up to N “ 1795 by saving 10´6

precision

max
pHwqj
wj

´min
pHwqj
wj

ă 10´6,

where w is the output of the maximal eigenvector approximation. It
takes 234 iterations to get the stable approximation of the eigenvalue:
8.99978. The larger number of iterations is due to the fast decay of the
approximating eigenvector, up to 10´317. But for N “ 1796, the output
seems incorrect since then we have

max
pHwqj
wj

´min
pHwqj
wj

ą 10´6.
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Example 1 cshows that [5; Algorithm 2] is meaningful but also illustrates
that some skills are still needed to improve [5; Algorithm 2]. It is a challenge
for us to find some way to improve the algorithm. Very fortunately, we can
now answer partially the question in the present paper.

Since it takes a non-trivial way to obtain the improved algorithms, we use
several sections to describe step by step with illustrations, the progress of the
improvements. For the reader who is in hurry to see the main result, one may
simply have a look at Sections 3 and 4. In Section 2, the improved algorithm
with the help of the power iteration is introduced and its effectiveness is illus-
trated. In Section 3, the main algorithm of the paper is presented. For which,
we adopt a quasi-symmetrizing technique to leveling the amplitude of the ma-
trices. Furthermore, a technique to symmetrizing the maximal eigenvector is
given in Section 4. In Section 5, an improved algorithm corresponding to s-
parse matrices is presented and three examples are computed to illustrate the
power of the algorithm. In Section 6, we first prove two assertions: the first
one is the positivity of the inverse Q-matrices, the second one is the conver-
gence of the algorithms. Besides, the explicit representation of the inverse for
a single birth Q-matrix or a single death one is presented. In Section 7, an
application of our algorithms to Hua’s economic optimization is included.

2 Good use of power iteration

In what follows, let the matrix A “ paij : 0 ď i, j ď Nq be irreducible and
nonnegative: aij ě 0. Here, we omit the trivial case that

ř

j aij ” constantm ą

0. There is a natural improvement of [5; Algorithm 2] using power iteration.
Throughout the paper, we often use the `2-norm }v} of a vector v. Certainly,
one is free to use other norms.

Algorithm 2 (Improved algorithm with power iteration) Let A “ paijq be
given.

(i) Initials.
`

yp0q, zp0q
˘

: let

wp0q “ A

ˆ

1
}1}

˙

, xp0q “ A

˜

wp0q

}wp0q}

¸

, up0q “
xp0q

}xp0q}
, yp0q “ Aup0q.

Replacing A with A˚(the transpose of A), we have:

pw “ A˚
1
}1}

, px “ A˚
pw

} pw}
, pu “

px

}px}
, py “ A˚pu.

Next, define

zp0q “

˜

max
0ďiďN

y
p0q
i

u
p0q
i

¸

ľ

ˆ

max
0ďiďN

pyi
pui

˙

.

Here, for given two numbers a and b, a^b “ minta, bu, a_b “ maxta, bu.
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(ii) Iterations.
`

ypnq, zpnq
˘

pn ě 1q : given y “ ypn´1q and z “ zpn´1q, let

v “ y{}y} and set w “ wpnq to be the solution to the equation

pzI ´Aqw “ v. (2)

Then, define

xpnq “ A
w

}w}
, upnq “

xpnq

}xpnq}
, ypnq “ Aupnq.

rzpnq “ min
0ďjďN

y
pnq
j

u
pnq
j

, zpnq “ max
0ďjďN

y
pnq
j

u
pnq
j

.

If at some n ě 1, zpnq ´ rzpnq ă 10´7 (or |zpnq ´ zpn`1q| ă 10´7)(say!), then
stop the computation. At the same time, regard

`

zpnq, ypnq
˘

as an approximation

of the maximal eigenpair of A. Then the sequence t
`

zpnq, ypnq
˘

uně0 converges

to the maximal eigenpair of A. Moreover, the resulting tzpnqu
`

resp., trzpnqu
˘

is
decreasing (resp., increasing) in n.

For simplicity, in what follows we say that “use row for zp0q” in the case
that the first term in the definition of zp0q is smaller or equal to the second one,
since then we mainly use the rows of A in the products with a fixed column
vector. Otherwise, we say that “use column for zp0q”.

In Algorithm 2, the approximation typnqu of the maximal eigenvector is
different from those in [5]. Here ypnq is not normalized. The precision setting
to be 10´7 is for safe to a designed precise level of the outputs, but all the
examples in this paper are computed with the precision of 10´6. Algorithm 2
is obtained by adding two steps of power iteration to [5; Algorithm 2]. Since
the shift inverse iteration depends heavily on the initial zp0q (as well as vp0q), a
natural way to look for an improvement of the global algorithm is examining
the development of the study on the estimation of the maximal eigenvalue for
nonnegative matrices. Meanwhile, we found a nice progress has been made
in recent years, see for instance [1, 13, 20]. In particular, we found that the
estimates provided in [20] does improve our original algorithm of zp0q. The
three papers just cited started at the same initial estimates, which were given
by (1) with the simplest choice x “ 1, as we did in our algorithm. After
working for some weeks along this line, we realized that the method in both
[1] and [20] is more or less a modification of the power iteration, since the main
tool used in these papers is the power A21 or more general Am1 pm P Nq. For
this, we simply choose Am1 instead of 1 as a new initial vp0q and adopt once
again (1) with x “ vp0q to produce new initial zp0q. This is actually a round way
in our study. From the first example in [4], we learnt that the power iteration
is nearly impractical since its convergence speed is too slow. However, we
also know from the example that the convergence speed is not so slow at the
beginning iterations. This leads us to come back to the power iteration.
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For later use, we fix a phase “2 iterations for vp0q”. That is at the begin-
ning part (i) in Algorithm 2: we use the power iteration twice, in wp0q and
xp0q, respectively, ignoring the successive up0q. Usually, we use the phrase “2
iterations” only in what follows. Occasionally, we adopt “4 iterations for vp0q”,
which should be now understandable and so we are not going to state the de-
tails here. Let us look at some examples to illustrate the effectiveness of power
iteration used in Algorithm 2. Examples 3-5 are computed using MATLAB
R2016b.

Example 3 (Circulant matrix) Consider the matrix

A “

¨

˚

˚

˚

˚

˚

˚

˚

˝

1 2 3 ¨ ¨ ¨ N ´ 1 N
2 1 2 ¨ ¨ ¨ N ´ 2 N ´ 1
3 2 1 ¨ ¨ ¨ N ´ 3 N ´ 2
...

...
...

. . .
...

...
N ´ 1 N ´ 2 N ´ 3 ¨ ¨ ¨ 1 2
N N ´ 1 N ´ 2 ¨ ¨ ¨ 2 1

˛

‹

‹

‹

‹

‹

‹

‹

‚

.

For this model, A is positive and symmetric, and its maximal eigenvector is
symmetric. Tables 1 and 2 present the approximating outputs pzpkqq of the
maximal eigenvalue of A corresponding to the fixed phases 2 and 4 iterations
for vp0q, respectively.

Table 1. Approximating outputs pzpkqq for different N using Algorithm 2
(2 iterations for vp0q)

N zp0q zp1q zp2q

8 29.7241 29.638
32 388.542 386.326 386.325
100 3594.75 3570.32
500 87974.7 87334.7 87334.5
1000 350950 348374 348373
1600 897520 890911 890910

Table 2. Approximating outputs pzpkqq for different N using Algorithm 2
(4 iterations for vp0q)

N zp0q zp1q N zp0q zp1q

8 29.6396 29.638 500 87355.6 87334.5
32 386.386 386.325 1000 348459 348373
100 3571.08 3570.32 1600 891129 890910

In Tables 1 and 2, the results of N “ 8 are checked by both Mathematica
and MatLab. As a comparison, the outputs using [5; Algorithm 2] are pre-
sented in Table 3 below.
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Table 3. Approximating outputs pzpkqq for different N using [5; Algorithm 2]

N zp1q zp2q zp3q zp4q

8 30.519 29.6602 29.638
32 414.272 387.922 386.331 386.325
100 3883.74 3591.51 3570.43 3570.32
500 95577.5 87927.4 87338.1 87334.5
103 381553 350778 348388 348373

1600 976051 897098 890948 890910

Example 4 (Sequential array) Consider the matrix

A “

¨

˚

˚

˚

˝

1 2 3 ¨ ¨ ¨ N ´ 1 N
N ` 1 N ` 2 N ` 3 ¨ ¨ ¨ 2N ´ 1 2N

...
...

...
. . .

...
...

N2 ´N ` 1 N2 ´N ` 2 N2 ´N ` 3 ¨ ¨ ¨ N2 ´ 1 N2

˛

‹

‹

‹

‚

.

When N “ 4, it is better to use column than row for the initial zp0q. By
Algorithm 2, the computation is done in 1 step:

tzpkqu1k“0 : 36.2222, 36.2094.

This was done in [4; Example 14] in 4 iterations.
When N “ 50, by Algorithm 2, the computation is also done in 1 step:

tzpkqu1k“0 : 62938.6, 62938.6.

For this example, the results of N “ 4 and N “ 50 are checked by both
Mathematica and MatLab. For different N ě 100, the outputs tzpnqu of
Algorithm 2 are given in Table 4. All the computations need only 1 steps.

Table 4. Outputs tzpnqu for different N using Algorithm 2

N zp0q zp1q N zp0q zp1q

100 501710.85 501710.82 1000 500167110.85 500167110.82
500 62541888.63 62541888.59 2000 4000667555.3 4000667555.26

Example 5 (Continued) Let H be the same as the one in Example 1.
Suppose that rH “ prhk`q is obtained from H by omitting the term 1t`ďku:

rhk` “
2k^` ´ 1

2`
.

Using Algorithm 2, let iter denote the iterations needed to get the expected
stable result ziter, and viter denote the expected stable eigenvector approximation.
Tables 5 and 6 present the final outputs using Algorithm 2, where iter0 denotes
the iterations needed using [5; Algorithm 2] to get the same expected result.
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Table 5. Outputs of H for different N using Algorithm 2
N iter0 iter ziter max viter{min viter

10 8 4 6.357802 2.239986ˆ 10´12

100 28 17 8.934787 7.743369ˆ 10´9

500 89 61 8.997203 6.594556ˆ 10´8

1000 150 107 8.999295 9.026395ˆ 10´8

1500 204 149 8.999686 1.617165ˆ 10´7

1795 234 173 8.999781 2.762561ˆ 10´7

1796 234 173 8.999781 1.291966ˆ 10´6

Table 6. Outputs of rH for different N using Algorithm 2
N iter0 iter ziter max viter{min viter

10 6 3 3.950588 3.838872ˆ 10´9

100 25 15 5.784423 2.677261ˆ 10´7

500 80 55 5.826557 9.008915ˆ 10´8

1000 133 96 5.827956 5.365588ˆ 10´7

1500 181 134 5.828217 6.120925ˆ 10´8

2000 226 169 5.828309 9.745920ˆ 10´7

2099 235 176 5.82832 9.718122ˆ 10´7

2100 235 176 5.82832 1.727677ˆ 10´6

The above three examples show that the power iteration works well in
choosing the initial pvp0q, zp0qq. Now, we want to show that the conclusion may
fail in some cases. Examples 6 and 7 are accomplished using Mathematica.

Example 6 ([5; Example 7]) Define

Q“

¨

˚

˚

˚

˚

˚

˚

˚

˚

˝

´1 1

a2 ´a2´2 2 0
a3 ´a3´3 3
...

. . .
. . .

aN´1 0 ´aN´1´N ` 1 N ´ 1
aN ´aN´N

˛

‹

‹

‹

‹

‹

‹

‹

‹

‚

on E “ t1, ¨ ¨ ¨ , Nu. For simplicity, we specify ak “ 1{k. Next, define a positive
shift of Q:

A “ Q` pN `N´1q I.

Then, A is a nonnegative matrix.

First, we want to know the effectiveness of the power iteration for A. To
do so, let

vp0q “
1
?
N
, zp0q “ max

1ďjďN

pAvp0qqj

v
p0q
j

,

vpkq “ A
vpk´1q

}vpk´1q}
, zpkq “ max

1ďjďN

pAvpkqqj

v
pkq
j

.
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Clearly, vpkq and zpkq are the mimic of the maximal eigenvector and the cor-
responding maximal eigenvalue, respectively. When N “ 50, the outputs of
the power iteration are given by Table 7. The outputs are checked by both
Mathematica and MatLab.

Table 7. Outputs of power iteration for Example 6

k zpkq

1 ď k ď 93 50.02

94 ď k ď 98 50.0199

99 ď k ď 100 50.0198

85 90 95 100

50.0198

50.0198

50.0199

50.0199

50.0200

50.0200

50.0201

50.0201

Fig.1 Figure of zpkq for k “ 0, 1, ¨ ¨ ¨ , 100

Fig.1 shows that it is too slow for the sequence pzpkqq to converge to the
maximal eigenvalue ρpAq “ 49.6592. Now, what is the reason? To see this,
recall that the iteration is mainly designed for the convergence of the ap-
proximating sequence pvpkqq of the maximal eigenvector. We now look at the
outputs of vp5q:

p7.37395, ¨ ¨ ¨ , 7.37395, 1.38646, .0825569, .0100788, .00601827, 0.0029484q.

This says that after 5 iterations, among the 50 components of the vector
vp5q, only its last 5 components are changed, all the others remain to be the
same 7.37395. Next, if we look at the outputs of vp10q, then only the last 10
components of vp10q are changed. The numbers of modified components are
actually decreasing in k. This is due to the fact that the matrix A is very
sparse and its conservativity except its last line. Hence, the resulting pzpkqq
can keep to be the same 50.02 until k “ 93.



1528 Mu-Fa Chen & Yue-Shuang Li

So far, we have seen that for positive matrices (Examples 4, 5), the power
iteration is powerful enough, however, for sparse matrix (Example 6), it is
rather poor. To confirm this conclusion, let us give a revised example: reset

AQ “ p´Qq
´1.

Then, as will be proved later (Lemma 21), AQ is positive. We now apply our
algorithm to this AQ. By Algorithm 2, we arrive at the required result at the
second step:

tzpkqu2k“0 : 2.83409, 2.77215, 2.77174. (3)

This example was computed in [5; Example 7] with 5 iterations.

Example 7 (A single death model) Let Q“pqijq
N
i,j“1:

Q“

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

´
7

32
2

33
2

34
¨ ¨ ¨

2

3N´1
2

3N
1

3N

2

3
´

7

32
2

33
¨ ¨ ¨

2

3N´2
2

3N´1
1

3N´1

2

3
´

7

32
. . .

. . .
2

3N´2
1

3N´2

. . .
. . .

. . .
...

...
. . . ´

7

32
2

32
1

32

0 2

3
´

7

32
1

32

2

3
´

2

3

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

.

and

A “ Q`
7

9
I.

Clearly, A is nonnegative. As in Example 6, we now apply the power iteration
to the present A. When N “ 50, the outputs are given in Table 8.

Table 8. Outputs of power iteration for Example 7

k zpkq

1 ď k ď 44 7{9 « 0.777778

k “ 45 0.777728

k “ 46 0.777308

k “ 50 0.77263

The critical point here is k “ 45, smaller than that in Example 6. This is
reasonable since the matrix A in Example 7 is much less sparse than the one
in Example 6.
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Again, following the previous example, we now apply our algorithm to
Hp“ AQq “ p´Qq´1. It seems rather strange that we need 10 iterations
to achieve the required result, much more than 2 iterations for the previous
example. The outputs of tzpkqu10k“0 are listed below:

27.7745, 19.2867, 14.3267, 11.7687, 10.3249, 9.49169,

9.03474, 8.8256, 8.76758, 8.7628, 8.76276.
(4)

The different iteration numbers in (3) and (4) is due to the different ampli-
tudes of AQ and H in Examples 6 and 7, as shown in Table 9.

Table 9. Amplitude of the matrices in Examples 6 and 7

Example Amplitude

Example 6 minAQ “ 8.16327ˆ 10´6, maxAQ “ 1.802

Example 7 minH “ 8.88178ˆ 10´16, maxH “ 2

In conclusion, our algorithm becomes less efficient if the amplitude of the
matrix is bigger. The main task of the next section is to overcome this diffi-
culty.

The next section introduces a method to leveling the amplitude of the
bigger matrices. Algorithm 8 given in the next section is the main algorithm
of this paper.

3 Quasi-symmetrizing technique for matrices

Recalling that an efficient algorithm for tridiagonal matrices was introduced
in [4; §3] to compute the maximal eigenpair of matrices, later, improved algo-
rithms were proposed in the following-up articles [5] and [9]. Refer to paper
[10] for the development of the powerful algorithm for maximal eigenpair of
Hermitizable matrices in [4; §3], [5; §A.4] and [9; §4]. Among which, the
symmetrizing technique plays a crucial role.

The main algorithm of the paper is to use all the techniques mentioned
above to improve the efficiency of [5; Algorithm 2]. In what follows, for given
vector u “ pukq, Diagpuq denotes the diagonal matrix having diagonal elements
pukq.

Algorithm 8 Let A “ paijq be given. Define a conservative Q-matrix

Q “ A´DiagpA1q,

denote by µ “ pµ0, µ1, ¨ ¨ ¨ , µN q with µ0 “ 1 the unique solution to the equation

µQ “ 0.
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Then, define the quasi-symmetric matrix Asym :

Asym “ Diagpµ1{2qADiagpµ´1{2q.

With the preparations Asym and µ at hand, we can now give the initials and
iterations to get the maximal eigenpair of A . In fact, everything is the same as
Algorithm 2 except replacing A with Asym. If at some n ě 1, zpnq´ rzpnq ă 10´7

(or |zpnq´ zpn`1q| ă 10´7)(say!), then stop the computation. At the same time,
regard

`

zpnq,Diagpµ´1{2qypnq
˘

as an approximation of the maximal eigenpair of

A. Then the sequence t
`

zpnq,Diagpµ´1{2qypnq
˘

uně0 converges to the maximal

eigenpair of A. Moreover, the resulting tzpnqu
`

resp., trzpnqu
˘

is decreasing (resp.,
increasing) in n.

To have a more concrete impression of the influence of the amplitude in
the eigenproblem, let us consider a very simple model first.

Example 9 (Continued) Let

rH “ prhkjq
N
k,j“1,

rhkj “
2k^j ´ 1

2j
. (5)

Then rH is positive, its elements rhkj have exponential decay in j.

As mentioned in [10; Example 20], to compute the maximal eigenpair of
this model, the package ‘Eigensystem’ in Mathematica is available only up to
N “ 11; and the package ‘eig’ in MatLab works only up to N “ 50. However,
[5; Algorithm 2] works well up to N “ 2102. While the result in Example 5
shows that it is well done up to N “ 2099 using Algorithm 2.

Actually, the matrix rH is symmetrizable in the following sense: there is a
positive measure pµkq such that

µirhij “ µjrhji, 1 ď i, j ď N phere µj “ 2´jq.

This is equivalent to the symmetry of the matrix

pH “ Diagpµ1{2q rH Diagpµ´1{2q. (6)

Therefore, the computation of the maximal eigenpair of A is reduced to the
one of pH. Using Mathematica, applying Algorithm 2 to the matrix pH, when
N “ 2043, we obtain the required result at the second step:

tzpkqu2k“0 : 5.82843, 5.82834, zp2q “ 5.82831.

For the final vp2q (i.e., the approximation of the maximal eigenvector of pH),
rewrite it as v˚ for simplicity, we have max v˚{min v˚ “ 648.912. The figure
of v˚ is given in Fig.2.
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0 500 1000 1500 2000

0.005

0.010

0.015

0.020

0.025

0.030

Fig.2 Figure of the final v˚.

Furthermore, it is easy to check that

´ rH´1 “ Q“

¨

˚

˚

˚

˚

˚

˚

˚

˝

´3 1
2 ´3 1

2 ´3 1
. . .

. . .
. . .

2 ´3 1
2 ´2

˛

‹

‹

‹

‹

‹

‹

‹

‚

.

Hence, the computation of the maximal eigenpair of rH is reduced to the one
for Q, which is the birth–death type and is studied in detail in [10]. Hence, it
is not hard now to solve the problem for large N , say N “ 15000 for instance.
But we are not going to the details here.

Anyhow, in the symmetrizable case, by (6), we have already reduced our
problem to the symmetric one. Now, a new question arrives. How to handle
with the non-symmetrizable case? For this, we introduce a notation.

Definition 10 For a given positive measure µ, the matrix pH defined by (6)
is called a quasi-symmetrizing of rH with respect to µ.

A basic fact, as already mentioned above, is that rH is symmetrizable with
respect to µ if and only if the matrix pH defined by (6) is symmetric. Therefore,
the quasi-symmetrizing method is an extension of the symmetrizing technique.
In our recent study on the same topic for triDiagonal matrices [9, 10], this
technique plays an important role.

Now, the problem is that for a given A with nonnegative off-Diagonal el-
ements, how to find a positive measure µ such that the quasi-symmetrized
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matrix pA becomes as symmetric as possible. For this, we return to the sym-
metrizable situation. In this case, the analytic solution of µ was presented in
[9]. Here, we introduce a computational construction.

Definition 11 (computational construction) Let A0 be the matrix ob-
tained from A by removing its Diagonal elements. Next, let

Q “ A0 ´DiagonalMatrixrA01s.

Finally, let µ solve the equation

µQ “ 0, µ0 “ 1. (7)

The measure µ is called the harmonic measure of Q.

Clearly, the matrix Q is a conservative Q-matrix (i.e., Q1 “ 0), once Q is
irreducible, the harmonic/invariant measure µ is positive and unique.

To justify the effectiveness of the quasi-symmetrizing idea, we return to
Example 7. For this, we use an expression of H “ p´Qq´1 (for Q defined by
Example 7) as follows.

H“phkjq
N
k,j“1, hkj“

2k^j´ 1

2j
` 1tjďku. (8)

This result is obtained from oral communication with Y.H. Zhang and Y.T.
Ma, based on [14; Theorem 9.3.3]. See also Single death processes with
DN boundary at the last part of §6. Comparing (8) with (5) in Example 9,
there is a newly added term 1tjďku.

Example 12 (Continued) Corresponding to Example 7, let H be defined
by (8). Then by Algorithm 8, when N “ 50, we obtain the required result in 4
iterations. The outputs are as follows:

tzpkqu4k“0 : 9.10864, 8.8773, 8.78454, 8.76351, 8.76276.

Usually, it should be enough to use the harmonic measure as the quasi-
symmetrizing measure. Actually, it is the basis used in the examples in §4. In
the symmetrizable case, this is quite natural. However, it is not completely
necessary. For instance, the matrix H defined in (8) is closely related to (5),
one may simply use the symmetrizing measure µk “ 2´k of (5) as the quasi-
symmetrizing measure for the matrix defined by (8). Denote the resulting
matrix by H1. Then, our algorithm works well until N “ 523. If one want to
go further for large N , it is natural to look for the harmonic measure for H1.
However, the harmonic equation (7) is solvable if and only if N ď 303 pă 523q.
Hence, we need a new idea.

It is a suitable position to have a random test of our main Algorithm 8.
We would like to know not only the effectiveness of the algorithm but also to
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count the percent of random examples which fail, as illustrated by Example 12
or by Example 13 in §4. We use the package “rand” in MatLab to produce the
random data of the elements of the matrices, the data is chosen from p0, 10q.
In an ordinary Notebook PC [Intel(R) Core(TM)i5-8350U CPU @1.70GHz(8
CPUs),

r

1.9 GHz and 8192MB RAM], We have done two tests.

(1) Take N “ 5000. The total 2,326 of examples are worked out in 7 hours.
In average, each example costs less than 11 seconds.

(2) Take N “ 1000. Then total 36,448 examples are done in two hours. In
average, each one costs less than 0.2 second.

The computation goes fast, since we need only one iteration in the second part
of the algorithm. In both tests, there is no failed example. The result of the
tests is quite unexpected for us.

4 Quasi-symmetrizing method for maximal
eigenvector

For the matrices with larger amplitude, the quasi-symmetrizing technique in-
troduced in Section 3 is often practical for computing the maximal eigenpair.
However, as illustrated by Example 13, sometimes, additional work is needed.
In the following Examples, the initials use columns without mention again.
Besides, all the examples in this section are completed using Mathematica.

100 200 300 400 500

0.05

0.10

0.15

0.20

Fig.3 Figure of v˚.
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Example 13 (Continued) As mentioned by the remark after Example 12,
it is natural to adopt µk “ 2´k as the quasi-symmetrizing measure of (8), and
the resulting matrix is denoted by H1. Then, our algorithm takes 18 iterations to
arrive at the required approximation v˚ of maximal eigenvector (cf. Fig.3) when
N “ 523:

As an approximation of the maximal eigenvector, we have

max v˚{min v˚«1.79ˆ1014.

Hence, the maximal eigenvector of H1 is far away from being symmetric. This
leads to the next quasi-symmetrizing procedure. Recalling that our algorithm is
essentially concentrated on the eigenvector, it is certainly important to make the
maximal eigenvector to be as symmetric as possible. Even though in general we
do not know how to solve the problem in a precise way, it is natural to make the
value at the two endpoints of v˚ to be as close as possible. In this way, by using
optimal sequential search for instance (refer to [8] and references therein), we
find a new quasi-symmetrizing measure as follows:

µk “
`

2ˆ 102{39
˘´k

.

We repeat that this µ is designed at N “ 523 but used for each N listed
in Table 10. Applying Algorithm 8 to the matrix H1 and replacing µ in the

Algorithm by µk “
`

2ˆ 102{39
˘´k

, denote the new quasi-symmetrized matrix by
H2, the outputs of our new quasi-symmetrized algorithm are given in Table 10.

Table 10. Approximation tzpnq, rzpnqu of maximal eigenvalue for different N

N 523 800 1000 1500 1700

rzp1q 8.96625 8.97632 8.98126 8.98993 8.99111

zp1q 8.99793 8.99911 8.99943 8.99975 8.9998

rzp2q 8.99734 8.99885 8.99926 8.99967 8.99974

zp2q 8.99746 8.99891 8.9993 8.99969 8.99976

rzp3q 8.99744 8.9989 8.9993 8.99969 8.99976

zp3q 8.99744 8.9989 8.9993 8.99969 8.99976

The figure of the final stable maximal eigenvector approximation v˚ of our new
quasi-symmetrizing matrix H2 for N “ 1700 is given by Fig.4. It is quite sur-
prising that the outputs look very much symmetric, and the figure is very much
the same as Fig. 2.
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0.035

Fig.4 Figure of v˚, max v˚{min v˚ « 480

Here, we remark that the amplitude of the second quasi-symmetrized ma-
trix max {min may become worse. Table 11 presents the amplitude of the
three matrices: the original matrix H, the one-step quasi-symmetrized matrix
H1 and the two-step quasi-symmetrized matrix H2.

Table 11. Amplitude for different matrices when N “ 1700

maxH ˆ 10´256{minH 1.1ˆ 10256

maxH1 ˆ 10´256{minH1 2.12345
maxH2 ˆ 10´256{minH2 2.6ˆ 1043

10 20 30 40 50 60 70 80

0.1

0.2

0.3

0.4

0.5

0.6

Fig.5 Figure of v˚. Use measure µkˆexprk{9.13s, max v˚{min v˚ « 15.2
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We now introduce briefly more examples. In what follows, µ denote the cor-
responding harmonic measure.

Example 14 (Continued) Returning to Example 6, when N “ 80, the
figure of the final stable maximal eigenvector approximation v˚ of the quasi-
symmetrized matrix AQ is given by Fig.5. The approximation of the correspond-
ing maximal eigenvalue is as follows:

tzpkqu2k“0 : 2.98274 (row), 2.83914, 2.83862.

Here “row” in the last line means “use row for zp0q”. When N “ 400, the figure
of the final stable maximal eigenvector approximation of the quasi-symmetrized
matrix AQ is given by Fig.6.

50 100 150 200 250 300 350 400

0.1

0.2

0.3

0.4

0.5

0.6

Fig.6 Figure of v˚. Use measure µkˆexprk{35.7s, max v˚{min v˚ « 85.86

The approximation of the corresponding maximal eigenvalue is as follows:

tzpkqu2k“0 : 3.23091 (row), 2.95922, 2.95732.

Example 15 (Continued) Finally, we return to Example 4. When N “ 80,
the figure of the final stable maximal eigenvector approximation v˚ of the quasi-
symmetrized matrix A is given by Fig.7.
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Fig.7 Figure of v˚. Use measure µk ˆ expr´k{17.288s

The approximation of the corresponding maximal eigenvalue is as follows:

tzpkqu1k“0 : 257208 (row), 257102.

For this example, the power iteration works well. When using 2 iterations for
vp0q, need only 1 iteration; when using 4 iterations for vp0q, no further iteration
is needed.

5 Improved algorithm for Q-matrix

Now, we have already explained every step of the improved Algorithm 8 in
§2-§3. Besides, as can be predicted, for nearly positive matrices, solving the
linear equation (2) by machine is harder than the one for sparse matrices. We
now introduce another algorithm replacing A in (2) by sparse Q. Recalling
the definition of Q-matrix:

Q “ pqijq
N
i,j“0,

where qij ě 0 for every pair i ‰ j and ´8 ă
N
ř

j“0
qij ď 0 for every i ě 0. In

what follows, we often assume that Q is irreducible.

Algorithm 16 Let Q “ pqijq be a sparse Q-matrix. Set

A “ paijq “ p´Qq
´1.
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Everything is the same as Algorithm 8 except equation (2) is replaced by

p´Qsym ´ zIqw “ v, (9)

where
Qsym “ Diagpµ1{2qQDiagpµ´1{2q.

Besides, zpnqpn ě 0q and rzpnqpn ě 1q here are the inverse of those in Algorithm
8, which means at step n,

upnq “
w

}w}
, ypnq “ Asymupnq.

rzpnq “ max
0ďjďN

u
pnq
j

y
pnq
j

, zpnq “ min
0ďjďN

u
pnq
j

y
pnq
j

.

If at some n ě 1, rzpnq ´ zpnq ă 10´7 (or |zpnq ´ zpn`1q| ă 10´7)(say!),
then stop the computation. At the same time, regard

`

zpnq,Diagpµ´1{2qypnq
˘

as an approximation of the minimal eigenpair of ´Q. Moreover, the resulting
tzpnqu

`

resp., trzpnqu
˘

is increasing (resp., decreasing) in n.

Examples 17-19 illustrate the power of Algorithm 16 using MATLAB
R2016b.

Example 17 (Continued) Let Q be the same as that in Example 6, Table
12 presents the outputs using Algorithm 16 for larger matrices.

Table 12. Outputs using Algorithm 16 for larger matrices

N zp0q zp1q zp2q zp3q

100 0.344177 0.349006 0.349197

500 0.330312 0.336506 0.337186

1000 0.327542 0.333984 0.33501

5000 0.324294 0.330556 0.332632 0.332635

104 0.323673 0.329604 0.332181 0.332188

Example 18 (Continued) Let Q be the same as that in Example 7. Noti-
cing that p´Qq´1 “ H, where H is defined by (8). Table 13 presents the outputs
using Algorithm 16.

Table 13. Outputs using Algorithm 16

N zp0q zp1q zp2q zp3q zp4q

10 0.153758 0.157099 0.157287
20 0.121057 0.125727 0.126405 0.126417
40 0.11059 0.11425 0.11546 0.11564 0.115643
55 0.109324 0.112008 0.113244 0.113609 0.113631
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Here, the reason we do not go to large matrices is that we meet the same
problem in solving µ when N “ 56, the resulting µ by Definition 11 appears
complex. In fact, for this example, even though the matrix Q has nearly half
number of zeros, it is still not sparse enough.

For comparison, another example is given below which comes from [5;
Example 9].

Example 19 The example is motivated from the classical branching process.
Denote by ppk : k ě 0q a given probability measure with p1 “ 0. Let

Q“

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

´1 p2 p3 ¨ ¨ ¨ ¨ ¨ ¨ pN´2 pN´1
ř

kěN pk
2p0 ´2 2p2 ¨ ¨ ¨ ¨ ¨ ¨ 2pN´3 2pN´2 2

ř

kěN´1 pk

3p0 ´3
. . .

. . . 3pN´3 3
ř

kěN´2 pk
. . .

. . .
. . .

...
...

. . . ´pN´2q pN´2qp2 pN´2q
ř

kě3 pk
pN´1qp0 ´pN´1q pN´1q

ř

kě2 pk

0 Np0 ´Np0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

,

where

p0 “
α

2
, p1 “ 0, pk “

2´ α

2k
, k “ 2, 3, ¨ ¨ ¨ , α P p0, 2q.

Using Algorithms 8 and 16, we get the same result. Table 14 presents the
approximation of the minimal eigenvalues of ´Q when α “ 7{4 .

Table 14. Approximation of the minimal eigenvalue of ´Q

N zp0q zp1q zp2q zp3q

8 0.607604 0.637006 0.638152 0.638153

16 0.58672 0.623429 0.625536 0.625539

50 0.583721 0.622556 0.624995 0.625

100 0.583719 0.622555 0.624995 0.625

5000 0.583719 0.622555 0.624995 0.625

10000 0.553387 0.620935 0.624987 0.625

In fact, one may regard Algorithm 16 as a generalization of the tridiagonal
algorithm in [10]. The next two sections collect the main theoretical part of
the paper.

6 Proofs

In this section, we prove the convergence of the iteration sequences in the
algorithms and the existence and the positivity of p´Qq´1. At the same time,
for two classes of Q-matrices often used in practice, the explicit expressions of
p´Qq´1 are presented.
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Some preparations

First, we need a convergence result for the power iteration.

Lemma 20 Let vp0q be a positive column vector and A be a nonnegative and
irreducible matrix. For the power iteration

vpnq “ A
vpn´1q

}vpn´1q}
, n ě 1,

define

zpnq “ sup
k

`

Avpnq
˘

k

v
pnq
k

.

Then tzpnqu converges decreasingly to the maximal eigenvalue ρpAq of A as
nÑ8.

Proof. First, by assumption, vp0q is positive, and then so is vpnq for each
n ě 1.

Next, there is nothing to do if zpnq ” 8. Otherwise, assume that n0 is the
first integer among t0, 1, ¨ ¨ ¨ , n0u for which zpn0q ă 8. For simplicity, assume
that n0 “ 0.

For nonnegative sequence tαju, real taju and tbju, if there is a real constant
z such that

aj ď zbj , @j,

then we first have
ÿ

k

αkak ď z
ÿ

k

αkbk.

If furthermore
ř

k αkbk ą 0, then

ř

k αkak
ř

k αkbk
ď z.

Noticing that in the definition of zpnq, the normalizing constant }vpn´1q} plays
no role, hence we may rewrite the power iteration as

vpnq “ Avpn´1q, n ě 1.

Therefore, by the elementary fact just proved, we have

`

Avpnq
˘

j

v
pnq
j

“

`

Avpnq
˘

j
`

Avpn´1q
˘

j

“

ř

k ajk
`

Avpn´1q
˘

k
ř

k ajkv
pn´1q
k

ď sup
k

`

Avpn´1q
˘

k

v
pn´1q
k

“ zpn´1q.

Making supremum with respect to j, we obtain zpnq ď zpn´1q as required. l

Next, we also need a conclusion about the inverse of a Q-matrix.
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Lemma 21 Let Q be a Q-matrix (not necessarily conservative) on a count-
able set E, corresponding to some semigroup tP ptqutě0. Then G :“

ş8

0 P ptqdt P
r0,8s (pointwise). If moreover, Q is irreducible, tP ptqu is transient and satisfy-
ing both the backward and forward Kolmogorov equations, then p´Qq´1 “ G is
finite and positive (pointwise).˚

Proof. In the weak topology (i.e., the pointwise convergence), we have the
resolvent Rpλq of the semigroup tP ptqu:

Rpλq “

ż 8

0
e´λtP ptqdt ě 0.

According to [19; §4.3, Theorem 5] or [12; Theorem 1.7], in the weak topology,
we have Rpλq “ pλI ´ Qq´1. By the monotone convergence, we obtain G “

limλÓ0Rpλq “
ş8

0 P ptqdt. Now, the irreducibility implies that G ą 0, and the
same property plus the transiency gives us G ă 8. One may refer to [11; §2.2].
To check that p´Qq´1 “ G, it suffices to show that

lim
λÓ0
p´QqRpλq “ lim

λÓ0
Rpλqp´Qq “ I.

This follows immediately by the Kolmogorov equations:

p´QqRpλq “ Rpλqp´Qq “ I ´ λRpλq

(cf. [2; §2.2]) plus the transiency: limλÓ0 λRpλq “ 0. l

The following result contains a shift z. Note that the minimal eigenvalue
of ´Q can be zero in the case of N “ 8. Then the shift z in ´Q ´ zI
is meaningless except z “ 0. In which case, the conclusion we required is
included in Lemma 21.

Lemma 22 Let Q be a Q-matrix on E. Assume that the minimal eigenvalue
λ0 of ´Q is positive. Then for every z P p0, λ0q, p´Q ´ zIq is invertible. If
moreover, p´Qq´1 is finite and positive, then so is p´Q´ zIq´1.

Proof. Because λ0 ą z ą 0, the module of each eigenvalue of ´Q ´ zI is
bigger than or equal to λ0 ´ z ą 0. It follows that p´Q ´ zIq is invertible.
Now, since the eigenvalues tλju of p´Qq satisfy

z

|λj |
ď

z

λ0
ă 1,

it follows that }zp´Qq´1} ă 1. Hence,

`

I ´ zp´Qq´1
˘´1

“

8
ÿ

n“0

“

zp´Qq´1
‰n
. (10)

˚A little modification is made to the published version
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If moreover, p´Qq´1 is finite and positive, then so is
`

I´zp´Qq´1
˘´1

by (10).
Now, the required assertion holds since

p´Q´ zIq´1 “ p´Qq´1
`

I ´ zp´Qq´1
˘´1

. l

Finally, to prove the monotonicity of tzpnqu, we need a convergence result
for the shift inverse iteration. Before moving on, let us give some notation
first. Under the assumptions of Lemma 21, let v be a given positive vector.
Set

z “ min
0ď`ďN

vp`q

p´Qq´1vp`q
. (11)

By the Collatz-Wielandt formula corresponding to Q-matrix(c.f. [4; Corollary
12]), for each positive function g, we obtain

λ0 ě inf
0ď`ďN

p´Qqgp`q

gp`q
.

Replacing g by p´Qq´1v, we obtain λ0 ě z. If λ0 “ z, then there is nothing
to do (which is actually ruled out in our algorithms with restriction zpnq ´
z̃pnq ă 10´7). Thus, without loss of generality, assume z ă λ0. Next, set
w “ p´Q´ zIq´1v which is positive by Lemma 22. Define

z1 “ min
0ď`ďN

wp`q

p´Qq´1wp`q
. (12)

For the same reason above, assume z1 ă λ0. We have the following assertion.

Lemma 23 For z and z1 defined by (11) and (12), respectively, we have

0 ă z ď z1 ă λ0.

Proof. By the definition of z, we have

zp´Qq´1vp`q ď vp`q. (13)

Hence

0 ă wp`q “ p´Q´ zIq´1vp`q
(10)
“ p´Qq´1

8
ÿ

n“0

“

zp´Qq´1
‰n
vp`q, (14)

and

p´Qq´1
8
ÿ

n“0

“

zp´Qq´1
‰n
vp`q

(13)
ď

vp`q

z
` p´Qq´1

8
ÿ

n“1

“

zp´Qq´1
‰n´1

vp`q

(10)
“

1

z
p´Qqp´Q´ zIq´1vp`q.
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Combining this with (14), we get

w ď
1

z
p´Qqw.

According to Lemma 21, p´Qq´1 is a positive operator, multiplying both sides
by zp´Qq´1, it follows that

zp´Qq´1w ď w.

Dividing both sides by the positive p´Qq´1w (pointwise), we obtain

z ď
wp`q

p´Qq´1wp`q
.

Making the infimum in both sides with respect to `, it follows that

z ď inf
`

wp`q

p´Qq´1wp`q
“ z1. l

For tδku used in [5; A.4] and [9; Algorithms 25 and 28], noticing that
vIIpvq “ p´Qq´1v and δk “ maxj IIjpv

pkqq, the monotonicity of tδku follows
from Lemma 23.

Proof of the convergence in the algorithms

With Lemmas 20-23 at hand, we can prove the monotonicity of the algorithms.
In fact, Algorithm 8 is equivalent with Algorithm 2 by adding the quasi-
symmetry procedure. Thus, we just need to prove the monotonicity of tzpnqu
and trzpnqu in Algorithm 2. The next result describes a tight relation between
Algorithms 8 and 16.

Remark 24 The sequences pzpnq, vpnqq obtained by Algorithms 8 and 16,
respectively, are determined each other, as shown in (15) below.

Proof. To show the differences of Algorithms 8 and 16, we need some notation:
for a given Q-matrix Q, set A “ p´Qq´1. Given initials pzQ, vq and pzA, vq
satisfying that zA “ 1{zQ, solve the equations in wQ and wA :

p´Q´ zQIqwQ “ v and pzAI ´AqwA “ v,

respectively. Define rwQ “ AwQ,

z
p1q
Q “ min

k

wQpkq

rwQpkq
, v

p1q
Q “

rwQ
} rwQ}

,

and write w “ AwA, rwA “ Aw,

z
p1q
A “ max

k

rwApkq

wpkq
, v

p1q
A “

rwA
} rwA}

.
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Then

z
p1q
Q “

1

z
p1q
A

, v
p1q
Q “ v

p1q
A . (15)

In fact, Lemmas 21 and 22 ensure the existence, the nonnegative and finite
properties of p´Qq´1 and p´Q ´ zQIq

´1. According to the equations above,
we have

wQ “ p´Q´ zQIq
´1v “ p´Qq´1

`

I ´ zQp´Qq
´1
˘´1

v “ ApI ´ zQAq
´1v,

and

wA “ pzAI ´Aq
´1v “ z´1A pI ´ z

´1
A Aq´1v “ zQpI ´ zQAq

´1v

since zA “ pzQq
´1 by assumption.

Hence, we have the identity

zQwQ “ AwA.

By the definition of rwQ and rwA, we have

zQ rwQ “ rwA.

Making normalizing in `2, it follows that

v
p1q
Q “

rwQ
} rwQ}

“
zQ rwQ
}zQ rwQ}

“
rwA
} rwA}

“ v
p1q
A

by definition. Furthermore, we have

wQpkq

rwQpkq
“

wQpkq

pAwQq pkq
“

pAwAq pkq

pApAwAqq pkq
“

„

rwApkq

wpkq

´1

.

Making infimum on both sides of the equality, we obtain z
p1q
Q “ 1{z

p1q
A . l

As mentioned in the proof of Lemma 20, we can ignore the normalizing pro-
cedure at each step for the approximating eigenvectors. Combining Lemmas
20 with 23, one can easily understand that inserting several power iterations
into the shift inverse iteration can accelerate the convergence of zpnq. This
idea is explained as follows.

Under the assumptions of Lemma 21, for a given positive vector w, let

A “ p´Qq´1, pw “ Amwpm ě 1q, v “
pw

} pw}
.

Next, make a convention that A0 “ I (the identity matrix), set

z “ min
0ď`ďN

`

Am´1w
˘

p`q

pAmwq p`q
, (16)
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According to the explanation before Lemma 23, we assume z ă λ0. Set
wQ “ p´Q´ zIq

´1v, which is positive by Lemma 22. Define

z1 “ min
0ď`ďN

`

Am´1wQ
˘

p`q

pAmwQq p`q
, (17)

and assume z1 ă λ0 again. Then we have Proposition 25 below, which is a
generalization of Lemma 23.

Proposition 25 For z and z1 defined by (16) and (17), respectively, we have

0 ă z ď z1 ă λ0.

Proof. Applying power iteration to the positive eigenvector wQ, by Lemma
20, it follows that

z1 ě min
0ď`ďN

wQp`q

pAwQq p`q
.

According to Lemma 23, we have

min
0ď`ďN

wQp`q

pAwQq p`q
ě min

0ď`ďN

vp`q

pAvq p`q
“ min

0ď`ďN

pAmwq p`q

A pAmwq p`q
.

Thus,

z1 ě min
0ď`ďN

pAmwq p`q

A pAmwq p`q
. (18)

Again, by Lemma 20,

min
0ď`ďN

pAmwq p`q

A pAmwq p`q
ě min

0ď`ďN

`

Am´1w
˘

p`q

pAmwq p`q
“ z.

Combining this with (18) and Perron-Frobenius theorem, we obtain the final
conclusion. l

From the proof above, we know that Lemmas 20 and 23 play a crucial role.
By setting m “ 1 in Proposition 25, the monotonicity of tzpnqu in Algorithm
16 is proved. Combining the proposition with Remark 24, the monotonicity
of tzpnqu in Algorithm 8 is also obtained. Besides, the monotonicity of trzpnqu
in the Algorithms 2, 8 and 16 can also be obtained in a similar way.

Explicit formulas of inverse matrices

In what follows, we show that the inverse of some sparse Q-matrices, such as
single birth and single death, can be written explicitly.

Single birth processes with ND boundary Let

E “ tk P Z : 0 ď k ă N ` 1u, N ď 8.
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The matrix Q “ pqijqi,jPE is called single-birth Q-matrix if
#

qi,i`1 ą 0, qi :“ ´qii ą 0, i P E,

qij ě 0, 0 ď j ă i, i ě 1.

Now, suppose that the given Q-matrix Q “ pqijq is irreducible (i.e., connected
matrix), totally stable p0 ă qi ă 8q and satisfy the ND boundary:

$

’

’

’

’

&

’

’

’

’

%

q0 “ q01,

q` “
ř`´1
k“0 q`k ` q`,``1, 1 ď ` ă N,

qN “
řN´1
k“0 qNk ` cN cN ą 0, N ă 8,

řN
j“0 F

p0q
j ă 8, N “ 8.

Here, F
p0q
j is defined by (19) below. In what follows, we make a convection

that qN,N`1 “ cN whenever N ă 8. Define two sequences as follows:

qpkqn “

k
ÿ

j“0

qnj , 0 ď k ă n ă N ` 1,

F
pkq
k “ 1, F pkqn “

1

qn,n`1

n´1
ÿ

i“k

qpiqn F
pkq
i , 0 ď k ă n. (19)

Proposition 26 Let Q be the irreducible and totally stable single-birth Q-
matrix defined above. Then, with ND boundary, the inverse of ´Q can be
represented as H “ phk`q with

hk` “
1

q`,``1

N
ÿ

j“`_k

F
p`q
j , 0 ď k, ` ă N ` 1.

Dually, one can give the inverse of the single death Q-matrices. The details
are given as follows.
Single death processes with DN boundary Let

E “ tk P Z : 1 ď k ă N ` 1u, N ď 8.

The matrix Q “ pqijqi,jPE is called single-death Q-matrix if
#

qi,i´1 ą 0, qi :“ ´qii ą 0,

qij ě 0, i, j P E, j ą i ě 0.

Now, suppose that the given Q-matrix Q “ pqijq is irreducible (i.e., connected
matrix), totally stable p0 ă qi ă 8q and satisfy the DN boundary:

$

’

’

’

’

&

’

’

’

’

%

q1 “
řN
k“2 q1k ` c1, c1 ą 0,

q` “
řN
k“``1 q`k ` q`,`´1, ` P Ezt1u,

qN “ qN,N´1, N ă 8,

Pkrτ0 ă 8s ă 1, k P E.
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Here, τ0 is the hitting time of the process tXtu corresponding to the above
matrix Q “ pqijq:

τ0 “ inftt ą 0 : Xt “ 0u.

In what follows, we make a convection that q10 “ c1. Define two sequences as
follows:

qpkqn “

N
ÿ

j“k

qnj , 1 ď n ă k,

G
piq
i “ 1, Gpiqn “

1

qn,n´1

i
ÿ

k“n`1

qpkqn G
piq
k , n, k, i P E, 1 ď n ă i.

At the moment, we do not have a criterion for Pkrτ0 ă 8s “ 1, but there is a
sufficient condition, due to [21; Theorem 5.1], as follows.

Assume that the above single death Q-matrix is regular and irreducible.
Suppose in addition that

Gn :“ lim
mÑ`8

G
pmq
n

G
pmq
1

ă 8, n ě 1

and
ÿ

ně1

Gn “ `8,

then
Pkrτ0 ă 8s “ 1, k ě 1.

Proposition 27 Let Q be the irreducible and totally stable single-death Q-
matrix defined above. Then, with DN boundary, the inverse of ´Q can be
represented as H “ phk`q with

hk` “
1

q`,`´1

k^
ÿ̀

j“1

G
p`q
j , 1 ď k, ` ă N ` 1.

One can prove the above two propositions directly by checking

Hp´Qq “ p´QqH “ I,

where I is the identity matrix. Certainly, to find out these two formulas, more
work is needed but we are not going to the details here.

7 Application to economic optimization

In this section, we first make a remark on two algorithms for L.K. Hua’s
economic optimization model. Then, based on the algorithms presented here,
we specify an algorithm for the economic model (or two models more precisely).
A theoretical analysis on the effectiveness of the algorithm is included, and
then illustrated by examples.
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A remark on the application to economic optimization

Remark 28 As mentioned several times before ([4; §2], [6; §1], [7; §1]), one
of the motivations for the study on maximal eigenpair is L.K. Hua’s economic
optimization model (cf. [15],[16],[18] or [3; Chapter 10] and references therein
for details). We now show that this paper can be considered as a complement
to the important Hua’s theory, especially on the computational aspect.

The key point of the model is using the maximal eigenpair (especially the
maximal eigenvector) of an nonnegative matrix. Theoretically, if one knows
either the maximal eigenvalue or its eigenvector, then one can compute the
other. Certainly, it is easier to compute the eigenvalue first. For this, Hua
(1984) introduced the following formula for computing the maximal eigenvalue:

ρpAq “ lim
`Ñ8

ˆ

TrpA`q

N

˙1{`

, N :“ Order of A.

Of course, for a fixed A, it is the same as

ρpAq “ lim
`Ñ8

`

TrpA`q
˘1{`

.

In [18], Hua introduced a nice improved algorithm

ρpAq “ lim
kÑ8

`

TrpA2kq
˘1{2k

,

and claimed that the number of the matrix products is Opkq. The point goes

as follows. To get A2k , we need only k iterations:

AˆA “ A2, A2 ˆA2 “ A22 , A22 ˆA22 “ A23 , ¨ ¨ ¨

Actually, it is rather easy to see that the convergence speed is at least 2´k, as
shown by the next result which strengthens the above formula of ρpAq.

Proposition 29 We have

ˇ

ˇ

ˇ

`

TrpAmq
˘1{m

´ ρpAq
ˇ

ˇ

ˇ
ď

Constant

m
, mÑ8.

Proof. Let

ρpAq “: λ1 ą |λ2| ě ¨ ¨ ¨ ě |λN |

denote the eigenvalues of A (maybe repeated). If k is large enough, then

`

TrpAmq
˘1{m

“

„ N
ÿ

j“1

λmj

1{m

“ λ1

„

1`
N
ÿ

j“2

ˆ

λj
λ1

˙m1{m

.
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Noticing that
N
ÿ

j“2

ˆ

λj
λ1

˙m

ď pN ´ 1q

ˆ

|λ2|

λ1

˙m

,

there exists a large enough m0 such that

x0 :“ pN ´ 1q

ˆ

|λ2|

λ1

˙m0

ă 1.

Here for simplicity, we use x0 to bound the exponentially decay term on the
right-hand side above. Thus, we have

λ1p1´ x0q
1{m ď

`

TrpAmq
˘1{m

ď λ1p1` x0q
1{m, m ě m0.

Equivalently,

λ1
“

p1´ x0q
1{m ´ 1

‰

ď
`

TrpAmq
˘1{m

´ λ1 ď λ1
“

p1` x0q
1{m ´ 1

‰

, m ě m0.

Because
p1˘ x0q

α ´ 1

˘αx0
Ñ

logp1˘ x0q

˘x0
, αÑ 0,

we obtain the required assertion. l

Comparing with the direct approach just discussed, the algorithms in-
troduced in the paper are rather involved. The reason is that here we are
concentrated on the computation of the maximal eigenvector, the maximal
eigenvalue is simply a by-product of the eigenvector. The opposite way may
not work: with the eigenvalue at hand, it may not be practical for computing
its eigenvector, as we have seen at the end of §3 (Example 12, which shows
that some high-order linear equations cannot be solved). The speed of our al-
gorithms are based on the shift inverse iteration, which are usually very fast.
Anyhow, good estimates of the maximal eigenvalue are still very importan-
t, since they can be used as the shifts in the algorithms and accelerate the
convergence speed of the algorithms. For this, we need to examine the compu-
tational complexity more carefully, not only the iteration number k but also
the size N of the matrix A.

Because for vectors u and v with order N , the product u ¨v has N products
(of numbers). Thus, for each matrix B with order N , the product B ˆ B
requires

N2 ˆN “ N3 products.

Therefore, the above algorithm requires

Opk ˆN3q products.

Clearly, once the size N is ignored, we return to what discussed before: we
have a very good asymptotic behavior of the convergence to ρpAq as k Ñ 8.
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However, even though the number of the computation for the matrix prod-
ucts is Opkq, its elements of the products can be exponentially increasing or
decreasing. Refer to the last part of Example 30 below, for instance. Rough-
ly speaking, we are working on the direction of k ! N rather than N ! k
discussed above.

Recall that our estimate on the maximal eigenvalue is mainly based on the
Collatz–Wielandt formula, which is quite rough. Our improvement is due to
the use of the power iteration. As discussed before, for a given vector u, the
computation Au requires N2 products (of numbers). Thus, in k iterations, we
need

Opk ˆN2q products.

Here, we emphasize that the computational complexity for pA2qu is OpN3q but
the one for ApAuq is OpN2q. This shows the serious difference between the
analytic mathematics and the computational one. As we have seen from the
examples presented in the paper, the number of iterations by our algorithms
is usually no more than 5. Here, the leading order of the complexity is OpN2q,
but not OpN3q. This is especially meaningful for the economic system since
for which N is often rather large.

Finally, based on the Collatz–Wielandt formula, by Lemma 20, our zp0q

chosen from a sequence produced by the power iteration is always located in
the safe region rρpAq,8q. However, the sequence

ξn :“
`

TrpA2nq
˘1{2n

is not necessary monotone and can even locate in the dangerous region: r0, ρpAqq
(see Example 30 below). Therefore, choosing the initial zp0q from the sequence
tξnu is dangerous, for which our algorithms may fall into a trap.

Example 30 (Continued) Consider Example 6 again. When N “ 50,
ρpAq “ 49.6592 and

tξku
10
k“1 : 200.558, 87.525, 61.0271, 52.735, 50.0956,

49.5633, 49.6321, 49.6597, 49.6592, 49.6592.

When N “ 150, ρpAq “ 149.662 and

tξku
10
k“1 : 1054.92, 349.387, 212.247, 171.075, 156.532,

151.312, 149.735, 149.564, 149.649, 149.662.

Next, if we replace ξn by ξ1n:

ξ1n “

ˆ

TrpA2nq

N

˙1{2n

,

then for N “ 50, we have

tξ1ku
10
k“1 : 28.3632, 32.9147, 37.4241, 41.2965, 44.3309,

46.6244, 48.1381, 48.9066, 49.2812, 49.4699.



Improved global algorithms for maximal eigenpair 1551

Each of them is smaller than ρpAq. Similarly, for N “ 150, we have

tξ1ku
10
k“1 : 86.1335, 99.8353, 113.457, 125.078, 133.844,

139.918, 143.986, 146.665, 148.191, 148.931.

Thus, generally speaking, neither tξku nor tξ1ku can be used as the shifts in
our algorithms. By the way, we mention that when N “ 150, the numerical
computation using Mathematica shows that

the minimal element of A210 “ 8.96436939807476ˆ102220,

the maximal element of A210 “ 1.127062180214639ˆ102227.

In general, the computational softwares would refuse to handle with such a huge
number. Recall that this model was treated in [5; Example 7] up to N “ 104.
Refer also to Example 17 above.

The detailed analysis given above shows that the nice formula for ρpAq in
terms of the trace of A seems less practical in computations. Hence, in the
next part of this section, we will return to the algorithms developed in the
previous sections.

Application to Hua’s economic optimization

It is the position to apply our new improved algorithms to Hua’s economic
optimization more carefully. Recall that A “ paij : 1 ď i, j ď dq is a given
nonnegative, irreducible matrix. To avoid the trivial case, we often assume
that A´1 is not nonnegative. The optimization starts at a positive row vector
x0, and then there are two different ways to move on.

I. The ideal model pwithout consumptionq. At the nth step, let

xn “ x0A
´n, n ě 1.

II. The practical model pwith consumptionq. The consumption coefficient is
denoted by α P p0, 1q. Set

B “ p1´ αqA´1 ` αI.

Then the economy goes as follows.

xn “ x0B
n, n ě 1.

The main difference of the two models is that the first one has a faster
increasing speed but is easier to collapse, that is, the collapsing time

T :“ inf
 

n : there is a j such that the component xpjqn ď 0
(
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can be finite, even quite small. The second one has a slower increasing speed
in the case of ρpAq ă 1 which is meaningful in economics, but it is more stable
in the sense that the collapsing time becomes larger: the bigger α, the larger
T . Refer to [15, 16] and [3; Chapter 10] for more details. Obviously, in the
extremal case that α “ 0, Model II returns to Model I.

The lucky point of these two models is as follows. Look at the transforms:

AÑ A´1 Ñ B;

the maximal left-eigenpair pρpAq, gq of A

Ñ the minimal left-eigenpair pρpAq´1, gq of A´1

Ñ the eigenpairs of B are the set

tpp1´ αqλ´1 ` α, gq : pλ, gq is an eigenpair of Au,

with the assumption that A is invertible.

Since |λ| ď ρpAq for each eigenvalue λ of A, it is clear that p1´αqρpAq´1 `α
is the minimal eigenvalue of B among the set

tp1´ αq|λ|´1 ` α : λ is an eigenvalue of A}.
In general, for the eigenvalue λ of A, the comparison of |p1 ´ αqλ´1 ` α|
and p1 ´ αqρpAq´1 ` α is not trivial, as we will see soon below. Thus, even
though, the leading eigenvalues are transformed from one to the other, the
corresponding eigenvectors remain the same. Therefore, we have the following
algorithm.

Algorithm 31 There are two steps.

(1) Compute the maximal left-eigenpair using the algorithms given in Sections
3–5.

(2) Use the final stable vector output ypiterq in part p1q as the input x0 of
Models I and II.

The main new part of Algorithm 31 is Model II, comparing with increasing
the consumption rate, it turns out that the precise level of part p1q is more
essential which means a well-designed input is much more important for the
economic stability. This is realistic: the economy model is sensitive to the
precise level of initial input.

For the algorithm, some additional theoretical analysis on the stability is
helpful. We begin with a detailed analysis on a condition to be used subse-
quently.

Lemma 32 Let r ą 0 and z P C satisfy |z| ă r.

(1) Assume α P p0, 1q. Then the inequality
ˇ

ˇ

ˇ

ˇ

1´ α

z
` α

ˇ

ˇ

ˇ

ˇ

ă
1´ α

r
` α, (20)

does not hold for each z ě 0.
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(2) Otherwise, let z ­ě 0, then (20) holds if and only if

0 ă Φpzq :“
r2 ´ |z|2

r2p1´ 2 Re pzqq ` |z|2p2 r ´ 1q
ă α. (21)

Proof. Note that

1´ α

z
` α “

„

p1´ αqRepzq

|z|2
` α



´ i
p1´ αqImpzq

|z|2
.

Thus,

p20q ô
p1´ αq2

|z|2
` α2 `

2αp1´ αqRepzq

|z|2
ă
p1´ αq2

r2
` α2 `

2αp1´ αq

r
.

Collecting the terms in α, it follows that the above inequality at the right-hand
side is equivalent to

α

„

2r ´ 1

r2
´

2Repzq ´ 1

|z|2



ą
1

|z|2
´

1

r2
pą 0q.

This means that the term

„

2r ´ 1

r2
´

2Repzq ´ 1

|z|2



must be positive and so the

above inequality is indeed equivalent to

α ą

ˆ

1

|z|2
´

1

r2

˙„

2r ´ 1

r2
´

2Repzq ´ 1

|z|2

´1

ą 0.

We have thus proven the required assertion. l

We remark that the function Φpzq defined in (21) is independent of α.
When Φpzq P p0, 1q, we rewrite Φpzq as αcpzq to indicate a critical point of α.
Then each α P pαcpzq, 1q satisfies (20). It is obvious that Φpzq “ Φpz̄q and
hence αcpzq “ αcpz̄q. This simplifies the computations below.

The first part of the next result is taken from [17; Theorem 2], the second
part is then a consequence of Lemma 32.

Lemma 33 Let r “ ρpAq. Then we have the following results.

(1) The free-degree of x0 (for Model II) equals

m “#tλj : z “ λj satisfies p20q, repeated for the eigenvalue with multiplicityu.

(2) Alternatively,

m “ #tλj : either z :“ λj ă 0 or z is not real, which satisfies Φpzq P p0, 1q,

repeated for the eigenvalue with multiplicityu.

As usual, #H “ 0.:

:
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The “free-degree” in Lemma 33 (1) means that the initial x0 can be select-
ed freely from an m-dimensional linear space (with some additional linearly
independent vectors if necessary in the case that some eigenvalues have the
smaller geometric multiplicity than the algebraic one), plus a term of the max-
imal left-eigenvector (up to a positive constant).

To understand Lemma 33 better, look at the following example.

Example 34 Let

A “

¨

˚

˚

˝

7 2 2 10
0 5 0 0
0 1 5 0
1 0 1 5

˛

‹

‹

‚

.

Then A has eigenvalues

tλju
4
j“1 :

`

6`
?

11, 5, 5, 6´
?

11
˘

« p9.31662, 5, 5, 2.68338q

with the corresponding left-eigenvectors

p0.431662, 0.3, 0.431662, 1q, p0, 1, 0, 0.q,

p0, 0, 0, 0q, p´0.231662, 0.3,´0.231662, 1q.

It follows that A has an eigenvalue 5 with algebraic dimension (or multiplicity)
2 but its geometric one is 1. Hence the eigenspace dimension is 3 but not 4.
To obtain a basis of the 4-dimensional space, one may simply replace the above
zero vector by a newly added one choosing from the kernel space KerpAq of A.
Denote by tgku

4
k“1 the resulting independent vectors. Then, every positive x0

can be expressed as

x0 “
4
ÿ

k“1

γkgk with γ1 ą 0.

Therefore

x0

ˆ

A

λ1

˙n

“
ÿ

k‰3

γk

ˆ

λk
λ1

˙n

gk Ñ γ1g1, nÑ8.

In other words, here we have free-degree 3 but not 2.

Here we introduce some additional remarks about Φ given in (21). First, it is helpful to

rewrite Φ as follows: Φpzq“
“

1` 2rφpzq

r2´|z|2

‰´1
p|z|ărq, where φpzq“|z|2´rRez.

Then, with r “ λ1, it is obvious that Φpzq ă 1 iff φpzq ą 0 and hence
Φpzq P p0, 1q iff φpzq ą 0. Thus, one can make a modification for the
assertion: replacing “Φpzq P p0, 1q” by “φpzq ą 0”. This simplifies the
computation of αcpλ#q: it suffices to compute Φpλ#q for those λ# with
φpλ#q ą 0.

The geometric explanation of the effective eigenvalues goes as follows (cf. [16]). The
eigenvalues are located at the crescent shape produced by two circles, Circle((0,0), λ1) and
Circle((λ1{2, 0 q), λ1{2q) (which comes from the equation φpzq “ 0), where Circle((a, b), r)
denotes the circle with center pa, bq and radius r. [Chen, 2021/01/16]



Improved global algorithms for maximal eigenpair 1555

Certainly, the above example is simpler than Model II we are working
on. However, once the eigenvalues have multiplicity, the conclusion should be
parallel, on the free-degree counting the multiplicities of eigenvalues.

Lemma 33 shows that we have more freedom in choosing x0 once m ě 1.
In which case, model II is more stable. Note that in computing the collapsing
time, taking Model II for instance, it is reasonable to use the normalizing
procedure

xn “ x0

ˆ

B

p1´ αqλmaxpAq´1 ` α

˙n

, n ě 1,

where λmaxpAq is the maximal eigenvalue of A. To have a concrete impression,
let us look at Hua’s original example [15, 16] with a little correction.

Example 35 Let

A “
1

100

ˆ

25 14
40 12

˙

.

Then we have eigenvalues

λ1 “
1

200

`

37`
?

2409
˘

« 0.430408, λ2 “
1

200

`

37´
?

2409
˘

« ´0.0604078.

The maximal left-eigenvector is

ˆ

5

7

`

13`
?

2409
˘

, 20

˙

« p44.3440, 20q.

Starting at x0 “ p44, 20q, the different α and its corresponding collapsing time
T are listed in Table 15.

Table 15. The parameter α and its T with x0 “ p44, 20q

α 0 0.4 0.6 0.8 0.8768

T 3 4 5 9 ą 500

Note that by Lemma 32 (2), with r “ λ1, here αcpλ2q “ 185{211 « 0.8768.
Hence, when α ą αcpλ2q, the free-degree is 1 and so the corresponding T should
be almost infinity.

Example 35 shows the influence of α for the stability of economics. The
next example is quite interesting.

Example 36 Let

A “

¨

˚

˚

˚

˚

˚

˚

˝

1 2 0 1 0 0
2 2 2 2 1 0
0 2 2 1 2 0
1 2 1 1 2 1
0 1 2 2 2 2
0 0 0 1 2 1

˛

‹

‹

‹

‹

‹

‹

‚

.
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Then we have eigenvalues

tλju
6
j“1 : 3` 2

?
5, 3,

1

2

`

1`
?

5
˘

, 3´ 2
?

5, ´1,
1

2

`

1´
?

5
˘

« 7.47214, 3, 1.61803, ´1.47214, ´1, ´0.618034.

The maximal left-eigenvector is

p1, 2.23607, 2, 2, 2.23607, 1q.

Using Lemma 32 (1) with r “ λ1 and z “ λ#, it follows that λ2 and λ3 do not
satisfy (20), and then by Lemma 32 (2) we have

αcpλ4q « 0.214286, αcpλ5q « 0.302205, αcpλ6q « 0.425981.

Therefore, we have the free-degree corresponding to the parameter α in Table
16.

Table 16. The free-degree corresponding to the parameter α

Interval of α pαcpλ4q, αcpλ5qs pαcpλ5q, αcpλ6qs pαcpλ6q, 1q

Free-degree 1 2 3

With initials x0 “ p1, 2, 2, 2, 2, 1q and x0 “ p1, 2.23607, 2, 2, 2.23607, 1q, respec-
tively, some α and its corresponding collapsing time T are listed in Table 17.

Table 17. The parameter α and its T with different x0

x0 “ p1, 2, 2, 2, 2, 1q x0 “ p1, 2.23607, 2, 2, 2.23607, 1q

α 0 0.2 0.4 0.6 0.8 α 0 0.2 0.4 0.6 0.8

T 2 26 77 138 323 T 9 30 78 140 330

Clearly, the increase of α improves the stability rapidly for this example. Besides,
the free-degree here is 3 pă 5q. Note that for smaller α, the precise level of x0
makes a serious effectiveness on the collapsing time for this model.

The next example has a bigger free-degree. Let

A0 “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1 2 3 4 5 6 7 8
9 10 11 12 13 14 15 16
17 18 19 20 21 22 23 24
25 26 27 28 29 30 31 32
33 34 35 36 37 38 39 40
41 42 43 44 45 46 47 48
49 50 51 52 53 54 55 56
57 58 59 60 61 62 63 64

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

. (sequential array) (22)

Since this matrix is not invertible, for our purpose, a modification is necessary.
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Example 37 Let u “ t1, 2, 2, 2, 2, 2, 2, 2u, and A “ A0´Diagpuq. Then, the
eigenvalues of A are given as follows:

tλju
8
j“1 : 269.409, ´11.7803, ´4.34532, ´2, ´2, ´2,

´ 1.14163` 0.434068 i, ´1.14163´ 0.434068 i.

The maximal left-eigenvector is

p0.814386, 0.874183, 0.865275, 0.920913, 0.919165, 0.94611, 0.973055, 1q

By Lemma 32 (2) with r “ λ1, we obtain

αcpλ2q « 0.0390049, αcpλ3q « 0.101697,

αcpλ4q “ αcpλ5q “ αcpλ6q « 0.19881,

αcpλ7q “ αcpλ8q « 0.303548.

Starting at a rather good initial

x0 “ p0.814386, 0.874183, 0.865275, 0.920913, 0.919165, 0.94611, 0.973055, 1q,

some α and its corresponding collapsing time T are listed in Table 18.

Table 18. The parameter α and its T

α 0 0.1 0.2 0.3 0.4

T 3 9 18 469 ą 500

Note that the left-eigenvector corresponding to λ4, λ5 and λ6 are

p0, 2, 0, ´3, 0, 0, 0, 1q, p0, 1, 0, ´2, 0, 1, 0, 0q, p0, 1, 0, ´3, 2, 0, 0, 0q,

respectively. They are linearly independent. Hence the free-degree for this ex-
ample is the whole dimension 7. From this, it should be obvious that the model
goes to stable rapidly when α increases.

In general, we may be not so lucky to expect the free-degree to be ě 1.
The following corollary can be deduced from Lemma 32 (1) immediately since
for which the eigenvalues are all nonnegative.

Corollary 38 Let A “ p´Qq´1, where Q satisfies the conditions of Lemma
21 and is moreover symmetrizable with respect to a positive measure. Then the
free-degree equals 0.

Proof. By Lemma 21, A is finite and positive. Next, by the symmetrizable
assumption, the spectrum of ´Q is positive. The assertion now follows from
Lemma 32 (1). l

The next two examples are not symmetrizable, we again have zero free-
degree. The first one below is the same as Example 6.
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Example 39 (Continued) Let A “ p´Qq´1, where Q is defined in Example
6. Then ´Q has eigenvalues

8.237127, 0.452339, 7.031610` 0.779594 i,

7.031610´ 0.779594 i, 4.885853` 1.465494 i, 4.885853´ 1.4654941 i,

2.596732` 1.251562 i, 2.596732´ 1.251562 i.

Their inverse give us the eigenvalues tλju
8
j“1 of A. Except the complex ones

tλju
8
j“3, the others are positive, which do not satisfy (20) by Lemma 32 (1).

Next, by (21), we have

Φpλ3q “ Φpλ4q “ 1.358659 ą 1,

Φpλ5q “ Φpλ6q “ 1.523203 ą 1,

Φpλ7q “ Φpλ8q “ 2.123888 ą 1

which do not satisfy condition (21). From Lemma 33 (2), it follows that the
free-degree m “ 0.

Example 40 (Continued) Let A “ p´Qq´1, where Q is defined in Example
19 for α “ 7{4, N “ 8. The eigenvalues of ´Q are all positive:

8.84941, 7.46811, 6.07934, 4.73839, 3.4828, 2.35115, 1.39264, 0.638153,

and so are of A. By Lemma 33 (2), we have once again the free-degree m “ 0.

In view of the last two examples, as well as Corollary 38, it is clear that one
cannot expect in general a positive free-degree. In this case, the improvement
of the stability by increasing α goes quite slowly, as shown by Example 35.
This is somehow reasonable since the algorithm used in these two models is
essentially the power iteration which often converges very slowly. Thus, a
good way to improve the algorithm is improving the initial x0. We are going
to illustrate this by the following example.

Example 41 Set A “ A0 ` I8, where I8 is the identity matrix with order 8,
A0 is the matrix of (22). Then A has eigenvalues

tλju
8
j“1 : 272.391, ´9.17325, ´1.17606, 1.95873, 1, 1, 1, 1.

The maximal left-eigenvector is

p16.2289, 17.4847, 17.3063, 18.419, 18.3838, 18.9225, 19.4613, 20q.

We have
αcpλ2q “ 0.050035, αcpλ3q “ 0.297413.

Denote by T1, T2, and T3 the collapsing time with respect to the initial x0 in
three different cases



Improved global algorithms for maximal eigenpair 1559

x0 “ p16, 17, 17, 18, 18, 19, 19, 20q,

x0 “ p16.23, 17.48, 17.3, 18.41, 18.38, 18.92, 19.46, 20q,

x0 “ p16.2289, 17.4847, 17.3063, 18.419, 18.3838, 18.9225, 19.4613, 20q,

respectively. Corresponding to different α, the outputs of tTju
3
j“1 are listed

below.

Table 19. The parameter α and its tTju
3
j“1

α 0 0.2 0.4 0.6 0.8 0.9

T1 1 2 3 5 11 22

T2 2 5 8 14 32 68

T3 3 7 13 22 50 105

Clearly, the precision level makes a serious influence on the collapsing time.

Let us mention that even though Lemmas 32 and 33 are crucial in theoret-
ical analysis, they are not practical in application since one cannot compute
the whole spectrum of a very large matrix. As pointed out in [16], to check
the effectiveness of an initial x0, one may simply use a direct optimal search.
Actually, we may avoid this heavy job, by increasing the precise level of the
output in part (1) of Algorithm 31, as just illustrated by Example 41.

Note that if we denote by A# the matrix used in Example #, then we have

A41 ´A37 “ Diagpt2, 3, 3, 3, 3, 3, 3, 3uq.

Thus, Examples 37 and 41 are quite close to each other. However, as we
have seen that the stability for them are very different. This shows that
the economic models are very sensitive, and moreover, the improvement of
the economic structure (i.e., the matrix A) is quite effective to improve the
stability. Besides, the examples in this section justify again the importance of
the global algorithms proposed in [5] and the improved ones in this paper.
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Abstract

This paper is devoted to the study on the spectrum of Hermitizable
tridiagonal matrices. As an illustration of the application of the author’s
recent results on Hermitizable matrices, an explicit criterion for discrete
spectrum of the matrices is presented, with a slight and technical restric-
tion. The problem is well-known, but from the author’s knowledge, it
has been largely opened for quite a long time. It is important in vari-
ous application, in quantum mechanics for instance. The main tool to
solve the problem is the isospectral technique developed a few years ago.
Two alternative constructions of the isospectral operator are presented,
they are helpful in theoretical analysis and in numerical computations,
respectively. Some illustrated examples are included.

1 Introduction

Let
E = {k ∈ Z+ : k < N + 1}

with N 6 ∞. Throughout this paper, we consider the tridiagonal matrix,
denoted by T or Q, having the following form

T

Q
=



−c0 b0

a1 −c1 b1 0
a2 −c2 b2

. . .
. . .

. . .

0 aN−1 −cN−1 bN−1
aN −cN


, (1)

Received January 1, 2020; accepted April 14, 2020
2000 Mathematics Subject Classifications. 15A18, 15B57, 60J27, 81Q10.
Key words and phrases. Hermitizable, birth–death matrix, isospectral matrices, dis-

crete spectrum.
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where for T , the sequences {bj}N−1j=0 and {aj}Nj=1 are complex and {cj}Nj=0 is

real. The matrix Q denotes a particular T for which the sequences {bj}N−1j=0

and {aj}Nj=1 are positive and moreover cj = aj + bj for each j (a0 = 0 and
bN = 0 if N <∞ by convention), except cN > aN if N <∞.

Here we allow N =∞. In which case, the matrix takes a simpler form:

T

Q
=


−c0 b0 0
a1 −c1 b1

a2 −c2 b2

0 . . .
. . .

. . .

 .

In what follows, we will not mention this point time by time. Since the matrix
is determined by these three sequences {ak}, {−ck} and {bk} only, we may
simply write

T (or Q) ∼ (ak,−ck, bk)

for simplicity. The matrix Q is called birth–death Q-matrix which corresponds
an important and basic class of stochastic processes, the birth–death processes
(refer to [2] for details).

Recall that a complex matrix A = (aij) is called Hermitizable [4]: if there
exists a positive measure µ = (µi : i ∈ E) such that

µiaij = µj āji ∀i, j, (2)

where ā denotes the conjugate of a. For the tridiagonal case, the criterion for
the Hermitizability is quite simple: {ck} is real, either ak+1 = 0 and bk = 0
simultaneously, or ak+1bk > 0 for each k (cf. [4; Corollary 6]). In the first
situation, the matrix can be divided into two submatrices and so they can
be treated separately. Hence, in what follows, we will ignore this reducible
situation. Since ak+1bk > 0 iff ak+1 6= 0 and bk/āk+1 > 0, under this condition,
we can define a positive measure µ:

µ0 = 1, µk = µk−1
bk−1
āk

, k > 1. (3)

Therefore, we have the complex L2-space: L2(µ). The Hermitizability defined
by (2) is simply saying that as an operator, the matrix A (or T , in particular)
is self-adjoint on L2(µ), provided a domain D(A) ⊂ L2(µ) of A is specified.

Having the self-adjoint operator T at hand, by [4; Remark 16], we can
consider the quadratic form

DT (f, f) :=− (Tf, f)µ

=
∑
i∈E

µi
[
bi
(
|fi|2 − f̄ifi+1

)
+ b̄i

(
|fi+1|2 − f̄i+1fi

)]
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+
∑
i∈E

µi
(
ci − ai − bi

)
|fi|2. (4)

For real T , the first sum on the right-hand side of (4) becomes∑
i

µibi|fi − fi+1|2.

This is a standard first-order difference operator, the second sum of (4) comes
from the potential function Vi := ci−ai−bi. Hence this is indeed a Schrödinger
operator once V = (Vi) 6= 0. It is known that in the study of spectral anal-
ysis, the latter is often much harder than the former if the potential V does
not vanish out of the boundary. To overcome this difficulty, we introduce an
isospectral birth–death Q-matrix Q̃ ∼

(
ã,−c̃, b̃

)
having the properties men-

tioned below (1), for which, the potential function V vanishes except at the
boundary N when N < ∞. The quadratic form defined by (4) for Q defined
by (1) is as follows.

DQ(f, f) :=−
(
Qf, f

)
µ
=
∑
i∈E

µibi
∣∣fi+1−fi|2+1{N<∞}µN

(
cN−aN

)
|fN |2. (5)

Replacing Q by Q̃, we obtain the quadratic form D
Q̃

for Q̃.

Before moving further, let us introduce the construction of Q̃. Set

m = sup
k∈E

(|ak|+ |bk| − ck)+. (6)

For finite N , we certainly have m <∞. Otherwise, it may be a restriction.

Definition 1 Assume that m < ∞. Set uk = akbk−1 (> 0), 1 6 k ∈ E.
Define Q̃ ∼

(
ã,−c̃, b̃

)
as follows.

c̃k = m+ ck (k ∈ E)

b̃0 = c̃0, b̃k = c̃k −
uk

b̃k−1
, 1 6 k < N

ãk = c̃k − b̃k, 1 6 k < N, ãN =
uN

b̃N−1
if N <∞.

(7)

In the simplest case that

ck = |bk|+ |ak|, k ∈ E,

the construction becomes(
b̃k,−c̃k, ãk

)
= (|bk|, −ck, |ak|), k ∈ E.
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Clearly, for each n, b̃n depends only on {uj}nj=1 and {c̃j}nj=0 and so does
ãn, except ã0 = 0. It is quite easy to check the last assertion in the definition
above, as we will do so subsequently.

One may get some feeling about the construction of Q̃ given in (7) from
the proof of Theorem 2 in Section 3. Furthermore, in the second paragraph
of the proof of Theorem 3, we will explain more on the sequence {hk : k ∈ E}
below:

h0 = 1, hk = hk−1
b̃k−1
bk−1

, 1 6 k < N + 1. (8)

For a given domain D
(
D
Q̃

)
, we adopt a domain for D

(
DT

)
induced from

D
(
D
Q̃

)
by the function h:

D
(
DT

)
=
{
f ∈ L2(µ) : h−1f ∈ D

(
D
Q̃

)}
. (9)

We can now state a result taking from [4; Theorem 16] which is a key for the
present study. Define a measure µ̃ by (3) replacing Q by Q̃. From now on, we
often write Diag (u) for the diagonal matrix having the vector u as its diagonal
elements.

Theorem 2 Let m <∞. Then the operator T −mI on L2(µ) with domain
D
(
DT

)
is isospectral to Q̃ on L2(µ̃) with domain D

(
D
Q̃

)
. Furthermore,

Q̃ = Diag(h)−1(T −mI) Diag(h). (10)

To study discrete spectrum, we need more notation. Since every compact
operator has discrete spectrum, we need only consider the infinite case that
N =∞. Then for Q defined by (1), we have ck = ak + bk for every k, and so
the quadratic form defined by (5) takes a simpler form:

DQ(f) =
∑
k>0

µkbk(fk+1 − fk)2.

Define two domains of DQ as follows.

Dmax

(
DQ

)
= {f ∈ L2(µ) : DQ(f) <∞},

Dmin

(
DQ

)
=smallest closure of {f ∈L2(µ) : f has a finite support}

w.r.t. ‖ · ‖DQ
, where ‖f‖2DQ

= ‖f‖2L2(µ) +DQ(f).

For simplicity, in what follows, we write Spec (Qmax) to denote the spec-
trum of

(
DQ, Dmax

(
DQ

))
. Similarly, we have Spec (Tmax),

(
DT , Dmax

(
DT

))
,

Spec
(
Q̃max

)
and

(
D
Q̃
, Dmax

(
D
Q̃

))
and so on. Let us mention an alternative

form of the measure µ̃ defined above (will be checked in Proof of Theorem 3
given in Section 3):

µ̃0 = 1, µ̃n = µ̃n−1
b̃2n−1
un

= µ̃n−1
|bn−1|
|an|

(
b̃n−1
|bn−1|

)2

, n > 1. (11)
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Define another measure ν̃ as follows.

ν̃0=
1

c̃0
, ν̃n=


ν̃n−1

(
c̃n

b̃n
− 1

)
, or alternatively

ν̃n−1
|an|
|bn|

[
|bn−1|
b̃n−1

|bn|
b̃n

]
n > 1.

(12)

Note that the sequences {µ̃n} and {ν̃n} can be expressed in terms of the
sequences {un} and {c̃n} only, since so does

{
b̃n
}

. In the simplest case (Defi-
nition 1), they have the following form:

µ̃0 = 1, µ̃n = µ̃n−1
|bn−1|
|an|

, n > 1;

ν̃0=
1

|b0|
, ν̃n= ν̃n−1

|an|
|bn|

, n > 1.

Combining Theorem 2 with [3; Theorem 2.1] (see also [5]), we easily obtain
the following criterion for the discrete spectrum of matrix T .

Theorem 3 Assume m<∞. Write µ̃[0, n]=
∑n

j=0 µ̃j and similar for ν̃[0, n].

(1) Let ν̃[0,∞)<∞. Then Spec (Tmin) is discrete iff lim
n→∞

µ̃[0, n] ν̃[n,∞)=0.

(2) Let µ̃[0,∞)<∞. Then Spec (Tmax) is discrete iff lim
n→∞

ν̃[0, n] µ̃[n+1,∞)=0.

(3) Let µ̃[0,∞) =∞= ν̃[0,∞). Then Spec (Tmin) = Spec (Tmax) is not dis-
crete.

In particular, if
∑∞

k=0 ν̃k µ̃[0, k] =∞, then the Q̃-process is unique ([1; Corollary
3.18]), hence Dmax

(
D
Q̃

)
= Dmin

(
D
Q̃

)
and furthermore Tmin = Tmax.

Theorem 3 is on a quantitative property rather than the qualitative one,
usually the former is easier than the latter. Besides, the discrete spectrum
depends only the boundary at infinity since on a finite space, each operator
is compact and hence the property is automatic. Thus, a local modification
of the operator does not make influence to the property. Even though, the
infinite matrix makes some difficulty for the study, but only the asymptotic
behavior is required. This makes the study easier, as shown in the next section
of the paper.

To go further, we introduce two alternative algorithms of (7). The next
result should be helpful for the asymptotic analysis of sequences {b̃k}, {c̃k}
and {ãk}, such as in the application of Theorem 3.

Lemma 4 We may re-express b̃n as

b̃n = c̃n −
pn
qn
, 0 6 n < N,
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where

(
p0

q0

)
=

(
0

1

)
,

(
pn

qn

)
=

 0 |an|

− 1

|bn−1|
c̃n−1
|bn−1|

(pn−1
qn−1

)
, 16n<N+1. (13)

Alternatively, we have the explicit expression:

(
pn

qn

)
=

 0 |an|

− 1

|bn−1|
c̃n−1
|bn−1|


 0 |an−1|

− 1

|bn−2|
c̃n−2
|bn−2|

 · · ·
 0 |a1|

− 1

|b0|
c̃0
|b0|

(0

1

)
.

Note that the expressions for {pn, qn} here depend only on the given three positive
sequences {|an|}, {|bn|} and {c̃n}. In the simplest case (see Definition 1), we
have

pn = |an|, qn = 1, 1 6 n < N + 1.

Proof. By definition, we have

pn
qn

=
un

b̃n−1
=

un

c̃n−1 − un−1/b̃n−2
=

un
c̃n−1 − pn−1/qn−1

=
unqn−1

c̃n−1qn−1 − pn−1
.

Hence (
pn

qn

)
=

 0 un

−1 c̃n−1

(pn−1
qn−1

)
.

Since we are interested only in the ratio pn/qn, we may divide the last matrix
by |bn−1|, which then leads to the explicit solution stated in the lemma. �

The choice |bn−1|−1 in Lemma 4 avoids the extra factor |bn−1| in un and
using the explicit known |an|, |bn−1| and c̃n−1 only in the resulting matrix.
This has an advantage in theoretical analysis as will be seen several times sub-
sequently. Noting that such a factor can improve the blowing up problem only
if |bn−1| > 1 (see Example 8), it can be quite poor in numerical computation
(see Example 11). Next, there is a problem of the cumulative errors in the
iteration of (7), especially for large matrices. The next result is a little bit
more complicated than the iteration (7) or Lemma 4, but it not only avoids
the blowing up problem but also provides a possible way to decrease the cu-
mulative errors. See the illustrated Example 11 in the next section for more
information.

Lemma 5 Except the simplest case (see Definition 1), we may re-express b̃n
as

b̃n = c̃n −
pn
qn
, 0 6 n < N,
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where(
p0

q0

)
=

(
0

1

)
,

(
pn

qn

)
=

(
0 unvn

−vn c̃n−1vn

)(
pn−1

qn−1

)
, 16n<N+1,

and

vn=


1

2un

[
c̃n−1−

√
c̃2n−1−4un

]
if c̃2n−1>4un;

1
√
un

if c̃2n−1<4un,
16n<N+1.

In the first case that c̃2n−1>4un, there is a good numerical approximation of vn:

vn ≈
2

c̃n−1

(
0.615411− 0.286195 z2 + 0.660784 z4

)
, z :=

4un
c̃2n−1

.

Alternatively, for each n: 1 6 n < N + 1, we have the explicit formula:(
pn

qn

)
=

(
0 unvn

−vn c̃n−1vn

)(
0 un−1vn−1

−vn−1 c̃n−2vn−1

)
· · ·

(
0 u1v1

−v1 c̃0v1

)(
0

1

)
.

Again, the matrices here depend on the sequences {un} and {c̃n} only.

In practice, one may simplify the matrices used in Lemma 5. For instance,
in the case that c̃2n−1>4un, we have

unvn =
c̃n−1−

√
c̃2n−1−4un

2
=
c̃n−1

(
1−
√

1− z
)

2
,

c̃n−1vn =
2
(
1−
√

1− z
)

z
, z :=

4un
c̃2n−1

.

We will come back to this point in Remark 12, at the end of the paper.
In the next section, we will illustrate the applications of Theorems 2 and

3, as well as Lemmas 4 and 5 by some examples. The proofs of these results
are delayed to Section 3.

2 Examples

A simple example to illustrate the use of Lemma 4 is the following one which
was used several time before, see [4; §4] for example.

Example 6 Consider
T ∼ (1,−3, 2)

Then, we have

b̃n =
2n+2 − 1

2n+1 − 1
, n > 0.
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Proof. By Lemma 4, we have

(
pn

qn

)
=

 0 1

−1

2

3

2

n(
0

1

)
, n > 1.

Because  0 1

−1

2

3

2

n

=

−1 +
1

2n−1
2− 1

2n−1

−1 +
1

2n
2− 1

2n

, n > 1,

it follows that (
pn

qn

)
=

2− 1

2n−1

2− 1

2n

, n > 1.

Therefore, applying the lemma again, we obtain

b̃n = cn −
pn
qn

=
2n+2 − 1

2n+1 − 1
, n > 0

as required. �

The next example is an extension of [3; Example 2.5].

Example 7 Let {βn}∞n=0 be a given arbitrarily real sequence,

bn=n4eiβn , an+1=
(
n(n+ 1)

)2
e−iβn , cn= |bn|+|an|, n>0,

a0=0, a1= 1, b0=1,

Then for the matrix T ∼ (ak,−ck, bk), both Spec (Tmin) and Spec (Tmax) are
discrete.

Proof. Note that in the present simplest case,

c̃k = ck = |ak|+ |bk|.

By Theorem 2, T and Q̃ ∼ (|ak|,−ck, |bk|) have the same spectrum. Then,
the assertions follow by the first two parts of Theorem 3, as known from [3;
Example 2.5]. �

Example 8 (Continued) Everything is the same as in Example 7, except the
sequence {cn} is replaced by {c̃n := cn + n2}.
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Proof. Note that the sequence {un} is the same as in the last example. Since
c̃n > cn for every n, by (7) and induction, we have b̃n > |bn| every n. Thus,
ν̃n < νn for every n by (12) plus induction, and then

ν̃[0,∞) < ν[0,∞) <∞.

To estimate µ̃[0,∞), it is necessary to estimate b̃n/bn. To do so, we study
the ratio pn/qn. From the proof of Theorem 2 given in Section 3, we will see
that the ratio is in general bounded from above by |an|. However, what we
need now is the harder part, a lower bound of the ratio. For this, we employ
first a numerical test using Lemma 5, from which, we guess that pn/qn >
|an|(1− 1/n). For this example, we are in the second case “c̃2n−1<4un” in the
lemma. Besides, we mention that when n = 103, the the outputs of (pn, qn) are
approximately (1014, 102) and (1011, 10−1) by Lemmas 4 and 5, respectively.
The renormalizing factor used in these two lemmas are |bn−1|−1 = (n − 1)−4

and u
−1/2
n = n−1(n − 1)−3, respectively. The former is a little bigger than

the latter. This result comes with no surprising since Lemma 5 can avoid the
blowing up trouble but may not Lemma 4. We are now going to prove the
conjectured lower bound. First, we have{

pn
|an|qn

}7

n=1

= {1, 0.5, 0.727273, 0.811475, 0.855765, 0.88315, 0.901775}.

Clearly, our conjecture holds at n = 3, 4, · · · , 7. Suppose it already holds at
n− 1 (n > 4):

pn−1 >

(
1− 1

n− 1

)
|an−1| qn−1 = (n− 2)3(n− 1) qn−1.

By (13), we have (
pn

qn

)
=

 |an| qn−1
c̃n−1
|bn−1|

qn−1 −
pn−1
|bn−1|

.
Hence

qn 6

(
1 +
|an−1|+ (n− 1)2

|bn−1|
− (n− 2)3

(n− 1)3

)
qn−1 =

n3 − 2n2 + 2

(n− 1)3
qn−1.

Furthermore,

pn
|an|qn

>
(n− 1)3

n3 − 2n2 + 2
= 1− n2 − 3n+ 3

n3 − 2n2 + 2
= 1− 1

n

n2 − 3n+ 3

n2 − 2n+ 2/n
.

The right-hand side is clearly > 1− 1/n once n > 3.
Combining the above estimate with Lemma 4, we obtain

(|bn| 6) b̃n 6 c̃n − |an|
(

1− 1

n

)
= |bn|+ n2 +

|an|
n

= |bn|+ n2 + n(n− 1)2.
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This means that
b̃n
|bn|

= 1 +O

(
1

n

)
.

Then by (11), we get

µ̃n
µ̃n−1

=
|bn−1|2

un

b̃2n−1
|bn−1|2

=
1

n2

[
1 +O

(
1

n

)]2
=

1

n2

[
1 +O

(
1

n

)]
.

We arrived at µ̃[0,∞) <∞. Again, the required assertion follows by the first
two parts of Theorem 3. �

In view of the proof above, it seems that much more perturbation of (c̃n)
is allowed, not only n2, to keep the same conclusion.

The next example is an extension of [3; Example 2.6].

Example 9 Let γ > 0,

bn=nγeiβn , an+1=nγe−iβn , cn= |bn|+|an|, n>0,

a0=0, a1= 1, b0=1,

where {βn}∞n=0 is again a given arbitrarily real sequence. Then for the matrix
T ∼ (ak,−ck, bk), Spec (Tmin) is discrete iff γ > 2. In particular, if γ ∈ [0, 1],
then Spec (Tmin) = Spec (Tmax) is not discrete.

Proof. As noted in Example 7, in the present simple case, m = 0, and so

c̃k = ck = |ak|+ |bk|, k > 0.

By Theorem 2, T and Q̃ ∼ (|ak|,−ck, |bk|) have the same spectrum. Hence
the conclusion follows from [3; Example 2.6]. �

Example 10 (Continued) Consider the special case of Example 9 with spe-
cific γ = 4, and replacing {cn} by {c̃n := cn+n2}. Then Spec (Tmin) is discrete.

Proof. The proof here is quite closed to the one of Example 8. Because of
c̃k < 2

√
uk, k > 3, we are in the second case in using Lemma 5. Next, since

|bn−1| =
√
un, the iteration of Lemma 5 coincides with Lemma 4. By a test of

numerical computation using Lemma 4, we guess again

pn
|an| qn

> 1− 1

n
.

Note that{
pn
|an| qn

}7

n=1

= (1, 0.5, 0.780488, 0.866197, 0.905112, 0.926899, 0.940706).
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Our guest is true at n = 3. Assume that the guest is also true at n−1 (n > 4).
Then we have

pn−1 >

(
1− 1

n− 1

)
|an−1| qn−1 =

(n− 2)5

n− 1
qn−1.

By Lemma 4, it follows that

pn
|an| qn

>

[
1 +

(
n− 2

n− 1

)4

−
(
n− 2

n− 1

)5

+
1

(n− 1)2

]−1
.

Thus, it suffices to show that[
1 +

(
n− 2

n− 1

)4

−
(
n− 2

n− 1

)5

+
1

(n− 1)2

]−1
> 1− 1

n
=
n− 1

n
,

or equivalently,

1 >

(
n− 2

n− 1

)4

+
1

n− 1
, n > 3.

By Lemma 4, we have thus arrived at

(|bn| 6) b̃n= c̃n−
pn
qn

= |bn|+ |an|
[
1− pn
|an|qn

]
+n26 |bn|+

1

n
|an|+n2, n>3.

Then

b̃n
|bn|

= 1 +
1

n

|an|
|bn|

+
n2

|bn|
= 1 +

(n− 1)4

n5
+

1

n2
= 1 +O

(
1

n

)
.

From here, as an application of Theorem 3, it is rather easy to prove the
required assertion. �

The next example exhibits both pn and qn in Lemma 4 can blow up very
fast. It also compares the algorithms given in (7) with Lemmas 4 and 5 in
numerical computation.

Example 11 (Continued) Consider the special case of Example 9 with γ = 2,
and replacing {cn} by {c̃n := cn + n2}. When n = 1000, the output is

(pn, qn)=


(3.383125991265680× 10421, 8.869971727917625× 10415)

(by Lemma 4),

(3.26965× 106, 8.57245) (by Lemma 5).

Then, we have the ratio

pn
qn

=

{
381413.3905993774 (by Lemma 4),

381414 (by Lemma 5).
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Hence, we have

b̃n =

{
2.6166× 106 (by Lemma 4),

2.61659× 106 (by Lemma 5 or (7)).

By using the algorithms given by (7) or Lemma 5, for n = 104, the output is

b̃n = 2.61789× 108.

Proof. When applying Lemma 5 to this example, for n = 1, we are in the
second case of the lemma. For n > 2, we are in the first one. Note that
we use Mathematica v.11.3 in the computation, which has an automatical
control for the precision level and so the different algorithms produce very
close outputs. Because of this, the cumulative error may be avoided. Since
there is a limitation on the number of the iterations by the software, in the
last step, when N = 104, we actually separate the computation into ten parts,
at each of them, we adopt 103 iterations only. �

The advantage in theoretical analysis and the shortcoming in numerical
computation of Lemma 4 should be clear now. See also the alternative proof
of Theorem 2 in Section 3 for an illustration of its advantage. We are now
at the position to analyse the algorithms given in (7) and Lemma 5 more
carefully.

First, we analyse their computational complexity. In the computation
of {b̃k}N−1k=0 , having the known {uk} and {c̃k} at hand, at each iteration by

(7), only one multiplication (division) is needed. Thus, for {b̃k}N−1k=0 , only N
multiplications are required.

Next, at each iteration by Lemma 5, the work is done in three steps.
(a) First, we have three multiplications for the product(

0 unvn

−vn c̃n−1vn

)(
pn−1

qn−1

)
=

(
pn

qn

)
.

(b) Next, for the first case in Lemma 5, to compute vn, three multiplications
are required. Here we count the square-root as one multiplication, in view of
the numerical approximation, it may cost 9 multiplications.

(c) Finally, to arrive at b̃n, one more multiplication (division) is required.
Therefore, for {b̃k}N−1k=0 , the algorithm of Lemma 5 needs (7+)N multiplica-
tions.

In conclusion, the algorithm by (7) has a simpler computational complexity
and so is faster than the one given by Lemma 5. However, they are at the
same level of complexity: O(N).

We now turn to compare the cumulative errors of the algorithms of (7) and
Lemma 5. For the first algorithm, the problem is obvious, the error at step
n− 1 makes influence to the next step n immediately. Hence, we are worrying
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about the possible cumulative errors, especially when deal with large matrices.
Fortunately, such problem does not appear up to n = 104 in Example 11. It
indicates that the algorithm is safe in the most cases. Let us now look at the
errors produced by Lemma 5 at each step of an iteration. At the last step (c) to
compute b̃n in terms of pn/qn, even though there would have an error as usual,
but the computation here is independent of {b̃k}k 6=n, and so this step does not
make cumulative errors, which is essentially different from the algorithm of
(7). One may worry about step (b), which may make more errors. Actually,
these errors can be simply ignored, even though they do make influence to the
pair (pn, qn), but do not interfere the ratio pn/qn. Therefore, we need only to
study the cumulative errors produced by the following iterations (from step
(a)) (

pn

qn

)
= Hn

(
pn−1

qn−1

)
,

where Hn is an explicitly given matrix having spectral radius ρ(Hn) = 1 (due
to the use of the renormalization procedure in terms of vn for avoiding blowing

up, here a small perturbation is allowed), independent of

(
pk

qk

)
for k 6 n− 1.

It seems the cumulative errors made here could be less serious than what
made by (7) since only simple products of matrices and vectors are used here.
Sometimes, the errors may influence the pair (pn, qn), but not its ratio pn/qn.

Refer to [3] for more illustrated examples and for a partial history of the
study on discrete spectrum. The author is regretted for being unable to find
supplementary literature related closely to the complex context of this paper.

3 Proofs

Proof of Theorem 2 For simplicity, throughout this proof, we assume that
m = 0 and so c̃k ≡ ck. Otherwise, simply replace ck by c̃k everywhere in the
proof. The proof consists of three parts.

(a)
{
b̃k
}

is positive,

(b) {ãk} is positive and an invariant,

(c) T and Q̃ are isospectral.

(a) Prove that
{
b̃k
}

is positive. First, we consider the simplest case men-
tioned in Definition 1. ck ≡ |ak| + |bk|. Then the required assertion can be
checked step by step as follows. Recall that

0 < uk = akbk−1 = |akbk−1|.
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Then by definition of {b̃k}, we have

b̃0 = c0 = |b0| > 0 (since a0 = 0 by assumption),

b̃1 = c1 −
u1

b̃0
= c1 −

|a1b0|
|b0|

= c1 − |a1| = |b1| > 0,

b̃2 = c2 −
u2

b̃1
= c2 −

|a2b1|
|b1|

= c2 − |a2| = |b2| > 0,

· · · · · ·

b̃N−1 = cN−1 −
uN−1

b̃N−2
= cN−1 −

|aN−1bN−2|
|bN−2|

= |bN−1| > 0 if N <∞.

Hence the assertion holds in this special case. The proof in this part shows
that even though the choice of

{
b̃k
}

is not unique, our choice is rather natural
and economic.

Next, consider the general case that ck > |ak| + |bk|. Again, we start our
study at the simplest situation that c̄0 > c0 but c̄k = |ak|+ |bk| for k > 1. For
a moment, denote by {b̃k} the sequence used in the last paragraph and denote
by {b̄k} the sequence produced by the new triple (ak,−c̄k, bk). Then

b̄0 = c̄0 > c0 = b̃0.

Furthermore, by induction, we obtain

b̄k > b̃k > 0, k > 1.

In general, let
k0 = min{k : c̄k > |ak|+ |bk|}.

Then we have b̄k = b̃k for 0 6 k 6 k0− 1 and by induction, b̄k > b̃k for k > k0.
In conclusion, the sequence

{
b̃k
}

in the theorem is increasing in (ck).
(b) Prove that ãk is positive and an invariant. By definition of {ãk} and

{b̃k}, we have

ãk = ck − b̃k = ck −
(
ck −

uk

b̃k−1

)
=

uk

b̃k−1
, 1 6 k < N.

Therefore,

ãk =
uk

b̃k−1
> 0, 1 6 k < N.

By definition of ãN , this assertion also holds at k = N whenever N <∞. We
have thus proved not only the positivity of {ãk}, but also the nice invariant:

ãk b̃k−1 = uk = akbk−1, 1 6 k < N + 1. (14)

(c) Prove that T and Q̃ are isospectral. Recall the sequence {hk}Nk=0 defined
by (8), we have

b̃k = bk
hk+1

hk
. (15)
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Hence

ak+1
hk
hk+1

(15)
=

ak+1bk

b̃k

(14)
=

ãk+1b̃k

b̃k
= ãk+1. (16)

Finally, it is easy to check that

(15) and (16)⇐⇒ Q̃ = Diag(h)−1T Diag(h),

and so the required assertion follows. From this, we obtain the last assertion
of the theorem.

To finish the proof, we mention a technical point. The function h defined
by (8) is an isospectral mapping from L2(µ) to L2(µ̃), it maps the measure
µ to |h|2µ. We claim that the last measure coincides with µ̃ defined by (3).
This is somehow simple since the mapping keeps the Hermitizability and the
Hermitizing measure for Q̃ should be unique, up to a constant. Since {µk},
{µ̃k}, and {hk} are all explicit (see (3) and (8)), a direct check for the identity
µ̃ = |h|2µ is also easy. To show this, it suffices to check that(

|hj |2µj
|hj−1|2µj−1

=

)
b̃2j−1

bj−1b̄j−1
· bj−1
āj

=
b̃j−1
ãj

(
=

µ̃j
µ̃j−1

)
, 1 6 j < N + 1.

Or equivalently, ãj b̃j−1 = āj b̄j−1. This is obvious by the invariant (14). �

Alternative proof of Theorem 2 Having Lemma 4 at hand, we can now
introduce an alternative proof of Theorem 2. Actually, here, we prove only
the positivity of {b̃k}, the other parts of the proof remain the same as in the
previous proof.

First, it is easy to check that c̃k > |ak|+ |bk| for each k. Hence, we set

c̃k
|bk|

= 1 +
|ak|
|bk|

+ βk for some βk > 0, 0 6 k < N. (17)

Then (
p1

q1

)
=

 0 |a1|

− 1

|b0|
1 + β0

(0

1

)
=

(
|a1|

1 + β0

)
=

(
|a1|(1+γ0)

1 + γ1

)
,

(
p2

q2

)
=

 0 |a2|

− 1

|b1|
1 +
|a1|
|b1|

+ β1

(|a1|(1+γ0)

1 + γ1

)
=

(
|a2|(1+γ1)

1 + γ2

)
,

where

γ1 := β0 > 0 =: γ0, (18)

γ2 = (1 + β1)(1 + γ1) +
|a1|
|b1|

(γ1 − γ0)− 1 > γ1 + β1(1 + γ1) > γ1. (19)
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From here, by induction, it should be easy to prove that(
pn

qn

)
=

(
|an|(1+γn−1)

1 + γn

)
for some γn > γn−1 > 0.

Hence
pn
qn

= |an|
1 + γn−1
1 + γn

∈ (0, |an|].

Therefore, by Lemma 4 and (17), we have

b̃n = |an|+ (1 + βn)|bn| −
pn
qn
> (1 + βn)|bn| > |bn| > 0,

as required. �
From the proof above, it is also easy to figure out the following mono-

tone property. For a new sequence {c̃′n} with c̃′n > c̃n for every n, then the
corresponding p′n/q

′
n 6 pn/qn and furthermore b̃′n > b̃n for every n.

Proof of Theorem 3 To prove the theorem, we need to check (11) and
(12). The first one is easy:

µ̃n
(3)
= µ̃n−1

b̃n−1
ãn

(14)
= µ̃n−1

b̃2n−1
un

= µ̃n−1
|bn−1|
|an|

(
b̃n−1
|bn−1|

)2

.

For (12), recall the usual definition (used in [3] in particular) is

ν̃n :=
1

µ̃nb̃n
and so ν̃0=

1

b̃0
=

1

c̃0
.

Furthermore,

ν̃n
(3)
= ν̃n−1

ãn

b̃n
=


ν̃n−1

(
c̃n

b̃n
− 1

)
(by (7)), or alternatively

ν̃n−1
un

b̃n−1b̃n

(14)
= ν̃n−1

|an|
|bn|

[
|bn−1|
b̃n−1

|bn|
b̃n

]
,

as required. As mentioned Section 1, the expressions of the sequences {µ̃k}
and {ν̃k} can be expressed by the sequences {uk} and {c̃k} only, which come
from the original matrix T . Unlike the coefficients {ak} and {bk} in T , which
are complex, here {uk} and {c̃k} are positive. The expressions of the sequences
{µ̃k} and {ν̃k} in terms of {uk} and {c̃k} are clearly quite complicated, this
may be the main reason such a result has not been appeared before. However,
the criterion depends only on the behavior of the sequences at infinity, and
hence is applicable in practice, as illustrated in Section 2.

Before we really go into the proof of Theorem 3, let us explain the function
h defined by (8) and the related Definition 1. Even though it looks very simple,
but each b̃k is actually a continued fraction (cf. [4; Algorithm 14]). Hence, the
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expression of h is indeed quite complicated. In fact, this is the main difficulty
of the story. To explain roughly the trip of the story, let us denote temporarily
by Q0 be a real matrix on E = {k ∈ Z+ : k < N + 1} having the following
two properties (for saving notation, in what follows, we simply write [0, N)
instead of [0, N) ∩ Z+):

(i) the off-diagonal elements of Q0 > 0, pointwise.

(ii) Q01 6 0, where 1 is the column vector having components 1 everywhere.

Next, let h be Q0-harmonic: Q0h = 0 on [0, N) (noting that if N < ∞, then
the endpoint on the right is excluded). Then, by [5; Theorems 2.1 and 2.5],
we can construct an isospectral new matrix Q1 satisfying the above property
(i) but replace property (ii) by

(ii)’ Q11 = 0 except at N : Q11(N) 6 0 if N <∞.
In other words, the potential function V := Q11 vanishes except at N if
N < ∞. For tridiagonal Q0, a preliminary solution of the harmonic h was
presented in [3; above Theorem 2.1]. Recall that for the complex tridiagonal
T , the harmonic equation (Th = 0 on [0, N)) corresponds to a second-order
differential equation with complex variable coefficients, and its general solution
is unknown, even for the operator with real coefficients. Correspondingly, the
general solution to equation Th = 0 is unknown. Therefore, what we need is
to find a particular solution. As we all know, there is no common practical
way to do this. Anyway, we are lucky to find the solution h, as shown in (8),
which is a trick to be expressed in terms of the sequence {b̃k} given in (7). For
the current general T , the solution was obtained until [4; §3], four years later
than [3].

Once having h at hand, the current Theorem 3 is actually a copy of [3;
Theorem 2.1] (by setting hk ≡ 1). To be more precise, Theorem 3 is only a
modification of [3; Theorem 2.1]: the Q-matrix used in the last theorem is
replaced by Q̃ used in the previous one. According to Theorem 2, this means
that the conclusion given in Theorem 3 can be applied to the operator Q̃,
as well as to the operator T − mI. Because the shift mI does not interfere
with the characteristics of discrete spectrum, hence T − mI and T have or
do not have discrete spectrum simultaneously. In view of this conclusion, the
condition “m < ∞” seems to be technical and can be avoided by using a
limiting procedure. So far, we have proved Theorem 3. �

To finish the proofs, we make a remark on an approximation of vn.

Remark 12 Noting that in the case of c̃2n−1>4un, we have

vn =
1

2un

[
c̃n−1−

√
c̃2n−1−4un

]
=

2(1−
√

1− z )

c̃n−1z
, z :=

4un
c̃2n−1

.

The idea is approximating the function

f(x) = 1−
√

1− x



1578 Mu-Fa Chen

by

g(x) := 0.615411x− 0.286195x3 + 0.660784x5.

Figure 1 shows that these two functions f and g are quite close each other.
More precisely, their difference (< 0.08515) is shown by Figure 2. Two curves
are crossed at four points: 0, 1/2, 3/4 and 1.

Figure 1: curves of f and g on [0, 1]. Figure 2: curve of g − f on [0, 1].

To conclude the paper, we mention that for finite matrix, one can re-
place the tridiagonal matrix T in Theorem 2 by a general Hermitizable one in
terms of the Householder transformation (see [4; Theorem 24]). However, at
the moment, the extension to the general infinite Hermitizable matrix is still
unknown.
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Abstract. The first aim of the paper is to study the Hermitizability of second-order
differential operators, and then the corresponding isospectral operators. The explicit
criteria for the Hermitizable or isospectral properties are presented. The second aim of
the paper is to study a non-Hermitian model, which is now well known. In a regular
sense, the model does not belong to the class of Hermitizable operators studied in
this paper, but we will use the theory developed in the past years, to present an
alternative and illustrated proof of the discreteness of its spectrum. The harmonic
function plays a critical role in the study of spectrum. Two constructions of the
function are presented. The required conclusion for the discrete spectrum is proved
by some comparison technique.
Keywords. Hermitizable, isospectral, differential operators, non-Hermitian model,
discrete spectrum.
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1 Introduction

Denote by CmpRdq the set of functions on Rd with continuous derivatives up to order
m. Let a “ paijpxqq

d
i,j“1 and b “ pbipxqq

d
i“1 be given complex matrix and vector on

Rd, respectively. Assume that aij P C 1pRd,Cq for each i, j. Next, let V P C 1pRd,Rq
and dµ “ eV dx. Thus, the first part of the paper is an extension of [5; §5] replacing
the Lebesgue measure by µ. Consider the following complex second-order differential
operator

L “
ÿ

i,j

BipaijBjq `
ÿ

i

biBi ´ c, (1)

where Bi “ d{dxi and c P L2pµq. We say that L with domain DpLq is Hermitizable
with respect to the measure µ if L is a self-adjoint operator on the complex space
L2pµq with inner product pf, gqµ “

ş

fḡdµ:

pLf, gqµ “ pf, Lgqµ, f, g P DpLq Ă L2pµq.
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For vectors F “ tfku
m
k“1 and G “ tgku

m
k“1, set

xF, Gyµ “
m
ÿ

k“1

pfk, gkqµ.

We have the following result for the Hermitizability. The main part of the result
is given in [9]. An alternative proof of the result is delayed to Section 4 of the paper.

Theorem 1 The operator L is Hermitizable with respect to the measure µ iff
a is Hermitian (i.e., aH :“ ā˚ “ a) and

Re b “ pRe aqpBV q, (2)

2 Im c “ ´
`

pBV q˚ ` B˚
˘`

pIm aqpBV q ` Im b
˘

, (3)

where x˚ denote the transpose of x. If so, its quadratic form is as follows.

p´Lf, gqµ “ xaBf, Bgyµ `
?
´1

@`

Im b` pIm aqpBV q
˘

f, Bg
D

µ
` pc̄f, gqµ,

f, g P DpLqĂL2pµq, (4)

where Im c satisfies (3).

We now make a remark on the ordinary form of the second-order differential
operator. Noting that

BipaijBjfq “ aijB
2
ijf ` pBiaijqBjf,

we have
ÿ

i,j

BipaijBjfq “
ÿ

i,j

aijB
2
ijf `

ÿ

i

ˆ

ÿ

j

Bjaji

˙

pBifq. (5)

Hence

ÿ

i,j

aijB
2
ijf `

ÿ

i

bipBifq “
ÿ

i,j

BipaijBjfq `
ÿ

i

ˆ

bi ´
ÿ

j

Bjaji

˙

pBifq.

Noting that as a product of the row vector B˚ and matrix a,
ř

j Bjaj‚ “ B
˚a is a row

vector, we can write the drift coefficient on the right-hand side as a row vector:

b˚ ´ B˚a “: b̃˚
`

equivalently, in column b̃ “ b´ pB˚aq˚
˘

.

Then, as an application of Theorem 1: keeping paijq to be the same but replace b by

b̃ we obtain the following result.

Corollary 2 Under the assumption of Theorem 1, the operator

L “
ÿ

i,j

aijB
2
ij `

ÿ

i

biBi ´ c

is Hermitizable with respect to the measure µ iff a is Hermitian and

Re b “ pRe aqpBV q ` pB˚pRe aqq˚, (6)

2 Im c “ ´
`

pBV q˚ ` B˚
˘`

pIm aqpBV q ` Im b´ pB˚pIm aqq˚
˘

. (7)
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The main advantage of the Hermitizable operators is having the real spectrum.
This is essential for quantum mechanics. However, the potential term c in the oper-
ators makes much difficulty for studying their spectrum. The goal of the next result
is removing the potential term using a modified operator. The idea goes back to [7].

Theorem 3 Let
L “ ∇pa∇q ` b ¨∇´ c

be the operator given by (1) with domain DpLq and let h ‰ 0 be µ-a.e. harmonic
of L: Lh “ 0, µ-a.e. Then L is isospectral to the operator

`

rL, DprLq
˘

:

rL “ ∇pa∇q `
`

b` Irh‰0sh
´1pa` a˚q∇h

˘

¨∇,

DprLq “
 

f̃ P L2pµ̃q : f̃h P DpLq
(

, µ̃ :“ |h|2µ.

In particular, in the Hermitizable case, a` a˚ “ 2 Re a.

In Section 4, Theorems 1 and 3 are extended to a more general class of operators
including the so-called ferromagnetic potential.

We now go to an opposite direction: from rL to L, as an analog of [7; Theorem
1.1 (2), Theorem 3.6 and Corollary 3.7]. It is very close to [5; Theorem 34]. In this
way, we can construct a lot of models which have the same spectrum as those of the
given one. The operator rL used below has the same form as given in Theorem 3.

Theorem 4 Let rL “ B˚ãB ` b̃˚B with domain D
`

rL
˘

Ă L2pµ̃q. Then for each

complex function h P C 2pRdq, h ‰ 0, µ̃-a.e., rL is L2-isospectral to L “ Lh:

Lh “ rL´
1

h
pBhq˚pã` ã˚qB `

„

2

h2
pBhq˚ã´

1

h

`

B˚ã` b̃˚
˘



pBhq

“ B˚ãB `

„

b̃˚ ´
1

h
pBhq˚pã` ã˚q



B `

„

2

h2
pBhq˚ã´

1

h

`

B˚ã` b̃˚
˘



pBhq,

DpLhq “
 

f P L2pµhq : f{h P D
`

rL
˘(

, µh :“ |h|´2µ̃.

Moreover, L and rL are both selfadjoint or not, simultaneously.

Applying Theorem 4 to rL with

ãpxq “ I, b̃pxq “ ´x ùñ dµ̃pxq “ e´|x|
2
{2dx,

where I is the dˆ d identity matrix, we obtain the following result.

Corollary 5 For each complex function h P C 2pRdq, h ‰ 0, µ̃-a.e., the operator

Lh “ B˚B ´

ˆ

x˚ `
2

h
pBhq˚

˙

B `
1

h

ˆ

x˚ `
2

h
pBhq˚

˙

pBhq,

DpLhq “
 

f P L2pµhq : f{h P D
`

rL
˘(

, µh :“ |h|´2µ̃

is isospectral to the Ornstein-Uhlenbeck operator rL:

rL “ B˚B ´ x˚B,

D
`

rL
˘

“ tf P L2pµ̃q : |∇f | P L2pµ̃qu.

Hence Lh and rL have the same discrete spectrum.
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The proofs of the above results are delayed to Section 4. We are now going to study
the discreteness of spectrum for a non-Hermitian model, which is not Hermitizable
in the sense we have studied so far but it is so in a different sense. Hence, we have a
chance to look at a slight different story.

The operator is

L “ ´
d2

dx2
´
`?
´1x

˘3

defined on the real line. For which, the eigenequation becomes
„

´
d2

dx2
´
`?
´1x

˘3


gkpxq “ λkgkpxq.

The serious problem is the complex Hamiltonian
?
´1x3. By Theorem 1, correspond-

ing to this Hamiltonian, the operator is not Hermitizable and hence it is not clear
whether it has real spectrum or not, and also about the discreteness of its spectrum.
Actually, this is the original model (cf. [2]) leading to the study on non-Hermitian
quantum mechanics. There are now quite a number of publications in this field, see
for instance [8, 10, 11, 1] and reference therein. Certainly, it is impossible for us to
review the details of the study on the topic, what instead, is to show that its spectrum
should be real and discrete.

As shown in [8; Appendix B], the first step is a simple change of the variable:
z “

?
´1x. Then the eigenequation becomes

„

d2

dz2
´ z3



gkpzq “ λkgkpzq.

Now, the variable z varies on the line
?
´1R. Since we are interested in the real

spectrum tλku, one may regard the operator on the left-hand side as a real one.
Thus, the original complex problem is reduced to the real one. The latter is a standard
Schrödinger operator, which is clearly symmetrizable/Hermitizable by Theorem 1, and
so has real spectrum. Thus, we only need to prove the discreteness of its spectrum,
which is down in the next section, and more details are given in Section 3 below.

Now, let us rewrite our equation in the real context as follows.
„

d2

dx2
´ xγ



gkpxq “ λkgkpxq x P R. (8)

According to [8; Appendix B], for the original complex model mentioned above, there
is a restriction for γ: γ P p2, 4q, and γ “ 3 in particular. The problem was solved in
the cited paper with some extension on the potential function. The exact solutions of
the eigenpairs are constructed there in terms of some special functions including the
Bessel ones. Certainly, such a nice solution can be worked out only for some special
models. Here, we concentrate on the qualitative rather than quantitative aspect: the
discreteness of the spectrum. For the specific model given in (8) with cpxq “ x3,
fixing β P R, and replacing cpxq with cpxq ´ cpβq ě 0, then the modified operator on
the interval pβ,8q having discrete spectrum iff the following Molchanov’s criterion
(cf. [4; above Example 7.7]) holds:

for each θ ą 0,

ż x`θ

x

cÑ8 as xÑ8.

Here, we present an alternative proof to illustrate an application of our general result
presented in [4].
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2 Examples

This section is mainly devoted to prove that the spectrum of the real operator given
in (8) is discrete, see Example 11.

To begin with, we state a general criterion that we already have in dimension one.
For which, we need some notation. For a given elliptic differential (diffusion) operator

L “ apxq
d2

dx2
` bpxq

d

dx
´ cpxq, apxq ą 0, bpxq P R, cpxq ě 0

on E :“ p0,8q or R. Define three measures

µpdxq “
eCpxq

apxq
dx, νpdxq “ eCpxqdx, ν̂pdxq “ e´Cpxqdx, (9)

where Cpxq “
şx

θ
pb{aqpyqdy and θ is a reference point. As usual, write µpfq “

ş

E
fdµ.

Our criterion is based on the µ-a.e. harmonic function h: Lh “ 0, µ-a.e. having
property h ‰ 0, µ-a.e. For simplicity, we fix E “ r0,8q. Then the other part p´8, 0s
may be handled in parallel (cf. [4; Theorem 7.13]). The next result is taken from
[4; Part (1) of Theorem 7.1]. There are two more parts in the cited theorem but are
omitted here for simplicity.

Lemma 6 Let ν̂pEq ă 8. Then the spectrum of L is discrete iff

lim
xÑ8

µ
`

h21p0,xq
˘

ν̂
`

h´21px,8q
˘

„

“ lim
xÑ8

ż x

0

h2dµ

ż 8

x

1

h2
dν̂



“ 0. (10)

Let

Gpxq “

ˆ

0 e´C

c eC{a 0

˙

, F “

ˆ

f
eCf 1

˙

.

Then the function h can be obtained by the following result. Note that G ě 0 and
F pθq given below is nonnegative, the solution given in the next lemma is meaningful.

Lemma 7 Let F˚ be the minimal nonnegative solution to the equation:

F “ F pθq `

ż x

θ

GF, x P E, F pθq “

ˆ

1
0

˙

. (11)

Then

F˚ “

ˆ

h
eCh1

˙

.

In the present real context, the parameter γ is allowed to be bigger or equal to 2,
especially, γ ą 2. In the special situation we are working, a “ 1, b “ 0, and cpxq “ xγ .
Hence µ, ν and ν̂ are simply the Lebesgue measure on the line. Having Lemma 7 at
hand, the function h follows by the second successive approximation scheme of F˚

given in [4; Theorem 7.4], plus a use of the induction. From which we obtain first the

sequence
 

rF pkq
(8

k“1
, and then the sequence of the first components of

 

rF pkq
(8

k“1
:

h̃p2kqpxq ” 0, h̃p1qpxq ” 1, h̃p2k´1qpxq “
xαpk´1q

pk ´ 1q!α2pk´1qp1´ 1{αqk´1
,
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where α “ γ ` 2, pzqk “ zpz ` 1q ¨ ¨ ¨ pz ` k ´ 1q, pzq0 :“ 1. We can write down the
function h explicitly:

hpxq “ 1`
8
ÿ

k“1

xαk

k!α2kp1´ 1{αqk
“

8
ÿ

k“0

`

xα{α2
˘k

k! p1´ 1{αqk
. (12)

Thus,

hpxq “ 0F1

ˆ

1´
1

α
,
xα

α2

˙

“ 0F1

ˆ

γ ` 1

γ ` 2
,

xγ`2

pγ ` 2q2

˙

where 0F1 is the confluent hypergeometric function:

0F1pα, zq “
8
ÿ

k“0

zk

pαqkk!
.

Since p1´ 1{αqk ě p1´ 1{αqk, by(12), it follows that

hpxq ď
8
ÿ

k“0

xαk

k!α2kp1´ 1{αqk
“ exp

xα

αpα´ 1q
“ exp

xγ`2

pγ ` 2qpγ ` 1q
ă 8, x P R`.

In the next section, we will introduce a simplified construction of the harmonic func-
tion h and a proof of (12).

Before moving further, let make a remark about Lemma 7. Let f be L-harmonic:

af2 ` bf 1 “ cf.

Equivalently,

f2 `
b

a
f 1 “

c

a
f. (13)

Define

F “

ˆ

f
eCf 1

˙

,

then we can lift equation (13) as

F 1 “ GF, F pθq “

ˆ

1
0

˙

(14)

which is clearly equivalent to (11). We mention that the harmonic function construct-
ed by solving the equation (13) can be different from those obtained by Lemma 7, in
terms of some successive approximation schemes, since in the former case we do not
require f 1 ě 0. The essential condition we need is that f ‰ 0, µ-a.e. (cf. [5; Lemma
8]), as mentioned before.

Applying (13) to f “ expψ, it reduces to solve the equation:

ψ2 ` ψ1
2
`
b

a
ψ1 “

c

a
. (15)

Since a “ 1, b “ 0 here, if we reset y “ ψ1, then we arrive at the Riccati equation

y1x “ ´y
2 ` c.

In the special case that cpxq “ xγ for arbitrary real number γ ‰ ´2, the equation is
solvable (refer to [12; 1.2.2-1, case 4]). Moreover, the solution can be expressed in two
Bessel functions (infinite series). Clearly, such a solution, as well as the one given in
(12) are not convenient to apply our criterion (Lemma 6). Therefore, we will look for
some simpler solutions and illustrate the use of this idea.
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Example 8 The operator

L “
d2

dx2
´

ˆ

xγ `
γ

2p1` xq
xγ{2´1 `

γpγ ` 4q

16p1` xq2

˙

, γ ě 2

on R` has discrete spectrum.

The main task in the proof is the construction of a required harmonic function h.
To apply Lemma 6, we still need an elementary lemma.

Lemma 9 Let ϕ P C 2p0,8q.

(1) Assume that

lim
xÑ8

ż x

0

eϕ “ 8 “ lim
xÑ8

ϕ1
´1
eϕ and lim

xÑ8

ϕ2

ϕ12
‰ 1.

Then
ż x

0

eϕ „ ϕ1
´1
eϕ as xÑ8.

(2) Assume that

lim
xÑ8

ż 8

x

eϕ “ 0 “ lim
xÑ8

ϕ1
´1
eϕ and lim

xÑ8

ϕ2

ϕ12
‰ 1.

Then
ż 8

x

eϕ „ ϕ1
´1
eϕ as xÑ8.

Proof. It suffices to prove part (1) only. By assumption, we have

şx

0
eϕ

ϕ1´1eϕ
„

1

1` pϕ1´1
q1
“

1

1´ ϕ2{pϕ1q2
. ˝

The next result is helpful for using (10).

Corollary 10 Under the assumptions of Lemma 9,

lim
xÑ8

ż x

0

eϕ
ż 8

x

e´ϕ “ 0

iff limxÑ8 ϕ
1´1

“ 0. In particular, for a fixed ϕ, the conclusion is independent of
lower order perturbations.

Proof. Under the assumptions of Lemma 9, we have

ż x

0

eϕ
ż 8

x

e´ϕ „ ϕ1
´1
eϕϕ1

´1
e´ϕ „ ϕ1

´2
„ 0 as xÑ8. ˝

We are now ready to prove the conclusion of Example 8.
Proof of Example 8 First, we construct the required harmonic function. Let
α ě 2 and β ą 0 to be specified later. Define

ψ2pxq “
1

α
xα ´ β logp1` xq. (16)
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Then

ψ12pxq “ xα´1 ´
β

1` x
, ψ22pxq “ pα´ 1qxα´2 `

β

p1` xq2
.

Hence

ψ12pxq
2
` ψ22pxq “ x2pα´1q `

ˆ

α´ 1´
2βx

1` x

˙

xα´2 `
βpβ ` 1q

p1` xq2

“ x2pα´1q `
α´ 1

1` x
xα´2 `

α2 ´ 1

4p1` xq2
`

set β “ pα´ 1q{2
˘

“: c2pxq.

Combining this with (15), by setting α “ γ{2 ` 1, it follows that the function h2 :“
expψ2 is L-harmonic.

Setting ϕ “ ´2ψ2 in part (2) of Lemma 9, it follows that

ν̂pEq “

ż

E

e´2ψ2 „

ż

E

e´2 xα{α ă 8 (since α ą 1).

Then (10) holds by Corollary 10 whenever α ě 2. ˝

Recall that we are mainly interested in the special case that γ “ 3 in the next
model.

Example 11 The operator

L “
d2

dx2
´ xγ , γ ě 2

on R` has discrete spectrum.

The potential here c0pxq :“ xγ is simpler than what given in Example 8. The prob-
lem is that for this potential, even though the explicit solution of the corresponding
harmonic function h is founded out, given by (12), but it seems not practical for the
use of Lemma 6. More seriously, it is usually impossible to get an explicit harmonic
function h for a given general potential cpxq. Hence, we do need a different approach,
independent of the exact solution of h. The approach we adopt is similar to what
used in [6; §2]: regarding the given model as perturbation of some solvable models.
Let us start at a simple choice: f “ expψ1 with ψ1pxq “ xα{α, then

`

ψ11
2
` ψ21

˘

pxq “ x2pα´1q ` pα´ 1qxα´2 “: c1pxq.

By setting α “ γ{2` 1, we can rewrite the above term as

c1pxq “ xγ `
γ

2
xγ{2´1. (17)

This means that the function expψ1 is harmonic of the operator L with potential
c1pxq, for which the function h is solvable. One may regard the original model with
potential c0pxq “ xγ is a perturbation of the solvable one with potential c1pxq. Next,
we have a solvable model at hand, Example 8, for which its potential c2pxq is more
complicated than c1pxq. This is due to the reason we required: the solvable models
should be as close as possible to the model we are interested. Comparing the model
given in (17) with the one given in Example 8:

c1pxq ´ x
γ “

γ

2
xγ{2´1; c2pxq ´ x

γ “
γ

2p1` xq
xγ{2´1 `

γpγ ` 4q

16p1` xq2
,
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it follows that the growth rate of the latter is one order less than the former.
As an accompany, we now introduce another solvable model with h “ expψ3:

ψ3pxq “
1

α
xα ´ pα´ 1q logp1` xq. (18)

Correspondingly, we have

`

ψ13
2
` ψ23

˘

pxq “ x2pα´1q ` pα´ 1q

„

2

1` x
´ 1



xα´2 `
αpα´ 1q

p1` xq2
“: c3pxq. (19)

Denote by h0 the function given in (12). Then we can set ψ0 “ log h0. By, Lemma
7, we have ψ0 ą 0 and ψ10 ą 0. We now have four pairs pψk, ckq

3
k“0, combining them

together, we obtain Table 1.

Table 1 Functions ψk and ck

k ψkpxq ckpxq

0 ψ0pxq “ log h0pxq x2pα´1q “ xγ

1
xα

α
x2pα´1q ` pα´ 1qxα´2

2
xα

α
´
α´ 1

2
logp1` xq x2pα´1q `

α´ 1

1` x
xα´2 `

α2 ´ 1

4p1` xq2

3
xα

α
´ pα´1q logp1`xq x2pα´1q` pα´1q

„

2

1` x
´1



xα´2`
αpα´ 1q

p1` xq2

When α ě 2, we have

tψku
3
k“0 ą 0, tψ1ku

3
k“0 ą 0, and tcku

3
k“0 ą 0 for all x ą 0.

Besides, we also have
c2pxq ě c0pxq ě c3pxq,

except a small neighborhood of x around 0, say p0, 1.8q when α P r2, 3s for instance for
the second inequality c0 ě c3. Thus, in terms of the comparison theorem (cf. Lemma
13 (1) below) for the minimal nonnegative solution, up to a constant, we should have

expψ2 ě h0 “ expψ0.

Similarly, we should also have h0 ě expψ3, up to a constant. Note that the local
problem does not interfere our goal since we are interested in only the asymptotic
behavior at infinity.

We are now ready to prove the assertion of the example.
Proof of Example 11 Note that the case of γ “ 2 is the classical harmonic os-
cillator model, for which the answer is well known, see for instance [4; Example 7.7].
Thus, in what follows, we may assume that γ ą 2, or equivalently α ą 2. Since ψ2

and ψ3 have the same leading order and so do ψ12 and ψ13, we have

µ
`

h21p0,xq
˘

ν̂
`

h´21px,8q
˘

ď Cpαq

ż x

0

exp
“

2ψ2

‰

ż 8

x

exp
“

´ 2ψ3

‰

(for some Cpαq independent of x)

„ pψ12q
´1 exp

“

2ψ2

‰

pψ3
1
q´1 exp

“

´ 2ψ3

‰

„ pψ2
1
q´2 exp

“

2pψ2 ´ ψ3q
‰

„ x´2pα´1qxα´1

„ 0 as xÑ8,
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once α ą 1. ˝

Note that in the proof we adopt upper and lower bounds ψ2 and ψ3 of ψ0, we
need not only the same leading terms of ψ2 and ψ3 and also the second leading terms
of them. That is the reason we have to choose ψ2 and ψ3 carefully.

Finally, we have proved the discreteness of the operator given in (8) for γ ě 2
and furthermore for the corresponding complex operator with γ P p2, 4q mentioned in
Section 1.

The approach used in this section is taken from [4; §7]. A new simplified one is
given in the next section.

3 New simplified approach

First, we present a simplified construction of the harmonic function h given by Lemma
7. The observation goes to the special structure of the matrix G:

Gpxq “

ˆ

0 α
β 0

˙

psay!q.

Then we have

G

ˆ

x
0

˙

“

ˆ

0
βx

˙

,

and in the next step, we obtain

G

ˆ

0
βx

˙

“

ˆ

αβx
0

˙

.

Since we are only interested in the first component of the resulting vector, this suggests
us to combining the first two steps into one:

G2 “

ˆ

αβ 0
0 αβ

˙

, G2

ˆ

x
0

˙

“

ˆ

αβx
0

˙

.

This leads us to use one-dimensional function h instead of the two dimensional one
F . To do so, we compute the double integration of the original G given in Lemma 7:

ż x

0

dy Gpyq

ż y

0

dz Gpzq“

ż x

0

dz

ż x

z

dy GpyqGpzq

“

ż x

0

dz

ż x

z

dy

¨

˝

c

a
pzqeCpzq´Cpyq 0

0
c

a
pyqeCpyq´Cpzq

˛

‚.

We need the first component at the first line of the matrix on the right-hand side:

ż x

0

dz

ż x

z

dy
c

a
pzqeCpzq´Cpyq“

ż x

0

dz

„

c

a
pzqeCpzq

ż x

z

dy e´Cpyq


.

Therefore, we define the following kernel:

kpx, zq “
c

a
pzqeCpzq

ż x

z

dy e´Cpyq, x ě z ě 0. (20)
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Then, we have the following successful approximating procedure:

f̃ pn`1qpxq “

ż x

0

dz kpx, zqf̃ pnqpzq, n ě 1, f̃ p1qpxq ” 1. (21)

Therefore, the required harmonic function h˚ is given by

h˚pxq “
8
ÿ

n“1

f̃ pnqpxq, x P R`. (22)

Here is the new construction of h˚.

Lemma 12 Let k be defined by (20). Then h˚ is the minimal nonnegative
solution to the equation

fpxq “

ż x

0

dz kpx, zqfpzq ` gpxq, x P R`, (23)

with gpxq ” 1. It can be obtained either by using the first successive approxima-
tion scheme h˚ “ limnÑ8 Òf

pnq (pointwise):

f pn`1qpxq “

ż x

0

dz kpx, zqf pnqpzq ` 1, n ě 1, f p1qpxq ” 1. (24)

or by the second successive approximation scheme defined in (21).

Before moving further, let us mention that the construction of h given in Lemma
12 corresponds [5; Algorithm 14] for pb̃kq in the discrete case; while the construction
in Lemma 7 corresponds [6; Lemmas 4 and 5].

The proof of Lemma 12 is given in the next section. We are now ready to prove
(12).
Proof of (12) In this case, we have a “ 1, b “ 0 and cpxq “ xγ . Then Cpxq ” 0.
Hence kpx, zq “ zγpx´ zq. By (21), we have f̃ p1qpxq ” 1 and

f̃ pn`1qpxq “

ż x

0

dz zγpx´ zqf̃ pnqpzq “ x

ż x

0

zγ f̃ pnqpzq ´

ż x

0

zγ`1f̃ pnqpzq, n ě 1.

In particular,

f̃ p2qpxq“x

ż x

0

zγ ´

ż x

0

zγ`1“
xγ`2

γ ` 1
´
xγ`2

γ ` 2
“

xγ`2

pγ ` 1qpγ ` 2q
“

xα

α2p1´ αq
, α :“ γ`2

which is the special case of n “ 2 in the following formula:

f̃ pnqpxq “
xαpn´1q

pn´ 1q!α2pn´1qp1´ 1{αqn´1
.

In view of this, it is easy to prove the required assertion by induction. ˝

To make additional details to the proof of Example 11, we need some simple
properties of the minimal solution to equation (23).

Lemma 13
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(1) (Comparison). Let k̃ ě k and g̃ ě g (pointwise). If

f̃pxq ě

ż x

0

dz k̃px, zqf̃pzq ` g̃pxq, x P R`,

then f̃ ě f˚, where f˚ is the minimal solution to (23).
(2) (Linear combination). Let βk ě 0 and gk ě 0 and f˚k be the minimal solution

to (23) with g “ gk, k “ 1, 2, then f˚ :“ β1f
˚
1 `β2f

˚
2 is the minimal solution

to (23) with g “ β1g1 ` β2g2.

(3) (Localization). Let f˚ the minimal solution to (23), x0 P p0,8q, and tf̃˚pxq :
x ě x0u be the minimal solution to the equation

fpxq “

ż x

x0

dz kpx, zqfpzq `

ż x0

0

dz kpx, zqf˚pzq ` gpxq, x ě x0.

Then f̃˚ “ f˚ on rx0,8q.

Refer to [3; Theorem 2.6, Corollary 2.8 and Theorem 2.13], respectively, for the
proofs of these assertions. Actually, the proofs are rather elementary.

We are now ready to come back to the proof of Example 11. Note that as men-
tioned in [4; Theorem 7.4 (1)], the solution to (11) and then (23) is indeed unique,
hence we simply write h˚ as h if there is no confusion. Because c2 ě c0, it follows
that h2 ě h0, or equivalently, ψ2 ě ψ0 by Lemma 13 (1). Then we have

µ
`

h201p0,xq
˘

ď

ż x

0

exp
“

2ψ2

‰

, x ě 0. (25)

It is not so easy to control the other part ν̂
`

h´2
0 1px,8q

˘

. For this, we need more work.
Corresponding to each cj , we have a kj defined by (20). Then we have the solution
hj to equation (23). What we need is a lower bound of h0 by h3. Unfortunately, it
seems not trivial to prove the inequality h0 ě h3 since c0 may be smaller than c3 on
a small neighborhood of the origin, see Figure 1: ε1pα, xq “ c0pxq ´ c3pxq. On the
right, from top to button, three curves correspond to α “ 3, 2.5, 2, respectively.

1.2 1.4 1.6 1.8 2.0 2.2 2.4

-1.5

-1.0

-0.5

0.5

1.0

1.5

1.2 1.4 1.6 1.8 2.0 2.2 2.4

-1.5

-1.0

-0.5

0.5

1.0

1.5

1.2 1.4 1.6 1.8 2.0 2.2 2.4

-1.5

-1.0

-0.5

0.5

1.0

1.5

Figure 1 ε1pα, xq on r1, 2.5s
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Hence we look for a weaker estimate that h0 ě εh3. To do so, recall that by
Lemma 13 (3), phjpxq : x P r1,8qq is the solution to the equation

hjpxq“

ż x

1

dz kjpx, zqhjpzq `

ż 1

0

dz kjpx, zqh
˚
j pzq ` 1 pi.e. gpxq ” 1q, x ě 1, j“ 0, 3.

Noting that even though we do not have c0 ě c3 in a neighborhood of origin, but we
do have Cpαqc0 ą c3, where Cpαq “ α2. The resulting

ε2pα, xq :“
α2c0pxq ´ c3pxq

α´ 1

are shown by Figures 2 and 3. Again, the three curves from top to button correspond
to α “ 3, 2.5, 2 respectively. The minimum of ε2p2, xq “ 0.838312 achieved at
x “ 0.171663. We remark that there is a lot of freedom in choosing a suitable Cpαq,
which is the advantage of the present approach. Mainly, two conditions are required:
to guarantee the difference ε2 defined above to be positive; easier for computation.
This is based on the fact such a modification does not interfere our conclusion.

0.05 0.10 0.15 0.20

1.0

1.5

2.0

2.5

3.0

0.05 0.10 0.15 0.20

1.0

1.5

2.0

2.5

3.0

0.05 0.10 0.15 0.20

1.0

1.5

2.0

2.5

3.0
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Let

gp1q “ Cpαq

„
ż 1

0

dz k0px, zqh
˚
0 pzq ` gpxq



.

Note that here not only k0 but also g is enlarged by the factor Cpαq. Regarding gp1q

as a new g and consider the minimal solution, denoted by h
p1q
0 , to the equation

h0pxq “

ż x

1

dz k0px, zqh0pzq ` g
p1qpxq, x ě 1.

Because k0 ě k3 and gp1q ě 1 on r1,8q, by Lemma 13 (1), we have h
p1q
0 ě h3 on on

r1,8q. Moreover, By Lemma 13 (2), we also have h
p1q
0 “ Cpαqh0 on r1,8q. Hence

h0 ě h3{Cpαq on r1,8q. Therefore, we have

ν̂
`

h´2
0 1px,8q

˘

ď Cpαq2ν̂
`

h´2
3 1px,8q

˘

, x ě 1. (26)

Combining this with (25), we arrived at the first step in the last formula of the original
proof at the end of Section 2.

To conclude this section, we mention there is actually a simpler but rough way to
make the comparison given in the last paragraph. For this, let

gj “

ż 1

0

dz kjp¨, zqh
˚
j pzq ` g, j “ 0, 3.

Since g0 and g3 are finite and positive, there exists a large enough rCpαq depending
on α only such that

g̃0 :“ rCpαqg0 ě g3.

Replacing Cpαq by the unexplicit rCpαq in the last paragraph, we obtain the required
estimate.

4 Proofs and extensions

In this section, we prove the theorems introduced in Section 1, as well as Lemma 12
given in Section 3. Besides, we extend Theorems 1 and 3 to a more general class of
operators.
Proof of Theorem 1 Note that

ppL` cqf, gqµ “ pB
˚paBqf, gqµ ` pb

˚Bf, gqµ “: I` II.

Under suitable condition at infinity, using the integration by parts formula, we obtain

I “ ´

ż

Rd

ÿ

i,j

aijpBjfqBipḡe
V q “ ´xaBf, Bgyµ ´ ppBV q

˚aBf, gqµ.

Hence
I` II “ ´xaBf, Bgyµ `

`“

b˚ ´ pBV q˚a
‰

Bf, g
˘

µ
.

For the convenience of the following, we denote b̂˚ “ b˚ ´ pBV q˚a, that is, b̂ “
b´ a˚pBV q. We obtain

ppL` cqf, gqµ “ ´xaBf, Bgyµ `
`

b̂˚Bf, g
˘

µ
“: III`X. (27)
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Similarly, we have

pf, pL` cqgqµ “ ´xBf, aBgyµ `
`

f, b̂˚Bg
˘

µ
“: IV`V. (28)

Clearly, the first terms on the right-hand side of (27) and (28) are coincided iff a
is Hermitian. We assume this in what follows. However, the second terms on the
right-hand side in (27) and (28) are not easy to compare since the factors pBifqḡ and
fpBiḡq are different. Note that the term X in (27) is equal to

X “ ´
ÿ

i

ż

Rd
b̂ifpBiḡqe

V ´
ÿ

i

ż

Rd
Bi
`

b̂ie
V
˘

fḡ

“ ´xb̂f, Bgyµ ´
`“

ppBV q˚ ` B˚qb̂
‰

f, g
˘

µ
.

Thus, we can rewrite (27) as

ppL` cqf, gqµ “´ xaBf, Bgyµ ´ xb̂f, Bgyµ ´
`“

ppBV q˚ ` B˚qb̂
‰

f, g
˘

µ

“ : III`VI`VII. (29)

Keeping aH “ a in mind and combining the last three formulas together, since III “
IV, by (28) and (29), it follows that

´ pLf, gqµ ` pf, Lgqµ

“ V´VI´VII` ppc´ c̄qf, gqµ

“ xp
¯̂
b` b̂qf, Bgyµ `

`“

c´ c̄` ppBV q˚ ` B˚qb̂
‰

f, g
˘

µ

“ x2 pRe b̂qf, Bgyµ`
`“

2
?
´1 Im c` ppBV q˚` B˚q

`

Re b̂`
?
´1 Imb̂

˘‰

f, g
˘

µ
. (30)

From the first term on the right-hand side, we obtain (2) since Re a˚ “ Re a and

b̂ “ b´ a˚pBV q, then (3) follows from the last term on the right-hand side, since

Im a˚ “ Im ā “ ´Im a.

Finally, we compute the quadratic form of the operator L. Using (2) and (3) and
the analysis in (30), from (29), we deduce that

p´Lf, gqµ“xaBf, Bgyµ`
?
´1

@`

Im b` pIm aqpBV q
˘

f, Bg
D

µ
` pc̄f, g

˘

µ
, (31)

In more details, the second term on the right-hand side of (31) comes from the one
of (29):

´VI “
@

b̂f, Bg
D p2q
“
?
´1

@`

Im b` pIm aqpBV q
˘

f, Bg
D

µ
.

The third term on the right-hand side of (31) comes from the one of (29) plus the
term containing c:

pcf, gqµq ´VII “
`“

c` ppBV q˚ ` B˚qpb´ a˚pBV qq
‰

f, g
˘

µ

p2q
“

`“

c`
?
´1 ppBV q˚ ` B˚qpIm b` pIm aqpBV qq

‰

f, g
˘

µ

p3q
“

`“

Re c`
?
´1 Im c´ 2

?
´1 Im c

‰

f, g
˘

µ

“ pc̄ f, gqµ.



Hermitizable, isospectral operator and non-Hermitian model1595

This proves the third term on the right-hand side of (31). At the same time, we have
proved (4).

Similarly, from (28), we obtain

pf, ´Lgqµ“xBf, aBgyµ´
?
´1

@`

Im b̄` pIm āqpBV q
˘

f, Bg
D

µ
` pc̄f, gqµ. (32)

Because

Im b` pIm aqpBV q “ ´
`

Im b̄` pIm āqpBV q
˘

,

the second term on the right-hand side of (32) coincides with the one of (31), and so
we checked again p´Lf, gqµ “ pf, ´Lgqµ by (31)and (32). ˝

Proof of Theorem 3 First, we have

∇pa∇phfqq “ ∇pha∇f ` fa∇hq
“ h∇pa∇fq ` f∇pa∇hq ` pa` a˚qp∇hq ¨ p∇fq.

Hence

Irh‰0s
1

h
Lphfq “ pL` cqf ` Irh‰0s

f

h
Lh` Irh‰0s

1

h
pa` a˚q∇h ¨∇f

“ pL` cqf ` Irh‰0s
1

h
pa` a˚q∇h ¨∇f (since Lh “ 0, µ-a.e.).

The assertion now follows from [5; Lemma 8]. ˝

In parallel to Theorems 1 and 3, respectively, we have two theorems below. Let
D denote the column of operators tBj ` γju

d
j“1, where γ “ pγjq is the ferromagnetic

potential. In view of (34) below, one may deduce the required result from Theorem
1, but we prefer to present a direct proof given below for a quadratic form different
from Theorem 1.

Theorem 14 The operator

L “ D˚paDq ` b˚B ´ c (33)

“ B˚paBq ` pγ˚pa` a˚q ` b˚qB `D˚paγq ´ c (34)

“ a ¨ BB˚ ` pD˚a` γ˚a˚ ` b˚qB `D˚paγq ´ c (by (5)) (35)

on C 2pRdq is Hermitizable with respect to µ iff aH “ a, γ̄ “ ´γ, and

Re b “ pRe aqpBV q, (36)

Im c “ ´pIm γq˚pRe aqpBV q ´
1

2

“

pBV q˚`B˚
‰“

Im b` pIm aqpBV q
‰

. (37)

In this case, we have the symmetric form:

p´Lf, gqµ “ xaDf, Dgyµ `
?
´1

@`

Im b` pIm aqpBV q
˘

f, Bg
D

µ
` pc̄f, gqµ,

f, g P DpLqĂL2pµq,

where Im c satisfies (37).

By setting γ “ 0 in Theorem 14, we return to Theorem 1. Similarly, we have the
following isospectral operator for the operator L defined in Theorem 14.
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Theorem 15 The operator pL,DpLqq on L2pµq defined in Theorem 14 and let
h be L-harmonic Lh “ 0, µ-a.e. Set

L0“ a ¨ BB˚` pD˚a` γ˚a˚` b˚qB “ B˚paBq ` pγ˚pa` a˚q ` b˚qB (by (35)).

Then the operator pL,DpLqq is isospectral to the following one:

rL “ L0 ` Irh‰0s
1

h
pBhq˚pa` a˚qB

“ B˚paBq `

„

b˚ `

ˆ

γ˚ ` Irh‰0s
1

h
pBhq˚

˙

pa` a˚q



B,

DprLq “
 

f̃ P L2pµ̃q : f̃h P DpLq
(

, µ̃ :“ |h|2µ.

Proof of Theorem 14 Noting that under suitable boundary condition, using the
integration by parts formula, we obtain

`

pB ` γq˚papB ` γqqf, g
˘

µ

“ ´xapB ` γqf, pBV ` Bqgyµ ` xapB ` γqf, γ̄gyµ

“ ´xapB ` γqf, pB ´ γ̄qgyµ ´ ppBV q
˚aBf, gqµ ´ ppBV q

˚aγf, gqµ.

Hence, we have

´pLf, gqµ“ xapB ` γqf, pB ´ γ̄qgyµ´
`

pb˚ ´ pBV q˚aqBf, g
˘

µ
`
`

pc` pBV q˚aγqf, g
˘

µ

“: I` II` III.

Thus, for some type of symmetriy of the first term I, we should have aH “ a and
γ̄ “ ´γ, which are assumed to be held in what follows. Then

I “ xaDf, Dgyµ “ xDf, aDgyµ.

For the second term II, we need more work. For the convenience of the following, we
let again b̂˚ “ b˚ ´ pBV q˚a. By integration by parts formula, we have

II “ ´
A

Bf,
¯̂
bg
E

µ
“

´

f,
¯̂
b˚Bg

¯

µ
`

´

f, ppBV q˚ ` B˚q
¯̂
b g

¯

µ
.

Next, we have

´pf, Lgqµ “ xpB ´ γ̄qf, apB ` γqgyµ ´
`

f, b̂˚Bg
˘

µ
`
`

f, pc` pBV q˚aγqg
˘

µ
.

Recall that aH “ a, γ̄ “ ´γ, that is, γ “
?
´1 Im γ. Hence

´ pLf, gqµ ` pf, Lgqµ

“

´

f,
´

b̂˚ `
¯̂
b˚
¯

Bg
¯

µ
`
`“

c´ c̄` pBV q˚pa` āqγ ` ppBV q˚ ` B˚qb̂
‰

f, g
˘

µ

“
`

f, 2pRe b̂q˚Bg
˘

µ
`
`“

2
?
´1

`

Im c` pBV q˚pRe aqpIm γq
˘

` ppBV q˚ ` B˚qpRe b̂`
?
´1 Im b̂q

‰

f, g
˘

µ
.

The required condition (36) follows from the first term Re b̂ “ 0 on the right-hand
side, and then (37) follows from the first assertion plus the second term there

2
?
´1

`

Im c` pBV q˚pRe aqpIm γq
˘

` ppBV q˚ ` B˚qpRe b̂`
?
´1Im b̂q “ 0,
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since Im b̂ “ Im b` pIm aqpBV q. ˝

Proof of Theorem 15 Similar to the proof of [5; Theorem 33], replacing the
original b by γ, we have

Lphfq “ pa ¨ BB˚qphfq ` pD˚a` γ˚a˚ ` b˚qBphfq ` pD˚paγq ´ cqhf

“ h
“

pa ¨ BB˚qf ` pD˚a` γ˚a˚ ` b˚qpBfq
‰

` f
“

pa ¨ BB˚qh` pD˚a` γ˚a˚ ` b˚qpBhq ` pD˚paγq ´ cqh
‰

`
“

pBhq˚apBfq ` pBfq˚apBhq
‰

.

Hence

Irh‰0s
1

h
Lphfq

“
“

pa ¨ BB˚qf ` pD˚a` γ˚a˚ ` b˚qpBfq
‰

` Irh‰0s
f

h

“

pa ¨ BB˚qh` pD˚a` γ˚a˚ ` b˚qpBhq ` pD˚paγq ´ cqh
‰

` Irh‰0s
1

h

“

pBhq˚apBfq ` pBfq˚apBhq
‰

“: I` II` III.

Because

I “ L0f,

II “ Irh‰0s
f

h
Lh “ 0 (by harmonic assumption),

III “ Irh‰0s
1

h
pBhq˚pa` a˚qpBfq (since pBfq˚apBhq “ pBhq˚a˚pBfq).

Combining these facts together, we obtain the required assertion. ˝

Proof of Theorem 4 The final assertion is a consequence of [5; Theorem 9].
Following the proof of [5; Theorem 34], we have

pãBq

ˆ

f

h

˙

“ ã

ˆ

1

h
pBfq ` fB

ˆ

1

h

˙˙

“
1

h
ãpBfq ` fãB

ˆ

1

h

˙

.

Hence

pB˚ãBq

ˆ

f

h

˙

“ B˚
ˆ

1

h
ãpBfq ` fãB

ˆ

1

h

˙˙

“
1

h
pB˚ãBqf `

ˆ

B

ˆ

1

h

˙˙˚

ãpBfq ` fB˚ãB

ˆ

1

h

˙

` pBfq˚ãB

ˆ

1

h

˙

Because

pBfq˚ãB

ˆ

1

h

˙

“

ˆ

ãB

ˆ

1

h

˙˙˚

pBfq “

ˆ

B

ˆ

1

h

˙˙˚

ã˚pBfq,

and then
ˆ

B

ˆ

1

h

˙˙˚

ãpBfq ` pBfq˚ã˚B

ˆ

1

h

˙

“

ˆ

B

ˆ

1

h

˙˙˚

pã` ã˚qpBfq,

we obtain

pB˚ãBq

ˆ

f

h

˙

“
1

h
pB˚ãBqf ` fB˚ãB

ˆ

1

h

˙

`

ˆ

B

ˆ

1

h

˙˙˚

pã` ã˚qpBfq.
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Hence

hrL

ˆ

f

h

˙

“ rLf ` h

ˆ

B

ˆ

1

h

˙˙˚

pã` ã˚qpBfq ` h
`

B˚ã` b̃˚
˘

B

ˆ

1

h

˙

f.

Next, because

B

ˆ

1

h

˙

“ ´
1

h2
pBhq, ãB

ˆ

1

h

˙

“ ´
1

h2
ãpBhq,

B˚ãB

ˆ

1

h

˙

“
2

h3
pBhq˚ãpBhq ´

1

h2
B˚ãpBhq,

we obtain the expression of

Lhf :“ hrL

ˆ

f

h

˙

.

The proof of the theorem is now completed. ˝

Proof of Lemma 12 First, we prove that the function h˚ defined by (22) is a
harmonic one we required. Note that

d

dx
f̃ pnqpxq “ kpx, xqf̃ pn´1qpxq ` e´Cpxq

ż x

0

dz
c

a
pzqeCpzqf̃ pn´1qpzq

“ e´Cpxq
ż x

0

dz
c

a
pzqeCpzqf̃ pn´1qpzq (since kpx, xq “ 0);

d2

dx2
f̃ pnqpxq “ ´C 1pxqe´Cpxq

ż x

0

dz
c

a
pzqeCpzqf̃ pn´1qpzq `

c

a
pxqf̃ pn´1qpxq

“ ´
b

a
pxq

d

dx
f̃ pnqpxq `

c

a
pxq f̃ pn´1qpxq.

We obtain
d2

dx2
h˚pxq “

d2

dx2

8
ÿ

n“2

f̃ pnqpxq
`

since f̃ p1q “ 1
˘

“ ´
b

a
pxq

d

dx

8
ÿ

n“1

f̃ pnqpxq `
c

a
pxq

8
ÿ

n“1

f̃ pnqpxq

“ ´
b

a
pxq

d

dx
h˚pxq `

c

a
pxqh˚pxq.

Therefore, we arrive at the harmonic equation

a
d2

dx2
h˚ ` b

d

dx
h˚ ´ c h˚ “ 0

as required.
The remainders of the assertions are standard, see for instance [3; §2.1]. For

example, to show that the two successive approximation schemes given in the lemma
lead to the same solution h˚, simply check that

f pnq “
n
ÿ

j“1

f̃ pnq

for each n ě 1, by induction. ˝
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Abstract

The top eigenpairs at the title mean the maximal, the submaximal,
or a few of the subsequent eigenpairs of an Hermitizable matrix. Re-
stricting on top ones is to handle with the matrices having large scale,
for which only little is known up to now. This is different from some
mature algorithms, that are clearly limited only to medium-sized matrix
for calculating full spectrum. It is hoped that a combination of this pa-
per with the earlier works, to be seen soon, may provide some effective
algorithms for computing the spectrum in practice, especially for matrix
mechanics.

This paper is a continuation of [6] which surveys partially the results (algo-
rithms) presented in [3–5], plus some additional materials. The main context
in [6] is on real tridiagonal matrix, except few comments on the complex situ-
ation. In the real context, the theoretical study on the leading spectrum of the
infinitesimal matrix operator is reviewed in [2]. This paper starts at a com-
putational technique for checking the Hermitizability and then goes to study
the Householder transformation, and furthermore the submaximal eigenpair
for Hermitizable matrices. The algorithms can also be used to compute a few
number of the other subsequent eigenpairs. The price we have to pay is mainly
for the Householder transformation (Algorithm 3) which is a famous algorith-
m having complexity O(N3). The other algorithms in the paper are mainly
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O(N) algorithm. In Section 4 of the paper, except some remarks on our al-
gorithms, a proof of a key result, an isospectral property of the Hermitizable
matrix and a Jacobi (birth-death) one, originally given in [5], is presented.
The last section of the paper is devoted to the practical implementation of
the results obtained in the previous sections on large scale matrices. Some
additional analysis and the programs in MatLab of the algorithms, as well as
a number of tests in comparison with the known programs are presented.

1 Checking the Hermitizability

Let A = (aij)
N
i,j=0 be a given complex matrix. We are going to check by

computer its Hermitizability introduced in [5]: there exists a positive measure
µ such that

µiaij = µj āji ∀i, j, (1)

where ā denotes the conjugate of a. Note that we have a very simple nec-
essary condition for the property (1): for each pair (i, j), either aij = 0 and
aji = 0 simultaneously, or aijaji > 0 (cf. [5]). In particular, (aii)

N
i=0 must be

real. However, for the criterion of the Hermitizability, one more condition is
essential: the so-called circle condition. The analytic method for checking the
circle condition was given in [5; Theorem 5]. Here we introduce an algorithm
for checking the condition by computer. Define a column vector 1 having el-
ements 1 everywhere and denote by Diag(u) the diagonal matrix with vector
u as its diagonal elements. For simplicity, let B = A − Diag

(

Ā1
)

. Denote by

B\{last line} the matrix obtained from B by removing its last line.
The checking procedure consists of three steps.

Algorithm 1 (1) Computing the harmonic measure. Consider the (row-)

harmonic equation: µB = 0 with µ0 6= 0. Assume that there exists at least

one non-zero solution µ. Equivalently, the equation

B∗\{last line}µ∗ = 0

has at least one solution (µ0, · · · , µN ) with fixed boundary condition, say

µ0 = 1 for instance. Actually, in the Hermitizable case, the resulting

measure µ must be positive (and is indeed unique under the irreducible

condition, cf. [5]), then we can go to the next step. Otherwise, the matrix

A is not Hermitizable.

(2) Define the quasi-Hermitizing matrix as follows.

Â = Diag(µ1/2)ADiag(µ−1/2), âij =
√
µi aij/

√
µj ∀ i, j. (2)

(3) Hermitizability criterion. Now, A is Hermitizable iff Â = ÂH , where the

superscript H means the conjugate transpose.

The next example illustrates an application of Algorithm 1.
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Example 2 ([6; Example 3]) Let

A =













−2 2 + 2 i 1− i 0

1/2− i/2 −3 1− i/2 3 + i

1 + i 4 + 2 i −4 8 + 2 i

0 3− i 2− i/2 −5













.

Then µ1 = 1, µ2 = 4, µ3 = 1, and µ4 = 4. Furthermore,

Diag(µ)1/2ADiag(µ)−1/2 =













−2 1 + i 1− i 0

1− i −3 2− i 3 + i

1 + i 2 + i −4 4 + i

0 3− i 4− i −5













which is clearly Hermitian. Its eigenvalues are as follows.

−9.1026, −5.75255, 2.62816, −1.77301.

Proof. Note that

B =













−3 + i 2 + 2 i 1− i 0

1/2− i/2 −9/2 1− i/2 3 + i

1 + i 4 + 2 i −13 + 5 i 8 + 2 i

0 3− i 2− i/2 −5− 3 i/2













.

and then

B∗\{last line} =







−3 + i 1/2 − i/2 1 + i 0

2 + 2 i −9/2 4 + 2 i 3− i

1− i 1− i/2 −13 + 5 i 2− i/2






.

Now, the conclusion follows from Algorithm 1. �

2 Reducing Hermite matrix to tridiagonal one

We have in the last section reduced the Hermitizable matrix to an isospectral
Hermitian matrix Â given in (2). In this section, we further reduce a Hermitian
matrix to some isospectral symmetric tridiagonal matrix with nonnegative sub-
diagonal elements, in terms of Householder transformation. Thus, throughout
this section, we fix a Hermitian matrix A = (aij)

N
i,j=1. We are going to use

some unitary similar transformation, making the off-tridiagonal elements to

be zero. The algorithm is running column by column. Let Ak−1 =
(

a
(k−1)
ij

)

(A0 := A) and b(k) be the kth column of Ak−1 given in Fig. 1. Replacing the
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first k components of b(k) by zero, we obtain the vector x(k). Next, define y(k)

by the following procedure: replacing each component by 0 in x(k), except the

element b
(k)
k+1 is replaced by sk :=

√
x(k)Hx(k).

b(k) =



































b
(k)
1
...

b
(k)
k

b
(k)
k+1

b
(k)
k+2
...

b
(k)
N



































−→ x(k) :=



































0
...

0

b
(k)
k+1

b
(k)
k+2
...

b
(k)
N



































−→ y(k) :=



































0
...

0

sk

0
...

0



































Figure 1 Construction of two vectors: x(k) and y(k)

Algorithm 3 At the k (> 1)th step, suppose that the matrix obtained after

k − 1 transformations is Ak−1. Then, we want to transform x(k) into y(k) =
(skδi,k+1: 16i6N ) by a unitary transformation defined by using x(k) and y(k):

Uk = I + uuH/α, u := x(k) − y(k), α := sk
(

b
(k)
k+1 − sk

)

,

or in pointwise form:

Uk(i, j) = δij +
1

sk
(

b
(k)
k+1 − sk

)

(

x
(k)
i − skδi,k+1

)(

x̄
(k)
j − skδj,k+1

)

.

Furthermore, we obtain the transformed matrix Ak at step k:

Ak = UkAk−1U
H
k .

Note that in the special case that sk = 0 or sk = b
(k)
k+1 > 0, the Uk defined above

is meaningless, we can simply ignore this step (or reset Uk = I) and jump to the

next step at k+1. At the last step k = N − 1 (at most), we obtain the required

real symmetric tridiagonal matrix AN−1.

We mention that the unitary matrix I + uuH/α is Hermitian iff α is real,

or equivalently, so is b
(k)
k+1. If α 6= 0, then

uHu =
∑

j 6=k+1

x̄
(k)
j x

(k)
j + (x̄

(k)
k+1 − sk)(x

(k)
k+1 − sk)

= 2s2k − sk(x
(k)
k+1 + x̄

(k)
k+1)

= 2s2k − sk(b
(k)
k+1 + b̄

(k)
k+1)

= −(α+ ᾱ).
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Hence,

UH
k Uk = I +

uuH

ᾱα
(α+ ᾱ+ uHu) = I.

Equivalently, UkU
H
k = I in view of the operation H : A → AH . Thus Uk is

surely unitary.

The following algorithm is for computing the maximal eigenvector gmax(A),
which can be run in parallel to Algorithm 3 above.

Algorithm 4 Starting at V1 = UH
1 , update Vj step by step in parallel to

Algorithm 3:

Vk = Vk−1U
H
k , k = 2, 3, . . . , N − 1.

Denote by (λmax(T ), gmax(T )) the maximal eigenpair of T := AN−1. Then the

maximal eigenpair of A can be expressed by

(λmax(A), gmax(A)) = (λmax(T ), VN−1 gmax(T )).

Similarly, one can compute the other eigenpairs of A using the ones of T with

the same transform VN−1.

Alternatively, gmax(A) =: g(0) can be obtained by the following procedure:

g(k−1) = UH
k g(k), k = N − 1, N − 2, . . . , 1.

The first method in Algorithm 4 does not need to store, step by step, the
whole sequence {Vj}N−1

j=1 , but it requires about N(N + 1)(N + 1/2) times of
multiplications. Here is a careful analysis on the complexity of gmax(A) of the
method. First, we compute the complexity of Vk. Note that Uk = I +uuH/α,
we have UH

k = I + uuH/ᾱ. As usual, we count only the multiplications. Since
at the kth step, the first k components of u are zero, and so are u/ᾱ and uH ,
it follows that

z :=
u

ᾱ
requires N − k times of multiplications

Z := Vk−1z requires N(N − k) times of multiplications

ZuH requires N(N − k) times of multiplications.

The last step needs a little explanation. As a product of the column vector Z
and the row vector uH , one often requires N2 times of multiplications. Here
the first k columns of the resulting matrix are zero and so can be ignored,
since the first k components of uH are zero. Hence the total multiplications
are reduced to be N(N−k) as given above. Thus, it means that Vk = Vk−1U

H
k

requires (2N +1)(N − k) times of multiplications. Next, for k varying from 1
to N − 1, we obtain VN−1, which requires

N−1
∑

k=1

(2N+1)(N−k) = (2N+1)

[

N(N−1)− N(N − 1)

2

]

= N(N−1)
(

N+
1

2

)
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times of multiplications. Finally, for gmax(A) = VN−1gmax(T ), it requires
additionally N2 times of multiplications. Therefore, for gmax(A), it requires
totally

N(N − 1)

(

N +
1

2

)

+N2 = N

(

N2 +
N

2
− 1

2

)

= N(N + 1)

(

N − 1

2

)

times of multiplications.
Comparing the first method just discussed above, the second one (given at

the end of the algorithm) goes on the opposite direction: we have to store the
sequence {x(j)} (or plus {sj = ‖x(j)‖}) which generates the sequence {Uj}, but
the iterative computations require only N(N−1)/2 multiplications. Thus, the
second method is more effective than the first one, at least for large matrices.

We will come back to this topic in Algorithm 7 below.
The Householder transformation goes back to [10]. The representation

here is taken from Wang [17] which is based on [16]. Since sk = y(k)Hu, the
expression of Uk here fits [8; p. 2375, the formula right above part III].

We now illustrate the algorithm by some examples.

Example 5 (Continued) Let A be the Hermitian matrix given at the end

of Example 2. Then, we have

A3 =























−2 2 0

2 −5

2

√
67

2√
67

2
−265

134

2
√
7717

67

0
2
√
7717

67
−504

67























.

Notice that the sub-diagonal elements of the symmetric tridiagonal matrix A3

are positive. We have thus reduced the computation of the maximal eigenpair

of Hermitian A to the real tridiagonal one A3. Furthermore, we have

λmax(A) = 2.62816

gmax(A) =(.51569 + .137426 i, 1.07178 + .0943814 i, .969716 + .439587 i, 1)∗.

Proof. At first step, we have

x(1) = (0, 1− i, 1 + i, 0)∗,

V1= UH
1 =















1 0 0 0

0 1/2− i/2 1/2 + i/2 0

0 1/2 + i/2 1/2− i/2 0

0 0 0 1















,
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A1 =















−2 2 0 0

2 −5/2 2 + i/2 7/2 + i/2

0 2− i/2 −9/2 7/2 + 3 i/2

0 7/2 − i/2 7/2− 3 i/2 −5















.

At the second step, we have

x(2) = (0, 0, 2− i/2, 7/2 − i/2)∗,

V2 = V1U
H
2

=















1 0 0 0

0 .5− .5 i .305424 + .183254 i .106015 + .601577 i

0 .5 + .5 i .183254 − .305424 i .601577 − .106015 i

0 0 .855186 − .122169 i −.38067 − .329881 i















,

A2 =























−2 2 0

2 −5

2

√
67

2√
67

2
−265

134

(81− 34 i)(
√
67− 4 + i)2

134 (21 − 2
√
67)

0
(81+34 i)(

√
67− 4−i)2

134 (21 − 2
√
67 )

−504

67























.

Finally, at the third step, we have

x(3) =

(

0, 0, 0,
(81+34 i)(

√
67− 4−i)2

134 (21 − 2
√
67 )

)∗

,

V3 = V2U
H
3

=























1 0 0 0

0 .5− .5 i .305424 + .183254 i .148807 + .592445 i

0 .5 + .5 i .183254 − .305424 i .592445 − .148807 i

0 0 .855186 − .122169 i −.403308 − .301785 i























,

and then A3 given in the example.

Because λmax(A3) = 2.62816 and

gmax(A3) = (1.60558, 3.71545, 3.87088, 1)∗.
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We have λmax(A) = 2.62816 and

gmax(A)

= V3 gmax(A3)

=(.51569 + .137426 i, 1.07178 + .0943814 i, .969716 + .439587 i, 1)∗.

The conclusion is checked by

Agmax(A)/λmax(A) = gmax(A). �

For the computation of the maximal eigenpair of tridiagonal matrix, refer
to [6], and see Section 4 of the paper for analytic details. The next example
shows a blocking phenomenon which seems not treated before carefully.

Example 6 Let

A =



























732

289
− 81

289
+

27 i

289
− 50

289
− 50 i

289
− 70

289
− 60 i

289

− 81

289
− 27 i

289

813

289
− 20

289
− 40 i

289
− 30

289
− 50 i

289

− 50

289
+

50 i

289
− 20

289
+

40 i

289

648

289

91

289
− 7 i

289

− 70

289
+

60 i

289
− 30

289
+

50 i

289

91

289
+

7 i

289

41

17



























.

Then the deduced tridiagonal matrix is divisible:

A3 =

























732

289

3
√
2310

289
0

3
√
2310

289

713

289
64

27

√
170

27

0
√
170

27

71

27

























.

Proof. At the first step, we have

x(1) =

(

0, − 81

289
− 27 i

289
, − 50

289
+

50i

289
, − 70

289
+

60 i

289

)∗

,

V1 = UH
1

=−























1 0 0 0

0 .561769 + .187256 i .254965 + .418919 i .373346 + .519098 i

0 .346771 − .346771 i −.84819 + .018202 i .199173 + .00848164 i

0 .485479 − .416125 i .195533 + .0388436 i −.741923 + .0309434 i























,
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A1 =

























732

289

3
√
2310

289
0

3
√
2310

289

713

289
64

27

13

27
− i

27

0
13

27
+

i

27

71

27

























.

The second step can be ignored since for which we have x(2) = 0. Then we
have U2 = I and so V2 = V1. We now go to the third step.

x(3) = (0, 0, 0, 13/27 + i/27)∗ ,

V3 = V2U
H
3

=−























1 0 0 0

0 .561769 + .187256 i .254965 + .418919 i .332433 + .546204 i

0 .346771 − .346771 i −.84819 + .018202 i .197936 + .0237325 i

0 .485479 − .416125 i .195533 + .0388436 i −.742111 − .0260506 i























,

and A3 given in the example. Clearly, the matrix A3 can be reduced to two
2×2 matrices and so it has two repeated pairs of eigenvalues {3, 2}. The reason
is as follows. First, for an irreducible (or unreduced) tridiagonal matrix, its
eigenvalues are distinct. This classical result is included in many textbooks,
see for instance [1; p.97, Theorem 3.3], or [11; p.36, Theorem 2.2], or [14; p.134,
Lemma 7.7.1]), or [18; pages 300–302]. In this case, the block decomposition
for the matrix can be ignored. Hence, A3 should have multiple eigenvalues and
the multiplicity should be less than or equal to 2. Otherwise, there would have
more blocks, not only two. If there are three distinct eigenvalues, then there
would have two submatrices with size 3× 3 and 1× 1, respectively. Hence we
are not in this situation. The conclusion can be easily checked by computing
the eigenvalues of these two 2× 2 submatrices separately.

To compute the maximal eigenvector of A in the above example. Let

A
(1)
3 =

1

289









732 3
√
2310

3
√
2310 713









, A
(2)
3 =

1

27









64
√
170

√
170 71









.

Then, with the same maximal eigenvalue 3, the maximal eigenvectors for them
are

g
(1)
3 =

(

1

3

√

154

15
, 1

)∗

and g
(2)
3 =

(

√

10

17
, 1

)∗

,
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respectively. Thus, the matrix A3 has the maximal eigenvalue 3 with multi-
plicity 2 and independent eigenvectors as follows.

g(1) =

(

1

3

√

154

15
, 1, 0, 0

)∗

and g(2) =

(

0, 0,

√

10

17
, 1

)∗

.

By Algorithm 4, the similar assertion holds for the original A with independent
eigenvectors

V3g
(1) = (1.06805, −.561769 − .187256 i, −.346771 + .346771 i,

− .485479 + .416125 i)∗ and

V3g
(2)=(0, −.527982 − .8675 i, .452596 − .0376928 i, .592145 − .00374103 i)∗,

respectively. Clearly, these two vectors are linear independent. Let us mention
that each N -dimensional Hermite matrix has N linear independent eigenvec-
tors, and so does each Hermitizable one. �

It is the position to come back to the computation of the maximal eigen-
vector. From the last two examples, we have seen that the computation of the
sequence {Vj} costs heavier work (actually has a higher complexity). We now
show that in some cases (the matrix has a smaller size or is rather sparse, for
instance), it is possible to use directly the shift inverse iteration.

Algorithm 7 Let A = (aij)
N
i,j=1 be a given Hermitizable matrix. Set z =

λmax(A)+ε with small ε > 0 (say 10−8 for instance) and choose a suitable vector

w0. For a given vector w (may have subscript), here we fix the normalization of

w in terms of its first w(1) or last components w(N):

v = w/w(1) or w/w(N).

Now, for given v := vk−1, the shift inverse iteration goes as follows. Let w = wk

solve the equation

(zI −A)w = v.

Then define vk as the normalization of wk just defined. Continue the iterations

until the solutions become the same up to six digits of precision.

The reason we add a small constant ε in Algorithm 7 is to avoid the
singularity of the matrix zI − A. The main price we have to pay is for the
linear equation involved in the algorithm. Thus, once there is an effective
algorithm for solving the equation (when A is symmetric, or sparse, or having
smaller size, for instance), the algorithm should work well.

Example 8 (Continued) We now apply Algorithm 7 to Example 6. Set

z = 3 + 10−8. We have chosen three initials for v0:

(1) (1, 1, 0, 0)∗ .
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(2) (0, 0, 1, 1)∗ .

(3) (1, 1, 1, 1)∗ .

Since the eigenspace of the maximal eigenvalue 3 has dimension 2, there is some

freedom for the solution of the algorithm. After one iteration, the outputs of the

vector v1 in the corresponding cases are as follows:

(1) (1, 1.73539 − 1.01172 i,−.44239 + 1.3965 i,−.714757 + 1.77121 i)∗ .

(2) (−.588235 − .504202i,−.252101 − .420168i, .764706 − .0588235i, 1)∗.
(3) (−.577029 − .140796i,−.0872077 − .970879i, .764706 − .0588235i, 1)∗ .

It is checked by the eigenequation Av1/3 = v1 so that these three solutions are

all the eigenvectors of A. The first two are quite different from those produced

by V3 as seen above. Each pair of them are linear independent.

Originally, the next example was designed as a complex matrix. Since it is
too big for the output, we choose a real one. However, the story is very much
similar.

Example 9 Due to the multiplicity of the eigenvalues, the tridiagonalized

matrix of the next symmetric one

A =



































8074
2601

271
5202

373
1734

746
2601

1355
5202

169
867

676
2601 − 959

5202
271
5202

31483
10404

373
3468

373
2601

1355
10404

169
1734

338
2601 − 959

10404
373
1734

373
3468

2787
1156

475
867

1865
3468

271
578

542
867 − 245

3468
746
2601

373
2601

475
867

7102
2601

1865
2601

542
867

2168
2601 − 245

2601
1355
5202

1355
10404

1865
3468

1865
2601

37987
10404

845
1734

1690
2601 − 4795

10404
169
867

169
1734

271
578

542
867

845
1734

1223
289

268
867 −1673

1734
676
2601

338
2601

542
867

2168
2601

1690
2601

268
867

11476
2601 −3346

2601

− 959
5202 − 959

10404 − 245
3468 − 245

2601 − 4795
10404 −1673

1734 −3346
2601

46123
10404



































has a block decomposition with three blocks. Moreover, the distinguished eigen-

values are all included in the largest block of the decomposition.

Proof. At Steps 1–3, the outputs are standard. Here is the output in Step 3.

x(3) = (0, 0, 0, .122312, −.565458, −.20606, −.274746, −.781817)∗ ,

A3=





























3.10419 .581915 0 0

.581915 6.43398 1.2267 0 0
0 1.2267 3.6022 1.03145

0 0 1.03145 2.85964

2.72146 −.20848 −.277973 −.283237

−.20848 3.48396 −.688054 −.211994

0 −.277973 −.688054 3.08259 −.282659

−.283237 −.211994 −.282659 2.71199





























.
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Note that here and in what follows, once the output is less than 10−14, we
simply reset it as zero, because it usually comes from the computational errors.
Step 4 can be omitted since x(4) = 0. Here is the output of Step 5.

x(5) = (0, 0, 0, 0, 0, −.20848, −.277973, −.283237)∗,

A5=





































3.10419 .581915

.581915 6.43398 1.2267 0

1.2267 3.6022 1.03145

1.03145 2.85964 0

0 2.72146 .448281

.448281 2.27854 0

0 0 3.88097 .323827

.323827 3.11903





































.

We do not need to move further since A5 has already arrived at the required
tridiagonal form. Actually, it reduces into three submatrices:

A
(1)
5 =















3.10419 .581915 0

.581915 6.43398 1.2267

1.2267 3.6022 1.03145

0 1.03145 2.85964















,

A
(2)
5 =

[

2.72146 .448281

.448281 2.27854

]

,

A
(3)
5 =

[

3.88097 .323827

.323827 3.11903

]

.

Clearly, the eigenvalues of A
(2)
5 and A

(3)
5 are all included in those of A

(1)
5 .

Thus, in the case we are only interested in distinct eigenvalues, ignoring their

multiplicity, it suffices to study the eigenvalues of the largest submatrix A
(1)
5 .

More explicitly, the eigenvalues of A
(1)
5 , A

(2)
5 and A

(3)
5 are {7, 4, 3, 2}, {3, 2} and

{4, 3}, respectively. Corresponding to each distinct eigenvalue, one eigenvector

can be deduced from those of the largest A
(1)
5 . Note that the eigenvalue 3 has

multiplicity 3, this is the reason why we have 3 submatrices and also the reason
we can omit several steps in the computation. �

In the past two examples, we have seen that the Householder transforma-
tion transfers an irreducible matrix into a reducible tridiagonal one. This is
reasonable as explained before, due to the multiplicity of eigenvalues. Note
that the Householder transformation is a unitary one and hence keeps the
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Hermitizability (symmetrizability), and furthermore the spectrum. By [5;
Corollary 6], for the Hermitizability of a tridiagonal matrix, the matrix can
be reducible. This property is remarkable since then for which, the Perron–
Frobenius theorem may not be true. Therefore, the same theorem may also
not true for Hermitian matrix.

To conclude this section, we mention that in practice, for improving the ef-
ficiency of computations, one may adopt some artistic design for Algorithms 3
and 4. See for instance [15; pages 106–108]. See also [15; pages 582 and 583, in
particular], for some analysis and algorithms on Householder transformation.
Besides, refer to [13] for concurrent algorithms.

3 Sub-maximal eigenpair

In this section, we introduce two approaches to compute the submaximal (or
its next) eigenpair. For the first one, we need the following result.

Lemma 10 Let A be Hermitian. Denote by (λ0, g0) its maximal eigenpair

(λmax, gmax) with λ0 > 0 and gH0 g0 = 1. Define

A1 = (I − g0g
H
0 )A. (3)

Then A1 is also Hermitian.

Proof. We need to prove that A1 = AH
1 . Equivalently,

g0g
H
0 A = AHg0g

H
0 .

First, we have

g0g
H
0 A = g0g

H
0 AH (since A = AH)

= λ̄0g0g
H
0 (since Ag0 = λ0g0 ⇒ gH0 AH = λ̄0g

H
0 )

= λ0g0g
H
0 (since the spectrum of A is real).

Next,
AHg0g

H
0 = Ag0g

H
0 (since A = AH)

= λ0g0g
H
0 (since Ag0 = λ0g0).

We have thus proved the required assertion. �

We now consider a simple example. Let

Q =



























−1 1

2 −3 1 0
2 −3 1
. . .

. . .
. . .

. . .
. . . 1

0 2 −3 1
2 −3



























∈ R
8 × R

8.
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Since the symmetrizing measure of Q is (µk = 2−k+1, k = 1, · · · , 8), we have

Q sys = Diag(µ)1/2QDiag(µ)−1/2

=



























−1
√
2

√
2 −3

√
2 0√

2 −3
√
2

. . .
. . .

. . .
. . .

. . .
√
2

0
√
2 −3

√
2√

2 −3



























∈ R
8 × R

8.

Example 11 Define A = Qsys+3 I. Then the eigenvalues of A are as follows.

λmax = 2.99799, −2.63352, 2.50514, −2.07511,

1.79552, −1.22867, .847221, −.208572

and the maximal eigenvector g0 is as follows.

gmax = (.715152, .504673, .354704, .247264,

.169471, .111997, .0679521, .0320544)∗ .

We are now going to study the sub-maximal eigenpair of A. Actually, there
are at least two approaches to do the work: the deflation technique and the
optimal search approach, to be studied below.

Deflation technique

First, we use the known deflation technique introduced in [12; Theorem 2.2].
That is, studying the matrix A1 defined by (3). With g0 just obtained above,
by (3), the matrix A1 takes the following form





















.466701 .332185 −.760492 −.530139 −.363349 −.240124 −.145691 −.0687252

.332185 −.763572 .877545 −.374111 −.25641 −.169452 −.102812 −.0484984

−.760492 .877545 −.377192 1.15127 −.180215 −.119098 −.0722602 −.0340866

−.530139 −.374111 1.15127 −.183296 1.28859 −.083023 −.0503726 −.0237618

−.363349 −.25641 −.180215 1.28859 −.0861034 1.35731 −.0345246 −.0162859

−.240124 −.169452 −.119098 −.083023 1.35731 −.0376049 1.3914 −.0107628

−.145691 −.102812 −.0722602 −.0503726 −.0345246 1.3914 −.0138432 1.40768

−.0687252 −.0484984 −.0340866 −.0237618 −.0162859 −.0107628 1.40768 −.00308039





















which is symmetric by Lemma 10. The eigenvalues of A1 are as follows.

− 2.63352, 2.50514, −2.07511, 1.79552,

− 1.22867, 0.847221, −0.208572, −1.33596 · 10−15.



1614 Mu-Fa Chen, Zhi-Gang Jia, Hong-Kui Pang

Hence λmax(A1) = 2.50514. In other words, the submaximal eigenvalue of A
now becomes the maximal one of A1 (cf. [12]). We remark that at this point,
the condition λmax(A1) > 0 is necessary. Otherwise, a shift of A is required.

By Lemma 10, we now come back to the starting point treated in §2. By
using the Householder transformation, it follows that A1 is isospectral to the
following tridiagonal matrix

T =



























.466701 1.08875

1.08875 .852645 1.49569 0
1.49569 −.727517 1.21056

1.21056 .38967 1.44937

1.44937 −.592352 1.12888

1.12888 −.147293 1.25861

0 1.25861 −1.0249 .333798

.333798 −.214945



























.

We have thus reduced our problem to the setup treated in [6].

From the discussion above, it is clear that the Householder transformation
can also be used to study the submaximal eigenpair, provided the given matrix
is not sparse. However, at the moment, we are not in such a case. Hence it
is too heavy to use the transformation again for computing the submaximal
eigenpair, since then the sparse property of A is lost. Fortunately, we have a
different approach given in the next part.

Optimal search approach

Actually, in the present situation, there is an easier way to handle with this
problem, which uses the main advantage of the (symmetric) tridiagonal matrix.
Following [1; p. 146], we adopt the method of bisection. To fix the notation,
as before, let A ∼ (ak, ck, bk)

N
k=1. Throughout the remainder of this section,

assume that A is irreducible (i.e., ak+1bk > 0).

Method of bisection

To state the method, we need some notation. Define

s1(α) = c1 − α

s2(α) =

{

c2 − α− b21/s1(α) if s1(α) 6= 0

−ε (0 < ε ≪ 1) if s1(α) = 0,

sk(α) =











ck − α− b2k−1/sk−1(α) if sk−1(α) 6= 0 and sk−2(α) 6= 0

ck − α if sk−2(α) = 0

−ε (0 < ε ≪ 1) if sk−1(α) = 0.

Next, define
γ(α) = #{sk(α) > 0, k = 1, · · · , N}.
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Then, by [1; p. 142, (2.16) and Theorem 2.1; p.146, (2.23) and the remark
below it], we have

Lemma 12 The number of eigenvalues of A on [α,∞) equals γ(α).

The application of the bisection method, given in the remainder of this
section, is mainly based on Lemma 12. To state an algorithm, we need a little
preparation. Define

η =max
{

min
16i6N

(ci−ai− bi), min
16i6N

(ci−ai+1− bi−1)
}

, b1 := 0, aN+1 := 0.

In the present setup, there are N distinct eigenvalues, listed as

λ1 > λ2 > · · · > λN .

By Gershgorin Circle Theorem for the spectral radius, we have λN > η. To
study the top eigenpairs of A, we start at the top eigenvalues. The compu-
tation goes one by one of the eigenvalues. The computation of (λ1, g1) was
done in [6]. Starting from which, we study the subsequent top eigenvalues.
For instance, based on λ1 and η, we can compute λ2 by using the bisection
method. The algorithm given below consists of two parts. The first one is
constructing an initial interval (β2, β1) for the bisection method. The second
one is the standard sequent search of the method.

Algorithm 13 Let η be defined as above. Suppose that λk−1 (k > 2) is

given and we are going to compute λk.

Step 1 Define
ξ0 = λk−1,

ξ1 =
1

N − k + 1

[

(N − k)ξ0 + η
]

,

ξm = max{3 ξm−1 − 2 ξm−2, η}, m > 2.

Compute γ(ξm) successively until for the first m = m0 such that

γ
(

ξm0

)

> k. Then take [β2, β1] = [ξm0
, ξm0−1] as the initial inter-

val for using the method of bisection.

Step 2 Set z = (β2 + β1)/2 and compute γ(z). We update the test interval

by making the following changes, step by step. In details, if γ(z) > k,

then replace β2 by z; and otherwise replace β1 by z.

γ(z) Change

> k β2 → z

= k − 1 β1 → z

Repeating the recursive procedure until the outputs are the same up to

six digits of precision, and γ takes value k at the final tested point.
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Because

2−24 ≈ 5.96046 × 10−8,

for the six/seven digits of precision, the method of bisection requires about 24
times of steps (tests), independent of the matrix size N . Of course, at each
step, in computing γ(α), it requires N times of computations. Hence, the
complexity for using the method of bisection is O(N).

The second (submaximal) eigenpair

(a) We now return to the matrix A given by Example 11. Keeping λmax(A) =
2.99799 in mind and using the method of bisection, after 16 steps, the outputs
are the same up to six digits of precision, we obtain the submaximal eigenvalue
≈ 2.50514.

(b) Next, we compute the submaximal eigenvector using the shift inverse
iteration. Recall that in the present tridiagonal situation, we have the more or
less explicit Thomas algorithm for solving the required linear equation (cf. [6]).
By (a), we can fix the shift to be z = 2.50514−ε (ε = 10−8 for instance). Here
and in what follows, the small modification ε is for avoiding the degeneration
in using the shift inverse iteration, and also for avoiding the next eigenvalue.
Note that the maximal eigenvector of A is

gmax = (22.3106, 15.7443, 11.0657, 7.71389, 5.28698, 3.49398, 2.1199, 1)∗.

Its normalized vector is

g=(.715152, .504673, .354704, .247264, .169471, .111997, .0679521, .0320544)∗.

Our initial v0 is chosen to be

v0 :=g − 1/(g∗1) (then v0 ∈ Span (g)⊥)

= (.261281, .0508014, −.0991675, −.206607, −.284401, −.341874,

− .385919, −.421817)∗ .

After one iteration, the output of the computation is as follows:

g2 : = (.341037, .121815, −.125255, −.343691,

− .483561, −.512889, −.424972, −.239907)∗ .

This is checked by using the second iteration, its output is exactly the same.
A simpler way to check this conclusion is simply using the eigenequation:
Ag2 = λ2g2, where λ2 = 2.50514. Therefore, g2 can be regarded as the
submaximal eigenvector as we required.
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The third (next to the submaximal) eigenpair

To conclude this section, we remark that the same method can also be used to
compute the subsequent eigenpairs. Here we mention shortly the computation
for the next to the submaximal eigenpair for the same example as above.
Rewrite λ1 = λmax(A). Then, we have known the eigenpairs (λ1, g1) and
(λ2, g2). We are now going to compute the next one (λ3, g3). By using the
method of bisection above, we obtain λ3 = 1.79552. Now, to apply the shift
inverse iteration, choose shift z = 1.79552 − ε. For the initial vector v0, we
choose the form

v0 = (1, x, x, x, y, y, y, 1.1)∗

with x and y determined by the conditions v0 ⊥ g1 and v0 ⊥ g2:

x = −.753323, y = .238242.

Here, the components 1 and 1.1 in v0 are chosen randomly. If these random
numbers are replaced by x and y, respectively, then the homogeneous equations
have only trivial solution x = y = 0. In one step (iteration), we obtain the
required eigenvector

g3 = (−.350163, .0506296, .414444, .475559, .189337, −.235171,

− .487917, −.3843)∗.

To conclude this section, we mention that Algorithm 13 can be naturally
extended to concurrent computing, simply replacing the bisection method by
the equisection one, which is a generalization of the method of bisection in the
optimization theory.

4 Remarks and Proofs

This section is mainly devoted to the analytical aspect of the algorithms intro-
duced in the previous sections. Besides, it also provides a detailed exploration
on [5; Theorem 24]. At the end of this section, we present a simplified proof
for a key result concerning with the isospectral property of a Hermitizable
tridiagonal matrix and a birth–death one (see Theorem 14 below).

Remark on Algorithm 1

Before moving to the main text, let us make a remark on Algorithm 1 (1). Let
A = (aij) be a given complex matrix. By (1), we have

∑

i

µiaij = µj

∑

i

āji.

Equivalently, (µA)(j) =
(

µDiag (Ā1)
)

(j). From this, we obtain µB = 0 as
stated in the algorithm.
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Proof of Algorithm 4

Let g(k) 6= 0 be the eigenvector of Ak (0 6 k < N) with A0 = A, corresponding
to a fixed eigenvalue λ:

Akg
(k)=λ g(k)⇐⇒

(

UkAk−1U
H
k

)

g(k)=λ g(k)⇐⇒Ak−1

(

UH
k g(k)

)

=λ
(

UH
k g(k)

)

.

This implies that g(k−1) = UH
k g(k). Then the last assertion in the algorithm

follows. Furthermore,

g(0) = UH
1 g(1) = UH

1 UH
2 g(2) · · · · · · = UH

1 UH
2 · · ·UH

N−1g
(N−1).

In other words, the eigenvector g = g(0) of A corresponding to the eigenvalue
λ can be expressed by

g =

(N−1
∏

k=1

UH
k

)

g(N−1).

Thus, the recursive formula of {Vk} given in Algorithm 4 is an alternative
algorithm of the product above:

V1 = UH
1 , V2 = UH

1 UH
2 = V1U

H
2 , VN−1 =

N−1
∏

k=1

UH
k = VN−2U

H
N−1. �

Remark on Algorithm 13

First, we explain the main idea in the special case that k = 2. By assumption,
ξ0 = λ1 and λN > η give us the upper and lower bounds of the eigenvalues
{λj}Nj=1, respectively. The left-endpoint ξ1 of the test interval should be an
approximation of λ2, even a rough approximation is still okay since the con-
vergence of the bisection method is quite fast. Actually, a little smaller one
is better since then we can ignore a subinterval on the left. If so, we do not
need the double extension of the test interval on the left-hand side. For this,
we may assume that λN = η. Then, there are exact N − 2 eigenvalues located
inside of the interval [η, ξ0]. Suppose that these eigenvalues are located on
N − 2 equal points. Because the length of each equal division is

1

N − 1
(ξ0 − η).

Hence, the submaximal eigenvalue λ2 should be located around

ξ0 −
1

N − 1
(ξ0 − η) =

1

N − 1

(

(N − 2)ξ0 + η
)

.

That is the ξ1 given in the algorithm corresponding to k = 2. Very often,
ξ1 is enough as the left-end point of the initial interval. If not, we need the
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subsequence {ξm}m>2. To which, the construction is as follows. Suppose that
we are at ξm−1. Then choose ξm so that

ξm−1 − ξm = 2(ξm−2 − ξm−1).

This gives us ξm as in part (1) of the algorithm, in terms of the natural
control by η. The factor 2 used above is optimal, simply based on the method
of bisection.

For general k > 2, suppose that λk−1 is known and we are going to compute
λk. In this case, the first k − 2 eigenvalues λ1, . . . , λk−2 play no role. The
number of the eigenvalues decreases. Therefore, we need to make the following
change:

N → N − k + 2, λ1 → λk−1,

in the formula just obtained for k = 2. We have thus arrived at the expression
of ξ1 presented in part (1) of the algorithm. The change from k = 2 to general
k > 2 stated in part (2) of the algorithm is now obvious.

Proof of reduction to tridiagonal matrix

We now come back to the main text. In the matrix form, the Hermitizability
of A can be expressed as

Diag (µ)A = AH Diag (µ) ⇐⇒ Diag (µ)ADiag (µ)−1 = AH (4)

(actually, it is better to rewrite Diag (µ)α as Diag (µα) in computation). As
used in parts (2) and (3) in Algorithm 3, it is easy to see that

A is Hermitizable ⇐⇒ H := Diag (µ1/2)ADiag (µ−1/2) is Hermitian. (5)

The assertion is clearly important since then every property and algorithm for
the Hermitian matrix can be transferred to the Hermitizable one.

Next, for the Hermitian H, as shown in §2, there exists a unitary matrix
U , as a product of some Householder transformations {Uk} (unitary), such
that

T := UHUH becomes a tridiagonal, real and symmetric matrix. (6)

As also shown in §2, the tridiagonal matrix T can be blocked. In other words,
T may be reducible, it can be divided into several irreducible blocks, say
T = Diag({Tj}), where Tj is irreducible tridiagonal, real, symmetric matrix.
In general, the sum of some row of T can be positive and so is not a Q-matrix.
Let m = supk(T1)(k) < ∞ (which may be a condition when the matrix is
infinite). Then the sum of each row of T −mI is not positive, so is each row
of Tj −mI. Fix j for a moment. By [5; Theorems 15 and 16], there exists a
positive nearly (Tj −mI)-harmonic function hj such that

Qj := Diag(h−1
j )(Tj −mI)Diag(hj)
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is a birth–death Q-matrix. In particular, Tj −mI and Qj are isospectral. To
return to the original setup, combining the family {hj} into a single vector h
with the same ordering as the blocking of {Tj}. Then, we can combine the
family {Qj} into a single one with the same ordering just mentioned, denoted
by Q = Diag({Qj}). Furthermore, from the last formula, we obtain

Q = Diag(h−1)(T −mI)Diag(h).

Equivalently,
Diag(h−1)T Diag(h) = Q+mI =: Q(m). (7)

Combining (5)–(7) together, we obtain the following similar transformation of
A:

Diag (h−1)U Diag (µ1/2)ADiag (µ−1/2)UH Diag (h) = Q(m).

Set

M = Diag (µ−1/2)UH Diag (h) ⇐⇒ M−1= Diag (h−1)U Diag (µ1/2). (8)

It follows that

M−1AM = Q(m) ⇐⇒ A = MQ(m)M−1.

Therefore,

Ag = λ g ⇔ MQ(m)M−1g = λ g ⇔ Q(m) (M−1g) = λ (M−1g).

By [5; Theorem 10], with the inner product

〈f, g〉 := (Mf,Mg)µ

and f̃ := M−1f , L2(E,µ) → L2(E, 〈·, ·〉), we have

(f, g)µ =
〈

f̃ , g̃
〉

and (Af, g)µ =
〈

Q(m)f̃ , g̃
〉

. (9)

For this specific M defined by (8), we have here more explicit formulation.
Note that

(Mf,Mg)µ =
(

Diag (µ−1/2)UH Diag (h)f, Diag (µ−1/2)UH Diag (h)g
)

µ

=
(

UH Diag (h)f, UH Diag (h)g
)

dx

=
(

Diag (h̄)Diag (h)f, g
)

dx

(

Since UUH = I
)

= (f, g)µ̃,

where µ̃ = |h|2dx and dx means the uniform measure in the discrete case:
µk ≡ 1. More precisely, here in the first equality above, we have used the fact
that

(

Diag (µ−1/2) f, Diag (µ−1/2) g
)

µ
=
(

Diag (µ1/2)f, Diag (µ−1/2) g
)

dx

= gHDiag (µ−1/2)Diag (µ1/2) f

= (f, g)dx,
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and in the second equality, we have used the fact that

(UHf, UHg)dx = gHUUHf = (f, g)dx.

Hence, we have
〈

f̃ , g̃
〉

=
(

Mf̃,Mg̃
)

µ
=
(

f̃ , g̃
)

µ̃
.

Therefore, we indeed have L2(E, 〈·, ·〉) = L2(E, µ̃). Thus, for the mapping
f̃ := M−1f , L2(E,µ) → L2(E, µ̃), by (9), we have the isometry:

(f, g)µ=
(

f̃ , g̃
)

µ̃
,

and furthermore, the isospectral property:

(Af, g)µ =
〈

Q(m)f̃ , g̃
〉

=
(

Q(m)f̃ , g̃
)

µ̃
.

Here is our final conclusion.

Theorem 14 For given Hermitizable A, define M by (8). Then the mapping

f̃ := M−1f from the complex L2(E,µ) to the real L2(E, µ̃) is an isometry:

(f, g)µ =
(

f̃ , g̃
)

µ̃
. Furthermore, it owns the isospectral property: (Af, g)µ =

(

Q(m)f̃ , g̃
)

µ̃
.

Remark on the computational complexity

Now we mention the computational complexity of the algorithms used in the
paper. The quasi-Hermitizing procedure in (2) requires 2N2 multiplications.
The computation for the maximal eigenpair of the tridiagonal matrix using
the method given in [6], as well as the one of bisection plus Thomas’ algo-
rithm for computing the other eigenpairs requires only O(N) multiplications.
The main work we need is Householder transformation which requires 2N3/3
multiplications. Refer to [18; page 244].

5 Practical implementation on large scale matrices

In this section, we present some practical implementation of our algorithms on
large scale matrices. For counting the number of computational operations, the
additions and the multiplications are all collected together, and denote it by
“flops”. All experiments were performed by MatLab on a personal computer
with the configuration: Intel(R) Xeon(R) CPU E5-2630 v3 @2.40 GHz and 32
GB of RAM.
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Householder-based tridiagonalization

Assuming that the Hermitized Â of the Hermitizable matrix A is at hand, we
are going to propose the details of the Householder tridiagonalization of the
Hermitian matrix Â.

We use the following notation: Let N , k (6 N) and j (6 N) be given
three positive integers. Denote by IN the identity matrix of order N , and by
ek the kth column of the identity matrix. Next, for given 0 < k < N , an
N -dimensional vector x and an N ×N matrix A, set

• x(k + 1 : N): the vector of order N − k obtained from x by deleting its
first k entries;

• a(k + 1, j): the entry of A at the (k + 1)th row and the jth column;

• a(k + 1 : N, j): the vector of order N − k obtained from A by deleting
its first k entries of the jth column;

• A(k+1 : N, k+1 : N): the (N−k)×(N −k) submatrix of A by deleting
its first k rows and columns.

Suppose that Householder matrices U1, · · · , Uk−1 have been determined
such that if

Âk−1 = (Uk−1 · · ·U1)Â(Uk−1 · · ·U1)
H ,

then

Âk−1 =







B11 B12 0

B21 B22 B23

0 B32 B33






,

where B11 ∈ C
(k−1)×(k−1), B12 ∈ C

(k−1)×1, B21 = BH
12, B22 ∈ C, B23 ∈

C
1×(N−k), B32 = BH

23, and B33 = BH
33 ∈ C

(N−k)×(N−k). The kth Householder
transformation is computed by

̂Uk = IN−k + vvH/α, α = sk(b
(k)
k+1 − sk), (10a)

0 6= v = x(k)(k + 1 : N)− y(k)(k + 1 : N). (10b)

Define

Uk =

[

Ik 0

0 ̂Uk

]

.

Then

Âk = UkÂk−1U
H
k =







B11 B12 0

B21 B22 B23
̂UH
k

0 ̂UkB32
̂UkB33

̂UH
k






.

Notice that it is not necessary to compute B23
̂UH
k and ̂UkB32, since

̂UkB32 = ‖B32‖2e1 = ske1 ∈ R
N−k, B23

̂UH
k = (̂UkB32)

H .
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Thus the leading k-by-k principal submatrix of Âk is a tridiagonal matrix. In
the calculation of Âk, it is important to exploit the Hermitian structure during
the formation of the matrix. Note that

̂UkB33
̂UH
k =

(

IN−k +
vvH

α

)

B33

(

IN−k +
vvH

α

)H

= B33 +
vvH

α
B33 +

B33vv
H

ᾱ
+

vvH

α
B33

vvH

ᾱ
.

Replacing the last term on the right-hand side by the sum of half and half of
it, we obtain

̂UkB33
̂UH
k = B33 + v

(

vHB33

α
+

vHB33v

2αᾱ
vH
)

+

(

B33v

ᾱ
+ v

vHB33v

2αᾱ

)

vH

= B33 + vwH + wvH , (11)

where

w =
B33v

ᾱ
+ v

vHB33v

2αᾱ
.

Since only the upper triangular portion of this matrix needs to be calculated,
the transition from Âk−1 to Âk can be accomplished in only about 4(N − k)2

flops.

Algorithm 15 (Householder-based Tridiagonalization) Given a Hermi-

tian matrix Â ∈ C
N×N , the following algorithm overwrites Â with T = UÂUH ,

where T is tridiagonal and U = U1 · · ·UN−1 is the product of Householder trans-

formations.

Step 1 for k = 1 : N − 1

Step 2 x = â(k + 1 : N, k), s =
√
xHx

Step 3 v = x, v(1) = v(1)− s

Step 4 α = s(x(1)− s)

Step 5 p = Â(k + 1 : N, k + 1 : N)v/ᾱ

Step 6 w = p+ (pHv/(2ᾱ))v

Step 7 â(k + 1, k) = s ; â(k, k + 1) = â(k + 1, k)

Step 8 Â(k+1 : N, k+1 : N) = Â(k+1 : N, k+1 : N)+ vwH +wvH

Step 9 end

The transition from Âk−1 to Âk totally costs about
∑N−2

k=1 4(N −k)2 flops.
This is O(N3) flops. This is implemented in Algorithm 15 by

Â(k + 1 : N, k + 1 : N) = Â(k + 1 : N, k + 1 : N) + vwH + wvH .
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This main step makes the total cost of Algorithm 15 to be O(N3). This
algorithm requires 4N3/3 flops when Hermitian is exploited in calculating the
rank-2 updating as in equation (11). The matrix U is stored in factored form
in the subdiagonal portion of Â. If U is explicitly required, then it can be
formed with an additional 4N3/3 flops.

Remark that the Householder transformation here defined by (10) is dif-
ferent to the traditional one given in [9, Pages 234-237, 243-244],

̂Uk=IN−k − βvvH , β=2/(vHv), (12a)

0 6=v=x± eiθ‖x‖2ek, x=x(k)(k + 1 : N). (12b)

The differences stay at two aspects: (a) β in (12) is always set to be real, while
α in (10) may be real or complex; (b) the resulted vector of (12) is real or
complex, while the resulted vector of (10) is set real. If we use alternatively
the traditional Householder transformation (12) in Algorithm 15, then we get
a complex tridiagonal matrix. Thus, we need to generate not more than N−1
necessary rotations to transform conjugate complex (not real) entries on upper
and down subdiagonals to real numbers.

Example 16 In this example, we reduce a Hermitian matrix to a real sym-

metric tridiagonal matrix by Algorithm 15. We compare the Householder trans-

formation (10) with the traditional Householder transformation (12), denoted

by HR and HC, respectively. The testing matrix is produced by the command

“rand” in MatLab and the elements of the matrices are chosen from [0, 10]. More

precisely, let A1 = 10 · rand(N) and A2 = 10 · rand(N), where N is the matrix

size. Then we take

A =
A1 +AT

1

2
+ i · A2 −AT

2

2
.

Proof. We apply the Householder-based tridiagonalization on A in three
cases: N = 1200, 2500, and 5000. For each case, the whole procedure is
carried out for 100 times and the average values of results are output. The
numerical results are given in Tables 1 and 2. Note that the output display
format is chosen as the scaled fixed point format with 5 digits. For instance,
4.5937e+2 represents 4.5937×102 . Table 1 presents the average CPU times to
work out the Householder transformation. The symbols “CPU-U” and “CPU”
refer to the CPU times in seconds with and without constructing the unitary
matrix U , respectively. Both of them are tested by the MatLab command
cputime. Table 2 displays the accuracy of the methods, in which we adopt
some average errors:

• err-U: ‖UUH − I‖∞/‖U‖∞,

• err-UAU-T: ‖UAUH − T‖∞/‖A‖∞,

• err-A-UTU: ‖UHTU −A‖∞/‖A‖∞,
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where U is a unitary matrix arising in the Householder transformation and
I is the identity matrix. Here, for vector x = [x1, x2, · · · , xN ]∗ and matrix
A = [aij ] ∈ C

N×N , we define

‖x‖∞ = max
i=1,··· ,N

|xi| and ‖A‖∞ = max
i=1,··· ,N

N
∑

j=1

|aij |.

Table 1: Comparison of HC and HR with respect to the CPU time for Example
16.

N
CPU-U CPU

HC HR HC HR

1200 2.8727e+2 2.8064e+2 1.1235e+2 1.1122e+2

2500 2.8840e+3 2.8689e+3 1.1577e+3 1.1514e+3

5000 2.1321e+4 2.1264e+4 9.2617e+3 9.2376e+3

Table 2: Comparison of HC and HR with respect to the accuracy for Example
16.

N
err-U err-UAU-T err-A-UTU

HC HR HC HR HC HR

1200 2.5599e-15 2.5140e-15 4.1728e-14 3.9616e-14 2.3152e-14 2.0504e-14

2500 3.3557e-15 3.2936e-15 7.9696e-14 7.4699e-14 4.6707e-14 3.8897e-14

5000 4.4415e-15 4.4061e-15 1.5283e-13 1.4406e-13 9.0779e-14 7.7541e-14

From the numerical results in Table 1 and Table 2, we see that the perfor-
mances of HR and HC are comparable with each other. HR saves a little bit of
CPU times costed by HC. For instance, when N = 1200 HR saves 2.31% CPU
times of computing T and U together, and 1.00% CPU times of computing
T , respect to HC. Two average residual errors of HR are smaller than those
of HC. Taking N = 1200 for instance, HR improve “err-U”, “err-UAU-T”
and “err-A-UTU” by 1.79%, 5.06% and 11.4%, respectively. These numerical
results successfully indicate the high efficiency of the proposed Householder
transformation (HR), which directly transforms a Hermitian matrix into a real
tridiagonal matrix with nonnegative subdiagonals. �

Top k eigenpairs

Now we concentrate on computing top k eigenpairs of large scale matrices.
After Hermitizing and tridiagonalizing, we reduce a Hermitizable matrix A to
an isospectral symmetric tridiagonal matrix T . The core work of computing
top k eigenpairs of A becomes the calculation of top k eigenpairs of T .
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Note that for any tridiagonal matrix T , we can find a shift m such that
the diagonal entries of T − mI are negative. Without loss of generality, we
build our algorithm on the following irreducible tridiagonal matrix,

T =





















−c0 b0 0
a1 −c1 b1

. . .
. . .

. . .

. . .
. . . bN−1

0 aN −cN





















, (13)

where the sequences {bj}N−1
j=0 and {aj}Nj=1 are positive and {cj}Nj=0 is nonneg-

ative. Let

E = {j ∈ Z : 0 6 j < N + 1} (N 6 ∞).

We may write T ∼ (aj ,−cj , bj) for simplicity. If aj = bj−1 (j ∈ E\{0}), then
T is symmetric.

We now present a new two-stage method of computing top k eigenpairs of
the irreducible tridiagonal matrix T . In the first stage, we compute the largest
eigenpair, denoted by (λ1, g1), of T , for instance, applying Algorithm 1 in [6].
In the second stage, we compute the other top k − 1 eigenpairs, denoted by
(λ2, g2), · · · , (λk, gk), applying Algorithm 13 in this paper and the inverse
iteration. These two stages are not separated strictly, but are jointed tightly.
For convenience, we gather above steps into Algorithm 17 with a subroutine
in Algorithm 18.

Algorithm 17 (Computing Top k Eigenpairs) Suppose T ∼ (aj ,−cj , bj)
is an irreducible tridiagonal matrix of the form (13). The following algorithm

computes top k eigenpairs of T , denoted by (λ1, g1), · · · , (λk, gk).

Step 1 Let a0= 0, bN = 0,

m = sup
j∈E

(aj + bj − cj)
+, x+ = max{x, 0},

and

uj = ajbj−1, j ∈ E\{0}.

Step 2 Specific Isospectral transformation. Set c̃j = cj + m (j ∈ E) and
˜b0 = c̃0. Let

˜bj = c̃j −
uj
˜bj−1

, ãj = c̃j −˜bj, 1 6 j < N,

ãN =
uN
˜bN−1

.
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Then the tridiagonal matrix

˜T ∼
(

ãj ,−c̃j ,˜bj
)

possesses the properties: both (ãj) and
(

˜bj
)

are positive, the sum of each row

equals zero except the (N + 1) th row (c̃N > ãN ).

Step 3 Symmetrizing. Define the symmetric tridiagonal matrix

T sym ∼ (a sym
j ,−c

sym
j , b

sym
j )

as follows:

c
sym
j = c̃j (j ∈ E), a

sym
j = b

sym
j−1 =

√
uj (j ∈ E\{0}).

Step 4 Computing the maximal eigenpair. If c̃N = ãN , then T sym has the

maximal eigenvalue λ
sym
1 = 0 with eigenvector g

sym
1 =

√

µ̃:

µ̃0 = 1, µ̃j = µ̃j−1

˜bj−1

ãj
, j ∈ E\{0}. (14)

More economically,

g
sym
1 (0) = 1, gsym1 (j) = g

sym
1 (j − 1)

b̃j−1√
uj

, j ∈ E \ {0}. (15)

Otherwise, set ˜bN = c̃N − ãN . The jth approximation of the maximal eigen-

pair is computed by Algorithm 18. Then (−zj , v
(j)) converges to the maximal

eigenpair of T sym:

λ
sym
1 = − lim

j→∞
zj , g

sym
1 = lim

j→∞
v(j).

Step 5 Computing the subsequent eigenpairs. Compute k − 1 eigenvalues,

λ
sym
2 , · · · , λ

sym
k , of T sym by the bisection method (Algorithm 13).

For each j (2 6 j 6 k), compute the eigenvector g
sym
j corresponding to

λ
sym
j of T sym, by the inverse iteration with the shift λ sym

j and an initial vector

v(0). The initial vector v(0) is generated as follows: choose a vector x(j) /∈
span{g sym

1 , · · · , g sym
j−1 }, and compute v(0):

w(0) = xj −
j−1
∑

i=1

[(g sym
i )Hxj]gi, v(0) =

w(0)

√

(w(0))∗w(0)
.

The modified version of the Gram-Schmidt method [9, Pages 254-255] is used in

the practical implementation.

Step 6 Returning to the original top k eigenpairs. To go back to the original

matrix T , the top k eigenpairs are

λj = λ
sym
j +m, gj = diag(hµ)g sym

j ,
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where diag(hµ) is the diagonal matrix having diagonal elements (hµj ):

h
µ
0 = 1, h

µ
j = h

µ
j−1

√
uj

bj−1
, j ∈ E\{0}. (16)

Algorithm 18 (The jth approximation of the maximal eigenpair) With

computed ãj ’s and ˜bj’s, this algorithm computes the jth approximation of the

maximal eigenpair: (zj, v
(j)).

Step 1 Define the upper triangle matrix (Mij) and the vector (Φi) as follows:

Mii = 1, Mij = Mi,j−1
ãj
˜bj−1

= Mi,j−1
uj
˜b2j−1

, 1 6 i+ 1 6 j 6 N,

Φi =
∑

i6j6N

Mij

˜bj
, 0 6 i 6 N.

Step 2 Choose

w(0) =
√
Φ, v(0) =

w(0)

√
w(0)∗w(0)

.

Step 3 For a computed vector v(j) (j > 0), compute ζj:

ζj = sup
06n6N

1
√

˜bnv
(j)
n −

√

ãn+1v
(j)
n+1

(

n
∑

i=0

v
(j)
i

√

Min

˜bi

)

, j > 0,

with assuming ãN+1 = 0.

Step 4 With setting zj =
1
ζj
, solve w(j+1):

(−T sym − z(j)I)w(j+1) = v(j).

Step 5 Compute v(j+1):

v(j+1) =
w(j+1)

√
w(j+1)∗w(j+1)

.

Remark that if c̃N = ãN , the way of computing the maximal eigenpair,
(λ1, g1), in Algorithm 17, is different from that in Algorithm 1 in [6]. But
their results are the same: if c̃N = ãN , then Algorithm 17 shows that T has
the maximal eigenvalue λ1 = m with eigenvector g1 = h:

h0 = 1, hj = hj−1

˜bj−1

bj−1
, j ∈ E\{0}. (17)
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These two algorithms are coincided since

h
µ
j =

hj
√

µ̃j

, j ∈ E\{0}.

With applying equations (16) and (17), one can simplify the computation of
g
sym
1 in (14) into the economical formula in (15).

One important point is that the non-symmetric matrix ˜T and the symmet-
ric matrix T sym are coupled together in Algorithm 17. This coupling idea has
been introduced in [5, Section 4] and [6, Section 4.4]. For a short explanation,
the spectrum of T −mI is transformed (in step 2) to the one of ˜T , which is
a birth-death Q-matrix (see [6, Definition 7]); and then the non-symmetric
matrix ˜T is symmetrized to a symmetric matrix T sym in step 3. The maximal
pair is computed by coupling ˜T and T sym; see Algorithm 18 and step 4 of Al-
gorithm 17. The subsequent eigenpairs are computed by applying Algorithm
13 and the iteration method on T sym. We have two reasons: one is that T sym

is symmetric and has eigenvectors which are orthogonal to each other; another
one is that T sym has been generated during the computation of the maximal
eigenpairs, and it does not rise extra computational flops. At last, the top k

eigenpairs are generated for the original matrix T .
Clearly, we don’t have to go to the last step 6 every time when using

Algorithm 17. Actually, for very large N , this step is risky. Especially for
non-symmetric matrices, the overflow happens very often. This is due to the
limitation of the accuracy of the machine. At this time, if you still want to
calculate, then one may use the above iterative formula (17). Because the
sequences

{

b̃k
}

and {bk} are known, and so is the ratio b̃j/bj which does not
overflow (see [7] for more related details on Hermitizable complex tridiagonal
matrices).

Example 19 In this example, we compute top k eigenpairs of a symmetric

tridiagonal matrix of the form (13),

T ∼ (aj ,−cj , bj) ∈ R
N×N ,

where aj and cj are random positive integers which are less than or equal to N ,

generated by the command “randi” in MatLab, and bj−1 = aj for j = 1, · · · , N .

Proof. We apply Algorithm 17 and the MatLab functions, eig and eigs, to
compute top k eigenvalues and corresponding eigenvectors of T , respectively.
For comparison, we set k = 3, and N = 5000, 10000, 15000, 20000. We run
the whole process of each case for 1000 times and take the average numerical
results. Note that eig computes all eigenpairs, and eigs is called by the com-
mand eigs(T,k,’LA’). For the iterative methods (Algorithm 17 and eigs),
the convergence tolerance is set as tol= 10−10 and the maximal number of
iterations is 100.
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Let V denote the matrix consisting of eigenvectors and D the diagonal
matrix with eigenvalues on the diagonal. The numerical results are given in
Table 3, in which “CPU” refers to the CPU time in seconds, “Res” represents
the relative residual error ‖TV−V D‖∞/‖T‖∞, and “NaN” refers to no answer.

Table 3: Numerical results of Example 19: CPU times and residual errors.

N
Algorithm 17 eigs eig

CPU Res CPU Res CPU Res

5000 2.2367 4.2206e-11 6.4821e-1 3.3668e-12 2.1670 6.5837e-15

10000 6.8966 7.7877e-11 9.3459e-1 3.4931e-12 5.1046 7.1151e-15

15000 7.9176e+1 5.8389e-11 2.4787 3.5428e-12 4.5517e+1 7.1183e-15

20000 3.6226e+1 9.0249e-11 3.3654e-1 NaN 2.2656e+1 6.7109e-15

From the numerical results, it follows that Algorithm 17 and the MatLab
function eig correctly compute the top 3 eigenpairs in all cases, and they
cost almost same CPU times. The MatLab function eigs successfully obtains
the top 3 eigenpairs in the first three cases. But when N = 20000 it fails
to converge at one time of 1000 tests and no result is obtained. Thus we
can conclude that the proposed new method is more reliable than the Mat-
Lab function eigs. Moreover, Algorithm 17 also has the comparable level of
accuracy with the MatLab function eigs in the first three cases. �

Example 20 In this example, we compute top k eigenpairs of a Hermitizable

tridiagonal matrix of the form (13),

T ∼ (aj ,−cj , bj) ∈ R
N×N ,

where aj ≡ a, bj ≡ b and cj ≡ c are positive. We test the following two cases:

Case 1 a = 2, b = 1, and c = 3;

Case 2 a = 1, b = 2, and c = 3.

Proof. Let (λexact
j , gexactj ) and (λj , gj) denote the exact and computed eigen-

pairs of T ∼ (a,−c, b), respectively. They are defined by

λexact
j =2

√
ab cos

(

jπ

N + 1

)

− c,

gexactj (i)=

(
√

a

b

)i

sin

(

ijπ

N + 1

)

, i = 1, · · · , N.

For comparison, we define the error of the computed eigenvalues by

ERR= max
j=1,··· ,k

|λj − λexact
j |.

Let sj denote the sign changing time of the jth eigenvector and the vector
SCT = [s1, · · · , sk] denote the sign changing times of each of the top k eigen-
values. Remember that the jth exact eigenvector has j − 1 times of sign
changing.
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Table 4: Numerical results of Example 20: Errors of eigenpairs in Case 1.

N
Algorithm 17 eigs eig

ERR SCT ERR SCT ERR SCT

51 4.4409e-16 [0,1,2] 3.4233e-7 [0,1,2] 6.7230e-11 [0,1,2]

52 3.6082e-16 [0,1,2] 5.8039e-6 [0,1,2] 1.4893e-10 [0,1,2]

83 1.8874e-15 [0,1,2] 5.0430e-5 [0,1,2] 5.4506e-7 [0,1,2]

84 1.4710e-15 [0,1,2] 1.0336e-2 [0,1,1] 1.0819e-6 [0,1,2]

103 1.3323e-15 [0,1,2] – – 1.0916e-4 [0,1,2]

104 1.9706e-15 [0,1,2] – – 5.6538 [102,102,103]

10000 3.3307e-16 [0,1,2] – – – –

20000 1.6037e-13 [0,1,2] – – – –

Table 5: Numerical results of Example 20: Errors of eigenpairs in Case 2.

N
Algorithm 17 eigs eig

ERR SCT ERR SCT ERR SCT

44 1.6653e-16 [0,1,2] 1.8505e-7 [0,1,2] 4.1633e-16 [0,1,2]

45 2.7756e-16 [0,1,2] 5.6594e-6 [0,1,2] 6.6613e-16 [0,1,2]

104 1.9706e-15 [0,1,2] 1.0453e-3 [0,1,2] 1.0112e-11 [0,1,2]

105 1.8041e-15 [0,1,2] 7.7746e-3 [0,2,2] 3.3805e-11 [0,1,2]

106 1.5821e-15 [0,1,2] – – 1.2713e-11 [1,3,2]

160 9.9920e-16 [0,1,2] – – 3.2369e-9 [30,33,36]

161 7.4940e-16 [0,1,2] – – 5.6561 [160,160,157]

10000 3.3307e-16 [0,1,2] – – – –

20000 1.6037e-13 [0,1,2] – – – –

In the two cases listed above, we set k = 3 and apply Algorithm 17 and
the MatLab functions, eig and eigs, to compute the top k eigenvalues and
corresponding eigenvectors of T , respectively. Note that eig computes all
eigenpairs and eigs is called by the command eigs(T,k,’LR’). For the it-
erative methods, Algorithm 17 and eigs, the convergence tolerance is set as
tol=10−8 and the maximal number of iterations is 300.

From the numerical results in Tables 4 and 5, we see that Algorithm 17
correctly computes the top k eigenpairs in all cases; but both eig and eigs

fail in most of cases, even when the size of T is very small. We underline the
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values of ERR which are larger than 10−6, and also underline the values of
SCTs if they are not correct. The notation “–” means that it is not necessary
to compute.

Now we give a detailed analysis as follows.

• Algorithm 17 computes correctly the top k eigenpairs in both Case 1

and Case 2. The maximal errors of the computed top k eigenvalues are
always less than 10−6, and the times of sign changing of the computed
eigenvectors are also correct, that is, SCT = [0, 1, 2].

• eigs computes correctly the top k eigenpairs when N 6 51 in Case

1 (or N 6 44 in Case 2). The maximal errors of the computed top k

eigenvalues become larger than 10−6 when N > 52 in Case 1 (or N > 45
in Case 2). Moreover, the times of sign changing of the computed
eigenvectors become wrong when N > 84 in Case 1 (or N > 105 in
Case 2).

• eig computes correctly the top k eigenpairs when N 6 83 in Case 1

(or N 6 105 in Case 2). The maximal errors of the computed top
k eigenvalues become larger than 10−6 when N > 84 in Case 1 (or
N > 161 in Case 2). Moreover, the times of sign changing of the
computed eigenvectors become wrong when N > 104 in Case 1 (or
N > 106 in Case 2).

For Case 1 with N = 84, the signs of the top k = 3 exact and computed
eigenvectors are shown in Figures 2-5. In Figure 2(a)-(c), the signs of the
first, second and third maximal exact eigenvectors (from left to right) are
drawn; and the times of sign changing are 0, 1 and 2, respectively. That is
SCT = [0, 1, 2]. In Figure 2 (d)-(f), three parts of the third eigenvector are
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(b) Second eigenvector
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0.8
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(c) Third eigenvector

(d) First part from 1 to 34 (e) Second part from 34 to 58 (f) Third part from 64 to 84

Figure 2: (a)-(c): The sign of the top k = 3 exact eigenvectors of T ∼ (2,−3, 1)
with N = 84. (d)-(f): Three parts of the third exact eigenvector.
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drawn. The two points at which the signs of the third eigenvector change are
shown in Figure 2(d) and Figure 2(e).

Figures 3-5 indicate the signs of the top 3 eigenvectors, computed by Al-
gorithm 17, eigs and eig, respectively; and the SCTs are [0, 1, 2], [0, 1, 1]
and [0, 1, 2]. From Figure 4, it follows that the sign of the third eigenvector
computed by eigs is not correct.
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Figure 3: The sign of the top k = 3 eigenvectors computed by Algorithm 17
of T ∼ (2,−3, 1) with N = 84.
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Figure 4: The sign of the top k = 3 eigenvectors computed by eigs of T ∼
(2,−3, 1) with N = 84.
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Figure 5: The sign of the top k = 3 eigenvectors computed by eig of T ∼
(2,−3, 1) with N = 84.

As in Example 19, we list the CPU times (“CPU”) and the relative resid-
ual errors (“Res”) of Case 1 and Case 2 in Tables 6 and 7, respectively.
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Comparing these two tables with Tables 4 and 5, respectively, it follows that
the error estimates by using “ERR” plus “SCT” are more precise than using
“Res”. Note that the CPU times are obtained by running the programs for
100 times and taking the average values. The relative residual errors of Algo-
rithm 17 are less than those of eigs and eig. Algorithm 17 costs less CPU
times than eigs and has comparable speed with eig.

From above numerical results, we conclude that Algorithm 17 performs
better than eigs and eig, and is very feasible and reliable to compute the top
k eigenpairs of large scale matrices. �

Table 6: Numerical results of Example 20: CPU times and residual errors in
Case 1.

N
Algorithm 17 eigs eig

CPU Res CPU Res CPU Res

51 1.5200e-2 2.7062e-16 3.0200e-2 3.2479e-11 4.3000e-3 1.1148e-15

52 8.9000e-3 3.1456e-16 4.6400e-2 7.6735e-11 4.7000e-3 1.1125e-15

83 1.5500e-2 6.0137e-16 6.9300e-2 3.4396e-11 1.5700e-2 1.5400e-15

84 1.5800e-2 6.1987e-16 4.7600e-2 1.9611e-10 1.8100e-2 1.6283e-15

103 3.0800e-2 7.0777e-16 – – 2.4100e-2 2.6738e-15

104 3.4000e-2 6.5688e-16 – – 2.7500e-2 7.5496e-15

Table 7: Numerical results of Example 20: CPU times and residual errors in
Case 2.

N
Algorithm 17 eigs eig

CPU Res CPU Res CPU Res

44 1.2900e-2 1.7810e-16 2.8100e-2 3.1130e-12 3.6000e-3 1.8735e-15

45 8.9000e-3 3.1456e-16 4.6400e-2 7.6735e-11 4.7000e-3 1.1125e-15

104 3.4500e-2 6.8695e-16 9.9700e-2 7.5717e-11 2.4300e-2 3.2867e-15

105 3.0000e-2 6.1525e-16 6.7300e-2 2.5779e-11 2.0000e-2 1.7139e-15

106 3.2800e-2 6.2913e-16 – – 2.6600e-2 1.5451e-15

160 3.9500e-2 4.1402e-16 – – 1.2860e-1 1.7278e-15

161 3.9900e-2 4.0246e-16 – – 1.2930e-1 2.5905e-15
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Abstract

This paper is devoted to the study of an extended global algorithm
on computing the top eigenpairs of a large class of matrices. Three ver-
sions of the algorithm are presented that includes a preliminary version
for real matrices, one for complex matrices, and one for large scale sparse
real matrix. Some examples are illustrated as powerful applications of
the algorithms. The main contributions of the paper are two localized
estimation techniques, plus the use of a machine learning inspired ap-
proach in terms of a modified power iteration. Based on these new tools,
the proposed algorithm successfully employs the inverse iteration with
varying shifts (a very fast “cubic algorithm”) to achieve a superior esti-
mation accuracy and computation efficiency to existing approaches under
the general setup considered in this work.

1 Introduction. Extended global algorithm

The top eigenpairs of matrix play an important role in many fields. In partic-
ular, for the maximal eigenpair for instance, there are well-known algorithms
in several different fields. For web-search, it is called PageRank. For economic
optimization, there is so called left-positive eigenvector method (cf. [1; Chap-
ter 10]). For statistics, there is principal component analysis (abbrev. PCA)
which is also used in quantum mechanics computation (quantum chemistry in
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particular) and AI. In the last case, one needs not only the maximal one, but
also a couple of the subsequent eigenpairs. Certainly, for such a well-developed
field, there are some powerful algorithms in common use, the “singular value
decomposition” (abbrev. SVD) for PCA for example. However, as mentioned
at the beginning of [9; p.65, §2.6]: “In some cases, SVD will not only diagnose
the problem, it will also solve it, in the sense of giving you a useful numer-
ical answer, although, as we shall see, not necessarily ‘the’ answer that you
thought you should get.” This happens for a number of known algorithms (see
[7; Example 1] for instance) and so more careful study is valuable.

This paper is motivated by the study on the global algorithms given in
[3, 7], where some effective algorithms were presented for computing the max-
imal eigenpair of a rather larger class of matrices. Roughly speaking, two
approaches are adopted there: the power iteration (abbrev. PI) and the in-
verse power iteration with varying/fixed shifts (abbrev. IPIv/IPIf ). The PI
has only a little restriction on the initial vector and so has a wide range of
applications. It is also economical (having lower computational complexity),
but has a quite slow convergence speed, especially near the target eigenvalue.
The fast convergence speed of the algorithms given in [3, 7] is mainly due to
the use of IPIv (having higher computational complexity). It is however quite
dangerous if the initial is not close enough (from above) to the target eigen-
value. The last problem was avoided in [3, 7] mainly due to the assumption:
the off-diagonal elements of the matrix are all nonnegative. This is essen-
tial: it implies the existence of the maximal eigenpair (as an application of
the Perron–Frobenius theorem, by a shift if necessary). Then we have some
important variational formulas for the upper/lower bounds of the maximal
eigenvalue, i.e., the Collatz–Wielandt (abbrev. C-W) formula (cf. [2; §1 and
Corollary 12]). For nonnegative matrix, the formula takes the following form:

sup
xą0

min
k

pAxqpkq

xpkq
“ λ “ inf

xą0
max
k

pAxqpkq

xpkq
,

where λ is the maximal eigenvalue of the matrix A and xpkq is the kth com-
ponent of the vector x. The upper bound in the formula is very important in
using IPIv for avoiding the pitfalls (cf. [4; §4]). Now, a challenge appears:

Question: What can we do without the assumption of the nonnegative prop-
erty of the off-diagonal elements?

A typical model led to the question is PCA, for which some of the off-
diagonal elements can be negative. The question is quite serious since almost
each advantage introduced in the previous paragraph is lost. We do not have
the Perron–Frobenius theorem; more seriously, we do not have the C-W for-
mula; and furthermore, the IPIv is not practical.

Certainly, the answer to the above question is not obvious. If you have
luckily produced enough courage, you may look for a way to find a substitute
of the C-W formula. Assume that the given matrix A is real. Assume also
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for a moment that the maximal eigenvalue λ we are working is positive. Of
course, at the present case, the corresponding eigenvector g is not necessarily
positive, and it may have negative or zero components. Because we are now
bare-handed, to find an exit from the darkness, we have to go back to the
original position: all we know is the eigenequation:

Ag “ λg. (1)

That is, g is an eigenvector corresponding to the eigenvalue λ of A. It follows
that once gpkq ‰ 0, we must have pAgqpkq{gpkq ą 0, here we have preassumed
that λ ą 0. If a vector x produced by our iterative method (either PI or IPI)
is close enough to g, then in one iteration, we have

x « g ùñ Ax « Ag “ λg.

We now arrive at the first localized estimation technique: check sign and
locally bilateral estimates (abbrev. CS-LBE). Due to the property given above,
on the set

Nx :“ tk : |xpkq| ą 0u, (2)

we should have
Ax

x
pkq :“

Axpkq

xpkq
ą 0, k P Nx, (3)

since λ ą 0 by assumption. As usual, here “k P Nx” means “for each k P Nx”.
The procedure checking (3) is called “check sign” (abbrev. CS). Once this
holds for a few of iterations, then we do not need to check it again, just
continue the PI until the relative difference (abbrev. RD)

1´ min
kPNx

Ax

x
pkq

N

max
kPNx

Ax

x
pkq ă ε (4)

for some sufficiently small ε. Under condition λ ą 0, assertions (3) and (4) are
actually due to the convergence of PI, assuming for a moment that the maximal
eigenvalue coincides with the maximal one in modulus. In practice, one has to
take care for the initial vector in using PI to guarantee its convergence. Next,
using condition λ ą 0 again, by (3), we have

either p0 ăq
Ax

x
pkq ď λ or

Ax

x
pkq ě λ for each k P Nx.

Hence under condition (4) with ε ! 1, we obtain the following locally bilateral
estimates (abbrev. LBE):

p0 ďq min
kPNx

Ax

x
pkq ď λ ď max

kPNx

Ax

x
pkq, (5)

the equalities in (5) hold once x is taken to be an eigenvector of the correspond-
ing eigenvalue λ. We now regard (5) as a substitute of the C-W upper/lower
estimates, and adopt

z :“ max
kPNx

Ax

x
pkq (6)
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as an upper bound of λ for the use in IPIv or IPIf . Condition (4) guarantees
the validity of LBE (5) and then (6). Thus, in (3)–(6), we use only those x
in a small neighborhood of the eigenvector of λ in the corresponding vector
space. That is the meaning of “locally” used above.

In the above paragraph, we preassume that the maximal eigenvalue coin-
cides with the one in modulus and is positive. This is important not only in
computing the ratios above but also an essential point in the use of PI, since
for which, the leading term in the algorithm is determined by the maximal
eigenvalue in modulus, one cannot ignore the point “in modulus” here. Cer-
tainly, if one has known in advance that the spectrum (at least the top six
eigenvalues) of A has satisfied the assumption, then the step we are working
can be ignored. Otherwise, to remove the assumption, we simply use a shift
operator : replacing A by

A1 :“ A` θ̄ I, (7)

θ̄ “

#

θ if the order of A is bigger than 6 and θ is an integer,

rθu otherwise

where rxu denotes the minimal integer that is greater or equal to x, and the
constant θ is an upper bound of the spectral radius. Here, the use of θ̄ instead
of θ is to simplify the computation. Clearly, the spectrum of A1 is nonnegative.
Therefore, working on A1, the assumption just mentioned holds automatically.
The reason that we choose the top six eigenpairs is to compare with the “eigs”
package of MatLab, which is designed for the same aim (See section 4 below).
Certainly, one can continue the algorithm for additional subsequent eigenpairs.

There are two ways to obtain an upper bound of the spectral radius of
general complex matrix A without additional restriction. The first one is a
theoretic result, deduced by the Gershgorin Circle Theorem (cf. [10]):

θ “ min
 

}A}8, }A}1
(

, }A}8 :“ sup
i

ÿ

j

|aij |, }A}1 “ }A
˚}8

where A˚ denotes the transpose of A. In the symmetric case, the two terms
in t¨ ¨ ¨ u are the same. The disadvantage of this method is that the result is
usually quite rough. We now introduce the second numerical method which is
similar to the technique deducing (1) – (6) above. Since we are now interested
only in the modulus of the eigenvalue λ, instead of (1), we should start at

|Ag| “ |λ| |g|.

Next, we follow the analysis between (1) and (6). The output x produced by
PI, with suitable initial and after enough iterations, should have the following
property. With the same Nx defined by (2), replacing

Ax

x
by

ˇ

ˇ

ˇ

ˇ

Ax

x

ˇ

ˇ

ˇ

ˇ

, λ by |λ|, and z by θ,
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we obtain the analogs of (4) – (6) as follows:

1´ min
kPNx

ˇ

ˇ

ˇ

ˇ

Ax

x

ˇ

ˇ

ˇ

ˇ

pkq

N

max
kPNx

ˇ

ˇ

ˇ

ˇ

Ax

x

ˇ

ˇ

ˇ

ˇ

pkq ă ε,

min
kPNx

ˇ

ˇ

ˇ

ˇ

Ax

x

ˇ

ˇ

ˇ

ˇ

pkq ď |λ| ď max
kPNx

ˇ

ˇ

ˇ

ˇ

Ax

x

ˇ

ˇ

ˇ

ˇ

pkq,

θ :“ max
kPNx

ˇ

ˇ

ˇ

ˇ

Ax

x

ˇ

ˇ

ˇ

ˇ

pkq. (8)

Starting from 1{}1}, where 1 is the constant column vector having its compo-
nent 1 everywhere and }x} is the L2-norm of x. The resulting θ defined by (8)
is what we need for (7). This method is especially good for PI, it converges
economically to λ˚, the maximal eigenvalue in modulus, but not the real max-
imum, effective enough unless it is too close to λ˚. Hence this method is good
enough for our purpose. The value of θ is noticeable since a larger θ makes
the lower convergence speed of PI:

λ1 ą λ2 ą 0 ùñ p0, 1q Q
λ2 ` α

λ1 ` α

İ

§ as α pą 0q Ò .

We emphasize that the constant θ defined by (8) is used only in (7) for produc-
ing a matrix with nonnegative spectrum having positive six top eigenvalues.
In the subsequent estimation of the eigenpairs, one does not use it again. In
the special case that the given matrix already has the required property just
mentioned above, one can simply ignore this shift procedure.

Usually, one needs to run the IPIv only for a few of iterations since its
convergence speed is very fast. Otherwise, the calculation will overflow quick-
ly. The computation can be finished once the output arrives at the required
precision level:

max
kPNx

Ax

x
pkq ´ min

kPNx

Ax

x
pkq ă ε, (9)

the left-hand part above is called the amplitude of LBE. If we do not want
to compute the next eigenpair, then we can stop the computations here. If
otherwise, one has to improve the precise level of the output of the eigenvector.
For this, one should continue the work, using IPIf instead of IPIv. This is
important since for computing the next eigenpairs, we will go to the subspace
which is orthogonal to this eigenvector. The computation of orthogonalization
often requires a higher level of precision. Failure to achieve such a precision
often leads to error propagation and thus incorrect final results.

We now discuss the construction of the initial vector used by PI. First, for
the maximal eigenpair, simply choose the initial vector

x0 “ 1{}1}. (10)

Once the computation of the maximal eigenpair is done, we obtain the first
(maximal) eigenvector, say g1. After k ´ 1 steps, we have k ´ 1 eigenvectors
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tg1, ¨ ¨ ¨ , gk´1u (normalized with respect to their L2-norm, respectively). Then
the initial vector for computing the kth eigenpair can be chosen to be the
projection vector of x0 defined by (10) on the space which is orthogonal to
Span tg1, ¨ ¨ ¨ , gk´1u. In general, for a given linear space L , let L K denote its
orthogonal space. Then, the projection Proj px, kq of a vector x on the space
Span tv1, ¨ ¨ ¨ , vku

K is defined by

Proj px, kq “ x´
k
ÿ

j“1

pv˚j xqvj (11)

for normalized orthogonal family tv1, . . . , vku, where v˚ (row vector) is the
transpose of v (column vector).

To study several eigenpairs, one may assume that the matrix A has real
spectrum. Otherwise, for a complex eigenpair, one may have a conjugate one.
This poses some difficulty.

At the last step, return to the original matrix:

Eigenpair pλ, gq of A1 Ñ Eigenpair pλ´θ̄, gq of A. (12)

Input: Construct A1 by (7) and (8)

Run IP using initial (10).
If at some iteration, (3) holds,
then look at (4) instead of (3)

If (4) holds with ε “ 10´2, then use
pz,Axq in (6) as initial pz0, v0q for IPIv

Run IPIv until (9) holds with ε“ 10´6

Return to
original A

by (12)

Repeat the diagram
for computing sub-
sequent eigenpairs

With pzn, vnq
obtained as new
pz0, v0q, run IPIf

until (9) holds
with ε “ 10´12

Stop IPIv Continue

Figure 1: Flowchart of the preliminary version of the extended global algo-
rithm
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We now make some additional analysis on the preliminary version of the
extended global algorithm in Fig. 1, as well as on the three algorithms used
there: PI, IPIv and IPIf . While the localized estimation technique “check
sign and locally bilateral estimates”(CS-LBE) mentioned above looks rather
simple, the simplicity is precisely its biggest advantage – it can be applied
to a rather wide range of applications, as we will see soon in the subsequent
sections. The CS-LBE presents new opportunities to use techniques from
a variety of fields such as optimization theory, machine learning, etc., since
almost no theoretical results are available in this general setup. What we
propose here is the (modified) PI. One may see a concrete example in the next
section. Note that the choice of ε used for (4) or (9) in Fig. 1 may be changed
according to different types of matrices used in various applications. Roughly
speaking, one may use ε P r0.01, 0.1s instead of ε “ 0.01 in (4) for medium size
matrices. At this beginning step, we have used the main advantages of PI: it is
safe and allows quite general initial vector, it has a good enough convergence
and computing speed, except close too much to the target eigenvector.

Having the initial vector v0 produced by the CS-LBE technique and the
initial shift given by (7) at hand, we are ready to apply IPIv to accelerate the
computing speed. Under the conditions (3) and (4), instead of (5), we have

min
kPNx

Ax

x
pkq ď

x˚Ax

x˚x
ď max

kPNx

Ax

x
pkq.

Replacing the term z given on the right-hand side by the middle one x˚Ax
}x}2

,

the IPIv becomes the so-called Rayleigh Quotient Iteration (abbrev. RQI),
which is well-known a cubic algorithm (i.e., the iterative solutions generated
by the algorithm converge cubically). Note that RQI is practical only if x is
close enough to the target eigenvector, and hence is also a local algorithm. In
particular, it is actually in a dangerous region once

x˚Ax

x˚x
P

„

min
kPNx

Ax

x
pkq, λ

˙

.

However, since the precise local region over which the RQI is effective is not
known, practical use of RQI often runs into the issue of converging to other
eigenvectors that are close to the target ones. The last point is the main
difference between our IPIv and RQI. The proposed IPIv ensures the algorithm
robustness and allows convergence to the target eigenvector by adapting the
shifts automatically. As verified by the practice in [4, 7] and the subsequent
sections, the difference given in (4) goes to zero very fast. then so is the
difference

max
kPNx

Ax

x
pkq ´

x˚Ax

}x}2
.

Hence, it is believable that IPIv and RQI should have the same order of con-
vergence speed, once RQI works.
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For IPIf , the initial vector v is similar to those of PI; the initial shift z of
IPIf should be bigger than the target λ. Otherwise, the algorithm becomes
dangerous. Certainly, IPIf is more effective if the initial pair pz, vq is closer
to the target one. In Fig. 1, IPIf is used in the last step to improve the target
eigenvector. For which, IPIv may no longer be practical since the inverse
matrix would be degenerated too fast. The convergence by IPIf can be faster
than PI whenever the shift is close enough to the target λ from above.

We now summarize roughly the comparison the three algorithms: PI, IPIv
and IPIf . Let

DpUq “ Domain of suitable initial (vector, shift) of algorithm U,

spUq “ Convergence speed of algorithm U,

tpUq “ Computational complexity of algorithm U.

From low to high is ordered by “ă”.

Certainly, for PI, the shift variable is free in DpUq. Then, roughly speaking,
we have the following comparison

DpPIq Ą DpIPIf q Ą DpIPIvq,

spPIq ď spIPIf q ď spIPIvq,

tpPIq ă tpIPIf q ă tpIPIvq.

A mixed algorithm of PI and IPIv was used in [4, 7]. In the present
paper, we introduce some extended algorithms which have more mixture of
the above three algorithms, making best use of the advantage and bypassing
the disadvantage of each of these three algorithms.

The next section is an exception where the algorithm is applied to the
so-called Hermitizable complex matrix, not the real one treated in most part
of the paper, to illustrate the wide use of the algorithm. Certainly, from the
preliminary version to more general situation, additional work is required, as
shown in §3 by the algorithm for large scale sparse matrix. The powerful
algorithm is then illustrated by two examples in §4. If a reader is eager to
take a look at the power of the proposed algorithm introduced in the paper,
he or she can skip Sections 2, 3, and go directly to section 4.

2 Application to Hermitizable matrix

Consider the following complex matrix (cf. [5; Example 7])

A0“

¨

˚

˚

˚

˚

˚

˚

˝

´6 8
5 ´

6 i
5

8
13 `

14 i
13

18
17 `

4 i
17

3` 9 i
4 ´55

4 ´ 5
13 `

40 i
13

30
17 `

35 i
17

12
5 ´

21 i
5 ´4

5 ´
32 i
5 ´13 60

17 ´
66 i
17

63
10 ´

7 i
5

28
5 ´

98 i
15

70
13 `

77 i
13 ´16

˛

‹

‹

‹

‹

‹

‹

‚

.
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A complex matrix A “ paijq is called Hermitizable if there exists a positive
measure µ “ pµkq such that µiaij “ µj āji for each pair pi, jq (due to [5]).
It is called symmetrizable in the real context. It is easy to check that A0 is
Hermitizable with respect to µ:

µ0 “ 1, µ1 “
8

15
, µ2 “

10

39
, µ3 “

20

119
.

In general, from the proof of [5; Theorem 20], it is known that a complex
matrix A “ paijq is Hermitizable w.r.t. measure µ “ pµkq iff

A “ Diag pµq´1AHDiag pµq rAH :“ Ā˚s. (13)

Equivalently,
Â :“ Diagpµq1{2ADiag pµq´1{2 (14)

is Hermitian. Clearly, the transformation of the eigenpair pλ, gq of A to the
one pλ, ĝq of Â goes as follows.

pλ, gq Ñ
`

λ, ĝ“Diagpµq1{2g
˘

. (15)

At the moment,

Â0“

¨

˚

˚

˚

˚

˚

˚

˚

˝

´6 p4´ 3iq
b

3
10 p4` 7iq

b

6
65 p9` 2iq

b

7
85

p4` 3iq
b

3
10 ´55

4 ´2´16 i?
13

p6` 7iq
b

14
51

p4´ 7iq
b

6
65 ´2`16 i?

13
´13 p10´ 11iq

b

42
221

p9´ 2iq
b

7
85 p6´ 7iq

b

14
51 p10` 11iq

b

42
221 ´16

˛

‹

‹

‹

‹

‹

‹

‹

‚

.

Due to (15), for computing the eigenpair of A0, it suffices to study the one for
Â0. Hence, from now on, we need only to consider the matrix Â0.

The maximal eigenpair

We now start the algorithm given in Fig. 1. The computation in this section
is done by using Mathematica (version 11.3) on PC.

Step 1. Construct A1. The upper bound produced by the first method
given in §1 is θ

`

Â0

˘

“ 29.957. We now consider the second method.
Starting at w0 “ 1{}1} (cf. (10)) and use the following PI:

wn “ Â0vn´1, n ě 1, vn :“ wn{}wn}, n ě 0.

Let
$

’

’

’

’

&

’

’

’

’

%

N pwq “ tk : |wpkq| ą 0u,

xn “

"ˇ

ˇ

ˇ

ˇ

Â0wn

wn

ˇ

ˇ

ˇ

ˇ

pkq, k P N pwnq

*

,

yn “ min
kPN pwnq

xnpkq, zn “ max
kPN pwnq

xnpkq.
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Then in 5 iterations, the outputs are as follows.

tzn, ynu
5
n“1 : p21.2379, 5.26626q, p27.0853, 17.7591q, p27.2742, 17.6156q,

p21.9304, 17.52740q, p21.6953, 17.4757q;

t1´ yn{znu
5
n“1 : .752035, .344325, .354132, .200772, .194493.

Clearly, PI converges very well. Since z4 and z5 are closed each other, for them
we have the same θ̄ “ 22 which is an upper bound of the spectral radius of Â0

and is obviously smaller than the one obtained by the first method. Actually,
if we continue PI for more iterations,

z5 “ 21.6953, z10 “ 21.5148, z20 “ 21.7481, z30 “ 21.4567, z40 “ 21.3927,

then we get the same θ̄, since the convergence becomes rather slow when zn is
close to the modulus of the maximal eigenvalue λ˚ “ ´21.3806. Thus by (7),
we have

A1“ Â0 ` θ̄ I

“

¨

˚

˚

˚

˚

˚

˚

˚

˝

16 p4´ 3iq
b

3
10 p4` 7iq

b

6
65 p9` 2iq

b

7
85

p4` 3iq
b

3
10

33
4 ´2´16 i?

13
p6` 7iq

b

14
51

p4´ 7iq
b

6
65 ´2`16 i?

13
9 p10´ 11iq

b

42
221

p9´ 2iq
b

7
85 p6´ 7iq

b

14
51 p10` 11iq

b

42
221 6

˛

‹

‹

‹

‹

‹

‹

‹

‚

.

To justify the effectiveness of the shift used here, let us compute the eigenvalues
of A1:

21.8344, 12.5542, 4.24189, 0.619429.

It follows that there is only a little room (about 0.6) for the improvement
of the shift θ̄ “ 22 to keep the positivity of the spectrum of A1. The
transformation of the maximal eigenpair pλ1pA1q, g1pA1qq of A1 to the one
pλ1, g1q :“ pλ1pA0q, g1pA0qq of the original A0 is as follows.

λ1 “ λ1pA1q ´ θ̄, g1 “ Diagpµq´1{2g1pA1q. (16)

Step 2. Run PI. As in Step 1, we use the following PI:

wn “ A1vn´1, n ě 1, vn :“ wn{}wn}, n ě 0.

However, the original initial 1{}1} is replaced by w0 “ p1` iq1{
`?

2}1}
˘

. The
reason is that for non-real A1, since the eigenvalues are all real, the eigenvectors
should be non-real and so as a mimic, it is better to choose w0 to be non-real.
However, this is useless in Step 1, since a nonzero constant factor α can be
ignored in the equation

|Apαvq| “ |λ| |αv|.
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We now come to the essential different point from the real case. Actually,
for non-real A1, instead of the single equation (1), we have two:

Re pA1gq “ λRe pgq, Im pA1gq “ λ Im pgq.

Thus, it is naturally to split the original vector x (corresponding to g in the
eigenequation) into two: xR and xI (corresponding to Re g and Im g, respec-
tively). Similarly we have NR and NI defined as follows.
$

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

%

NRpwq “ tk : |Rewpkq| ą 0u, NIpwq “ tk : |Imwpkq| ą 0u;

pn “ A1wn;

xRn “

"

Re pn
Rewn

pkq, k P NRpwnq

*

, xIn“

"

Im pn
Imwn

pkq, k P NIpwnq

*

;

weak

$

&

%

yn “
´

Ź

kPNRpwnq
xRn pkq

¯

Ź

´

Ź

kPNIpwnq
xInpkq

¯

,

zn “
´

Ž

kPNRpwnq
xRn pkq

¯

Ž

´

Ž

kPNIpwnq
xInpkq

¯

;

strong

$

&

%

yn “
´

Ź

kPNRpwnq
xRn pkq

¯

Ž

´

Ź

kPNIpwnq
xInpkq

¯

,

zn “
´

Ž

kPNRpwnq
xRn pkq

¯

Ź

´

Ž

kPNIpwnq
xInpkq

¯

;

(17)

where α^β “ mintα, βu and α_β “ maxtα, βu for real α and β. The last two
parts “weak” and “strong” need some explanation. First, the only difference
is exchanging the “^” and “_” in the middle of definition of pyn, znq. To
understand its essential difference, recall that condition (5) is now split into
two:

pRe xq : min
kPNRpxq

Re pA1xq

Rex
pkq ď λ ď max

kPNRpxq

Re pA1xq

Rex
pkq,

pIm xq : min
kPNIpxq

Im pA1xq

Imx
pkq ď λ ď max

kPNIpxq

Im pA1xq

Imx
pkq.

Now, for the “weak” case in (17) we simply adopt a weaker estimate of pyn, znq
from (Re xn) and (Im xn). And then the “strong” case should be clear. The
weaker version of pyn, znq plays the main role for the safety of converging to the
required eigenpair, but makes a little slower convergence. While the stronger
version makes a faster convergence but it requires that we are at the position
close enough to the target eigenpair. Keeping these ideas in mind, one may
adopt a mixture of these choices in designing the algorithms.

To fix the idea, throughout this section, the weak version of pyn, znq is
adopted at the first use of PI only in the computation of each eigenpair. For
the other steps, we adopt the strong version.

It is the position to start the PI. In 6 iterations, the outputs are as follows.

tzn, ynu
6
n“1 : p22.6771, ´8.15858q, p92.2205, 21.1287q, p25.9135, 20.2681q,

p23.4485, 18.5274q, p22.6331, 19.0585q, p22.2652, 19.8867q;

tzn ´ ynu
6
n“1 : 30.8357, 71.0918, 5.64541, 4.92104, 3.57468, 2.37847;

t1´ yn{znu
6
n“1 : 1.35977, .770889, .217856, .209866, .15794, .106825.
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Note that here y1 ă 0. The outputs show that not only the components of
Rewn and Rewn´1 have the same sign once n ě 2, but also the sequence of
relative difference decreases quite quickly. We choose n “ 6 (ε „ .1) as the
final iteration. Then, we have

v6“p.363237` .491209 i, ´.00786884` .44046 i, .488441´ .0516616 i,

.326973` .290776 iq˚.

Step 3. Run IPIv. Starting at pz0, v0q “ pz6, v6q obtained in the last step,
run IPIv. Here we adopt a little different notation. Let wn solve the equation

pzn´1I ´A1qwn “ vn´1, n ě 1.

and set vn “ wn{}wn} again. Next, define NRpwq, NIpwq and txRn , x
I
n, yn, znu

by (17) with the strong version of pyn, znq.

Note that zn and 1 ´ yn{zn are analogs of (6) and (4) in the complex
context, respectively. Then, in 2 iterations, we obtain

pzn, ynq
2
n“1 : p21.8358, 21.8324q, p21.8344, 21.8344q,

pzn ´ ynq
2
n“1 : .00346973, 5.22045 ¨ 10´7;

t1´ yn{znu
2
n“1 : .000158901, 2.39093 ¨ 10´8,

v2 “ p.359825` .494092 i, ´.0061931` .44037 i, .488017´ .054044 i,

.328093` .289324 iq˚.

Moreover, 1 ´ y2{z2 „ 10´8. This is not too small for the use of IPIf in the
next step.

Step 4. Run IPIf . In the case we want to improve the above result fur-
thermore, we adopt the IPIf . Now, we take pz2, v2q from the last step as our
new initial pz0, v0q. The only change to the last IPIv is using the fixed zn ” z0.
In 3 iterations, if we adopt the same precise digits as the last step, then we
get the same outputs of pzn, ynq as the last one:

tpzn, ynqu
3
n“1 : the same pair p21.8344, 21.8344q;

tyn ´ znu
3
n“1 : t10.6581, 0, 3.55271u ¨ 10´15;

t1´ yn{znu
3
n“1 : t5.55112, 1.11022, 2.22045u ¨ 10´16.

v3 “ p.359825` .494092 i, ´.00619309` .44037 i, .488017´ .054044 i,

.328093` .289324 iq˚.

In what follows, we rewrite pz3, v3q as pλ1pA1q, g1pA1qq which is regarded
as the maximal eigenpair of A1.
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The submaximal eigenpair

From the last part, we have obtained the maximal eigenpair pλ1pA1q, g1pA1qq,
at the machine level of precision, as follows.

λ1pA1q “ 21.834441785286337,

g1pA1q “ p.35982503686976175` .49409186313969483 i,

´ .006193088194633169` .44037016603620777 i,

.48801737987976945´ .054043998846425696 i,

.3280927162424674` .28932402046371486 iq˚.

Step 1. Run modified PI. As an analog (11), the projection of the vector
w on the space Span pg1pA1qq

K is as follows.

w ´
g1pA1q

Hw

pg1pA1qq
Hg1pA1q

g1pA1q rgH :“ ḡ˚s.

The modified PI means the use of the usual PI with the modification by the
projection above at each step. That is

w0 “
p1` iq1
?

2 }1}
,

un “ wn ´
g1pA1q

Hwn

pg1pA1qq
Hg1pA1q

g1pA1q, n ě 0,

wn “ A1
un´1

b

uHn´1un´1

, n ě 1.

Next, similar to (17), replacing w and wn by u and un respectively, we can
define NR, NI , pn, xRn , xIn, and the weak version of pyn, znq. Starting at w0

and running the modified PI, in 5 iterations, we obtain

tpzn, ynqu
5
n“1 : p13.3067, 1.07981q, p12.7854, ´32.9231q, p18.4212, 10.2147q,

p13.9055, 11.5768q, p12.9665, 12.1958q;

tzn ´ ynu
5
n“1 : 12.2269, 45.7085, 8.20655, 2.32871, .770683;

t1´ yn{znu
5
n“1 : .918852, 3.57505, .445495, .167467, .0594367.

Note that here y2 ă 0. We stop at n “ 5 since 1´ y5{z5 is small enough, even
though it is bigger than 10´2. Then, we have

z5 “ 12.9665,

v5 “ p.0677311´ .786181 i, ´.190409` .21529 i, .356539` .247925 i,

.0428153` .322965 iq˚.

Step 2. Run IPIv. Taking pz5, v5q from the last step as new pz0, v0q, run
IPIv. Let wn solve the equation

pzn´1I ´A1qwn “ vn´1, n ě 1,
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and define first vn “ wn{}wn}, and then NRpwq, NIpwq and txRn , x
I
n, yn, znu

by (17) with the strong version of pyn, znq. Now, in 3 iterations, we obtain

tpzn, ynqu
3
n“1 : p12.5546, 12.5507q, p12.5542, 12.5542q, p12.5542, 12.5542q;

tzn ´ ynu
3
n“1 : .00385406, 1.50454 ¨ 10´7, 3.55271 ¨ 10´15;

t1´ yn{znu
3
n“1 : .000306985, 1.19843 ¨ 10´8, 3.33067 ¨ 10´16.

v2“p.604525´ .508517 i, ´.301145` .0168374 i, .0761289` .417867 i,

´ .196423` .2569 iq˚.

v3“p.604525´ .508517 i, ´.301145` .0168374 i, .0761289` .417867 i,

´ .196423` .2569 iq˚.

In the case we do not want to go further, we can stop here at n “ 3 since
1 ´ y3{z3 „ 10´16 is sufficiently small. It is actually too smaller to go to the
next step, otherwise it would cost some computational error.

Step 3. Run IPIf . To have a test, setting pz0, v0q to be pz2, v2q obtained
in the last step, run IPIf also in 3 iterations, we obtain the same output
zn “ yn “ 12.5542 for n “ 1, 2, 3, and

tzn ´ ynu
3
n“1 : t3.55271, 3.55271, 8.88178u ¨ 10´15;

t1´ yn{znu
3
n“1 : t3.33067, 3.33067, 6.66134u ¨ 10´16.

Moreover

v3 “p.6045251632662887´ .5085174051419706 i,

´ .3011448284487476` .016837350902488956 i,

.07612884589652998` .4178669662768421 i,

´ .19642273529356236` .2568995483366027 iq˚.

The present v3 has a much higher precise level than v2 obtained in Step 2. We
now regard pz3, v3q as the submaximal eigenpair pλ2pA1q, g2pA1qq of A1.

Similarly, one can compute the other eigenpairs of A1 but we are not going
to the details here.

Finally, we return to the original eigenpairs of A0 by (16):

λ1 “ λ1pA1q ´ 22 “ ´.165558,

g1 “ Diagpµq´1{2g1pA1q “ p.359825` .494092 i, ´.00848024` .603002 i,

.963757´ .106728 i, .800304` .705737 iq˚

λ2 “ λ2pA1q ´ 22 “ ´9.44576,

g2 “ Diagpµq´1{2g2pA1q “ p.604525´ .508517 i, ´.41236` .0230555 i,

.150342` .825221 i, ´.479127` .626645 iq˚

It is nice chance to learn some thing from the above computation.
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1) In the earlier papers [3] and [7], the sequence tznu should control the
maximal eigenvalue from above, due to the Perron-Frobenius theorem and the
C-W formula mentioned in §1. However, this may not be true in the present
general setup, as can be seen from Step 1 of computing the maximal eigenpair,

z1 ă |λ
˚pÂ0q| “ 21.3806 ă z2 ă z3 ą z4 ą z5 ą |λ

˚pÂ0q|,

the sequence tznu arrives its maximum at z3. In Step 2, we have similarly,

λ1pA1q “ 21.8344 ă z1 ă z2 ą z3 ą ¨ ¨ ¨ ą z6 ą λ1pA1q.

In this case, it follows that the sequence tznu arrives its maximum at z2, and
then it goes down. In both cases, the sequence t1´ yn{znu is decreasing in n
quickly.

Step 1 in computing the submaximal eigenpair is much more interesting.
It illustrates the unstable property of tznu at the beginning. Here we adopt
the modified PI. We have

z1 ą z2 ą λ2pA1q “ 12.5542 ă z3 ą z4 ą z5 ą λ2pA1q.

Correspondingly, for ξn :“ 1´ yn{zn, we have

tξnu
5
n“1 : .918852, 3.57505, .445495, .167467, .0594367.

A big jump happens at z3 since as mentioned earlier, y2 ă 0 and so the
check sign (CS) is necessary. At n “ 5, even though ξ5 „ .059 ą .01, but
z5 “ 13.0168 ą λ2pA1q, and so the use of IPIv in the subsequent step is safe.
Roughly speaking, one can stop PI at the mth iteration, if starting from zm,
the sequence tznuněm converges decreasingly. It is the case if the matrix has
nonnegative off-diagonals, as studied in [3, 7], or the examples given in §4.
In view of this point, one may reduce the number of iterations in using PI
at the beginning of the computation for the maximal/submaximal eigenpair.
More precisely, the PI (Step 2) for computing the maximal eigenpair needs
only 6´ 2 iterations and for submaximal one, it requires only 5´ 1 iterations.
For subsequent IPIv or IPIf , the number of iterations remains the same as the
original in the both cases.

2) All the computations above show that the sequence t1´yn{znun, may be
except a few of terms at the beginning, is monotone decreasing and converges,
much stable than the other sequences, tznu or t|1´ zn{zn´1|u, in the present
general setup. Among the computations above, the exceptional part of the
sequence tξn “ 1´yn{znu appears mainly in the last case just discussed above.
For which, the first 2 terms are unstable, especially the second one is bigger
than 1 since y2 ă 0 as mentioned before. The stability starts at the third
term. It follows that the use of the sequence t1´ yn{znu is more practical and
is actually adopted in the preliminary version of the algorithm given in Fig.
1. For this reason, it seems more precise to rename the “CS-LBE” technique
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by adding the relative difference (RD): CS-RD-LBE technique in the general
situation.

It is hoped that the algorithm given here could be used in the quantum
mechanics computation (cf. [6]).

For the remainder of the paper, we return to real matrices for which Her-
mitizable becomes symmetrizable. By (15), we can reduce a symmetrizable
matrix to a symmetric one. Then, by using (16), we can assume that the given
symmetric matrix has a nonnegative spectrum.

3 A version of the global algorithm for large scale
matrices

As remarked at the end of the last section, we need only to study the symmetric
matrix having nonnegative eigenvalues. In this section, we describe the ex-
tended global (or global for short) algorithm for computing the top eigenpairs
of a large sparse matrix. This algorithm computes the eigenpairs sequentially,
starting from the top eigenpair and then uses the previously computed pi´ 1q
eigenpairs to compute the next ith eigenpair. The flowchart of the algorithm
for computing the ith eigenpair is shown in Fig. 2.

We first summarize the key points of the proposed algorithm as follows.

• The inputs to the algorithm are the first i ´ 1 eigenpairs tpλj , vjq,
j “ 1, ¨ ¨ ¨ , i ´ 1u that have already been computed using the same al-
gorithm. Here, λj denotes the jth largest eigenvalue and vj denotes the
jth eigenvector.

• At the initial iteration n “ 0, we initialize with y0 given by (10).

• Starting from the initial vector y0, run a procedure called “Check sign
with locally bilateral estimates (CS-LBE)” to determine initial shift z0
and the corresponding eigenvector estimate x0. This procedure involves
running multiple power iterations with projection and check sign, and
estimating z0 based on the locally bilateral estimates (an analog of (5)).
Details of the CS-LBE procedure will be described later.

• Given xn and zn, determined by the CS-LBE procedure, we then perform
one iteration of the IPIv: pznI ´ Aqyn “ xn to solve for the updated
eigenvector estimate yn.

• Given yn, we will run the CS-LBE procedure to determine the next shift
zn`1 and the corresponding eigenvector estimate xn`1.

• Given xn`1, we will check whether the accuracy of xn`1 has improved
compared to that of earlier iterations. Detailed criterion used to evaluate
the accuracy of the eigenvector (which corresponds to the amplitude of
LBE given in §1) will be described later.

• If the accuracy of xn`1 has not improved compared to earlier iterations,
then the algorithm has converged. It then outputs the ith eigenpair
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λi “ zn`1, vi “ xn`1 and proceeds with the computation of the pi`1qth
eigenpair. On the other hand, if the accuracy of xn`1 has improved
compared to earlier iterations, then the algorithm proceeds with the
next iteration of IPIv.

• Note that for the nth iteration of the IPIv, if the condition |zn´ zn´1| ă
10´8 is met, then we stop updating the shift and set zn “ zn´1 instead.
That is, we turn to IPIf .

Input: first i´ 1 eigenpairs tpλj , vjq, j “ 1, ¨ ¨ ¨ , i´ 1u

n “ 0; Initialize y0 “ 1{}1}

Start from y0, run CS-LBE
to determine x0 and shift z0.

Given xn, zn, perform one IPIv
pznI ´ Aqyn “ xn to find yn.

Start from yn, run CS-LBE to
determine xn`1 and shift zn`1.

Check if accuracy parameter `
of xn`1, defined in (19), remains
the same in the last 5 iterations.

n “ n`1

If |zn ´ zn´1| ă 10´8,
set zn “ zn´1.

Output: ith eigenpair λi “ zn`1, vi “ xn`1

yes

no

Figure 2: Flowchart of the main algorithm for computing the ith eigenpair.
Assume that the previous i´ 1 eigenpairs have been computed.

Next, we provide more details of the global algorithm. We will first de-
fine the CS-LBE procedure. This procedure requires the following two basic
operations.

Projection operator This is defined by (11). It ensures that after pro-
jection, the vector Projpx, kq is orthogonal to the linear space Span (tvj , j “
1, ¨ ¨ ¨ , ku).

Shift Evaluation Given a current estimate of the eigenvector x, we aim
to determine a proper shift based on the locally bilateral estimates. For large
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sparse matrices, the components of x may decay to zero very quickly. Thus, es-
timation of the shift using all components of x can be unreliable, and sensitive
to the estimation errors of those components of x with very small amplitudes.
In our algorithm, we propose to calculate the shift based on only the principal
components of x such that |xpiq| ě tpxq, where tpxq is a threshold value to
be determined. Estimating the shift based on only principal components with
larger amplitude improves the estimate of the shift. Let x be a unit vector in
the L2-space of dimension N . Given x, we define the shift evaluation func-
tion, denoted by zpxq, as follows. Let xa denote the sorted vector of |x| in the

descending order. Let n1 be the smallest integer such that
řn1

i“1 xapiq
2 ě ε0.

Typically, we set ε0 “ 0.9. This means that the first n1 components of vector
xa captures 90% of the energy of vector x. Let tpxq “ |xapn

1q|. Given x and
y “ Ax, we define the shift evaluation function zpxq by considering only the
major components of x such that |xpiq| ě tpxq:

zpxq “ max
ti:|xpiq|ětpxqu

y

x
piq

„

y

x
piq :“

ypiq

xpiq



. (18)

Input: m “ 0; x1 “ x

m “ m ` 1;

Run one PI: ym “ Axm

Check Sign: check if
ym
xm
piq ą 0 for all |xmpiq| ą ε1

ym“Projpym, kq,
xm`1“ ym{}ym}

Evaluate shift zpxmq

Check if |zpxmq{zpxm´1q ´ 1| ă ε

Output: xm and shift zpxmq

yes

No

yes

No

Figure 3: Flowchart of the compute-shift with locally bilateral estimates (CS-
LBE) procedure.
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This is a modification of (6) for the large scale matrix. Note that in (18), we
adaptively determine the principal components of the estimated eigenvector x
over iterations. This is important to obtain good estimates of the shift zpxq.

In Fig. 3, we show the flow-diagram of the CS-LBE procedure in using the
modified PI (cf. Step 1 of computing the submaximal eigenpair given in §2).
The input to this procedure is an initial estimate of the eigenvector x. The
subscript m is the index of the PI. At the mth PI, we calculate ym “ Axm.
This is followed by a check sign step in which we check whether the condition
that

ym
xm
piq ą 0 is satisfied for all |xmpiq| ą ε1 (analog of (3)).

If check sign fails, then we conduct a projection step on ym to make sure that
the resulting vector is orthogonal to the linear space generated by the first
k ´ 1 eigenvectors. Then we set xm`1 “ ym{}ym} and then proceeds to the
next PI. If the check sign is successful, then we compute the shift zpxmq in
the next step. The shift evaluation function z is defined as in (18). We will
compare the newly computed shift zpxmq with the previous shift zpxm´1q to
see whether the shift values have converged. If so, we will finish the procedure
and output the updated estimate of the eigenvector xm and the shift zpxmq.
Otherwise, the algorithm will proceed with the next PI.

Check eigenvector accuracy Most works in the literature use L2 norm of
the error vector between the true eigenvector and the estimated eigenvector
to evaluate the accuracy of the eigenvector estimation. However, since L2

norm is obtained by summing over all components of the error vector, it can
not accurately describe the accuracy of the individual components. In this
work, we adopt a different metric by examining the accuracy of component-
wise ratios of y “ Ax and x. By the definition of the eigenvector, for each
component xpkq ‰ 0, then the ratio ypkqxpkq´1 should equal the eigenvalue
λ. This is a challenging task for the setting of large matrices due to the
high matrix dimension and the rapid decay of the eigenvectors. Typically,
when the amplitude of a component xpkq is large, the estimation tends to be
more accurate, and thus the ratio ypkqxpkq´1 will be closer to the eigenvalue
λ. For small xpkq, the ratio ypkqxpkq´1 tends to deviate away from λ due
to estimation inaccuracy. Hence, it is meaningful to consider the amplitude
range of xpkq over which all ypkqxpkq´1 are close to λ.

We now arrive at the second localized estimation technique: Accuracy of
the principal components of the approximating eigenvector.

Consider an estimated eigenvector x of dimension N . Let I denote a
permutation of t1, 2, ¨ ¨ ¨ , Nu obtained by sorting the components of |x| in the
descending order. Given I, we define x̃ as x̃piq “ xpIpiqq, i “ 1, ¨ ¨ ¨ , N . Given
the same I, we let y “ Ax and define ỹ as ỹpiq “ ypIpiqq, i “ 1, ¨ ¨ ¨ , N .

• Let m1 “ max
i

!

i : |x̃piq| ą 0
)

.
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• The accuracy parameter ` of the estimated eigenvector specifies the num-
ber of reliable components of x̃. It is defined as

` “ max
1ďiďm1

#

i : max
1ďjďi

ỹ

x̃
pjq ´ min

1ďjďi

ỹ

x̃
pjq ă 10´6

+

. (19)

• Based on the definition of ` in (19), we see that the estimated eigenvector
x achieves a high accuracy for the largest ` components (in absolute
value). In other words, the components of x have high accuracy for all
components xpiq such that |xpiq| ě |x̃p`q|.

Note that in the proposed algorithm shown in Fig. 2, we calculate the ac-
curacy parameter ` for the estimated eigenvector xn`1 according to 19. As the
algorithm proceeds, ` will increase over iterations. We terminate the algorithm
if ` no longer increases over five consecutive iterations.

4 Application to large scale sparse matrices

In this section, we provide two examples of using the global algorithm to com-
pute the top 6 eigenpairs. The two large matrices come from the SuiteSparse
Matrix Collection, publicly available at https://sparse.tamu.edu. We will
compare the proposed algorithm with two other methods. One is the Matlab
Eigs function, which computes the top six eigenpairs of large, sparse matrices.
The other is the modified power iteration method, where we perform the s-
tandard power iteration together with the projection step to compute the top
six eigenpairs. All the experiments presented in this section are executed on
an AMD Ryzen 5 2600 Six-Core Processor with single core CPU speed 3.85
GHz, Memory 32 GB. Matlab version is R2015b Windows 10. Related work
on computing the top eigenpair for large sparse matrices include [12], [11], [8].
In particular, [12], [11] consider the use of inverse iterations using fixed shifts.
This work differs from [12], [11] in the use of the proposed (CS-LBE) proce-
dure to adaptively compute the shifts. Furthermore, the estimated eigenvector
accuracy considered in [12], [11], [8] (for the largest eigenpair only) is similar
to that of the Matlab Eigs function, which only guarantees the accuracy of
a small number of large principal components. In comparison, the proposed
global algorithm achieves a high accuracy for even eigenvector components
with an exceedingly small magnitude.

dixmaanl dataset

This matrix has a dimension of N “ 60000. The number of nonzero ele-
ments (abbrev. nz) is 299998, This matrix is nonnegative, symmetric, and the
range of the elements is between 0 and 154.8089. The sparsity pattern of this
matrix is shown in Fig. 4(a).

https://sparse.tamu.edu
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(a) (b)

Figure 4: Sparsity of the two datasets. (a) dixmaanl (b) roadNet-CA

Table 1: dixmaanl dataset. Computed top 6 eigenvalues using the Global
algorithm, eigs, and modified PI.

global eigs PI

λ1 317.0152899359881 317.0152899359666 317.0152899359881

λ2 317.0058090659085 317.0058090659162 317.0058090659074

λ3 316.9980633932568 316.9980633932683 316.9980633932562

λ4 316.9912300516546 316.9912300516576 316.9912300516548

λ5 316.9849936226963 316.9849936226929 316.9849936226971

λ6 316.9791911040992 316.9791911040974 316.9791911040990

In Table 1, we show the estimated top 6 eigenvalues obtained by each
method. We see that all three methods provide similar eigenvalue estimates
that agree with each other up to 10 decimal points.

In Table 2, we provide detailed comparisons of the three methods in terms
of the accuracy of the eigenvector, the complexity, and the running time. Each
row corresponds to results associated with the ith eigenpair. For instance, the
row corresponds to λ1 reads as follows. The global algorithm estimates the
largest (in magnitude) ` “ 56515 components of the eigenvector v1 accurately
(see (19)). This represents accurate estimation of all components of v1 with
a magnitude that is greater or equal to |v1p`q| “ 8.1 ¨ 10´316. The triple
p288, 40, 5q means that in order to achieve this accuracy, the global algorithm
took a total of 288 power iterations, including 40 iterations for inverse power
iterations (35 of IPIf and 5 of IPIv). The global algorithm took 5.1 seconds
to compute the first eigenpair while achieving this high level of accuracy. In
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Table 2: dixmaanl dataset. Results and complexity using the Global algorith-
m, eigs, and modified PI.

Global eigs

` |x̃p`q| # iteration time ` |x̃p`q| time

1st 56515 8.1e-316 (288, 40, 5) 5.1 3311 3.7e-08

30

2nd 57294 8.7e-316 (319, 45, 6) 5.8 3883 3.2e-08

3rd 57936 9.2e-316 (244, 40, 5) 4.6 4306 4.1e-08

4th 58515 8.7e-316 (274, 45, 7) 5.2 4599 8.6e-08

5th 59020 1.2e-315 (276, 45, 5) 5.4 5138 2.9e-08

6th 59536 9.1e-316 (312, 45, 6) 6.3 5401 5.2e-08

Modified PI

` |x̃p`q| time # PI

1st 56460 1.9e-315 894 1.5e+06

2nd 57246 1.8e-315 1173 1.5e+06

3rd 57896 1.7e-315 1442 1.5e+06

4th 58472 1.7e-315 1718 1.5e+06

5th 58988 2.0e-315 1998 1.5e+06

6th 59480 2.0e-315 2292 1.5e+06

comparison, the Matlab eigs function, which computes all 6 top eigenpairs
all at once, has a much inferior eigenvector accuracy. Only the largest ` “
3311 components of estimated v1 achieve the desired accuracy of (19) and
these components are at least |v1p`q| “ 3.7 ¨ 10´8 in magnitude. The total
computation time of the eigs function for all 6 eigenpairs is 30 seconds. This is
comparable with the total computation time of the global algorithm, however,
with a significantly lower level of eigenvector accuracy. For the modified PI,
we see that it can achieve an accuracy that is comparable to that of the global
algorithm. However, the computation time is significantly longer. Due to its
slow convergence, it takes 894 seconds and a total of 1.5 ¨ 106 PIs in order to
attain a similar accuracy as that of the global algorithm. Similar observations
are made for the estimations of the other 5 eigenpairs. The proposed global
algorithm achieves the best accuracy with the shortest computation time. We
note that the main difference between the Global algorithm and the modified
PI is that the former uses inverse power iteration with adaptive shifts, whereas
the latter uses standard power iterations. Our results shown that the proposed
CS-LBE procedure for computing the variable shifts is crucial in accelerating
the convergence speed of the algorithm.

In Table 3, for each eigenpair, we show the value of the shifts used in the
Global algorithm. The shifts are generated using the CS-LBE procedure. For
instance, the column labeled as “1st” lists 5 values of the shifts zi, i “ 1, ¨ ¨ ¨ , 5,
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used in the estimation of the 1st eigenpair. We see that zi approaches the true
λ value (shown in the last row) quickly. For the first eigenpair, only 5 different
shifts are needed. In comparison, for the 4th and the 6th eigenpair, more shifts
7, and 6, respectively, are needed.

Table 3: dixmaanl dataset. Shifts used by the Global algorithm.

1st 2nd 3rd

z1 317.2018759831095 317.0149029206981 317.0054220600994

z2 317.0220587013249 317.0412999365110 317.0056140237707

z3 317.0165531440067 317.0183499796456 316.9974443732343

z4 317.0152788610227 317.0044840756761 316.9980602821128

z5 317.0152899359775 317.0057627487807 316.9980633932562

z6 317.0058090643057

λ 317.0152899359881 317.0058090659085 316.9980633932568

4th 5th 6th

z1 316.9976763951934 316.9908430604246 316.9846066377027

z2 317.0174070334262 316.9924907259373 317.0002253316557

z3 316.9879937432648 316.9843539028472 316.9767242599030

z4 316.9896903234464 316.9849885385036 316.9784124921462

z5 316.9910317369073 316.9849936226933 316.9791679223474

z6 316.9912298325970 316.9791911036812

z7 316.9912300516546

λ 316.9912300516546 316.9849936226963 316.9791911040992

roadNet-CA dataset

For this dataset, the dimension of the matrix is N “ 1971281. This matrix
corresponds to a graph of the road network of California. Each element is
either 0 or 1. The sparsity pattern of this matrix is shown in Fig. 4(b). The
number of nonzero elements in the matrix is nz “ 5533214, see Fig. 4 (b). In
Table 4, we show detailed comparisons of the three methods in terms of the
accuracy of the eigenvector, the complexity, and the running time. We see
that the Global algorithm reaches very good accuracy in terms of ` and |x̃p`q|
for all 6 eigenpairs. Due to the increased matrix dimension, the computation
time increases compared to that of the dixmaanl dataset. The eigs function
can compute the top 6 eigenpairs quickly, using only a total of 38 seconds,
but with a much inferior accuracy in ` and |x̃p`q|. The modified PI algorithm
can achieve a very good accuracy for the top 3 eigenpairs, despite a longer
computation time for using a high number of PI. The accuracy of the remaining
3 eigenpairs is much worse for the given number of PI.
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Table 4: roadNet-CA dataset. Results and complexity using the Global algo-
rithm, eigs, and modified PI.

Global eigs

` |x̃p`q| # iterations time ` |x̃p`q| time

1st 1933344 2.8e-317 (244, 35, 3) 309 1543 8.7e-10

38

2nd 1926704 3.0e-317 (245, 35, 3) 322 1413 1.1e-09

3rd 1957027 2.8e-295 (226, 30, 3) 276 2004 1.0e-09

4th 1948213 2.2e-317 (243, 30, 3) 285 2190 5.3e-10

5th 1956156 2.3e-317 (242, 30, 3) 293 2409 2.9e-10

6th 1923583 2.7e-317 (282, 30, 2) 296 1648 7.8e-10

Modified PI

` |x̃p`q| # PI time

1st 1933452 2.0e-317 1.0e+04 381

2nd 1926900 2.0e-317 2.5e+04 1432

3rd 1957027 2.8e-295 2.7e+04 2062

4th 49653 1.6e-33 5e+04 4700

5th 62901 1.8e-33 7e+03 776

6th 1923767 1.9e-317 5.0e+04 6671

Table 5: roadNet-CA dataset. Computed top 6 eigenvalues using the Global
algorithm, eigs, and modified PI.

global eigs PI

λ1 4.638361867351406 4.638361867351387 4.638361867351406

λ2 4.527027931848926 4.527027931848909 4.527027931848924

λ3 4.451588326941737 4.451588326941750 4.451588326941737

λ4 4.390275021532836 4.390275021532792 4.390275021532837

λ5 4.383736144475813 4.383736144475774 4.383736144475815

λ6 4.325729176980614 4.325729176980572 4.325729176980615

In Table 5, we show the estimated top 6 eigenvalues using the three algo-
rithms. They all find similar eigenvalues.

In Table 6, we show the shifts produced by the CS-LBE procedure. We
observe that, despite the higher dimension of this dataset, the shift values
converge to the eigenvalues quickly. Up to 3 shift values are sufficient to
approach the eigenvalues.
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Table 6: roadNet-CA dataset. Shifts used by the Global algorithm.
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Abstract. This note discusses a long debated question: whether there is
randomness in quantum mechanics or not? A. Einstein’s view on the
question is “God does not throw dice”. Our starting point for the dis-
cussion is the classification of products in the economic system, called
ProductRank, which seems an analog of the “principal component anal-
ysis” in statistics. But the former is much more elaborate than the latter.
Interestingly, we find an intrinsic common point among economic sys-
tem, statistics and quantum mechanics, which then leads to a successful
classification of the products in economy, as well as a mathematical view
of “wave probability” in quantum mechanics. An application to the algo-
rithm for eigenpair is included.
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The problem mentioned above was motivated from M. Born’s sugges-
tion (1926) saying that the Schrödinger’s wave function describes “waves of
probability”: “the square of the amplitude (of the wave function) represents
the probability density of finding the particle in a certain place at a certain
time”(cf. [9; p. 114]). Refer also to [4] for a survey and references therein.
Here we introduce a mathematical view of Born’s annotation based on our
recent study on the classification of the products in economic system. For
which an advanced probabilistic tool — Markov chains is adopted. Howev-
er, as can be seen very soon that there is essentially no randomness in the
story.

The main results of the note are stated in the next two sections. First on
economics (§1), then on quantum, and finally on algorithm (§2). Their proofs
are delayed to the last section (§3).
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1 Ranking the products in an economic system

Denote by x“
`

xp1q,xp2q,. . .,xpdq
˘

the vector of products we are interested in
the economic system. Then the evolution of the system is mainly determined
by its structure matrix A“paij :i, j“1,2,¨¨¨ ,dqwhich means that to produce one
unit of the ith product, one requires aij units of the jth product. Thus, once
we have an input x0, then the output x1 in one year satisfies the equation
x0“x1 A. In general, we have x0“xn An and then

xn“x0 A´n, ně1,

assuming that A is nonnegative, irreducible and invertible. This is the well-
known input-output method.

Denote by ρpAq the maximal eigenvalue of A, the corresponding left- or
right-eigenvectors are denoted by u (row) and v (column), respectively.

From the above simplest idealized model, one can already see the main
points of L.K. Hua’s optimization of global economic system (the result was
appeared firstly in 1984; refer to [5, 8] for a short history on the topic):
• For fastest growing rate of the system, the optimal solution of the initial

input is x0“u, for which we have xn“x0ρpAq´n, ně1.

• If A has at least one positive diagonal element, then to keep xn to be
positive for each ně 1, the optimal solution (actually the only one) is
again x0“u.

The first assertion above is not so surprising, simply an application of the
Perron-Frobenius theorem plus the min-max strategy. The second one is the
main contribution of Hua, never appeared before as far as we know. It is
even more serious that the system will be collapsed exponentially fast once
x0‰ u. Therefore, it is important to know the classification of the products
in the economic system: the pillar products, the intermediate products and
the disadvantaged products, since the system can often be collapsed at some
disadvantaged products.

Following Google’s PageRank (appeared in 1998), a natural way to order-
ing the products is using the maximal left-eigenvector u of A. However, since
the matrix A in economy is quite far away from the matrix used in the net-
work, where one has a nice graphic structure. Especially, it is far way to be
a transition probability matrix. More seriously, the economic system is very
sensitive, much more precise computations are required, and thus we should
examine the corresponding ProductRank more carefully than the PageRank.
Recall by Perron-Frobenius theorem, every nonnegative irreducible matrix A
has three characteristics:
• Its maximal eigenvalue ρpAq is positive and simple.

• Its maximal left-eigenvector u is positive and one-dimensional.

• Its maximal right-eigenvector v is also positive and one-dimensional.
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Aw“D´1
w

A
ρpAq

Dw.

Then, we have
• Aw becomes a transition probability matrix P iff w“v.

• The maximal left-eigenvector of P is equal to µ :“udv (the vector con-
sists of the products of the components of u and v). The normalized
measure π :“µ{puvq is the stationary distribution of P: π“πPn, ně1.

The second assertion of Lemma 1 shows that the left-eigenvector (or the
invariant measure) µ has combined the three characteristics of A together,
and hence is more essential to describe the ProductRank of A, for which we
adopt µ (or equivalently π) instead of the use of u mentioned above. More-
over, udv owns an important economic meaning: u represents the vector of
the amount of each product, v represents the vector of the true value of each
product in per unit [8; Chapter 1, § 7] (often different from the price in mar-
ket). Thus, udv gives us the vector of the total true value of each product.
Hence we now have the unified unit for different products. This shows that
the ProductRank here is reasonable. Furthermore, from probabilistic point
of view, the stationary distribution π, as the normalized one of µ has a very
important property: it is the only stationary distribution of P. For A, we do
have similar stationary property that µ“ µpA{ρpAqq, but not µ“ µA except
in the unusual case that ρpAq“ 1. Furthermore, for P, we have the ergodic
theorem:

lim
nÑ8

Pn“1π, (1)

where 1 is the column vector having constant 1 everywhere. The matrix on
the right simply means that each row is the same vector π. However,

lim
nÑ8

An“ lim
nÑ8

ρpAqn
ˆ

A
ρpAq

˙n

“

#

8 if ρpAqą1,
0 if ρpAqă1,

since as an application of (1), it is not difficult to check that

lim
nÑ8

ˆ

A
ρpAq

˙n

“vu (a finite positive matrix).

Therefore, Pn and An have completely different limiting behavior and hence
have completely different stability. This is essential in the study on economy.

:Different to the published version, here all the propositions (lemmas, examples, et al) are
laberated by unified single code. Similaely for formulas.

Mu-Fa Chen / CSIAM Trans. Appl. Math., 6 (2025), pp. 96-1682

     

Note that the eigenvector u owns two of the above characteristics only, not 
three of them. To go further, we adopt a key transform: transforming A to 
a transition probability matrix P (which means that the elements of P are 
nonnegative and the sum of each row of P equals one).

Lemma 1. : ( [1, 2, 5]) Given a positive vector w, denote by Dw the diagonal matrix 
with w as its diagonal elements. Next, define
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To show our ProductRank is meaningful, let us examine some practical
examples. The first figure below is the ProductRank of 42 products produced
by the input-output tables of China in 2017 (red), 2012 (blue) and 2007 (black).
It covers 15 years of the economy in the country. For details, refer to Chapter 4
in the monograph [7]. We produce in our country one table in each of 5 years.
Surprisingly, the shapes of the curves are quite closed each other. Here is a
remark about the input-output tables. Keeping the 2012’s one at hand, the
others are slightly modified for their consistence. Thus, the 24th product is
missed in 2007, which is somehow reasonable since in the earlier period, the
statistical data may be missed or less completed. Hence there is a dotted
black line between 23th and 25th products. According to the blue curve, the
top 6 products are marked with blue circled numbers. It is clear that the
blue and black curves have the same top 6 ranks among them. The main
difference to them is the red curve, for which the top product is the 20th one
(communication, computer, etc.), but not the 12th (chemical products). The
reason is clear that the mobile phone was rapidly developed during 2012–
2017. The ranks 30, 33, 34, 35 are increasing in the three period.

Figure 1 ProductRank by µ of 42 products in 2017, 2012, 2007

The next two figures are the cumulative distribution function produced
from π. We order the components ppk : k“ 1,.. .,42q of π in increasing order
p1ăp2ă. . .ăp42. Then we obtain the discrete cumulative distribution function
as Fpnq: Fp0q “ 0, Fpnq “

řn
j“1 pj, Fp42q “ 1. From Figure 2, one sees that the

top 6 products occupy the above half of the probabilistic distribution. This
is reasonable since they are the pillar products. On the other hand, from
Figure 3, one may choose the first 17 or 10 products as the disadvantaged
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products. These figures show the value of ProductRank for understanding
the economic systems.

The Figure 3 is a local part of the above one.

Figure 2 Cumulative distribution function of products in 2017, 2012, 2007

Figure 3 Cumulative distribution function of products in 2017, 2012, 2007

       1666
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We have seen the application of the transform AÑP to the ProductRank.
Actually, the technique was firstly used in [2] to prove the Hua’s collapse
theorem for economic system. Actually, it has much more application to the
analysis on economics, including stability analysis, forecast and adjustment,
algorithms of eigenpair, optimization of economic structure, and so on. Refer
to [1, 5] and references therein for details. The three figures used here are
taken from [10], updated partially from [1]. A new theory of the economic
optimization is presented in the monograph [7].

2 Hermitian and hermitizable matrix

We now go to complex matrix. Certainly, in such a general setup, we may
have some generalized version of the Perron-Frobenius theorem, but the known
results are quite restricted. However, a key point in the last section: the trans-
form from A to P still has a meaning.

Definition 2. A complex matrix A is called SR1-matrix, if A1“1. That is, the
sum of each row of A equals one.

Before moving further, we note that by using a shift if necessary, we can
assume that the eigenvalue λ in the study is not zero (cf. Lemma 8 (1) in §3).
Thus, in what follows we assume that λ‰0. We may also assume if necessary
that λ is simple, for instance in sorting the ProductRank.

Now, as an analog of Lemma 1, we have the following result.

Lemma 3. Suppose that the matrix A has the right-eigenpair pλ,vq:Av“λv with
no zero component of v. For given vector w with no zero component, define

Rw“D´1
w

A
λ

Dw. (2)

Then, we have

(1) Rw is a SR1-matrix iff w“v.

(2) Rv has the left-eigenpair pλ,udvq : pudvqRv“λpudvq.

Applying Lemma 3 to a Hermite matrix A, since for which, the corre-
sponding u“v̄ (the conjugate of v) and so udv“v̄dv, we obtain the following
result.

Corollary 4. Let A be Hermitian satisfying the hypotheses of Lemma 3, then
the corresponding left-eigenvector of Rv equals v̄dv.
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In words, the vector v̄dv combined the three characters of the Hermitian
A, its eigenvalue λ and the corresponding left- and right-eigenvectors u and
v. Since v̄dv represents the square of the amplitude of the wave function (e-
quivalently, the eigenvector) v of A, we have explained the key reason why
we should use “the square of the amplitude” rather than “the amplitude”
only for the Born’s annotation in the context of matrix mechanics. The vec-
tor v̄dv describes the ProductRank which provides not only the sort of the
products but also a suitable value to each of the product, up to a factor. E-
quivalently, one can replace v̄dv by its normalized probability measure π and
talk about the probability of a product (particle) appears, which is the same
as Born’s suggestion cited at the beginning of the note. Anyhow, it is just an
interpretation of the same thing in two different languages, there is no objec-
tive randomness here. It is just like Einstein said, “God does not throw dice”.
Note that in the special case that the matrix A is nonnegative, symmetric, and
λ“ρpAq, even the “the square of the amplitude” or “the amplitude” provide
the same ordering but they often have very different amplitudes. Next, since
the equivalence of the matrix or wave mechanics, it follows that the same
conclusion holds for the wave mechanics.

To conclude this section, we study an extension of Corollary 4.

Definition 5. A complex matrix A is said to be Hermitizable if there is a positive
measure µ such that Dµ A“AHDµ (AH is the conjugate and transpose of A).

Equivalently, Â :“D1{2
µ AD´1{2

µ is Hermitian.

Refer to [3] for a criterion for the Hermitizability and for the construction
of the measure µ, or refer to [6] for a short review on the topic.

Lemma 6. Given a Hermitizable matrix A, we have Â as shown in Definition 5.
Corresponding to A and Â, define Rv and R̂v̂ (where v̂ is the right-eigenvector of
Â), respectively, as in Lemma 3. Then, we have Rv“ R̂v̂. Hence both of them
have the same left-eigenvector µdv̄dv. Furthermore, the left-eigenvector of A
equals µdv̄.

It is the position to remark that since the eigenvectors u and v of A are
symmetric in the vector udv given in Lemmas 1 and 3, as well as in the one
µdv̄dv (where v̄“u) given in Lemma 6, our ProductRank is invariant under
the transform: AÑ transpose of A.

The last result of the note is an application of the approach introduced
above to the computation of eigenpairs. Actually, this is the original way in
the note we come to quantum from economy. The classical approach to the
goal is the power iteration (PI) and the inverse power iteration (IPI). Both
are iterations of the (right-)eigenvector. However, as we have seen from Fig-
ure 1 for instance, the eigenvector is usually very complex, oscillating. The
question is: is it possible to reduce the original matrix to the one having near-
ly constant eigenvector? If so, then the computation should be much easier,
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Qw“D´1
w ADw (3)

where v“
`

vp1q,vp2q,. . .,vpdq
˘

is the right-eigenvector of A corresponding to the

eigenvalue λ and w“
`

wp1q,wp2q,. . .,wpdq
˘

is a vector having no zero components.
Then, once

max
k

ˇ

ˇ

ˇ

ˇ

wpkq

vpkq
´1

ˇ

ˇ

ˇ

ˇ

ă ε, (4)

for sufficient small ε, then the right-eigenvector w´1dv of Qw is nearly a constant
vector.

Recall that the transform: either AÑP or AÑRv, both need to compute the
right-eigenvector of A, and often require high precision. This is one of the
typical applications of the above lemma. Its main function is to accelerate the
convergence speed of the iterative method. This is especially important for
large matrices, because the inverse power iteration used for acceleration may
fail. More seriously, one may meet too large/small numbers which can not be
handled by machine directly or ignored by software. Note that Qw defined
in (3) has only 2d2 pointwise products, very low computational complexity.
The main steps of usage of the lemma are as follows:

• First use PI or IPI to iterate enough times or use software to compute an
approximation of the eigenvector, which is recorded as w0. In the case
that w0 is very close to a constant, then one can terminate the computa-
tion. Otherwise, go to the next step.

• Compute Qw0 by (3). Take 1 as the initial value, and then use PI or IPI
iteration for Qw0 to get w1. Again, if w1 is very close to a constant, then
one can terminate the computation.

• Repeat the above steps until the resulting vector is very close to the
constant vector. Suppose we have stopped the computation at wm, say
w3, then by Lemma 7, we can compute the required eigenvector v of A
by the formula:

v“w3dw2dw1dw0. (5)

simply start at the trivial initial vector 1. Once again, the main problem, as 
those discussed above, is that one does not know at the beginning a way to 
solve such a simple question. However, once walked up, the solution be-
comes quite simple: recall that we have a tool to reduce the eigenvector to be 
a constant 1 for a new matrix, that is Lemma 3. The next lemma is an exten-
sion of [5; Lemma 16 in §6] where it is called the second quasi-symmetrizing 
technique.

Lemma 7. As a modification of (2), define
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For more details, refer to [5; §6] and [1; Example 9].
To conclude this section, we mention that in [3], we have proved that the

spectrum of a Hermitizable matrix can be described by the spectrum of a
special class of tridiagonal transition probability matrices. Once again, we
have used the probabilistic language to describe the conclusion. However,
there is no randomness at all, as mentioned in [3, 6]. For information along
this direction, refer to the papers just cited and references therein.

3 Proofs of the results

Let us start at an elementary result.

Lemma 8. Consider the right-eigenpair only.

(1) Shift transformation: The transform Â“A`γI (γ is a constant) makes
the eigenpair pλ,gq of A to the eigenpair pλ`γ,gq of Â. That is, the
eigenvalue is changed from λ to λ`γ but the eigenvector becomes the
same.

(2) Similar transformation: Â“B´1 AB, where B is invertible. The eigenpair
pλ,gq of A is transformed to pλ,B´1gq of Â. That is, the eigenvalue remains
the same but the eigenvector is transformed to B´1g.

Proof. For the first assertion, note that

Ag“λgðñpA`γIqg“pλ`γqgðñ Âg“pλ`γqg.

For the second one, note that

Âĝ“λĝðñB´1 ABĝ“λĝðñApBĝq“λpBĝq. ˝

Proof of Lemma 3 and Lemma 1.
Without loss of generality, assume that λ“1 for simplicity. Then for Lemma
3, we have

Rw1“D´1
w ADw1“D´1

w Aw ?
“1ðñ Aw ?

“Dw1“w.

The last part of the line above gives us the required assertion: w“v. Having
proved part (1) of the lemma, the part (2) follows by a simple computation.

Now, by Lemma 3, we obtain Lemma 1 immediately. ˝

Proof of Lemma 6.
Applying Lemma 8 (2) to B“D´1{2

µ , it follows that for fixed eigenvalue λ,

the right-eigenvector v deduces the one of Â: v̂“D1{2
µ v“µ1{2dv. By Corol-

lary 4, the corresponding left-eigenvector of Â is v̂H“ v̄D1{2
µ . Hence, the first

assertion of the lemma comes from

Rv“D´1
v

A
λ

Dv“D´1
v

D´1{2
µ ÂD1{2

µ

λ
Dv“D´1

µ1{2dv
Â
λ

Dµ1{2dv“D´1
v̂

Â
λ

Dv̂“ R̂v̂.
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pv̄DµqA“
`

v̂H Â
˘

D1{2
µ “

`

λv̂H˘D1{2
µ “λpv̄Dµq. ˝

Proof of Lemma 7.
By (3), we have Q1“A. Since the eigenvalue λ of A is fixed, for each w, Qw
has the same λ. In the proof below, we consider only the right-eigenvector of
Qw, denoted by gw. Clearly, we have g1“v. Applying Lemma 8 (2) to B“Dw,
it follows that the eigenvector of Qw equals D´1

w v“w´1dv, which is a nearly
constant vector by condition (3). ˝
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