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Background — Classical SDE

Consider the following stochastic differential equation: for t > s > 0,
dXsr = b(t, Xs,.)dt +dW,, Xss =x € RY. (0.1)

The solution Xs +(x) is a Markov process with generator

Lrp(x) = %Acp(x) + b(t,x) - Vo(x), Ve C{)’O(Rd).
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Background — Classical SDE

Consider the following stochastic differential equation: for t > s > 0,
dXsr = b(t, Xs,.)dt +dW,, Xss =x € RY. (0.1)

The solution Xs +(x) is a Markov process with generator

Lrp(x) = %Acp(x) + b(t,x) - Vo(x), Ve C{)’O(Rd).

Questions of interest:

1. Short time property — smoothing effect

2. Long time behavior — invariant measure
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Consider the following partial differential equation:

{ Oru(t, x) + Zu(t,x) + f(t,x) =0, te][0,T), (0.2)

u(T,x)=0.

The unique solution is given by

u(t,x) = /]Ef(s Xst(x )ds—/ Ts,tef(s,x)ds

// (s,x; t,y)f(s,y)dyds.
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e The two-sided estimates:

!X—yl2}

1
p(S,X; t,y) = (t_wexp{ — Q P

e The optimal regularity of the solution:

fe (0, TI x RY) = u e C,T>*%([0, T] x RY).

Longjie Xie (JSNU) McKean-Vlasov stochastic equation Feb. 26, 2023 4 /11



Time homogeneous + the Lyapunov condition:
.,%V(X) <G-G \/(X), Co, C1 >0,

there exists a unique invariant measure u(dy) for X;(x).
The invariant measure is just the limit of the distribution of X:(x):

Jim Lx.(dy) = Jlim p(t,x, y)dy = p(dy).
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Time homogeneous + the Lyapunov condition:
.,%V(X) <G-G \/(X), Co, C1 >0,

there exists a unique invariant measure u(dy) for X;(x).

The invariant measure is just the limit of the distribution of X:(x):

Jim Lx.(dy) = Jlim p(t,x, y)dy = p(dy).

Example: dX; = = X2 +dW,, Xo=x€cRY,

with /,L(d_y) = t[}rgo p(t’7 X, y)dy — Cde_|y|4/4dy.
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McKean-Vlasov equation

Consider the following McKean-Vlasov stochastic differential equation:
dXs,e = b(t, Xs 1, Lx, . )dt +dW;,  Xss =&, (0.3)
Example:

dXs = _th + AE(Xs 1)dt +dWe, Xss =& (0.4)
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McKean-Vlasov equation

Consider the following McKean-Vlasov stochastic differential equation:
dXs,e = b(t, Xs 1, Lx, . )dt +dW;,  Xss =&, (0.3)
Example:
AdXsp = = X2, + NE(Xs 1)t + dWs,  Xos =& (0.4)
The (formal) generator of (0.3) is given by
Fploe, ) = 5B, )+ b(t %, 1) - T, )
+ [ [308[0up )50 + b5 0 - 0yl GO (),

where 0,¢ is the Lion’s derivative.
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Question 1: short time

Consider the Cauchy problem on [0, T] x R? x 2(RY):

OrU(t, x, ) + L U(t, x, 1) + f(t,x,u) =0, te]0,T), (0.5)
U(T,x,p) = 0. '

The unique solution is given by
T
u(t,x,p) = / Ef(s,Xs7t(x,§),[,Xsﬁt(g))ds
t

T
— / /Rd p(/J';SaX; t7y)f(5,y,£xsyt(£))dyd5’ f’\’ L.
t

» Aim: e Sharp two-sided estimates of the density function.
e Optimal regularity of the solution w.r.t. the measure argument.
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Question 2: long time

Consider the following equation:

dX; = —=X3dt + A\EX dt + dW;, Xp = x € RY. (0.6)

We know that:
(1) there exists exactly three invariant measure pg, po and ps;
(2) for any initial point x, as t — oo, the distribution Lx, converge to
one of u1, p2 and us.
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Question 2: long time

Consider the following equation:

dX; = —=X3dt + A\EX dt + dW;, Xp = x € RY. (0.6)

We know that:
(1) there exists exactly three invariant measure pg, po and ps;
(2) for any initial point x, as t — oo, the distribution Lx, converge to
one of ui, po and us3.

» Question:

which one does it converge to? (the domain of attraction of the invariant
measures)
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Question 2: long time

Since for some i =1,2,3,
lim Lx,(dy) = and Lx(dy) = p(t, x,y)dy,
t—00

the question can be transferred to study

i =7
Jim p(t,x,y) =7
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Question 2: long time

Since for some i =1,2,3,
lim Lx,(dy) = and Lx(dy) = p(t, x,y)dy,
t—00
the question can be transferred to study
i =7
Jim p(t,x,y) =7

e the drift b: Kato class + linear growth = density estimate/short time
e the drift b: Lyapunov condition = invariant measure/long time
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Question 2: long time

Classical SDE with super-linear growth drift: for n > 1,
dX; = = X2 4 dW,,  Xo = x € RY.

e Long time limit v/
e Short time density estimate ?
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Thank You !
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