
��àê¼L§�H{5Ú
ÌY�O

�¡R

(ô����Æ)
êÆïÄ�mK�w¬

2023c2�26F

�¡R (JSNU)
2023c2�26F 1

/ 19



��àê¼L§�H{5

��à*ÑL§�ÌY�O

õºÝ��àê¼L§�ìC1�

�¡R (JSNU)
2023c2�26F 2

/ 19



�!��àê¼L§�H{5

ïÄ�µµ8c,'u�màgê¼L§��
�m1�k��õ(J
,~X�±|
^Lyapunov.^�!�¼Ø�ª!VÇ�ÍÜ
�{�5��H{5½?�Ú��êH{5.

lim
t→∞
‖Pt(x, ·)− π(·)‖ = 0, x ∈ E,

Ù¥π����ØCVÇÿÝ.

,
éu��àê¼L§,��éJ��x
ØCÿÝ½ö��m�­½5�.
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�!��àê¼L§�H{5

ïÄ�µµ�½S = {1, 2, . . .}���àê¼
ó, {P (m, i;m+ n, k)}i,k∈S�=£VÇÝ
.

½Â1: eéu∀m > 0, i, j, k ∈ S,

lim
n→∞

[P (m, i;m+ n, k)−P (m, j;m+ n, k)]= 0,

K¡{Xn}n>0�fH{. (Kolmogorov, 1931)

½Â2: eéu∀m > 0, i, j ∈ S,

lim
n→∞

P (m, i;m+ n, j) = π(m, j),

K¡{Xn}n>0�rH{.
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�!��àê¼L§�H{5

[ïÄSNµ�½E���àê¼L§Xt,
{P (s, x; t, ·), s 6 t, x ∈ E}�Ù=£VÇØ.

½Â3: eéu∀s > 0, x, y ∈ E,

lim
t→∞

W2(P (s, x; t, ·), P (s, y; t, ·)) = 0,

K¡{Xt}t>0�W2fH{.

½Â4: e�3�xVÇÿÝ{µs}s>0¦�é
u∀s > 0, x ∈ E,

lim
t→∞

W2(P (s, x; t, ·), µs) = 0,

K¡{Xt}t>0�W2rH{.
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�!��àê¼L§�H{5

[ïÄSNµ~X�Ä�ÅXÚµ

dXt = f(t,Xt)dt+ dWt, (1)

ùp(Wt)t>0 �1-�IOÙK$Ä.

w,,�§(1)�)(Xt)t>0�����à�ê
¼L§. �Ä±ÏXê(f(t, x) = f(t+ t0, x)),
±Ï�+��{ïÄ)���m1�.

�´,XJlimt→∞ f(t, x) = f̄(x) (~X�
Äf(t, x) = (t+ 1)−1− x),Ï
ég,¬ÏN
)(Xt)t>0 ���m1�¬aquXe�mà
g��§�)

dX̄t = f̄(X̄t)dt+ dWt. (2)
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�!��àê¼L§�H{5

[ïÄSNµb�µ��§(2)��ØCÿÝ.
·�*	�:

W2(P (s, x; t, ·), µ) 6W2(P (s, x; t, ·), P̄t−s(x, ·))
+W2(P̄t−s(x, ·), µ),

Ù¥P̄t−s(x, ·)��§(2)�=£VÇØ.

cö�?n�±ÏLïÄØÓ¤£Xê�
fH{55��.

�ö�?n�±=z�ïÄ²;�àê¼
L§�rH{5��.
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1. XÛÜn�½Â��àê¼L§�H{5?
2. XÛÏékå�óä5y²H{5?
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�!��à*ÑL§�ÌY�O

ïÄ�µµ½Â���©�f

L =
∑
i,j

aij(x)∂xi
∂xj

+
∑
i

bi(x)∂i

�ÌY�

gap(L ) :=inf{−(L f, f)π: f ∈ D(L ), π(f) = 0,

‖f‖L2(π)=1}.

gap(L )�±^5�x�êÂñµ

‖Ptf − π(f)‖L2(π) 6 ‖f − π(f)‖e−εt, t > 0.

¯¢þ,�±y²εmax = gap(L ).

�¡R (JSNU)
2023c2�26F 9

/ 19



�!��à*ÑL§�ÌY�O

ïÄ�µµ½Â���©�f

L =
∑
i,j

aij(x)∂xi
∂xj

+
∑
i

bi(x)∂i

�ÌY�

gap(L ) :=inf{−(L f, f)π: f ∈ D(L ), π(f) = 0,

‖f‖L2(π)=1}.

gap(L )�±^5�x�êÂñµ

‖Ptf − π(f)‖L2(π) 6 ‖f − π(f)‖e−εt, t > 0.

¯¢þ,�±y²εmax = gap(L ).

�¡R (JSNU)
2023c2�26F 9

/ 19



�!��à*ÑL§�ÌY�O

ïÄ�µµ|^ÍÜ�{,�7{�¬Ú�Â
��Ç[Estimation of spectral gap for elliptic
operators, Trans. Amer. Math. Soc. 1997]��

ÌYe.�C©úªµ
éu?¿�f ∈ C2(R)÷vf(x) > 0,Kk

gap(L ) > inf
x

[(−af ′ − bf)′/f ](x).

��,��¬(Basic estimates of stability rate for
one-dimensional diffusions, Lecture Notes in
Statistics, 2012)��


k−1/4 6 gap(L ) 6 k−1.
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�!��à*ÑL§�ÌYïÄ

[ïÄSNµ·�[�Ä��à*ÑL§�
)¤f

Lt =
∑
i,j

aij(t, x)∂xi
∂xj

+
∑
i

bi(t, x)∂i

�ÌY�OÚìC1�.

gap(Lt) = inf{−(Ltf, f)µt
: f ∈ D(Lt),

µt(f) = 0, ‖f‖L2(µt)=1},

ùpµt(dx) := 1
Cta(t,x)

e
∫ x

0
b(t,y)
a(t,y)

dydx,

Ct :=

∫
Rd

1

a(t, x)
e
∫ x

0
b(t,y)
a(t,y)

dydx <∞.
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�!��à*ÑL§�ÌYïÄ

[ïÄSNµ
1�Ú�Ä

a(t, x) = ϕ(t)a(x)

b(t, x) = ψ(t)b(x).

1�Ú�Ä:

a(t, x) � ϕ(t)a(x)

b(t, x) � ψ(t)b(x).

1nÚ�Ä:

lim
t→∞

gap(Lt) = gap(L )
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�!��à*ÑL§�ÌY�O

�U¬¡��J:�(Jµ��à*ÑL§
Ø2�3ØCÿÝπ;ÏéÜ·�A�¼ê(�
6t)��ål¼ê.

�U^��Æ��£µÍÜ�{,S�E|
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n!õºÝ��àê¼L§�ìC1�

ïÄ�µµ�ÄXeõºÝ�Å�©�§:{
dXε

t = b(Xε
t , Y

ε
t )dt+ σ(Xε

t , Y
ε
t )dWt,

dY ε
t = 1

ε
f(Xε

t , Y
ε
t )dt+ 1√

ε
g(Xε

t , Y
ε
t )dWt,

Ù¥Xê��pV�¦XÚ�ïÄ4ÙE,,
ÏdÏ¦��{z�§5�xXÚ3��m
ºÝþ�üz´4Ùk¿Â�,=ïÄú©
þXε

t±,«�ªÂñ�,�äN�§�):

dX̄t = b̄(X̄t)dt+ σ̄(X̄t)dWt.
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n!õºÝ��àê¼L§�ìC1�

ïÄ�µµÓ�,�[�é'%Âñ�ÝXÛ?
´ÄU���`?

sup
t∈[0,T ]

E|Xε
t − X̄t|2 6 CT ε

γ.

γ��`����6D(±9Xê��K5.

~X,�D(�ÙK$Ä�,Ï~γ = 1/2. �
D(�α­½L§�,Ï~γ = 1− 1/α.
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n!õºÝ��àê¼L§�ìC1�

[ïÄSNµ·�[�ÄXeõºÝ�m�
6��Å�©�§:{
dXε

t = b(t,Xε
t , Y

ε
t )dt+ σ(t,Xε

t , Y
ε
t )dWt,

dY ε
t =1

ε
f(t/ε,Xε

t , Y
ε
t )dt+ 1√

ε
g(t/ε,Xε

t , Y
ε
t )dWt.

3d���¹e,�`Âñ�Ý��êγ¬k
���UC. (±ÏXê, S. Cerrai, A. Lunardi,
2017)
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n!õºÝ��àê¼L§�ìC1�

[ïÄSNµ·�[k�Äµ{
dXε

t = b(Xε
t , Y

ε
t )dt+ dWt,

dY ε
t =1

ε
α(t/ε)f(Y ε

t )dt+ 1√
ε
α(t/ε)1/2dWt.

3Ü·�b�^�e�y²µ

sup
t∈[0,T ]

E|Xε
t − X̄t|2 6 CT ε

2

[∫ 1/ε

0

α−1(s)ds

]
.

~X,�α(t) = (1 + t)γ,�γ ∈ (−1,∞),KrÂ
ñ�ê�min{1, 1+γ

2
}.
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n!õºÝ��àê¼L§�ìC1�

[ïÄSNµ?�Ú�,�±�Ä¥%4�.
½n:

Zε :=
Xε − X̄

ε
[∫ 1/ε

0 α−1(s)ds
]1/2 → Z

3f¿Âe,�ε→ 0. XÛw«�xZ÷v�
äN�§.
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